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Abstract

We prove that three-dimensional U(1) lattice gauge theory with the Wilson action
confines static charges at every coupling. More precisely, for each § > 0 there are o(3) > 0
and R; (/) < oo such that rectangular Wilson loops of sides R, T > Ry (/3) satisfy (cosf¢) <
exp(—o(B)RT 4 ¢(R + T')), uniformly in the finite box, with an absolute constant ¢ and
an explicit lower bound on (). For the Villain action this is the theorem of Gopfert and
Mack. For the Wilson action it is cited as known but has remained open. The proof rests on
a comparison. The Wilson plaquette weight is a mixture of Villain weights whose coupling
has a very light upper tail. Hence, by Ginibre’s inequality, the Wilson loop at coupling [ is
at most an average, over a sparse Bernoulli set of frozen plaquettes, of the Villain loop at
coupling K 3, and frozen plaquettes are insulating walls for the monopole gas. A variational
regularization (built on the smallest minimizer of a cut functional) freezes more plaquettes,
which only increases the loop, and produces slit domains on which the multiscale analysis
of Gopfert and Mack runs with uniform constants, with wall fields graded by their periods
around the handles. On these domains the loop decays like the exponential of the minimal
spanning area with frozen plaquettes free. A Peierls estimate shows that this area is at
least (1 — 7)RT outside an event of probability at most e~ FT+OE+T) with  — 0 as
K — oco. We carry over the steps cited from Brydges—Federbush and Gopfert—-Mack with
explicit changes, and we prove in full a tree-graph counting step of Brydges whose printed
deduction is incomplete. As corollaries, we obtain the area law at every coupling for all
closed subgroups of U(n) containing the scalars, also with a Higgs field blind to the centre
(as for U(2) with an adjoint Higgs field), and for the Georgi-Glashow model at infinite
Higgs coupling.
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1 Introduction

1.1 The model and the main result

Three-dimensional U(1) lattice gauge theory is the simplest gauge theory in which static charges
are expected to be confined at every coupling. By Polyakov’s mechanism [Pol77, BMKT77],
magnetic monopoles form a plasma that screens the magnetic field at the Debye length and



squeezes the electric flux between two static charges into a tube of finite tension. Gopfert
and Mack proved this for the Villain action [GM82]. In this paper we prove it for the Wilson
action.

Definition 1.1 (Wilson and Villain measures; Wilson loop). A finite box A C Z3 is a cell
complex with vertex set A, bonds (oriented edges) e and plaquettes p (free boundary conditions
throughout); for 6 € (R/27Z)*®) and an oriented plaquette p, 0, is the sum of 6, around Op.

1. The Wilson measure at inverse coupling 5 > 0 and the Villain weight at coupling 7 > 0

are
1 cos ~ —7(0—2mm)>
NK‘{B(dG) = ZTHeB epHdGe, 07(0) Z e~ T(0=2mm)%/2, (1.1)
AB p e me”Z

the Villain measure ,uX’T is ,uKVﬁ with e?<°3%% replaced by 07 (6p).

2. For a rectangle C = Crr of sides R,T" € N in a coordinate plane, an oriented closed
lattice path, O¢ := >_ . 0, and the Wilson loop expectation is (cos 90>XV[3'

3. The model has an area law at coupling 3 if there are ¢ > 0, ¢ < oo and Ry < 0o such
that (cos ‘90>}/\V5 < exp(—oRT + ¢(R + T)) for every rectangle C' with min(R,T") > R;
and every finite box A D C.

This area law, uniform in the box and with an explicit perimeter term, is stronger than
positivity of the iterated-limit string tension a of [GM82, (1.7)], whose finite-loop estimate
carries the loss term Pp of [GM82, (7.7)]. The area law passes to the infinite-volume limit,
which exists (Theorem 2.1(c)).

Theorem 1.2 (Main theorem). For every 3 > 0 there are o(f8) > 0 and R1(8) < oo such that
for every rectangle C' of sides R, T with min(R,T) > Ry(3) and every finite box A D C,

(cos 90>AW,6 < exp(—a(B)RT + ¢(R+T)), (1.2)

where ¢ is an absolute constant. Moreover, for every K > K, := 377.38 there is fo(K) < o0
such that, for every B > Bo(K), o(B) and R1(B) can be chosen, depending on K, so that (1.2)
holds and

o(B) > 1.35-10 4 ¢ cp, (K B) 712 2AM6KE (1.3)

where cg,cr, are the fived regularization constants of Section 8.2; for B < Bo(K), (1.2) then
holds with o(8) and Ry(B) equal to the values so chosen at fo(K).

The first assertion follows from the second with one fixed K > K,. With ¢, =1 /4 and cf, =
1.6-10719 (Section S1.1.1), (1.3) reads o (B) > 5.4-10724(K 3)~ /2= 249436K8 (Section S1.1.3).

Corollary 1.3 (Groups containing the scalars; Higgs fields blind to the centre). Let G C U(n)
be a closed subgroup with {z1 : |z| =1} C G, in d = 3 with the Wilson action S ReTr U, (free
boundary conditions), with or without a Higgs field coupled through any action that depends
on the links only through p(Ue), p a representation of G trivial on the scalars. At every 8 >0
and all Higgs couplings, for every rectangle C with min(R,T) > R1(2nf) and every finite box
ADC, (Tr[[.ec U€>G,/3‘ < 2nexp(—o(2nB)RT + ¢(R+T)); in particular for U(2) with an
adjoint Higgs field.

