Equality cases and every-copy results for the Werner endpoint
inequality

Tejasvi Singh Tomar
ORCID 0000-0003-4668-3639

Abstract

Whether every entangled state with a non-positive partial transpose (NPT) can be distilled is open. For the Werner
states p(d, ), a criterion of Costa Rico reduces k-copy undistillability to an inequality for matrices of rank at most
two: an alternating sum of the squared norms of their partial traces must be nonnegative. At o = —1/2 we call it the
endpoint inequality. It is known for two and three copies, and if it held for every k in some dimension d > 3, NPT
bound entanglement would exist. For two copies we show that every equality case has rank two, with its range and
that of its adjoint in products of two-dimensional subspaces. We also show that a first failure would produce, at
some a > —1/2, an equality case whose range has reduced states of rank at least three on every copy, unlike all
known equality cases at a = —1/2. For every k we prove the endpoint inequality on an explicit class of matrices
whose ranges generically have such reduced states. For four copies we give a computer-assisted proof of it in every
dimension for all matrices C such that the ranges of C and of its adjoint lie in one two-dimensional subspace, as they
do for all normal matrices of rank two.
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1. Introduction

Entanglement distillation turns many copies of a mixed state into fewer, nearly pure, maximally entangled pairs.
States with a positive partial transpose cannot be distilled [HHH98], and whether every state with a non-positive
partial transpose (NPT) can be distilled has been open since the late 1990s. A state p is k-copy distillable exactly
when some vector ¢ of Schmidt rank at most two, across the cut between the parties' k-fold systems, has
W)(p®F)F|) <0 [DSS+00, DCLB00], and twirling reduces the question to the Werner states
o(d,a) = (I + aF)/(d® + ad), with F the swap. For d >3 and —1/2 < a < —1/d these states are NPT but cannot be
distilled from one copy. DiVincenzo, Shor, Smolin, Terhal and Thapliyal [DSS+00] and Diir, Cirac, Lewenstein and
BruR [DCLBO00] found NPT Werner states that are undistillable from any fixed number of copies, on ranges of « that
depend on that number. Writing ¢ as a matrix C of rank at most two, Costa Rico [CR25] turned k-copy
undistillability into an inequality: p(d, ) is k-copy undistillable exactly when

at,C)= Y ()T CF >0, t=-q (1.1)
JC{L,.. Kk}

for every complex matrix C of rank at most two on (C%)®*, where Tr; is the partial trace over the copies in J.

At the endpoint ¢ = 1/2 the inequality holds in every dimension for two copies, by four independent proofs [FGP26,
FHPV26, SC26, BGH26], and for three copies, by a computer-assisted proof [Tom26a]. Below the endpoint, for each
k, k-copy undistillability holds for all a > —v;, with ~; of order 1/k and, unlike the ranges of [DSS+00, DCLBO00],
independent of d. Qi, Gupur, Wu and Guo [QGWG24] proved the first such bound, and [BGH26] and [Tom26a] gave
larger «,. These ranges contain NPT states exactly when v, > 1/d. If the inequality held at the endpoint for all k£ in
some dimension d > 3, the NPT state p(d, —1/2) would be undistillable, and distillable entanglement would then be
neither additive nor convex [SSTO1]. Such a state would also show that the partial transpose, which certifies
entanglement, does not certify that maximally entangled pairs can be extracted from many copies. We leave that
question open.

If the range of C lies in a product of subspaces of dimension at most two, one for each copy, then gx(¢,C) > 0 for
every t <1/2 (Lemma 2.6). In every known equality case at the endpoint, the range and co-range have a local
support of dimension at most two at some copy, where the local support at a copy is the support of the one-copy
reduction. A first failure would come with larger local supports. If the inequality holds for k — 1 copies but fails for k&,
then for some ¢ < 1/2 the form g(t,-) is still nonnegative on matrices of rank at most two but vanishes at one of rank
two whose range and co-range have the same local supports, of dimension at least three at every copy; conversely,
such a matrix forces a failure (Section 6). Theorem A locates the equality cases for two copies, and Theorem B
proves the inequality for every k on a class of matrices with larger local supports.

Theorem A (Theorem 3.2 and Corollary 3.3). Let A and B be finite-dimensional, and let C # 0 be an operator on
A® B of rank at most two with ¢»(1/2,C) =0. Then C has rank two, its range lies in a product W, ® Wg of
subspaces W, C A, Wi C B of dimension at most two, and its co-range lies in such a product W) ® Wj. Conversely,
every two-dimensional subspace of such a product is the co-range of such an operator.



Bharti, Gajjala and Haug had asked for a classification of the equality cases. Theorem A classifies their co-ranges
and constrains their ranges. Examples of equality cases appear in [BGH26, SC26]. In dimension four the two-copy
equality cases also describe the equality cases of the singular-value inequality of [PPHH10] for Kronecker sums A ®
I+1®B with traceless A and B, and Theorem A adds a rank condition (Corollary 3.4). Liu and Chen had
determined these equality cases for special classes [LC26].

To test the inequality beyond the known equality cases, fix orthonormal vectors |0),[1),|2) in C%, d > 3, and for c €
{0,1} let V, C (C%)%* be spanned by |c)®* and the k vectors obtained from it by replacing one factor with |2). For
generic fy € Vy and f; € V; the two-dimensional subspace span{fo, f1} has local supports of dimension three at every
copy.

Theorem B (Theorem 4.7). Let k > 2. For all f, €V, and f; € Vi1, every operator C of rank at most two with
ran C C span{ fy, f1}, and arbitrary co-range, satisfies ¢x(1/2,C) > 0.

These results first appeared in versions 2 and 3 of [Tom26a], whose proofs of Theorems 4.6 and 4.7 (there 10.6 and
10.7) did not cover d > 3 with an arbitrary co-range; Lemma 4.8 closes this case.

We also prove the inequality, under conditions on the co-range, for every operator of rank at most two with range in
Vo + V1 (Section 4), near the generic equality cases with two-dimensional local supports, and near the product
equality cases whenever it holds for k£ — 1 copies (Section 5). We conjecture a lower bound on the endpoint minimum
of ¢; in terms of the one-copy reductions of the co-range, which would give the inequality for every k. We support it
numerically and prove its two-copy case on one class of subspaces (Section 7).

Normal operators of rank two, among them the Hermitian and the positive semidefinite ones, have their range and
co-range in one plane, that is, in one two-dimensional subspace. For three copies, Wu and Zou proved the endpoint
inequality for these operators in every dimension [WZ26]. We prove the four-copy inequality for every operator
whose range and co-range lie in one plane, whatever its local supports.

Theorem C (Theorem 8.1). Let d > 2. Every operator C on ((Cd)‘g’4 such that ran C + ran C* lies in a plane satisfies
qs(1/2,C) > 0.

The proof is computer-assisted. It restricts the quartic moment relaxation used in [Tom26a] to these operators,
where it involves the moments of a single vector and a one-parameter family of objectives, and one exact certificate
covers the whole family in all large dimensions; smaller dimensions follow by embedding. At d =3 we have also
proved Theorem C in Lean 4 with Mathlib; its trusted base is stated in Appendix A.

Theorem A rests on the equality cases of the elementary proof of EP, by Song and Chen [SC26] and on a lemma on
compound matrices. The other main tools are a lifting that turns equality cases into kernel vectors of a linear map
on a doubled space (Section 2.2), second-order perturbation theory [Kat95] and the Morse-Bott lemma [BHO04] near
equality cases, and a copy-removal lemma built on the separable ball of Gurvits and Barnum [GB02] (Lemma 6.1).
That lemma extends the copy-removal theorem of Wu and Zou [WZ26] from three copies at the endpoint to all £ and
all t <1/2, given the inequality for one copy fewer. Apart from the computations marked t in Table 2 (Appendix A)
and the results we cite, the proofs are by hand.

For k < 3 the endpoint statements of Section 4 also follow from the results for two and three copies. We know of no

earlier statements of the other results. Section 2 collects the criterion, the facts about ¢, that we use and the lifting;
Section 8 proves Theorem C, Section 9 lists open questions, and Appendix B contains the longer proofs.

2. Preliminaries

2.1 The criterion and the form

In the criterion of Section 1 [DSS+00, DCLBO00], p acts on (C?%)%2, the first factor held by one party and the second
by the other, and T is the partial transpose on the second party. For C € L((Cd)®’“) and t € R, the form ¢(¢,C) is that
of (1.1), with TrgC = C.

Theorem 2.1 (Costa Rico [CR25, Theorem 1]). For a € [-1,1], the state p(d, «) is k-copy distillable if and only if
there is C € L((C?)®*) of rank at most two with gy(—a,C) < 0.

For t € [0,1] let EP,(t;d) be the statement that g(t,C) > 0 for every C € L((C%)®F) of rank at most two, and write
EPy(d) = EPy(1/2;d). Write ® =}, ; |ii)(jj| for the unnormalised maximally entangled projector of one copy. With
o = vecC one has g(t,C) = (¥o|(I — t®)®*|1pc). Lemmas 2.2 and 2.3 and Corollary 2.4 are proved in [Tom26a,
Section 2]; we repeat the short proofs.

Lemma 2.2. For product operators, g (t, ®,, Cm) = [I,, ¢1(t, Cn), where (¢, X) = || X||% — t| Tr X|2.

Proof. The partial trace of a product over J is the product of the traces of the factors in J and the remaining factors.
So the sum over J factorises. O

Lemma 2.3. Let k> 1 and 0 <# <t < 1. (a) If g(¢,C) > 0 for every C of rank at most two on (CP)®*, then the same
holds on (C%)®* for every d < D. (b) If gi(t,C) > 0 for every C of rank at most two on (C%)®*, then g¢;(¢',C') > 0 for every
j < k and every C of rank at most two on (C%)%/,



Proof. (a) For an isometry .:C%— CP the operator C’'=:®C/*®* has the same rank as C, and
Tr; C' = 3D (Tr; C) ®F VD, 50 4 (¢, C') = qi(t, O).

(b) First let ¢ = t. For a unit vector u, the operator C ® |u)(u/®*~7) has rank at most two, and the argument of Lemma
2.2 shows that its value of g(t,-) is g;(t,C)(1 —t)* 7. Hence g;(t,-) >0 for j < k. Now let ¢ <t¢. Write I —#® =
(t'/t)(I —t®) + (1 —¢'/t)I and expand the j-fold tensor power. The term with I —¢® on a set S of copies contributes a
positive multiple of (y¢|(I —t®)®5 ® I|hc) = > 2y i)t Cay), where Cqy are the matrix elements of C over the copies
outside S in a product basis. Each C,, has rank at most two, so every term is nonnegative. O

Corollary 2.4. If ¢ (t,C) > 0 for some ¢ € [0,1) and every C of rank at most two on (C%)®*, then p(d,a) is k-copy
undistillable for every a € [—t,1].

Proof. For —t < a <0, Lemma 2.3(b) gives gx(—«,-) > 0, and Theorem 2.1 applies. For a > 0 every term of ¢;(—a, C) is
nonnegative. OJ

The following result of [Tom26a] has a computer-assisted proof.

Theorem 2.5 ([Tom26a, Theorem 1.2]). EP3(d) holds for every d.

The following elementary fact covers operators whose range has local dimension at most two everywhere.
Lemma 2.6. IfranC C W; ® - - - ® W}, with dim W; < 2 for every [, then ¢;(¢,C) > 0for 0 <¢ <1/2.

Proof. Here gi(t,C) = (¢c|(I — t®)®* |1h¢), the vector ¢ lies in ®,(W; ® C%), and on W; ® C? the compression of I — t®
has eigenvalues in {1, 1 — tdim W;} C [0,1]. O

2.2 Planes, zeros and a lifting

Fix k> 1 and d > 2, and put H = (C%)®*. Since Tr;(C*) = (Tr; C)*, we have qx(t,C*) = gi(¢,C), so range and co-range
play symmetric roles.

A plane is a two-dimensional subspace V C H. Put
mi(V) = min{qx(1/2,C) : |C|lr =1, ranC* C V}.

Every operator of rank at most two has its co-range in some plane, so EP;(d) holds if and only if my(V) > 0 for every
plane V. We call V a zero if mi(V) = 0. The local support of V at copy ! is the support S;(V) C C¢ of the reduced
operator of the orthogonal projector P on copy l. The plane V is qubit-supported if dim S;(V') < 2 for every [, that is,
VW ®-- @ Wi with dim W, < 2.

Let Q = C? with orthonormal basis ¢, q,. We encode a paira,bc Has y =a®q +b®¢ € H® Q, and a second pair
fi,foas op=fi®q+ f2®q. For t € R let Dy(X) =Tr(X)I —tX on L(C%, and let E;, = D®* ®idg, a linear map on
L(H ® Q). Expanding D£* over the set of copies on which —tX is chosen gives

(el B (")) = g (t7 fra® + fzb*)' (2.1)
Hence EPy(t;d) holds if and only if E;(49*) = 0 for every 4. If (a,b) is an orthonormal basis of a plane V, then
| fia* + f2b*||r = ||l@l, and my(V) is the smallest eigenvalue of Ei/(y%*). We also use E = 2"E;» = D®* ®idg, with
D(X)=2Tr(X)I — X. The local supports of the plane spanned by a and b are the supports S;(¢) of the reduced
operators of ¥* on single copies.

Lemma 2.7. (a) Every qubit-supported plane is a zero. (b) Let k > 2, let U C C¢ be a plane and let x € (C4)®*-1) be
nonzero. If EP;_;(d) holds, then the plane U ® x, with U at the first copy, is a zero.

Proof. (a) Let VC W1 ® --- ® W, with dim W; < 2. By Lemma 2.6, applied to C*, ¢x(1/2,C) > 0 whenever ranC* C V, so
mi(V) > 0. By Lemma B.2 below, applied with two-dimensional local spaces U; 2 W;, the kernel of E(y¢*) contains
the nonzero vector O, where (a,b) is a basis of V. Writing Oy = f; ® ¢; + fo» ® g, (2.1) gives ¢;(1/2, fia* + f2b*) =0,
and fia* + fob* # 0 because a and b are linearly independent. So m; (V) = 0.

(b) If ranC* C U ® x, the local support of ran C* at the first copy lies in U, so Lemma 6.1 below, with ¢ =1/2, gives
qr(1/2,C) > 0. Hence my(U ® x) > 0. For any nonzero x’, the operator C' = Py ® |x')(x| has co-range U ® x, and by
Lemma 2.2, gx(1/2,C) = 1(1/2, Py) qe-1(1/2, X'} (x|) = 0, since ¢:1(1/2, Py) =2—4-1 =0.0

A product plane U ® x is qubit-supported only if every local support of x has dimension at most two.

3. Two copies: the zero set

For two copies we write H=A®B with arbitrary finite-dimensional A and B, and
@(C) = ¢2(1/2,C) = |C|% — 2 (| Tra C||% + | Trs C|%) + 5| Tr C|2. The proof uses the equality cases of the elementary
proof of EP, by Song and Chen [SC26], together with a lemma on compound matrices.

Notation. On H ® H let F4 and Fp exchange the A-factors and the B-factors of the two copies of H. They commute,
and F,p = FyFy is the full swap. Put P__ = {(I — F4)(I — Fg), P, = (I + F4)(I + F) and Ps,2y = (I + Fy3), so that
ran Py, 25 = ran Py @ ran P__. For a subspace R C H, Pg,,»p denotes the projector onto the symmetric subspace of
R®R. For we H with coefficient matrix U € Mgimaamp let C2(U) € H® H be the tensor of 2x2 minors,
Co(U)ijy, k) = UijUy — Up;Uy. With the unnormalised wedge eAe’ =e®e' —¢' ® e one has ranP__ = A2A® A’B and
P__(u®u) = §C3(U). The map C; is quadratic, Co(X +7Y) = C5(X) + A(X,Y) 4+ C2(Y) with A bilinear and symmetric;



Cy(M) = 0 if and only if rank M < 1; and, read as the second compound matrix A2M, C, is multiplicative, C2(XY) =
C»(X)Cy(Y) (Cauchy-Binet), with image A%(col M), which determines the column space of M when rank M > 2; dually,
C5(M) determines the row space.

Lemma 3.1. Let L C AQ® B be a subspace of dimension at least two, and suppose that Cy(M) € Cz for every M € L,
for a fixed tensor z. Then either every element of L is a product vector, or L C Ay ® By with dim A, dim B; < 2.

Proof. Write Co(M) = ¢(M)z with ¢ a quadratic form on L. If ¢ =0, every M € L has rank at most one. Otherwise
{¢ # 0} is dense in L, and all its elements have the same rank r > 2, since (g) equals the rank of z. Suppose r > 3,
and take M, M’ with ¢(M)@(M') # 0. Then Cy(M') = cCy(M) with ¢ # 0, so M and M’ have the same column space and
the same row space, and G = M'M !, defined on this r-dimensional column space, satisfies C5(G) =clI. So Gv A
Gw = cv Aw for all v,w, and G maps every two-dimensional subspace into itself. Since r > 3, every vector is then an
eigenvector, so G = AI and M’ = AM. Thus the dense set {¢ # 0} lies on the line CM, which contradicts dim L > 2.
Hence r =2, and z is a multiple of (a Ad') ® (bA V). Every M with ¢(M) # 0 then has column space A, = span{a,a'}
and row space Bj = span{b,b'}, and by density L C 4, ® By. O

We use three facts from [SC26]. Let C satisfy ran C* C S for a plane S, let (e, e;) be an orthonormal basis of S and
put z; = Ce;, so that C = z1e} + 22e}. Put w =e1 ® 22 — 2021 = (I @ C)eg witheg =e1 ® ez —e3 Q ey

« (P) [SC26, Proposition 2] g:(C) = t; + B, where t; = 2||P__(e1 ® z1)||2 + [|P——_(e1 ® T2 + €2 ® 1) || + 2|| P__(e2 ® z2)||?
and 8 = || Priw|® — 3| Poymeswl®.

» (L3) [SC26, Lemma 3] Let z € ran P__, so that its coefficient matrix Z (in a product basis of H ® H) is symmetric,
with singular values s; > s» > ..., and let P be a rank-two projector on H. Then
(2|/(P®I+I®P)z)=2Tr(PZZ*) < 2(s+ s3) < ||z||%. The first inequality is Ky Fan's. For the second, take a Takagi
decomposition z = Zp sp up ® u, with orthonormal v, and coefficient matrices U, [H]13], put 22 = s1u1 ® u1 + s2us ®
uy and a, = Tr ((U;U,)?). Then s? + s3 = (P__zs|2) < ||P—_z| ||2|| and ||P—_22||* = ||22|* — 3(z2|(F4 + Fp)22), where
3(22|(Fa + Fp)z2) = say + s3ap + 25182 Re Tr (Ui U2)?) > (slai/2 - 820,;/2)2, because
| Tr((UfUs)?)| < Tr(UhUfUU3) < (a1a3)'/?; the last step is the Cauchy-Schwarz inequality.

« (L4) [SC26, Lemma 4] For ¢ € § ® H, || Psys€| < 2||Py+£€||*. In the proof, & = Psyepé = y +u with y € Sym®S and
ue (SRS (St ®S); withz=P__¢ and N = Ps®1I + I ® Ps one has N(y/2 + u) = &, hence
211> = (2[N(y/2 +u)) < (2| N2)2(||y[|?/2 + Hu|\2)1/2 < 2l (llyl?/2 + Hu||2)1/2, by the Cauchy-Schwarz inequality for

the form N and then (L3); finally ||P:+£]2 = ||&]1? — ||=]|%

Theorem 3.2. Let V C A® B be a plane and let C # 0 satisfy ranC* CV and ¢,(C) =0. Then V C A; ® B, for some
subspaces Ay C A and By C B of dimension at most two.

Proof. Put S =V and use the notation above. By (P) and (L4) with £ = w, both ¢;, =0 and g = 0.

Step 1. Since P__Fyp = P__, polarising ¢; in s = Aje; + A2e2 shows that ¢; = 0 if and only if P__(s® Cs) = 0 for every
sesS.

Step 2. With ¢ = y +u, z and N as in (L4) for £ = w, we have 8 = ||y||>/2 + |[u|® — ||z]|*>, so 8 = 0 is equality in the chain
of (L4). Either z =0, and then y = u = 0; or z # 0, and then (z|Nz) = ||z|?, which is equality in (L3) with P = Ps, and
the Cauchy-Schwarz step is tight, so NY/2(y/2 + u) is a multiple of N'/2z. Comparing (z|Nz) with (z|¢) = ||z||* shows
that the multiple is one, so Nz = §,. In terms of C, with Cg = P;C and C, = Ps.C,

fO:%(I@C*C@I)&S, y:%(I(X)Cs*Cs@I)ES, UZ%(I@)CL*CL@I)ESH
so v =0if and only ifranC C S.

Case z = 0. Then & = 0, so C, = 0, and comparing coefficients of y = 0 in Sym?S gives C = cPs with ¢ # 0. Step 1 now
gives P__(s®s) =0 for s € S. Since |P__(s® s)||* = ;(||s||* — Tr ((M;M,)?)), with M, the coefficient matrix of s, every
vector of S is a product vector. A two-dimensional space of product vectors has the form a ® B, or 4; ® b, and in both
cases V C Ay ® By.

Case z #0. Equality in (L3) forces equality in each step of its proof, for every Takagi decomposition of z: (a)
s1 =82 =:5>0. Indeed s, >0, since otherwise z = s;u; ® u; would satisfy ||z| = |P-_z|| < ||z]|/v2; equality in the
Cauchy-Schwarz step forces UsU; = U U7, so a1 = a2, and then sla}/z = 52a; ? gives s; = s3. (b) S C E,, the eigenspace
of ZZ* for s*; this is equality in Ky Fan's inequality, since ZZ* < s’I and Tr(PsZZ*) = 25>. (¢) z = 2P__z, = s(Cy(U1) +
C»(U,)) for every pair (ui,u;) of Takagi vectors with value s; this is equality in (P__z|z) <|P__z| [lz|, with
P22 = §ll2|* and [|2[|* = 2]|z2|*.

On E, the map Jv=s'Z% is an antiunitary involution: ZZ(Z%) = Z ZZv = s*Zv, J* =s2ZZ =id on E,, and
(Jv|Jw) = (w|v). The Takagi vectors with value s are the unit vectors fixed by J, and every J-fixed orthonormal family
in E, extends to a Takagi decomposition of z. So (c) holds for every J-fixed orthonormal pair in E,.

Sub-case e = dim E, > 3. Fix a J-fixed orthonormal basis fi,..., f. of E, with coefficient matrices F;. For j # j' choose
j" different from both; (c) for the pairs (f;, f;) and (fy, f;») gives Co(F;) = C5(F;), hence Co(F;) = z/(2s) for all j.
Every real unit vector o € R® gives a J-fixed unit vector };«;f;, which extends to a J-fixed orthonormal basis, so
also C,(X; @;F;) = 2/(2s). The quadratic map a  Cy( Y, ;F;) on Re therefore equals (3, a?)z/(2s), which forces
A(F;, Fy) =0 for j # j'. By complex bilinearity, Cy(Y;¢;F;) = (X;¢5)z/(2s) for all c € C°. So Co(M) € Cz for every
M € E,, and E, does not consist of product vectors since Cy(F;) # 0. Lemma 3.1 gives S C E, C A4y ® By.



Sub-case dimE; =2. Then S = E, =span{uj,us}, the other Takagi vectors are orthogonal to S, and z has no
component in (S ® S') @ (S* ® S). Comparing these components in Nz = & gives u =0, so0 C =Cs #0 and z = P__y.
In Sym?S, with the basis (e1Q®e€1, e2Qe2, e1®e2+e2Q¢e;) and Cs = [¢;;], the vectors T(s) =s®Cs+Cs®s are
spanned by

T = (2¢11,0, ¢a1), Ty = (0, 2¢a2, c12), Ty = (2¢12, 2¢21, €11 + €22),

with det[TH,TZQ,le] = 4Tr(Cs) det(Cs), and Y= (612, —C21, (622 — 011)/2). By Step 1, P__ Kills every T(S). If
Tr(Cs) det(Cs) # 0, then P__(Sym®S) =0 and z = P__y = 0, which is excluded. If det(Cs) = 0, then in an orthonormal
T C
00
because Cs#0; so does y, hence again z=0. So Tr(Cs) =0 # det(Cs). Then the T(s) span the kernel of
£ = (—cy,c19,2¢11), and £-y = 2det(Cy) # 0, so Sym?S = ker{ ® Cy and P__(Sym?S) = Cz. Therefore Cy(M,) =2P__(s®
s) € Cz for every s € S, and these tensors span Cz # 0. Lemma 3.1 gives S C 4y ® By. O

Corollary 3.3. A plane V C A® B is a zero of ¢2(1/2,-) if and only if it is qubit-supported. If ¢:(C) = 0 for some C # 0
of rank at most two, then C has rank two and both ran C and ran C* are qubit-supported planes.

basis of § in which Cs = ) the span of the T'(s) contains every vector with vanishing second coordinate,

Proof. The first statement is Lemma 2.7(a) together with Theorem 3.2. For the second, apply Theorem 3.2 to C and
to C*. An operator C = |f)(a| of rank one satisfies ¢:(1/2,C)> §|C|%: since ¢¢ = f®a is a product vector,
(1/2,C) = (f ® a|X"|f ® a), where X" is the partial transpose of X = (I — 1&)® on the column factor. It equals
(I — $F)®? = 11, with F the swap at each copy. O

This classifies the equality cases of the two-copy partial-trace inequality at the level of planes.

The same equality analysis describes the equality cases of a singular-value inequality for Kronecker sums.
Pankowski, Piani, Horodecki and Horodecki [PPHH10] reduced two-copy distillability of p(4,«) to a bound on
01(X)? + 02(X)? for X = A® I + I ® B, and Song and Chen derived the bound from EP, [SC26, Corollary 6]: for d > 4
and traceless A, B € My,

3d—4

1(X)* + oa(X)? < —— (Il 4% + | BIF)- (3.1)
Its proof combines (o7 + 03)/? = max{|Tr(C*X)|:rankC < 2, |C||p = 1}, the identity Tr(C*X) = ((TrzC)olA) +
{(Tra C)o|B) with Yo=Y - Z¥g, and the bound

[(Tra Coll% + [I(Trz C)oll% = | TraC|% + | Trp C||% — 2| Tr C|* < 2||C||% + (2 — 2)| Tr C|?, which is EP,. At d =4 the last
coefficient vanishes, and Liu and Chen [LC26] determined the equality cases of (3.1) for seven special classes of
pairs (A4, B). Corollary 3.4 describes all of them through the two-copy equality cases.

Corollary 3.4. Let A, B € M, be traceless and not both zero, and put X = AQI+I® B. Then o1(X)? + 02(X)? =
2(||A||% + ||B||%) if and only if (A, B) = &((Trg C)o, (Tr4 C)o) for some k # 0 and some C # 0 of rank at most two with
¢2(C) = 0. For every such pair there is ¢ € C with rank(A + ¢I) < 2 and rank(B + ¢I) < 2.

Proof. Let equality hold, and take C of rank at most two with |C||r = 1 and | Tr(C*X)|? = 01(X)? + 02(X)?. In

" 1/2 1/2 1/2
| Te(C"X)| < |[(Trs Ooll | Allr + [|(Tra Oholl | Bllr < (I(Trs Choll3 + [(Tra C)ol2) (14113 + 1BI2) " < V2 (I Al% + 1 BII3) "
every step is then an equality. The first two give (4, B) = x((Trp C)o, (Tr4 C)o), and the last one, at d = 4, is g:(C) = 0.
Conversely, let ¢(C)=0 with |C|rp=1, and put A=(TrzC);, and B=(TryC),. Then
Tr(C*X) = |Al} + | Bl = | TraCll3 + | Trs Cll3 — 3| Tr O =2, so 01(X)* + 02(X)* > 4 =2(|| 4|l + [|B|}), and (3.1)
gives equality; scaling by « does not change the ratio. Finally, by Corollary 3.3 the range of C lies in 4; ® B; with
dim 4;,dimB; <2, so TrgC and TrsC have rank at most two, and c¢=kTr(C)/4 satisfies A+ cI =xTrgC and
B+cel=rTryC. O

The rank condition is necessary but not sufficient: A = diag(1,—1,0,0) and B = 0 satisfy it, yet 01(X)? + 02(X)? = 2 is
half of 2(||A||% + | B||%). In each of the seven classes of [LC26, Theorem 7], the pairs that attain equality satisfy the
rank condition, as one checks by hand.

4. Any number of copies: a structured class

This section proves ¢x(1/2,C) > 0 for every k and every operator of rank at most two whose range lies in the span of
the two families of Section 1, first under conditions on the co-range and then, in Theorem 4.7, for an arbitrary co-
range when the range is spanned by one vector of each family.

4.1 Setting and statements

Throughout we write r =t¢/(1 —t). Let d > 3. Fix orthonormal vectors |0),|1),]2) € C? and let Py be the orthogonal
projector onto span{|0),|1)}. For a string z € {0,1,2}* write |z) = |z;) ® - ® |z}), and let h(z,y) be the Hamming
distance. For a copy j and c € {0,1} let ¢* be the constant string, let 2;c*~! be the string with 2 at copy j and c
elsewhere, and let c;c" ! be the string with c at copy j and ¢ = 1 — ¢ elsewhere. We call the strings c;e*~! single-flip
strings.

The value gx(¢,C) is unchanged under C — UCU* for every product unitary U =U; ® - - - ® Uy, because Tr;(UCU*)
equals the corresponding conjugate of Tr;C. Hence everything below holds for arbitrary orthonormal triples at



each copy. Since ¢ is also invariant under isometric embeddings of the local spaces (proof of Lemma 2.3(a)), we
may assume d = 3 whenever the co-range lies in span{|0), |1), |2)}®*; for Theorems 4.6 and 4.7 see Lemma 4.8.

The class. Let

R={0%, 1"} U{2;0"%, 2;1¥1:1<j <k}, V=spanf{lz):zec R}
So V =V, + V,, where V, = span{|ct), [2;c*71) : 1 < j < k}. As in Section 1, V, is spanned by the backbone |c*) and the
aligned tails |2;¢*~1). The two backbones are locally orthogonal at every copy, but the two families share the level |2).
For a string z, its pattern P(z) C {1,...,k} is the set of copies where z has the digit 2. Let II, be the orthogonal

projector onto span{|z) : P(z) = P}. If ranC C V, then C =1II)C + Z?Zl II;4C. Here IIyC carries the backbone rows,
and II;;,C carries the tail rows at copy j.

For the co-range we use three nested spaces:
V C A":=span{|0),[1")} +E C 4,

where E is the span of the strings with exactly one digit 2. The space A’ is the span of the strings with at most one
digit 2, with the single-flip strings removed. There are 2k single-flip strings for k£ > 3, and two, namely 01 and 10, for
k=2.

Theorem 4.1. Let k£ > 2, 0 <t < 1/2, and let C be an operator of rank at most two with ranC C ¥V and ranC* C Al

Then

@tC) > 1-1) Y qtI0).
Pe{0,{1},...{k}}

Each term on the right is nonnegative. In particular ¢;(1/2,C) > 0.

Theorem 4.2. Let k >2 and let C be an operator of rank at most two with ranC C V and ranC* C A°. Then

a:(1/2,C) > 0.

For ¢t < 1/2, Theorem 4.1 says more than nonnegativity. The cross terms between different row blocks never cancel
more than the fraction r of Y, gx(¢,IIpC), however many tails are active, and this margin does not depend on k. The
constant 1 — r is attained for every k (Section 4.5). For operators with range and co-range in V, the proof also gives a
quantitative form for every rank (Remark 4.4).

Since IIyC has range in span{|0*), [1*)} C span{|0), [1)}** and II;;;C has range in |2) ® span{|0¢~1), |1¥"1)}, each (¢, IIpC)
is nonnegative by Lemma 2.6.

4.2 Sectors

Write C =3, Cyylz)(y| in the product basis. From g(t, C) = (¥c|(I - t®)®*|4p) with o = 3 Cryl2) |y),

k
qk(tv C) = Z C_Z?!CI'V H [‘Szzziéyzy{ - t(sllyz(sz;yd . (41)

Ty, Yy =1

The product vanishes unless, at every copy [, either (z;, ) = (z},y]), or ; =y, and z, = y]. For an entry (z,y) let O =
{l:z; #y} and N = O°. Two entries interact only if they have the same set O and agree on O. We call the class of
entries with given (O, zo,y0) a sector. Then g, (t, C) is the sum over sectors of a Hermitian form in the entries of that
sector. On N both entries of a pair are diagonal, 2y = yy =: z and 2y = y)y =: 2/, and the form has coefficients

H (0o — 1) = (1— £Vl )Rz,
leN
There are two cases.
« An entry that is alone in its sector contributes (1 — ¢)*~@¥)|C,, |2,
« The diagonal entries v, = C,, form one sector (O = (), with form (1 — ¢)* szz,(—T)h(z’I,) TgUy .
The same decomposition applies to each IIpC, which keeps the entries of C in the rows with pattern P.

Lemma 4.3. Let ranC C V, and let C,, = 0 unless the column string y has at most one digit 2 and is not a single-flip
string.

(a) If z # y and y € R, the entry (z,y) is alone in its sector.
(b) Every sector with at least two entries, other than the diagonal sector, has the form
o ={(c*, e%MIu {2, €92,y i e N}

for some c € {0,1} and a partition O U N of the copies with O, N # (. Here the first member, the backbone entry, is
present only if its column ¢9¢" is an allowed column. Such a column is a mixed string without the digit 2. It is never
allowed in Af and in A4’ it is allowed exactly when |O| > 2 and |N| > 2.

Proof. Let (z,y) be an off-diagonal entry with z € R, let O # 0 be its set of differing copies, and let (z/,y') # (z,y) be a
second entry of the same sector. Then ' € R, z, = zo, y, = yo and =iy = yyy # zn.



Suppose first that z has its digit 2 at a copy j € O. Then 2’ also has 2 at j, so 2’ = 2;¢* ! and z = 2Jck*1 with d#c.IfO
contained another copy [, then z, = z; would force ¢ = c. So O = {j} and y; € {0,1}. If y; = ¢, then ¢/ = ¢;e" 1. If y; = ¢,
then y = ¢;c*~. In both cases one of the two entries has a single-flip column and therefore vanishes. So (z,y) is
absent or alone.

Suppose next that z has no digit 2 on O. Then zo = c°, where z=ckorz=2;c"1withic N, and y 7é cforleO.Ify
had a 2 on O, then yy = zy could not contain a 2, so = = ¢*. The partner z' would then need zy # ¢~, so zj would
contain a 2, and ¢’ would have two digits 2. Hence y, = ¢°. The entries of the sector are then exactly the members of
o listed in (b). These are the backbone entry (c cocN) and the tail entries (2;¢¥1,&92;cM\#) for i € N, all of which
have at most one 2 in the column. The column ¢°¢¥ is a single-flip string exactly when |O| = 1 or |N| = 1, which gives
the last assertion of (b).

For (a), let y e R in this second case. If N = {), the sector consists of the single entry (c*,z*). Otherwise, a column in

R with yo = ¢© and yy = zy forces z = 2;,¢*~!, N = {i} and y = 2;¢*'. Its only partner is the backbone entry, whose
column ¢*~!¢; is single-flip and excluded. O

With the coefficients above, a sector of type o with backbone entry p, and tail entries (p;)iey has the form

(=M Ipo —r Xymil® + (1= S il? ], (42)

and the same expression with p, =0 if the backbone entry is absent. The coefficient between p, and p; is
(1 —t)NM-1(—¢), and between p; and py with i # 4’ it is (1 — t)IVI-2¢2,

4.3 The slack
Put

sl(C) := qi(t,C) — (1 — ) qu(t,ﬂpc’).
P

Each entry lies in exactly one row block IIpC, and the sector decomposition holds blockwise. So sl(C) is a sum over
sectors.

« Alone entry contributes r(1 — ¢)*~*@¥|C,, > > 0.
» In a sector o without its backbone entry, the tails lie in different row blocks. By (4.2) the contribution is
(L= )M[r(1 =) s il + 7% 2 mil*] 2 0.
« The diagonal sector contributes (1 — t)*Q(v), where v = (Cy;)scr and
: 5 [y Pl@) 2 P
= r|jv|)? Fowe,, B 0T ’

Q('U) TH'UH +§Z, zz' Uz Vg T T‘(*T‘)h(z’z) P(I) _ P(iE’)
Under the hypotheses of Theorem 4.1, Lemma 4.3 shows that every off-diagonal entry with row and column in R is
alone, and that all other multi-entry sectors lack their backbone entry. Therefore

sl(C) > Z (- t)fh(z,y)|czy|2 +Q(v). (4.3)

4.4 Proof of Theorem 4.1
Let ny = |v,| for z € R.

Frame shares. Since rank C < 2, we can write C = "> |¢)(n| with ¢!,¢2 € V orthonormal. If the rank is smaller, some
n® vanish. For z € R and every column string y put &, = ((z|¢'), (z|¢2)) and n, = ((y|n'), (y|n?)) in C2. Then Cyy = (ny, &),
and orthonormality gives 3, &:& = L. Hence the shares u, := ||&,|* satisfy

ZUZ = 2.
zeR

This is the only place where the rank enters. For a column y€R we get Y _.|Cyl?=|n,)? and

ny = [y, &)| < [yl /-
The off-diagonal part. Since h(z,y) > 1 for z # y,

h(a, 1 1 (32, m)?
Y. A= eNCy P > =3 (Inl* —nj) > m[yTy*Zni]-
r#yceR yeR y
For the last step, Y-, [|In,[I* > 32, n2/u, > (32, n,)?/ 3, uy by Cauchy-Schwarz. Terms with u, = 0 have n, = 0.

The diagonal part. We have Q(v) >r Y n2 -3 .. | By g, Put w = 1/(2(1 —t)) and ¢ =w —r = (1 — 2t)/(2(1 — t)) > 0.
Inserting both bounds into (4.3),

sl(C’ |Fow |
= [C Zn + Z ( ) znz,]. (4.4)
z#a!
Here |Fp|/r = M@= for different patterns and Ph@7) for equal patterns; this gives the following coefficients.

o {c¥,2;c¥1}: different patterns at distance 1, so the coefficient is w — 1 = —(.



o {2;cF71,2,cF1} with i # j: different patterns at distance 2, so the coefficient is w — r = (.

+ Pairs across the two families. The pair {0%, 1%} has distance k and equal patterns, and {2;0¢-1,2,1¥-!} has distance
k — 1 and equal patterns. All other cross pairs have distance k and different patterns. So |F|/r < rk-1 <, and the
coefficient is at least ¢ (recall £ > 2).

Collecting the terms of each family,

3G = (oo Srae) - B ) ¢ £

cross pairs

This proves Theorem 4.1. O

Remark 4.4 (a rank-free form). Let ran C and ran C* lie in V, with C of any rank. Then every off-diagonal entry is
alone (Lemma 4.3(a)), and the frame shares can be avoided. The slack is exactly

A 3 @i, + o),

— t)k
(1 t) z#yeR

and 5%, [Cuyf? = |1~ o] gives
S > rafaion - (L) T+ [0 - 2ralol? (),

where r/(1 — t) = 2rw. The second bracket is at least r[¢ Y, n2 + 3, . (w — [Few|/r)nana] > 0 by the coefficient table
of Section 4.4. Since rw(1 —t)F = Z(1 — t)*~1, this gives

2 r(1— k-1
a0y > " e - (Z\cm\)]z%@ucnzp—ucu%),

where || - [|; is the trace norm. For rank two the right side is £(1 — t)*1(sy — s3)%, with s; > s, the singular values of C.
At t=1/2 this reads q(1/2,C) > 27%(s; — s2)2. The constant is sharp. The operator [0%)(0%| + |2;0F~1)(2;0F| +
w|0F) (20571 | + w|2;0%1)(0*| with |w| < 1 attains equality.

4.5 Proof of Theorem 4.2, examples, and one copy

Proof of Theorem 4.2. At t =1/2 we have r =1, so sl(C) = qx(1/2,C). Lemma 4.3 applies to columns in A’. Lone
entries contribute 2X@¥~*|C, |2 > 0. A sector of type o contributes, by (4.2) at r = 1, the amount 2=™[p, — 3. p;|* > 0,
with py = 0 if its backbone entry is absent. Off-diagonal entries with row and column in R are alone. So (4.3) holds at
t = 1/2, and the rest of Section 4.4 applies verbatim. O

Equality. For C = |0%)(0%|+ |2:0°71)(2;0*"!| one has g(t,C)=2(1—2t)(1 —t)* and > ,q(t,IIpC)=2(1—-t)*. So
Theorem 4.1 holds with equality for every k and every ¢ < 1/2, and ¢(1/2,C) = 0.

Asymptotic equality with all tails active. Let x = —(—1)*, let v # 0 and L > 0, and put
=[0%) + Z 12,0*7) y=[1%) — 1) J2;1F7Y),
J
:L\O’“>+vZ\2J»OH>, yr = XLI1F) —xy D 2,15,
) J

Then C = |z1)(y1| + |=2)(y2| has rank two and range and co-range in V, and all & tail blocks II;;,C are nonzero. The
backbone block MyC Ty = L(]0%)(0%| + x|1%)(1*)) satisfies ar(1/2,TC ) = 0, because
ar(1/2, [0%) (0| 4 x|1%) (1*]) = 217k + 2x(—1/2)F = 0. As L — oo, qx(1/2,C) = O(L~%) while ¥, q(1/2,1IpC) stays bounded
away from 0, so the ratio ¢x(1/2,C)/ Y par(1/2,IIpC) tends to 0. So at ¢t =1/2 Theorems 4.1 and 4.2 are tight also
when all k tails are active, and the argument of Section 4.4 is asymptotically tight along this family, with shares
ugr, upe — 1. The coefficients v in z; and y; must be equal. With coefficient v, in 3,3, and 7, in z;,z, one gets
24q1(1/2,C) — 4k(vy — 72)*.

Rank three. The operator C; = |0%)(0%| + (—1)¥*+1|1%)(1¥| + |2,0¥~1)(2,;0*71| has rank three, with range and co-range in
V. Only its diagonal sector is nonzero, so by Section 4.2, 2%q(1/2,C3) = 3 — 2 + 4(—1)¥(—1)*"! = —3. Thus Theorems
4.1 and 4.2 fail for rank three, for every k.

One copy. For k=1 we have V = A" = C%, and the analogue of Theorem 4.1 states qi(t,C) > (1 —r) (@, PnC) +
@1(t,12)(2|C)) for every C of rank at most two on C3. A short proof follows. Write C = XY* with X,Y: C? — C® and
ranY =ranC*, and put H = Y*Y. Let Xo1, Yo1 and 3,y be the rows at |0), |1) and at |2). Then

q1(PnC) = Tr(Xon HXg;) — tr?,  @u(|2)(2|C) = z2Ha — t[g[,
with 7 = Tr(Y;; Xo1) and g = z»y;, and the cross term of ¢;(C) is —2tRe(7g). By Cauchy-Schwarz, |7|* < uo Tr(XaHXY)
and |g|? < wyzoHz}, where ug = Tr(Yo H'Yy), w1 =y H 1y and uo +u; = Tr(H'Y*Y) =2. (If C has rank one, take
X,Y with one column. Then v + u; = 1, and the bound below only improves, since u/(1 — tu) increases.) Since u; < 2
and ¢ <1/2, we have 1 —tu; > 0. If 1 — tu; =0, then ¢t = 1/2, the other share vanishes, and so does the cross term.
Otherwise
£|7|g? < tPuguy <2
a(PnC) aa(12)(2C) ~ (1 — tup)(1 — tuy)




With ug = 2 — uy, the last inequality is equivalent to (1 — 2¢)(1 — u1)? > 0. The claim follows from 2v/ab < a + b.

4.6 Arbitrary co-ranges

We keep the notation of Sections 4.1-4.5 and work at ¢ = 1/2. This subsection replaces the condition on the co-range
in Theorem 4.2 by the vanishing of C' on a small set of strings (Theorem 4.6) and then proves Theorem 4.7. Write
R.={c*}U{2jcF':1<j <k}, sothat R = RyUR; and V, = span{|z) : = € R.}.

Sectors for arbitrary columns. The sector decomposition of Section 4.2 holds for every C. For rows in R and
arbitrary columns the sectors are as follows. For a word 6 on a set O of copies and a string z on its complement N,
we write 0z for the string that equals # on O and z on N.

Lemma 4.5. Let £ > 2 and ran C C V. Every sector with at least two entries, other than the diagonal sector; is one of
the following, where O U N is a partition of the copies with O, N # 0:

@) o}, = {(2;0¥71, ¢;0%71), (2,171, ¢;1%71)} for a copy j and ¢ € {0,1}; here O = {j};
(ii) oc00 = {(c¥, V) F U{(2:c* 7Y, 02,V ND) 14 € N} for ¢ € {0,1} and a word 8 € {z,2}°.

For 6§ = ¢ these are the sectors ¢ of Lemma 4.3(b). At t = 1/2 the forms of these sectors, multiplied by 2%, are 2 |p +
(—1)*'p|? for o7,, where p and p’ are the entries in the rows 2;0*" and 2;1¥", and 2/°! |p — 3, pi|* for 0.0, where py
is the entry in row ¢* and p; the entry in row 2;¢*!. In particular they are positive semidefinite.

Proof. Two distinct entries (z,y), (2/,y') of a non-diagonal sector satisfy o =z}, yo = yp and zy = yn # ¢y = Yy, SO
N # () and z # z'. Strings of the two families agree only at copies where both read 2, and each string of R has at
most one digit 2. So if the rows lie in different families, then O = {j}, the rows are 2;0*! and 2;1*7!, the column digit
at j is some c € {0,1}, and yy =0V, y) = 1V. This is o, If the rows lie in the same family R., then zo = c9, since a
digit 2 of = on O would also be a digit 2 of z' and would force z = z'. The column then has yo = 6 € {¢, 2}°, and every
member is (c*,0¢Y) or (2;c" 1, 02;cM ) with i € N. This is .04. The forms follow from the coefficients in Section 4.2
with ¢ = 1/2, using h(0V,1¥) = k — 1 for o', and h(c", 2:c"\}) = 1 and h(2;cV\#, 2,eM\}) = 2 for i # 4. O

Among these sectors, those that contain an entry with column in R are o}, and o}, and the sectors

a1

Oc 1, k\{j}ek! = {(2]'Ck71, 2]'51671), (Ck, C]'Ekil)}, Ocfit2 = {(Ck, 2ick71)} U {(2]'61671, 21'2]'61672) 17 75 i},

for c € {0,1} and all copies 3, j. In each of them, the other entries have columns among the partner strings
P ={ce" 1 u{22;cF 2 i< 4, ce{0,1}},

the single-flip strings together with the strings that carry two digits 2 and agree with 0* or 1* elsewhere. There are
k? + k partner strings for k > 3, and three, namely 01, 10 and 22, for k = 2.

Theorem 4.6. Let k > 2 and let C be an operator of rank at most two with ranC C V and C|y) = 0 for every y € P.
Then ¢(1/2,C) > 0.

In terms of the co-range, the hypothesis asks that ranC* lie in the span of the strings outside P. Since A4’ is
orthogonal to every partner string, Theorem 4.6 contains Theorem 4.2, and it strictly extends Theorem 4.2 for k > 3.
For k = 2 both theorems allow the same six of the nine column strings. For k£ = 3 Theorem 4.6 allows 15 of the 27
column strings, against 14 in Theorem 4.2, and for k£ =4 it allows 61 of 81, against 40. The allowed strings include
strings with two or more digits 2 other than the 2;2;¢"-2, for instance 2*.

Proof. By Lemma 4.5 and the list above, once the partner columns vanish, an entry with row and column in R is
either a diagonal entry or alone in its sector. Every sector that contains no entry with column in R has a nonnegative
form: a lone entry trivially, and the other sectors by Lemma 4.5. Dropping these sectors gives

2¥qi(1/2,C) > Y 2G4+ Y (1) Ty,
z#YyeR z,2'€R

which is 2* times the right side of (4.3) at t = 1/2. The argument of Section 4.4 applies verbatim. It uses only rows in
R (frame shares, ) u, = 2) and holds for an arbitrary co-range. O

Block-diagonal planes. Now let

fo=00l0") + ) a;|2,05 )y e Vo, fr=Bol1F) + D Bil21F ) e W
J J

Theorem 4.7. Let k > 2. For all f; € V; and f; € V1, every operator C of rank at most two with ran C C span{fo, f1},

and arbitrary co-range, satisfies ¢;(1/2,C) > 0.

This class contains the family of Section 4.5 with all tails active. The proof (Appendix B.4) has four steps. Writing
C = |fo){go| + |f1){g1| turns the claim into positive semidefiniteness of a 2 x 2 block operator built from f, and f,
whose diagonal blocks are at least ||£.|?I. Its off-diagonal block acts between two subspaces of dimension 2k + 1, so
Schur complements reduce the condition to these coordinates. Two minimisations then bound the resulting
quadratic form from below by a form G with one variable for each copy, and merging two copies into one never
increases G; after all copies are merged, G is a sum of squares.

Lemma 4.8. Let 0 <t <1/2, let W =span{|0),|1),]2)} C C¢, let I be the orthogonal projector onto W®*, and let
ranC C V, with any co-range. Then qi(t,C) > g (t, CII).



The operator CII has rank at most that of C, range contained in that of C, co-range in W®*, and the same entries C,
for z,y € {0,1,2}". So it suffices to prove Theorems 4.6 and 4.7 for d = 3. For Theorem 4.6 the sector argument also
applies directly when d > 3: a sector whose columns have a digit > 3 is one of the sectors of Lemma 4.5 with such
digits in the column word on O, and its form is the same.

Proof. For S C {1,...,k} let Il be the orthogonal projector onto the product of W+ at the copies in S and W at the
other copies; these projectors sum to I, and IIy = II. The partial trace over a copy in S annihilates CIlg, because it
pairs the range of C, which lies in W at that copy, with the co-range of IIs, which lies in W' there. So
Tr; C =Y 4;_9 Trs(Clls). For SN J = 0 the co-range of Tr;(CIls) lies in the product of W+ at the copies in § and W
at the copies outside S U J, and these spaces are mutually orthogonal for different S. Hence
a(t,C) =Y > (=) Tr;(CLL)l 13
S JnS=0

The term S = 0 is gx(t, C1I). Let S # 0 and write CIlg = 3, Cu ® |a)(b], where |a) and |b) run over product bases of the
copies in S that consist, at each copy, of |0),|1),|2) and an orthonormal basis of W+, and Cy; acts on the other copies.
The term of S equals 3, @ s/(t, Cap), With go(¢,¢) = |c|?. The range of C,; consists of the vectors (a|sv, v € V, obtained
by pairing the copies in S with (a|, and it is zero unless a is a string in {0,1,2}5. If a = ¢5 with ¢ € {0,1}, it lies in
span{|c), |2)}2*-I5), If a has the digit 2 at one copy i and the digit c at the other copies of S, it lies in span{|c*~|5!)}, or
in span{|0*~1), |1¥-1)} when S = {i}. For every other string it is zero. In each case Lemma 2.6 gives g;_;g/(t,Ca) > 0. O

Remark 4.9 (no margin with an arbitrary co-range). For ¢t < 1/2 the margin of Theorem 4.1 does not extend to
operators with range in V and an arbitrary co-range. Let z =}, 12;0°71) and y = ((loy + \2))/\/§)®k, and choose v to
minimise gi(t,C) for C = |0¥)(v| + |z)(y|. Then, by a direct computation, gx(t,C)/ Y, qx(t,IIpC) tends to 0 like 1/k.

5. Local positivity near the zeros

For every k, the known zeros include the qubit-supported planes and, when EP;_;(d) holds, the product planes U ® x
(Lemma 2.7). Near both families the endpoint inequality holds. We state the results here and prove them in
Appendix B.

Let Z C H ® Q be the set of vectors ¢ with dim S;(¢) < 2 for every I. A vector i, € Z whose local supports all have
dimension two is generic if its coefficient tensor in suitable orthonormal bases of the local supports, an element of
(C?)®* @ Q, satisfies three nondegeneracy conditions (Definition B.1). Generic vectors are dense among the vectors
of Z whose local supports all have dimension two (Appendix B.1).

Theorem 5.1. Let k > 1,d > 2, and let vy € Z be generic. There are a neighbourhood N of 1y in H® @ and ¢ > 0 such
that

AminB1/2(YY*) > c-dist(4h, Z)? forally € N.
In particular g (1/2, fia* + f2b*) >0 forall fi,f> € Hwhenevera® ¢ +b® q2 € N.

Only the pair (a,b), which spans the co-range, has to be close to a generic zero; the range vectors are arbitrary.
Theorem 5.1 uses no positivity for fewer copies. The constant ¢ and the neighbourhood depend on .

Theorem 5.2. Let k > 2 and d > 2, and suppose that EP;_1(d) holds. Let U C C? be a plane with orthonormal basis
eo,e1, let 0 # x € (CH)®*1), and let 1y = (eg ® 1 +e1 ® ) ® x, with U at the first copy and the factors reordered.
There is a neighbourhood N of ¢, in H ® Q with Ey;3(¢*) = 0 forall ¢ € N.

Every basis of the plane U ® x is obtained from 1, by an invertible linear map on @, which preserves positivity of
E1/2(y¢*), so Theorem 5.2 covers every basis of every such plane. Since EP3(d) holds for every d (Theorem 2.5),
Theorem 5.2 is unconditional for k = 4: four-copy positivity at the endpoint holds near every product plane, in every
dimension. At product zeros the kernel of Ej/(1y;) has dimension d*1, so the Morse-Bott argument behind
Theorem 5.1 does not apply; the proof combines a second-order bound with a splitting at the qubit copy.

6. A first zero below the endpoint

We first extend the qubit-copy argument to all ¢ < 1/2, with an explicit margin. For an operator C and a copy i, let P;
and Q; be the orthogonal projectors onto the local supports at copy ¢ of ranC and of ranC*, and put
7; = Tr(P;Q;) < min(rank P;, rank Q;).

Lemma 6.1. Let £k > 2 and 0 <t < 1/2, and suppose that EP;_1(t;d) holds. Let C be an operator of rank at most two
on (C%)®* with 7; < 2 at some copy i. Then

a(t,C) > (1-2t) ) gr1(t,Cuy) > 0,
z,y
where C,, = ((z| ® I) C (Jy) ® I), with = and y running over orthonormal bases of ran P, and ran Q; at copy i.
Proof. Recall g(t,C) = (¢c|(I —t®)®*|1pc) with o =vecC (Section 2). Since C=(B®I)C(Q:®I) and
vec(PXQ) = (P® Q") vec X, the vector ¢¢ lies in K ® (other copies), where K =ran P, ® ranQ;. With & = |Q2)(Q| and
w = (P, ® Q;)R, the compression of I — t® to K is



G=1Ix —tlw)w| = (1 —2t) Ix + 2t(IK - §|w><w|), |w||? = Tr(PQ;) = 7.

Since ||1|w)(w|||, = 7:/2 < 1, the operator Iy — i|w)(w| is separable across ran P; ® ran Q; by the theorem of Gurvits and
Barnum [GBO02]: it equals 3" |u,)(ty| ® |va)(v,]. Let W = (I — t®)®(* -1 on the other copies. Then

qk(tv C) = (1 - 2t)<¢C‘IK ® W|¢C> + 2tZQk—l(taca)a Ca = (<ua‘ ® I) C(|50> ®I)a

and (Yollxk @ Wlpe) = 3°, , ar-1(t, Csy). All the operators C, and Cyy have rank at most two. O

For k=3 and t =1/2 this is [WZ26, Theorem 7.2]. Below the endpoint, positivity for fewer copies comes with a
margin.

Lemma 6.2. Let j > 1and 0 <t < s < 1, and suppose that EP;(s;d) holds. Then g¢;(t,C) > (1 — t/s)’|C||% for every C of
rank at most two on (C%)®,

Proof. In the proof of Lemma 2.3(b), with (#,¢) there replaced by (¢, s), every term of the expansion is nonnegative,
and the term in which I is chosen at every copy equals (1 —t/s)J||C||%. O

If EP;_1(d) holds and ¢t < 1/2, Lemmas 2.3(b), 6.1 and 6.2 (with s = 1/2) give
a(t,C) > (1-20)C|% whenever 7; < 2 at some copy i. (6.1)

Theorem 6.3. Let k > 2 and d > 2, and suppose that EP;_1(d) holds. (a) EPy(d) fails if and only if there are t € (0,1/2)
and C#0 of rank at most two such that EPy(t;d) holds and q(t,C)=0. In that case
t =t* :=max{s € [0,1/2] : EP,(s;d)}. (b) Let t and C be as in (a). Then C has rank two; at every copy the local supports
of ran C and of ran C* coincide and have dimension at least three; and %qk(s, C)\S:t <0.

Proof. We first prove (b) for any ¢ € (0,1/2) and C # 0 of rank at most two with EP;(¢;d) and ¢ (¢,C) = 0.
Rank. For C = |f){a| the argument in the proof of Corollary 3.3 gives gx(t,C) > (1 — ¢)*||C||% > 0. So C has rank two.

Supports. Let (a,b) be an orthonormal basis of ranC*, write C = fia* + fob*, and put v =a® ¢ +b® ¢ and
=51 ®q+ fa®q. By (2.1), Ey(yp¢*) = 0 and (p|Ei(vy*)|e) = 0, so ¢ € ker Ei(¢¥9*). Let U; = Si(¢) be the local supports
of ranC*, and for TC{l,....,k} let Hr=(Q®,,U’® ®er U)®Q. For X supported on U,
Dy(X) = [Tr(X)Py —tX] + Tr(X)Py:, and both terms preserve U; and U;". Since 1 € Hy, it follows that E,(yy*) =
@r Ar with Ar acting on Hy. Let T # 0 and & € Hy; write & =3, 2 ® &, over an orthonormal basis (z) of ®,.r U,
and ¢, = ((z| ® I)¥ over an orthonormal basis (z) of @, Ui. Then, by (2.1) on the k — |T| copies outside T,

(9'|Ar|®") = qu—\T\ (t,Cz),

where C,, is the operator of rank at most two that (2.1) attaches to the pair (®/,1,). By Lemmas 2.3(b) and 6.2 this
is at least (1 — 2t)* 17! Yo lClf =1~ 2t)k-I71]|®’||2, where the last equality uses that a,b are orthonormal. So Ay >~ 0
for T # 0, and ¢ € Hy, that is, fi, f» € @, U;. Hence the local supports of ran C lie in those of ran C*, and applying the
same argument to C* gives equality. Then P, = @, is the projector onto U; and 7; = dim U;, and (6.1) shows dim U; > 3.

Derivative. At each copy write I —s® = (1—s/t)I + (s/t)(I —t®) and expand: gu(s,C)= Y 4(1 — s/t)"15I(s/t)¥ Rs,
where Rg = (¢¢|(I —t®)®5 ® I|yhc) is the sum of g (t,-) over the matrix elements of C at the copies outside S, and
Ry, 4y = q(t,C) = 0. Hence #£qi(s,C)| _, = =3 >; Ryu,.. 4y (s> and by Lemma 6.2 each Ryy gy > (1 — 26)57Y|C[3. So

the derivative is at most — (1 — 2t)7!||C||3 < 0.

(a) Suppose EPy(d) fails. Let u(s) be the minimum of g (s, C) over operators of rank at most two with ||C||r = 1; it is
continuous in s, and x(0) = 1. The set {s € [0,1/2] : u(s) > 0} is closed, it is an interval by Lemma 2.3(b), it contains a
neighbourhood of 0, and it does not contain 1/2. So 0 < t* < 1/2, and u(t*) = 0, because p(t*) > 0 would extend the
interval beyond ¢*. A minimiser at ¢* is the required C. Conversely, if ¢t € (0,1/2) and C are as in (a), the derivative in
(b) gives gx(s,C) < 0 for some s € (¢,1/2) arbitrarily close to t, so EP(s;d) fails for these s. By Lemma 2.3(b), EP.(d)
fails, and ¢t = ¢*. O

Remark 6.4. (i) For d = 2 part (b) is impossible, so Theorem 6.3 gives EP;(2) for every k by induction; this is the
separability of p(2,a) for a > —1/2. (ii) By Theorem 2.5, Theorem 6.3 applies to k = 4 without hypotheses. (iii) Given
EP;_1(d), the absence of such first zeros is equivalent to EP;(d). Such a zero is a global minimiser of g(¢*,-), and the
proof shows that its blocks Ay for T # () are positive definite. The zeros of Section 5 are not of this kind, and below
the endpoint they are not zeros at all, by (6.1).

7. A quantitative conjecture

For a plane V and a copy I, let ué”(V) be the third largest eigenvalue of the reduced operator of P, on copy I/, which
has trace two, with u;l)(V) = 0 if its rank is at most two. So min, yél)(V) = 0 exactly when some local support of V has
dimension at most two.

Conjecture 7.1. For all k > 2, d > 2 and every plane V C (C%)®,

my(V) > 2’kmlin1/§l)(V).



Conjecture 7.1 implies EP.(d) for every k and d, and it implies that every zero has a copy at which its local support
has dimension at most two. The constant 27" is suggested by numerical evidence: constrained minimisation of m (V)
subject to u:(f)(V) > 2§ at every copy gives, at d = 3, the minima of Table 1.

Table 1. Constrained minima of m;(V) at d = 3 under u,o(,l)(V) > 2§ at every copy, in units of 217%6.

k §=10"° §=10.02 §=10.05 §=10.10
3 1.0003 1.007 1.022 1.05

4 1.011 1.028 1.058

5 1.036 1.073

In more than 150 exploratory local minimisations (Appendix A) of the ratio 2*my(V)/min uél)(V) for k£ =3,4,5 and
d <5, no value below one occurred. The infimum one is approached near the product zeros of Theorem 5.2 and near
a family of zeros of the form £ ® x with £ on two copies. For two copies the infimum of the ratio appears to be
4 —2+4/2 ~ 1.17. On one class of planes we can prove this.

Theorem 7.2. Let d>2, let (a;) and (b;) be orthonormal bases of C¢ let a,8 € C? be orthonormal, and let
V =span{}_; oia; ® bi, Y; Bia; ® b;}. Then both reduced operators of Py have the spectrum (|as|* +|8i[*)s, and with
v3(V) its third largest element,

1 4-2V2

ma(V) > (173)1/3(11)7 (V).

If 15(V) >0, equality holds exactly when this spectrum is (1,1,1,0,...,0), for instance for V = span{|00),Q} with
Q = (|11) + |22))/v/2, where C. = [00){(00| — (v/2 — 1)|)(Q| attains my(V).
Every spectrum with largest element at most one occurs in this class, so 4 — 2v/2 is the exact infimum of the ratio of

Conjecture 7.1 over the class. At d = 3 the class is a two-parameter family inside the twelve-dimensional space of
planes modulo local unitaries. The proof is in Appendix B.3.

8. Four copies: common-plane operators
An operator C on H = (C%)®* is a common-plane operator if ran C + ran C* lies in a plane.
Theorem 8.1. Let d > 2. Every common-plane operator C on (C%)®* satisfies q,(1/2,C) > 0.

The proof uses the quartic moment relaxation of [Ano26], in the form of [Tom26a, Section 3], restricted to common-
plane operators (1, D1). We first state this relaxation.

The relaxation. Let @ = C? with the basis qi,¢2 of Section 2.2, and let & € H ® Q satisfy Try |a)(a| = Ip/2. We call the
four tensor factors of (H ® Q)®* replicas, and we let X, the averaged fourth moment of 4, be the average of |a')(a'|®*
over the vectors &' obtained from & by local unitaries on the copies of C¢, diagonal unitaries on @, permutations of
the copies and complex conjugation in a product basis whose part on Q is ¢, g2. As in the proof of [Tom26a, Lemma
3.1], X is a real linear combination of tensor products of permutations of the four replicas, one on each copy of C,
with a matrix unit |u)({v| on Q®* in which each basis vector of Q occurs as often in u as in v; let y be its coordinates in
the orbit sums of these operators. The operator X satisfies the Stiefel contrasts of [Tom26a, Section 3.4]: its partial
trace over the H-part of a replica equals Ip/2, on the factor @ of that replica, tensored with its partial trace over the
whole replica. We write these linear identities £y =0. It also satisfies F,(y) = 0 for finitely many blocks
Fo(y) = K; Xp(y)Kp, where X;(y) is the operator with coordinates y or its partial transpose on one replica and Kj is a
fixed matrix [Tom26a, Lemma 3.2 and Definition 3.4]. The relaxation consists of all vectors y with £y = 0 and F(y) =
0 for every b. A linear functional ¢ is nonnegative on it if
c=EN+)Y F (%)
b

for a vector A and positive semidefinite matrices Z, where F; is the adjoint of y+— F,(y), because then
c-y=3,Tr(ZF(y)) > 0. We call (A, (%)) a certificate for ¢ [Tom26a, Definition 3.4].

Proof. Write a common-plane operator as C = C; + iC, with C; = (C + C*)/2 and C, = (C — C*)/2i. Both are Hermitian
with ranges in the plane V that contains ranC +ranC*. Their partial traces are Hermitian, so | Tr;C|% =
| Tr; C1||% + || Trs Cs||% for every J, and

ar(t, C) = q(t,C1) + qi(t, Cs). (8.1)
It therefore suffices to treat Hermitian C with ranC C V. Choose an isometry A: Q@ — H with range V such that
A*CA is diagonal. After scaling,
C=Cy= %AMgA*, My = /2 diag(cos 8, sin ), 1Cs||% = %,
for some angle 6.

The slice. For an operator of rank at most two, [Tom26a, Section 3.1] uses the vectors & = vec(4)/v2 and b=
vec(2C*A)/v/2 in H® Q. Here Tryla)(a| = Ip/2 because A is an isometry, and 2C;A4 = AM,; gives b= (I ® Mp)a.
Diagonal unitaries on @ commute with My, whereas general unitaries on @, over which [Tom26a, Section 3.2] also
averages, do not. So every averaged fourth moment of the pair (a, 13) is a linear image of the moment X of 4 defined



above, and by [Tom26a, Section 3.5] ¢4(1/2,Cy) =co-y for a vector ¢y whose entries are quadratic forms in
(cos8,sin@). It suffices to find a certificate for every c;.

One certificate for all . Write ¢y = cos?0cy; +sin®0cyy + 2sinfcosfcs. We find vectors A, As, A3 and positive
11 1

2
semidefinite matrices Z, = ( ZIZ“ ?52) , with blocks of the size of F,(y), such that
b b
en=EMN+Y F(Z), en=EXN+Y F(ZP), 2em=EX+Y FZ4+2Z.
b b b
With my = (cosf,sind)T @I and A(8) = cos? O Ay +sin? @\, +sinfcosf A these identities give

co = ETN0) + X, Fi (m] Zymy), a certificate for ¢y for every 6.

All dimensions. Following [Tom26a, Section 5], we use at every d >4 the symmetry-adapted bases of [Tom26a,
Section 5.1], in which the local matrix elements are polynomials in d, and put s = 1/d. After each block and each
equality is scaled by a power of d, the data of the relaxation are polynomials in s, by [Tom26a, Lemma 5.1, Corollary
5.2 and (3.1)]. We write each multiplier as Z, = NbeNbT with fixed matrices N, chosen as described after the proof.
The certificate identities then form a linear system .A(s)z = c(s) for the entries = of A1, Az, As and of the Z;. As in the
proof of [Tom26a, Proposition 5.4], exact computations give a solution with positive definite Z, for every s € (0,277,
that is, for every d > 27: a solution at s = 0 with positive definite Z,; 119 polynomial vectors that are orthogonal to
c¢(s) and span the left kernel of A(s) for these s, so that the system stays solvable; and bounds as in [Tom26a, Lemma
5.3] on the correction to the solution at s = 0, which keep every Z, positive definite. For d < 27 the theorem follows
by the embedding in the proof of Lemma 2.3(a), which maps common-plane operators to common-plane operators
and preserves q4. [J

The matrices N, make the numerical problem smaller. Their columns span the orthogonal complement of two kinds
of directions: those that Lemma 8.2 below shows to be annihilated by the block at the averaged moment of every a
with Trg|a)(a| = Ip/2, and the ranges of the blocks at the moments of zeros of g4, on which every certificate
vanishes, as in [Tom26a, Section 4]. Validity does not depend on this choice, since Z, = szbNJ is positive
semidefinite on the whole block whenever Z, is.

Lemma 8.2. Let 4 € HQ® Q satisfy Try|a)(a| = Ig/2, let X be its averaged fourth moment, and let T be a set of
replicas. Let r ¢ T and ' € T be replicas, let Q,., =3, |z) ® |z), summed over the product basis of H in which the
partial transposes and complex conjugation are taken, on the H-parts of replicas r and ', and let n € Q ® Q, read as
a 2 x 2 matrix, have trace zero. Then X'7, the partial transpose on the replicas in T, annihilates Q,» ® n ® w, with 7
on the factors Q of replicas r and r', for every vector w on the other replicas.

Proof. The moment X averages |a')(d'|®* over vectors & obtained from & by local unitaries, diagonal unitaries on Q,
permutations of the copies and complex conjugation, and each &' again satisfies Try |a’)(a’| = Ip/2. For one such
vector, (|&'){(a'|®)'" = ) (1|, where 9 has & on the replicas in T and & on the others. Writing & = > aq GuglT)|q), the
factor of (¢|Q,, ® n ® w) from replicas r and r'is }° Mgy 3°, Gnglag = 1Trp=0.0

Numerically, the equalities alone force every block to annihilate these directions (33 in all at d = 3).

Verification. A separate exact certificate at d = 3 proves that case without the embedding (1, D2), and for d = 3 we
have also proved Theorem 8.1 in Lean 4 with Mathlib, with that certificate as data (D4). Appendix A describes how
both certificates were checked and what the formal proof relies on.

Remark 8.3. For four copies the relaxation restricted to common-plane operators proves the inequality, and
numerically its value is zero for three copies as well. Over all operators of rank at most two, the four-copy relaxation
of [Tom26al], computed in floating point, has a negative value at d =3 [Tom26a, Remark 10.1]; the restriction to
common-plane operators is what lets it succeed. For five copies, at d = 3 and for the operators C = Py /2 with V a
plane, the restricted relaxation computed in floating point has the value —1.80 x 1073, and —3.98 x 10~* when the
partial transposes on two replicas are added. So at d = 3 the method of this section gives nothing for five copies, and
we do not know whether the inequality holds for common-plane operators when k > 5.

9. Discussion and open problems

The endpoint inequality is open from four copies on, in every dimension d > 3. For four copies, Theorem 8.1 covers
the common-plane operators.

Besides the family of Section 4, several classes remain open. If the co-range may lie in the span of all strings with at
most one digit 2, Theorems 4.1, 4.2 and 4.6 no longer apply: through the single-flip columns an off-diagonal entry in
R x R can share a sector with a second entry, so it is no longer a lone entry. A proof for this larger class must be
sharp on the operator (|1)(1|+ |2)(2]); ® |1¥~1)(0*¥~!|, which uses such columns and attains the ratio 1 —r for every ¢
and k. Backbones that are not locally orthogonal, an arbitrary backbone with tails aligned to one product vector, and
the class whose range and co-range both lie in the span of the strings with at most one digit 2 are not covered
either. In local minimisations from many starting points (Appendix A) the bound of Theorem 4.1 holds on all these
classes for small k; on the first one it holds for ¥ < 5 and ¢ € {0.40,0.45,0.49}, and so does g¢;(1/2,-) > 0. With range in
VY and an arbitrary co-range, Theorems 4.6 and 4.7 and Lemma 2.6 leave the operators of rank two whose range is
not spanned by two vectors of V, UV, and whose co-range is not orthogonal to all partner strings; for them the
inequality holds numerically for k£ < 4, and for ¢ < 1/2 see Remark 4.9.



We do not know whether for k > 3 every zero has a copy at which its local support has dimension at most two. In
unconstrained numerical minimisations of m;, for k = 3,4,5, every zero reached has such a copy. Theorems 5.1 and
5.2 say nothing about the non-generic zeros with two-dimensional local supports or about planes near zeros of other
types.

Conjecture 7.1 is unproved for every k > 2. Even for two copies we know no linear lower bound my(V) > cv3(V) with
¢ > 0 on all planes; by Corollary 3.3 and compactness, such a bound in a fixed dimension would follow from lower
bounds near the planes with two-dimensional local supports that are uniform over them.

Data and code availability

The computations and the Lean proof accompany this paper as three packages, release endpoint,
release commonplane and release lean commonplane, in its Zenodo record, doi:10.5281/zenodo.23992370;
Appendix A describes them.
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Appendix A. Computations

Table 2 lists the computations that the proofs use, marked 1 in the text, one independent check (D3) and a formal
proof (D4). "Exact" means rational or integer arithmetic. The package release endpoint, for Sections 3-7,
reproduces rows C1-C3, checks the remaining steps of the same proofs in floating point, and adds a few
independent checks. The package release commonplane, for Section 8, contains the relaxation data, the certificates
and the programs that built them and that run the checks of rows D1-D3. Both certificates of Section 8 were
checked twice in exact arithmetic, by the programs that accompany them and by independent code (row D3). The
independent code rebuilds the relaxation data from their definitions, at enough points to determine the polynomial
data, and finds them equal to the data used, up to a change of basis at d = 3 and, for the equality rows, up to scalar
factors; it uses the same compression matrices, which do not affect validity [Tom26a, Section 3.6]. The package



release lean commonplane contains the formal proof of row D4 and a build script. It proves q4(1/2,C) > 0 for every
common-plane operator C on (C3)®!, in two equivalent forms: C = UcU* with U: C? — (C*)® an isometry and ¢ any
2 x 2 matrix, and PCP = C with P the orthogonal projection onto a plane. Lean checks every property of the
certificate that the proof uses: 68 data checks are evaluated by compiled code (native decide) and enter the proof
as 68 axioms, and everything else is checked by Lean's kernel with only the standard axioms. The package's
documentation states the theorems and lists the trusted base of the compiled checks. The scripts of
release endpoint and release commonplane are written in Python 3. Those of release endpoint use SymPy,
NumPy and SciPy; those of release commonplane use NumPy, SciPy, SymPy and python-flint, and the numerical
solves that produced the certificates also use CVXOPT. The numerical evidence quoted in Sections 7 and 9 is
exploratory and comes from local minimisations from many random starting points. The package release endpoint
reproduces one instance of it, for Conjecture 7.1 at k = 3 and d = 3: the ratio of Section 7 on 200 random planes, and
a constrained minimisation as in Table 1, at é = 0.05, by sequential quadratic programming (the SLSQP routine of
SciPy) from four random starts. It does not contain the other runs. This evidence and the floating-point
computations quoted in Section 8 are not used in any proof.

Table 2. Computer-verified steps of the proofs.

ID | Statement checked Method Used in
C1 | Theorem 4.7: the five rational identities marked (1) in Steps 3 and 4 of its proof exact App. B.4
symbolic

C2 | Theorem 5.1, condition (G2) of Definition B.1 is nonempty: for ¢, = (3 — 5¢, —5 — 4i, —4 — 2i, -3 — 4, -4 +4,3,4 — exact Sec. 5,
3i,1 — 4i) on two copies, with either copy transverse, the form of Lemma B.7 annihilates the tilts, has rank two, (Gaussian Lemma
and its compression to their orthogonal complement has positive leading minors rationals) B.7

C3 | Theorem 7.2: the two slacks at m = § and the threshold mg = 0.12832... of L' > R{ symbolic Sec. 7,

App. B.3
D1 | Theorem 8.1 for d > 27%: the relaxation data as polynomials in s = 1/d (blocks and equality rows by exact exact Sec. 8

interpolation from exact builds at d = 4,..., 13, the objective from its exact values at d = 4,...,20; all checked at
d = 15); the solution at s = 0, with all 514 nonzero Z positive definite; 119 polynomial vectors of degree 8 in the
left kernel of A(s), orthogonal to ¢(s); the bounds of [Tom26a, Lemma 5.3] for 0 < s < 27

D2 | Theorem 8.1 for d = 3, directly: an exact certificate at d = 3, with all 302 nonzero Z, positive definite exact Sec. 8

D3 | Independent check of D1 and D2: the relaxation data rebuilt from the definitions at d = 3, at s = 0 and at exact Sec. 8
d =14,20,22,...,32, and the objective at d = 4,...,20; the certificates checked against them; the bounds of
[Tom26a, Lemma 5.3] re-derived

D4 | Theorem 8.1 for d = 3 in Lean 4 with Mathlib, with the certificate of D2 as data Lean 4 Sec. 8

Appendix B. Proofs of Theorems 5.1, 5.2, 7.2 and 4.7
Throughout, E = D®* ® idg with D = 27 —id and 7(X) = Tr(X) I, so that E = 2*E; , and, by (2.1),

(p|E(pyp*)|@) = 2% g (1/2, fra® + fob") fory=a@q+b@q, p=fieqa+ f2®qg. (B.1)

For a copy m, E' denotes the same map on the other k£ — 1 copies and Q. The Q-rank of v is dimspan{a,b}. For G €
GL(Q) one has E((I ® G)yyp*(I® G)*) = (I ® G)E(y¢*)(I ® G)*, so positivity and kernels depend only on the plane
spanned by a and b.

B.1 Generic qubit-supported zeros

Let f(¥) = AminE(¥¥*). Fix ¢y € Z with dim S,,(¢) = 2 for every copy m, put U, = Sn(¢0), and fix orthonormal bases
(eo,e1) of the Uy,. For T C{1,...,k} let Hr = (®,,.7 Us ® ®m¢T Un) ® Q, so that H® Q = @, Hr and 4, € Hy, and
write 7= ,.nr accordingly. Let oy,09,03 be the Pauli matrices in the bases (ep,e1) and (qi,¢:), ¥ =02, and
6 = Y®*+K, with X complex conjugation in the product basis. © is an antiunitary map of Hy onto itself; for vectors
on fewer copies, © or ©' denotes the same map on those copies. Put k = ©y/||¢||, and let D, = Zzzl Ad,, on L(U,,),
so that Dy(X) =2Tr(X)Py, — X. The tilts at copy m are the vectors (X ® I)y with X € Hom(U,,,Uz); they form a
subspace Tilt,, € H{y) of complex dimension 2(d — 2).

Definition B.1. For u € U; write ¢ — (u|;%) for the compression at copy i, and let F; = {eg,e1, (eo + ae1)/v/2: a* = 1}.
The vector v is generic if, for some choice of the bases (e, e1), which we use from now on: (G1) 4, and every vector
obtained from it by compressing a proper subset of copies with vectors from the F;, has @Q-rank two and satisfies
ker E(--*) = span{©-}; (G2) for every two-copy vector arising from ), by such compressions, and each of its two
copies taken as the transverse copy, the form of Lemma B.7 in its base case has rank two; (G3) for some choice of
the stripped copy ! in each compression step of the proof of Lemma B.7, the four vectors (c|;(bn(-), b,c € {0,1}, are
linearly independent.

Each condition constrains only the coefficient tensor of 1, in the chosen bases, an element of (C?)®* ® @, and is
Zariski-open in it, in the real-algebraic sense for (G2) because « involves complex conjugation. Each is nonempty:
(G1) by Lemma B.8, since the compressions are linear surjections onto qubit spaces on fewer copies; (G2) by an
exact computation (1, C2); and (G3) because the compressions are linear surjections and, on j > 3 copies, the four
vectors are the components of a tensor in (C?)® ® Q along the bases at the copies I and m, which can be any four
vectors of a space of dimension 2/~1 > 4. Bases can be chosen to depend smoothly on planes near the U,,, and then



1 — (local supports, coefficient tensor) is a local diffeomorphism onto a product. Hence, among the vectors of Z
whose local supports all have dimension two, the non-generic ones form a closed set of measure zero.

Lemma B.2 (block structure). Let Ui,...,U;, C C* be any two-dimensional subspaces, define Hr, © and D, from
them and from orthonormal bases of them as above, and let ¢ € Hy. Then E(yy*) = @, Ar with Ar acting on Hr,

Ar =2T(DF* " @idg) (Trryw’) @ P, Ph = (@) P

meT
In particular E(¢*) = 0,so f >0on Z, and ©y € ker Ay, so f =0on Z.

Proof. For X supported on U,,, D(X) = D,(X) + 2 Tr(X)Py.. Expanding the tensor product and collecting the copies
where the second term is chosen gives the decomposition. Each block is the image of the positive operator Trz ¢¢*
under a completely positive map. For the kernel, 4y =3¢ 231 (0a ® I)Y9*(0a ® I). Since o,Y is symmetric for a =
1,2,3 and Y is antisymmetric, the matrix (®,,0.,Y) ®Y is antisymmetric, so (0%, (0o ® I)¢) = ¢"((®,, 0a,Y) ®
Y)y = 0 for every o. O

Lemma B.3 (six-term identity). Fix a copy i and let ¢, € H ® Q have their copy-i components in U;. Let (uj,v;),
ji=1,...,6, be the pairs ((ey + ae1)/+/2, (e — ae;)/v/2) for ot = 1, together with (ey,e;) and (e, ey). Then
6
(plE(y7)lp) =

J

<90vj|E/(¢uj"p;])“ij>7 Yy = <u‘z7/’v v = <’U‘i90'

1
Moreover 3, vjv; = 3Py, and each v; is a unimodular multiple of Y.

Proof. By (B.1) the identity is equivalent to ¢;(1/2,C) = %Ej qr-1(1/2, (v;|Cluy);) for C supported on U; at copy i on
both sides. Split the sum defining ¢, according to whether i € J. Each term pairs |X|3 with —3| Tr; X||3 for
X =Tr;C,i¢ J, an operator on U; ® K. With X, = (e,|X]|ey),

X1 = 31 Tre X° = [ Xou|* + [ Kol + 511 Xo0 = Xuall* = § Y [ ual Xlva) I* + 3] Xoal|* + 511 X10l?,
al=1
because (ua|X|va) = 3(Xoo — X11 — aXo1 + &X10) and the fourth roots of unity cancel the cross terms. Compressions at
copy ¢ commute with Tr;. The frame relation is a direct computation, and Y4, = —iav,, Yé, = ie;, Yé; = —iep. O

Second-order form. Put A = E(voy;). If ker A = span{©4}, which is part of (G1), then 0 is a simple eigenvalue of A >
0 with unit eigenvector k € Hy. Forn € H ® Q put X,, = E(¢on* + n¢g) and

S(n) = (k[E(m")|k) — (X;k|AT|X,5).

Since the eigenvalue is simple, f(yo + en) is real-analytic in ¢, its first-order term is (x|X,|x) and its second-order
coefficient is S(n) [Kat95].

Lemma B.4 (first order and decoupling). If ker A = span{®y}, then (k|X,|x) = 0 for every n, and S(n) = > "7 S(nr)
with S(m) = 0.

Proof. Let T # T’ and let m lie in their symmetric difference, say m € T\ T'. At copy m the factor of E(nrn}) is
D(yz*) = —yz* with y € U3 and « € U, whose range lies in Uy, so (k|E(nrnp)|k) =0 because € Hy. For T # 0,
E(4on;) annihilates Hy, because at m € T its factor —zy* kKills Up,; and E(nry§) maps Hy into Hr, because at m € T it
maps U, into U} and at m ¢ T the factor D(zz"*) = 2(z', z)I — za'* preserves U,,. Hence X, x € Hy for T # (. For T =0
the decomposition of Lemma B.2 holds for every operator on Hjy, so X, is block-diagonal and X, «x € Hy. By Lemma
B.2, A and A" are block-diagonal, so all cross terms of S vanish, and (x|X,, |x) = 0 for T # 0. Finally ) + eny € Z for
every ¢, so f vanishes along this line, which gives (x| X;,|«x) = 0 and S(m) = 0. O
Lemma B.5 (second-order nonnegativity). If ¢ is generic, then S(nr) > 0 for every T and nr € Hr.
Proof. Fix T # () with |T| = j. We prove by induction on the number n of copies outside T that f(v, + eny) > —o(e?) for
every generic i on j + n copies and every nr € Hr.
Base, n = 0. Every copy is transverse. In this paragraph x = @1y is not normalised. Write ¢ =} _ (0.1p la) ® ¥, with
1, € Q, and put R =Y 4,1, which is positive definite by (G1). At each copy D(yy*) acts on U, as 2(y,y)Py,, SO
(k| E(n*)|k) = 2/ Tr(R,T,) with 7, the reduced operator of nn* on @ and R, = YRY = det(R) R™! that of xx*. Further
X,k = (—1)/ (3o, k)n, and A acts on Hyy. ;; as 22 R® P+. Hence

K|S (n) = Tr(R'7;) - [2/ det R — 27| (3o, O4po)[*]. (B.2)

Since Y® maps |a) to a unimodular multiple of |a), the bitwise complement, |(3o,Oo)| <3, |det[ths,a]|- By the
Cauchy-Schwarz inequality over the 2/~! pairs {a,a} and the Cauchy-Binet formula det R = )" __, | det[1},, ;] [,

(30, Ox0)[* < 4+ 2771 Y [ det[gha, hal* < 277! det R < 47 det R.
pairs
So S(n) > 0, which gives the claim by Lemma B.4.
Step, n > 1. Choose a copy i ¢ T and put v, = (ul;(¢o + enr) for v € U;. For u € F; this is the generic zero (u|i1 on j +
n — 1 copies plus a perturbation of pattern T: compressions of (u|;3), are compressions of ,, so (G1)-(G3) pass to it.

Its simple kernel also forces local supports of dimension two at the remaining copies: otherwise it would be e ® ¢’
with e € U, a unit vector, with Ay block (2Py, —ee*) ® Aj and A0y’ =0, and its kernel would contain the two-



dimensional space U, ® span{O@¢'}. So the induction hypothesis gives AmmE'(¥y37) > —o(e?) for u € F;. The copy-i
components of iy + enr lie in U;, so by the computation of Lemma B.2 at copy ¢ alone, E((z/;o +snT)(-)*) is block-
diagonal for U; @ Uit at copy i, with U} block 2E/(Zze{eu,el}¢z¢;) ® I, whose smallest eigenvalue is at least
23, AuinE'(24}) > —o(e?). On the U; block Lemma B.3 gives (¢|E|p) > 3min (0, min; Amin B’ (0, 9},)) l0]|* > —o(e?) ][]
Hence f(io +enr) > —o(e?). By Lemma B.4 the first-order term vanishes, so f(io + enr) = 2S(nr) + O(¢*) and
S(nr) > 0.0

Lemma B.6 (strictness for patterns of two or more copies). If ¢ is generic and |T| > 2, then S(nr) > 0 for every
nonzero ny € Hy.

Proof. We use the same induction. In the base case, (B.2) and the chain of inequalities give ||x|>S(n) > (27 —
2)det RTr(R'7,) > 0 for j > 2. In the step, let ¢. be the unit bottom eigenvector of E((¢o + enr)(-)*); by (G1) it is
analytic, with oo = & in the U; block. At e = 0 the U;" block is 2E' (v, 1}, + 1,9}, ) ® I. By Lemma B.2 and (G1) the two
summands are positive with kernels span{©’y,} and span{©'i.,}, which meet only in 0 because S;(i) is two-
dimensional. So the U;* block is positive definite at e = 0, . stays in the U; block, and Lemma B.3 gives

F(o +enr) = (@el Elioe) > 3 Auin B (Y, 85, [ (9o 1>
J
Each compressed family has a simple kernel by (G1), s0 AuinE'(¥u,9},) = e28; + O(g%), with S; the second-order form
of the compressed zero at (u;|;nr. Hence S(nr) > 3, S;ll%y;||?. By Lemma B.3, s, = (v;];x is a unimodular multiple of
©'((ujlitbo)/l1%boll, sO ||y, || > 0. The wu; span U;, so some (u;|;nr is nonzero; for that j, S; >0 by induction, since its
pattern still has at least two copies. The other S; are nonnegative by Lemma B.5. O

Lemma B.7 (single-copy patterns). If 4 is generic, then the restriction of S to Hy,,; is positive semidefinite with
kernel exactly Tilt,,.

Proof. For X € Hom(U,,U;:) the line 1 + (X ® I)ty stays in Z, since its local support at copy m is the rotated plane
(I +eX)U,,; so S =0 ontilts, and S > 0 by Lemma B.5.

Reduction to d = 3. Write n = > y® (, over an orthonormal basis (y) of Ux. Since D(yy™) acts on U, as 2(y,y)Py,,
and A acts on Hy,,y as 2E'(Trm tohy) ® Py, the form S is the orthogonal direct sum of d — 2 copies of the case d = 3,
and so is the tilt space. So take d = 3 and n = e; ® ¢, with tilts ¢ € span{t : b= 0,1}, ¥p = (b|mto.

Base, k = 2. Let I be the other copy and &, = (b|,,x. The form S on ¢ € U; ® @ is the 4 x 4 Hermitian matrix
S =2FE'(ry) — %W*E'(ao)’lW, o9 = Tr, Yoy, 7o =Tr, k6%, W(= ZE'(ng)nb,
b

where E’(ao)*1 inverts the restriction of E'(0¢) to U; ® Q, which is invertible by (G1) as in the proof of Lemma B.6. Its
rank is two by (G2), so its kernel is exactly the tilt span.

Step, k > 3. Choose the copy ! # m given by (G3). As in the proof of Lemma B.6, S(n) > 3_; Sjl|x,, [* with all ||&,,|| >0,
where §; is the form on k& —1 copies at the compressed zero (u;j|;3p. Suppose that n=e; ® ¢ is not a tilt, put
e = {c|1(blmbp, and suppose that the compressions by ey, e; and (ey +e;)/+/2 are all tilts: (ey|;,¢ = >, @, (e1)i¢ =
> e and ({eol: + (e1]1)¢ = D, 2(¥e0 + e1). By (G3) the o, are linearly independent, so z =z =y and { = Y, zs¥s is a
tilt, a contradiction. So some compression is not a tilt of its generic compressed zero, its S; is positive by induction,
the other S; are nonnegative, and S(n) > 0. Since S >0 vanishes on its kernel, S(t +z) = S(z) for tilts ¢, so S is
positive definite on the complement of Tilt,,. O

Lemma B.8 (generic zeros exist). Let j > 1 and ¢ € (C?)® ® Q, viewed in (C%)® ® Q with U,, = C2 C C¢ at every
copy. Call v good if it has Q-rank two, ker Ay = span{©v}, and for every T # {0 the first factor (D?U"‘T‘) ® idQ)(TrT P*)
of Ar is nonsingular. The good vectors form a nonempty Zariski-open subset of (C?)® ® Q, and a good % has
ker E(yy*) = span{©y} for every d > 2.

Proof. Each condition says that a matrix depending linearly on ¢ or on ¥* has the largest possible rank; for A, this
rank is 27! — 1 by Lemma B.2. So each condition is Zariski-open, and since the space is irreducible it suffices to
show that each is nonempty. For the @Q-rank this is clear. Below, Lemma B.3 is used with d =2, where E = 4; and
U; = C2

The condition on Ay. For j =1, Q-rank two means that the 2 x 2 matrix ¥ of ¢ is invertible; then o,¥,0,¥,03¥ are
linearly independent, so Ay has rank three. For j > 2 fix a copy ¢ and write ¢ = ey ® z + e; ® y. Suppose that z and y
are linearly independent and that z, y and (z + y)/+/2 satisfy the condition on j — 1 copies. Let Ayp = 0. By Lemma
B.3, {pl4ylp) is a sum of six terms (p,|4y(tu)l¢y), €ach nonnegative by Lemma B.2, so each vanishes and ¢, €
ker Aj(y,) for every pair. The pairs (eg,e1), (e1,e0) and ((eo + e1)/v2, (eo — €1)/v2) give ¢, =70z, @e = pO'y and
BO'y — yO'z € span{@'z + O'y}. Since ©' is antiunitary, ®z and O’y are linearly independent, so 8 = —v, and ker 4; is
at most one-dimensional, hence equal to span{©y} by Lemma B.2. The pairs (z,y) with these properties form a finite
intersection of Zariski-open sets, each nonempty by induction on j, because (z,y) — (z 4+ y)/v/2 is a linear surjection.

The conditions on Ar. Put ¢, = (a|r¢ for a € {0,1}". The first factor of Ay is the sum of the positive operators Aj(t,)
on the copies outside T, so it is nonsingular if and only if the kernels ker Aj(t,) meet only in 0. For T = {1,...,j}
these kernels are the orthogonal complements of the v, in @, which meet only in 0 if and only if ¢ has @-rank two.
Otherwise choose i ¢ T and write ¢ = ey ® = + e; ® y at copy . If ¢ lies in every ker 4j(¢,), then Lemma B.3 at copy 1,



with the pairs (ep,e1) and (e1,eo), puts ¢, in every ker Aj({a|rx) and g, in every ker Aj({a|ry), where Aj acts on the
copies outside T'U {i}. So if z and y satisfy the condition on j — 1 copies, then ¢ = 0. Induction on j — |T'| shows that
each condition is nonempty. O

Proof of Theorem 5.1. By (G1) the bottom eigenvalue of E(y*) is simple near ¢, so f is real-analytic there. By
lower semicontinuity of rank, every ¥ near i, has local supports of dimension at least two, so near 1, the set Z
consists of the vectors in (®,, U!)®Q for planes U}, near U,. On the vector bundle over a product of
Grassmannians with fibre (®m UT’n) ® @, the map (U',v) — % is an injective immersion on the open set where every
local support has dimension two, with continuous inverse % — ((Sm(w))m,w). So near v, Z is an embedded
submanifold of real dimension 2¥*2 4 4k(d — 2), with tangent space Hy @ @,, Tilt,, at . The function f vanishes on Z
by Lemma B.2, and its differential vanishes along Z near ,: the simple-kernel condition is open, so for z € Z near ¢,
the kernel of E(zz*) is span{©z}, with © built from bases of the local supports of z, and Lemma B.4 applies at z. The
Hessian of f at 1 is 25, and by Lemmas B.4-B.7 it is positive definite on the normal space (H@ o, Tiltm)L: Lemma
B.6 covers the patterns with |T'| > 2 and Lemma B.7 the single copies modulo tilts. By continuity the normal Hessian
stays positive definite along Z near . The Morse-Bott lemma [BHO04], that is, a Taylor expansion of f in normal
coordinates of a tubular neighbourhood with a uniform cubic remainder, gives f(z +v) > £|v|? for z € Z near ¢ and
small normal v. Since dist(z + v, Z) < |v| and E = 2*E, ,, this proves the theorem. O

B.2 Product zeros
Let £ > 2 and let ¥ be the transposition. We use the following facts.

o L, (X)="Tr(X)I—- X7 is completely positive, since its Choi matrix is I — F, twice the projector onto the
antisymmetric subspace. Hence D o9 = T + L, is completely positive, and so is (D o 9)®" — T®" for every n, as a
sum of tensor products of completely positive maps.

« With D’ = D®*-1) on the copies other than a fixed copy m (without Q), D'(xx*) = ||x||*I. Indeed D commutes with
9, 50 D'(xx") = (D 0 9)** V(xx’) = TV (xx") = x|

If EP;_1(d) holds and v has a copy at which its local support has dimension at most two, then E(¢*) > 0, by Lemma
6.1 with ¢ =1/2 and (B.1).

Fix the copy m, written first, a plane U C C? with orthonormal basis ey, e;, and put &y = ey ® q1 + e1 ® ¢» € C? ® Q. For
0 # x € H = (CH®¢-D) let 4, = &y ® x, with the factors reordered. Every n € H ® Q is uniquely

3
n= (O',uq)U)®ﬁu+Z(y®Q) ® Yyq> ﬁ,ua'qu € Hl,
u=0 .a
with oo = I and o4, 02,03 the Pauli matrices on U acting at copy m, and y running over an orthonormal basis of U~.
Forze H putz, =z — %‘i‘”}x, R, = D'(zz*), N, = D'(xz*) and M, = D'(zx*) = N;. The tilts at ¢ are the vectors (X ®
Iy, with X € Hom(U,U"); they span {(y ® ¢) ® x}, so a vector with all 8, = 0 is orthogonal to the tilts if and only if
every v,, is orthogonal to x.

Lemma B.9. (a) 4y = E(¢oy}) = (2I — ®y®};) ® R, with R, = ||x||?I. Hence K = ker Ay = span{®y} ® H' has dimension
d*1, and Ay=2I® R, on K*. (b) PxX,Px =0 for every n, where X, = E(on* +nv;). (c) The reduced second-order
operator S(n) = Px [E(nn*) — X,Af X,] Px, written on H' through the unit vectors x = &y ® h//2 with ||h|| = 1, is

3
S(n) =2 Sch(x; Ba) + Y Seb' (X, Yya),
a=1 Y:a
with Sch(x,z) = R, — N;R,'N, and Sch'(x,z) = Ry — M;R'M,. Both depend on =z only through =z.. (d)
Sch'(x, ) > ||z, ||%I, without further assumptions. (e) If EP;_1(d) holds, then Sch(x,z) > 0.

Proof. (a) Since 1y is a product across (copy m, Q) and the other copies, E(¢py}) = (D ® idg)(®v®};) ® D'(xx*). Here
(D®idg)(Y)=2IQTr,n,Y —Y and Tr, ®y®} =Ip, so (D®idg)(®u®}) =2I — ®y®},, with eigenvalue 0 on @y (
|®v]|? = 2) and 2 on its orthogonal complement. The bound on R, is the second fact above.

(b), (c) For Y on C¢® Q one has (¥y|(D ®idg)(Y)|®y) = 2TrY — (®y|Y|®y). For Y = &ya* or ad;, this vanishes, and
since E(¢y(a® B)*) = (D ® id)(®ya*) ® Ng, this gives (b). For E(nn*): Y = (0,2v)(0,®r)* gives 46, — 40,000, ¥ = (y ®
9)(y ® ¢')* gives 26,,8,y, and mixed terms give 0; so (®y ® h|E(nn*)|®y ® h) =4, (h|Rs,|k) + 2> (h|R,,|h). For X,:
(D ®id)(®y(0,Py)*)®y = 20,8y for a = 1,2,3 and 0 for u = 0; (D ®id)((0,Py)®})Py = 0; (D ®id)(Py(y ® 9)*)®y = 0; and
(D®id)((y ® q)®})Pv = —2(y ® g)- Hence X,(®y®@h)=23,(0.%v) ® Ng,h —23, (y®q) ® M, h, which lies in K*,
where Ay =iI® R, with mutually orthogonal components. So
(Xy(®u @ h)|Af | Xy (Br ® b)) = 43 (h|Nj R 'Np,|h) + 23 (h|M*R'M|h), and dividing by [®y ® h|> =2 gives (c). For
the last claim, Sch(x,z) is the Schur complement over the first block of (D’ ® ids)(ww*) with w=10)® x +|1) ® z;
replacing « by z — ¢x is a congruence by a lower-triangular matrix on the two-dimensional ancilla, which leaves this
Schur complement unchanged. The same holds for Sch’, with the transposed block matrix of (d).

R, M,
(id2 ® (D o 9)®*-1))(ww*), because D commutes with 9. By the first fact, B, = I'T ® I, where T is the Gram matrix of

(d) Sch'(x,z) is the Schur complement of B, = ) With w as above, B, is the full transpose of



(x,z). Schur complements over a positive definite block are monotone in the Loewner order, since
v* (M /M) = miny (u, v)* M (u,v). This gives Sch'(x, 2) = ([[z|* = [(x, z)*/|Ix[*) T = ||« [PI.

(e) Sch(x, z) is the Schur complement of (D’ ® ids)(ww*), which is positive semidefinite by EP;_1(d) and (B.1), since w
has @Q-rank at most two. [J

The eigenvalues of A+ eX, +e?E(nn*) that emanate from the d*~!-fold eigenvalue 0 are eZeigS(n) + O(e?), by
reduction to the kernel with a vanishing first-order compression [Kat95], and the others stay at least 2 x]||> 4+ O(e).
So, given EP;_1(d), AmmE((z/zo + en)(~)*) > —0(£%) in every direction. To control a full neighbourhood we split at the
qubit copy.

Lemma B.10 (splitting at a qubit copy). Suppose that EP;_(d) holds. Let v, have a copy m whose local support
U has dimension two, let Ay = E(p3}), which is positive semidefinite, and let K = ker Ay. Suppose that (i) the U*
block of A, at copy m is positive definite, so that K lies in the U block; and (ii) there is ¢ > 0 with (x|E(nn*) —
X, A$ X, |&) > c||n||?||&||? for all k € K and all n whose copy-m component lies in U and which are orthogonal to the
tilts at 4. Then E(y*) = 0 for every ¢ in a neighbourhood of .

Proof. The reduced operator p,,(1) of ¢¥* on copy m has rank two at ¢, so for ¢ near v, the span U’ of its top two
eigenvectors is well defined, depends real-analytically on v and is close to U; identify U’ with U by a smooth unitary.
Put ¢ = (Py ® I)¢ and ¢, = (Py. ® I). Since U’ is invariant under pn (1), (¥1|(X ® I)[1)) = Trp [X Py pm () Py ] = 0,
so ¢, is orthogonal to the tilts at . At copy m, D(zz’*) is block-diagonal for U’ & U"* when z and z' lie in the same
summand, and D(zy*) = —zy* is block-off-diagonal for z € U’ and y € U'*. Hence, exactly,
* A+ En X2
Blyy") = ( ”le B+ E22) ’

where diag(4), B) = E(%}), the X's come from E(y4! +%,%}), and diag(Eyy, Ep) = E(, 7). By (i) and continuity,
B+ E» = b>0 near vy, so E(yy*) =0 if and only if the Schur complement A+ S(¢1)+ O(||¢|*) is positive
semidefinite, where S(¢,) = By, — X12BH’1X21 is quadratic in ¢,. Now A = 0 by the fact stated before Lemma B.9,
since 1 has local support of dimension at most two at copy m. Near ¢, 4 has a cluster of small eigenvalues with
spectral subspace K| close to K, and A = g > 0 on the rest of the U’ block. At Y| = vo, PkSPx is the operator in (ii);
the tilt spaces vary continuously because X — (X ® I)y is injective, so by continuity and compactness PSPk, =
5llvL|* near 4. Since A is block-diagonal for K| & K| and the couplings are O(|[¢.[*) against g on K, the final
Schur complement is at least a + £||4,||> — O(||¢, [|*) with a > 0, which is positive semidefinite near ;. O

Proof of Theorem 5.2. By the GL(Q) covariance it suffices to treat ¢ = $y ® x. Condition (i) holds by Lemma B.9(a):
the U+ block of 4, is 2I ® R, = 2|x||*I. Condition (ii) holds with ¢=1: an 5 with copy-m component in U* that is
orthogonal to the tilts has all 8, = 0 and every 1,, orthogonal to x, so ||7]?> = 3 |1/, and for x = &y ® h/v/2, Lemma
B.9(c), (d) give (k|E(mm*) — X, A5 X,|k) = 32, ,(hISch'(x, vq)|R) > [n]I*||x||*. Lemma B.10 applies, and E = 2*E 5. O

B.3 Proof of Theorem 7.2

In this proof we normalise the lifting differently: 1 = (21 ® ¢1 + 22 ® ¢2)/+/2 for an orthonormal basis (z1,zs) of V, so
that TI‘12 1/)11)* = %IQ, and E =D ® D ® ldQ By (B].), AmmE(’(/lllJ*) = 27’YL2(V) With P1Q = TI‘2 ’l/)’l/J* and P2Q = TI‘1 ’l,[)’l/)*,

E(y") =21 — 2p10 ® I — 211 ® pag + ¥¢". (B.3)
Let w; = (o, 3;)7 € C? and v; = ||w;[|?/2, so that the reduced operators of Py have spectrum (2v;);; write vy > vy > ...
and m = v(3), so that v3(V) = 2m. We prove Auu E(9*) > em with ¢ = 4 — 24/2, which is the claim. If m = 0, at most two

of the w; are nonzero, so V is qubit-supported, and m,(V) =0 by Lemma 2.7(a), with equality in the claim; so let
m > 0.

(1) Block form. Since ¢ = 27123, a; ® b; ® w;, we have pig = 3, ]a;){(a;] ® ww} and pyg = 1 32, 16;)(b;] ® wjw;. By (B.3),
in the decomposition €, ;a; ® b; ® Q,

E(l/)’(/)*) = @G” -+ ’l/llll*, Gi]' = 2]2 — wiwi* — w]-w;f.
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2)y; < % because ), w;w] = I, by orthonormality of o and 8, so w;w; =< I,. (3) For i # j the block is not touched by
1/,'1/)*, and Gij >~ (2 — 2u; — 21/]')I >~ 2(1 —va) — V(Q))I >~ 2ml >~ ceml. (4) For i = j, G” =2I — 2’w1’LUZ equals 20na;® bl ® wil,
which is orthogonal to . On & =span{a; ® b; @ w;: w; #0}, with @; =w;/||wi], which contains ¢ with
(a; ® b; ® W;,9) = \/v;, the operator restricts to Egs=diag(2—4y;) +uu’ with w;, =./7. (5) One inequality. Let
D" = diag(2 — 4v; — cm). For every i except the index (1) of the largest v, D > 2 —4yy —cm > (2 —c¢)m > 0, since
2ve) < vy + ) < 1—m. If Dy >0, then Es —cm = D" +uu' = 0. Otherwise D" has exactly one negative entry; by
interlacing all eigenvalues of D" +uu” but the lowest are positive, and det(D” + uu") = det(D")(1 4+ u"D""'u) with

det D" < 0. Hence Es = cm if and only if 1+ Y, »;/D{ < 0, that is, with 1, = vy,
148 V;
41 +em — 2 21+_Z274Vi76m. (B-4)

i#(1)

(6) Proof of (B.4). Put § =4v; +cm —2, which lies in (0,em] by (2); and y@g >m gives »; <1—2m, that is,
§ <2 — (8 —¢)m; in particular m < 2/(8 — ¢) < 0.293. The function h(z) = z/(2 — 4z — ¢m) is convex and increasing with
h(0) =0, so h(z)/z increases. Since y;<m for >3, the right side of (B.4) is at most



R(v(g)) = 1+ h(v(g)) + (1 — v1 — y(g)) h(m)/m, which is convex in vy on [m,1 - —m] and hence at most max(R;, R;),
where

1— 121 1-— vi—m m
R =1 ) Ry =1 +
+2—(4+c)m +(5-i—(4—2c)m 2—(4+c)m
correspond to 1/(2> =m and 1/(2) =1—v; —m. The left side is L = 1 + Z¢2. Both L — R; and L — R; decrease in §: their
derivatives are —Z g + m which is negative because § < c2m? < (2 —em)(2 — (4 + ¢)m) for m < 0.364, and

2—cm

—58 + sy, Which is negatlve because 4 — 2¢ > 0. So it suffices to take § = min (cm, 2 — (8 — ¢)m).

. Ifm < l then § = em and vy = 5. Here L > R; is equivalent to C— >1+ m, and L > R; to
> 2m 1 2'” —2n— In the ﬁrst the left side decreases and the rlght side increases in m; in the second, the

rlght side increases in m. At m = 1 the slacks, as functions of ¢, are < ey and half of it, and ¢* — 8c +8 =0 at

¢ =4 —24/2. So both hold, with equallty exactly at m = Z
oIfz<m<E,then6:2—(8—c)m,1/1:1—2mand1/) v =m, SO Ry = Rl,—1+2(

equal 1+ & atm = . Here L' = =5 and R =

germ and L = . Both
both denominators are positive on the 1nterval, and

(27(44»6)771)2 4
taking square roots shows that L' > R! holds exactly when m > mg = % 0.12832... (checked
symbolically, T, C3). Since mg < 1, L > R;.

Hence (B.4) holds and Es = cm; with (3) and (4), E(4¢*) = emlI. Equality requires m = 1, 11 = 1, v = y3 = } and the

remaining »; zero. There Es = diag(0,1,1) +uu' with u = (1/+/2,1/2,1/2), whose smallest eigenvalue 1 —1/+/2 is the

smaller root of 2¢* — 4+ 1 = 0. Finally, let v < <3 and >, v = 1. Then (21;); is majorised by (1,1,0,...,0), so by the

Schur-Horn theorem it is the diagonal of some rank-two projector; taking its range as span{a, 3} shows that all such

spectra occur in the class. (J

B.4 Proof of Theorem 4.7

By Lemma 4.8 it suffices to treat d = 3. The identities marked (1) are rational identities in the displayed variables,
polynomial after clearing denominators; a symbolic check verifies all of them (t, C1).

Step 1: operator form. Let L£:(X) = Tr(X)I —tX act on each copy. Expanding in the product basis and comparing
with (4.1),

qk(tv C) = Z<gﬂ|['?k(‘fc)<fc")‘gc’> for C = Z |fc><gc|'
Every operator with range in span{fo, fi} has the form |fy)(go| + |f1){g1]. Put K =2L,/, and A, = K& (|f.){fs|) for
¢,c €{0,1}, so that Ay = Aj,. Theorem 4.7 says that [4® 4%] > 0. Per copy, K = Tr(-)I + R with R(X) = Tr(X)I — X.
The map R is co-completely positive, because its partially transposed Choi matrix I — F is positive semidefinite, and
tensor products of such maps are positive. Expanding the tensor power, every term is positive semidefinite on |f){f|,
and the term without R is || f|>. Hence

> | fl? 1. (B.5)

The condition is closed in (fy, f1). If the tails of fy and f; sit at disjoint copies (o;8; = 0 for all j), then Ay = ¢|f1){fol
with e = (—1)* (Step 2), and (B.5) gives |(g1]410lg0)| < || follllgollllf1llllg1]l < ({go|Aoolgo)(g1|A11]g1))*/?, which is the claim. In
general, by closedness we may assume ay, 5 # 0. The product unitaries ), diag(l,ei‘f’ll,ei‘f’lz) preserve Vy, V; and gg.
They multiply «;/ay by €% and Bi/Bo by € (#=¢1), Rescaling f. is absorbed by g.. Hence we may assume that all
ag,a],ﬁo,ﬂ] are real and nonnegatlve that || fol| = || f1]| = 1, and, by closedness again, that all of them are positive. Put
a; =03, by =7, w; =a; +b, a=3a 1—a0,b72 b =1-p2 and k =} a;b;. Then 0 < g, b<1.

Step 2: reduction to few coordmates. Per copy, K(|z)(z'|) = 26,»I — |z){z'|. The strings of R, and R, differ at every
copy, except that 2;0°! and 2;1%*! agree at copy j. Therefore, with I; the identity at copy j,

Ao =e[1f) (ol =2 Y as; I © 1) (0]
J

So, at d =3, A,y vanishes on the orthogonal complement of Tj, = span{|0*), |2;0%71),|1,0°1) : 1 < j < k} and maps into
Ty = span{|1¥), 2;1%71),|0,1%-1) : 1 < j < k}. Minimising (go|A4oo|go) Over the components of gy orthogonal to Ty replaces
Ago by the Schur complement Ay = ((Aa(})TDT“)*l’ and likewise for A;;. The condition becomes [ﬁ‘l’g ﬁ‘l’i] >0onTy®T,.

To bound Ay from below, note that every factor of X®(|z)(«'|) with 2,2’ € Ry maps span{|0),]2)} into itself and has |1)
as an eigenvector. So Ay, is block diagonal with respect to the set of copies at which a basis string has the digit 1.
The subspace T, meets only the block of strings without the digit 1, in its strings with at most one digit 2, and, for
each j, the block of strings whose only digit 1 is at copy 7, in its string 1;0°~'. Hence Ay is the direct sum of the
Schur complements of these blocks onto these strings.

Index the strings in {0,2}" by their patterns P, and call | P| the level of such a string. Let 8; = |0)(2| act at copy j, so
that it lowers a digit 2 at copy j to 0, and put 9 = Zj a;0;. A direct expansion shows that the block without the digit 1
is
M= (ag — 8)*W (ag — 8) + 2WD, W = diag (2""!), D = diag (Za,-),
i¢p



and that the block whose only digit 1 is at copy j is 2[M(j> + ajW], where M) and W are the same operators for the
k — 1 copies other than j.

Lemma B.11. Let M be defined as above, on any number of copies, from a9 >0 and «; >0, and put
A = diag (Zjep aj+33¢p a;). Let v > 0. For every level m, the level-m block S,, of the Schur complement of M + vW
onto the levels < m satisfies

Sm > (ad +v)2m+2m71A,,
where A,, is the level-m block of A.

Proof. The operator M is positive definite, since oy — 9 is invertible (9 lowers the level), so all Schur complements
exist. For a level-preserving operator X let X,, be its level-m block, and let 9,,,,11 be the block of 9 from level m + 1

to level m. The operator M couples only adjacent levels, with M, ,.;=-2"9,,.1 and
M = 2™ + 2m71(8*9),,, + 2™*1D,,,. Hence, below the top level, S,, = (M+ W) — My 1S, M m+1 m. At the top
level, where all digits are 2, D and 89" vanish, 50 S,, = (af +v)2™ + 2™ (8"8),, With (8"8)m = 3_; a; = A,. If the claim
holds at level m + 1, then S;,11 > (a2 + v)2™*! because A > 0, so
2
-1 m-1__ 20 * m—1 *
Mm,m+lsm+1Mm+1,m S 2 Ot% +uv (80 )m S 2 (88 )m,

and therefore S,, > (aj +v)2™ + 2™ '([9",8] + 4D), . Finally, 8, and 8; commute for i # j, and [9;,;] = [2)(2| —[0)(0] at
copy j, so [8%,0] +4D = A. O

In the coordinates 0%; 2,0F7%,...,2;0%%; 1,0*71,..., 1,07 of Ty, Lemma B.11 gives Ay > Ay, where
af +2a —oga’ 0
Ay = | —aoa diag(20d + 3@ — 2a;) 0 , a=(ag,---,op)".
0 0 diag(202 + 3@ — a;)

Indeed, since M couples only adjacent levels, its Schur complement onto the levels < 1 is [{3;02; —asola‘], and S; > 202 +

A; = diag(2a3 + 3@ — 2a;) by Lemma B.11 with v = 0. For the block 2[M® + a;W], Lemma B.11 at level 0, applied to
MY with v = a;, bounds the Schur complement onto 1;0*! from below by 2[ad + a; + (a — a;)] = 203 + 3a — a;. The

bound 4, is the mirror, with 8, b and b;. Hence Theorem 4.7 follows from [ﬁgg 2‘1‘:] > 0.

Step 3: a scalar form. All entries are now real, and replacing g, by eg; removes e. Let A, A;, A be the coordinates on
Tp at 0%, 2;0¥1, 10", and po, pj, 4; those on T; at 1%, 2,151, 0;1%1. Since 2af + 3@ — a; = 2 + @ — a;, the quadratic form
of the last matrix is

(a./\ + ﬂ-,u)z + Z [2(%/\]- — oz]-)\o) + (3@ — 2a; )\2] (Za])\]) + (mirror in )

74Za]ﬁ] T +Z 2+a—aj) )\'2+Z (2+b-1b) 4#0204]5] 4)\0204]-61;4,
J

with a -\ = ag)g + Z a; and B =By + Z B;u;. We use (Z )2 < aZ /\2 and its mirror, minimise over X}, u,
and put A = agho, fio = ﬁoug, =oyAj, fij = ﬂ],u] and 7; = \j + fi;. Slnce 2+a—a;>2and 2+ b—b; > 2, the form is at
least
2(a — k) ¢ b-x).
(/\o+uo+Zr,) +Z[ oy —4,¢0;¢1727]+ T R S

Put ej = ajj\o + bjﬂo. For fixed Tj,

—2(a; A3 +b;8) (1)

min

2 2
[2)\ 245 PN 2(rj — e;)?
:\]‘+ﬂJ:T]

R ) V) Vi 4ﬂ0ﬂj] =
a; j Wj

Hence the form is at least

. a2 22 72
G:= (/\0 + fo + ZT]-)Z + 22 [—(T] wjej) - T]2:| + 2a _H) A+ 20 *H) -
j j

l1—a 1-b

Step 4: merging copies. Regard G as a function of the data (a;, b;) of the copies and of the variables Xo, [, 7. Merge
two copies i # j into one copy with data (a; + a;, b; + b;) and variable 7; + 7;. Then a and b do not change, x grows by
Ky i= azb; + a;b;, and with 7, = (1, — ;) /w,

22

by 2
L (7 — 75) + dmim; + 2'%]'(1 4+ ﬁ—)) (1)

2w;w;
w; + wj

Gbefore - Gafter =
Write 7, = w7, + €. The part quadratic in (%,7) is 2ww;[(F — )%/ (w; + w;) + 277;], with eigenvalues 2w,w; and
2wyw; (2/(w; + w;) — 1). Both are positive, since w; + w; < @+ b < 2. The minimum of the difference over (7, 7)) is

25,,( X n ﬂ%_) _2(aib; — abi)’(ho — ji)?
“\1-a 1-b wiwj(2fwi7wj)

(),



2

using w;e; — wje; = (a;b; — a;b;)(fig — Xo). By Cauchy-Schwarz, 1%2’5 + I—‘iﬁz > % > % The difference is therefore

= 2—w;—w
at least 2(5g — fi9)? [k;;ww; — (a;b; — a;b;)?] / (w;w;(2 — w; — w;)). This is nonnegative because
Rijw;w; — (aibj — ajbi)z = a?a]’b]' + am?bi + 4aiajbibj + albzb? + a]‘b?b]‘ ('I’)
So merging never increases G. Merging all copies leaves one copy with data (a,b), so that w=a+b € (0,2) and
k = ab. For it, with 7 its variable,

_2-w (B a)(ho— )\, 2(1—ab)((1—B)Ao + (1 - @)i)’
T - e T

Hence the form of Step 3 is nonnegative, and Theorem 4.7 follows. OJ

(1)