Corollary 1.4 (Georgi—Glashow model at infinite Higgs coupling). The SU(2) lattice gauge
theory with the Wilson action 3 - %Tr U, and a unit adjoint Higgs field at hopping coupling
Kk = 00, defined in each finite box as the limit Kk — 00, is the U(1) Wilson model at coupling 3,
and it obeys the area law (1.2) at every § > 0.



1.2 Background

The Villain action. Gopfert and Mack [GM82] made Polyakov’s mechanism rigorous for the
Villain action. By duality the model is a Coulomb gas of monopoles, which they control by an
iterated Mayer expansion down to the Debye scale [GM81a] and a single-scale expansion built
on the analysis of Debye screening of Brydges and Federbush [BF80, Bry78|. Their Theorem 1
is the large-3 bound o > empB~1 [GMS82, (1.9)], and all couplings follow [GM82, Corollary 2]
by “the 3-dimensional version of Guth’s inequality” [Gut80, Lemma 4.1]. The expansions use
the Gaussian form of the dual weight, a choice made explicit in [GM82, Appendix A]: “Instead
of this action [the Wilson action (A.4)] we choose the Villain action”.

The Wilson action. In three dimensions the rigorous results are the area law at strong cou-
pling [OS78], for all compact groups, and logarithmic bounds at all couplings, for U(1) [GJ77]
and for closed G C U(n) containing the scalars [Cha26]. Frohlich’s comparison [Fr679] bounds
the Wilson loop of such a group by a U(1) loop with the Wilson action, “A" = —f’ Zp cos(8ap)”
[Fro79, (6)], at coupling 2nS [Fro79, (23), (24)]. Thus an area law at every coupling for groups
with a central U(1) requires the Wilson case of U(1), not the Villain case. This case is stated as
known in [CNS25, For26] (and a mass gap for all 5 in [Nis25]). Cao, Park and Sheffield write,
for the Wilson action [CPS25, open problem (b)]: “When d = 3 and N = 1, the area law holds
for all 3, see [GMS81]. Because U(1) is the center of U(N) for general N, this implies that the
U(N) area law holds for all 5 and all N > 1, see [Fr679].” (There [GM81] denotes [GMS82].)
Chatterjee [Cha26, v2| leaves open whether Frohlich’s comparison can be combined with the
Villain result of [GM82] to give an area law for U(n) with the Wilson action, “since doing so
carefully would require additional technology and a careful comparison between formulations
and limits.”

Related work. The mixture of Lemma 2.2 is used to prove lower bounds for the XY model
[AHPS21, Lemma 9.6] and the annealed Villain model [DvEG26]. Here we use it for an upper
bound. The same Bessel dual weights and their Gaussian mixture enter recent work on the
critical planar XY model [Ope26, §2.1]. In four dimensions a Coulomb phase is proved for the
Villain [Gut80, FS82] and the Wilson action [Kin86].

1.3 Strategy

The proof has four steps.

(i) Comparison (Section 2). By a theorem of Hartman and Watson [HW74], €59 /15(3)
is a mixture of Villain weights ©;,, (Lemma 2.2), and Villain loops are nondecreasing in each
coupling (Lemma 2.3). Raising the couplings below 7 = Kf to 7 and the others to oo, and
dominating the set of the latter by a Bernoulli set of density § = e~ %8 ¢s(K)/K — oo
(Lemmas 2.4 and 2.6), we bound the Wilson loop at 8 by the average over a Bernoulli set D
of the Villain loop at 7 with D frozen (Theorem 2.5), in one box A° of the size of the loop
(Proposition 2.9), where frozen plaquettes are insulating walls (Proposition 2.10).

(ii) Regularization (Sections 3 and 4). A deterministic construction maps each D to a
hole set and frozen sheets. Freezing more plaquettes only increases the loop. The hole set
of its first phase is the smallest minimizer of a cut functional that penalizes blocks crowded
with marks. Thus each cost bound is a comparison with an explicit competitor. A local seal
removes thin pieces of blocks, and a second phase enforces non-fragmentation, which is not
local. The output, a slit domain G’(D), has uniform isoperimetry, cells of controlled size and
shape with a Poincaré inequality, and non-fragmentation, with constants independent of 3, K,



C, D (Theorems 3.20, 3.21).

(iii) Deterministic area law (Sections 6 and 7, Appendices A to C and D). On each output
G'(D) we run the analysis of [GM82, GM81a, BF80] with uniform constants, grading the outer
partition functions by the periods of their walls around the handles of the insulating set. On
each output the loop decays like the exponential of the min-cut area Ag/(C'), in which frozen
plaquettes are free (Theorem 7.57). We carry over the steps used with explicit changes, and in
Appendix A we prove in full a tree-graph counting step of [Bry78], whose printed deduction is
incomplete.

(iv) Min-cut lower tail (Section 5). A Peierls estimate, which is the only place where the
condition K > K, enters (Lemma 2.6), shows that Ag/(C) > (1 — n7)RT outside an event of
probability at most 24¢1+5e=RT  with np — 0 as K — oo (Theorem 5.1).

In Section 8 we combine the four steps into the following chain: for 8 > [y(K), with
D ~ Ber(6) on the interior plaquettes of A°,

(cos HC>AW”3 <Ep g/ﬁ\’évT(C; D)
<EpWe(p)(C)
<Ep exp(—aVAG/(D)(C) +oynsRT 4+ cn(R+T))
= exp(—ovRT + oynsRT + cy(R+T)) Ep exp(ov (RT — Acr(p)(C)))
< exp(—ov(1 —nr —ns)RT + en(R+T) +4C| +4),

—~~ o~ —~ —~
—_ = =
o N O Ot
~— ~— ~— ~— ~—

and Theorem 2.1 extends it to all 5.

Two natural routes fail.  First, the Wilson dual weight I,(5)/Io(5), of order
e~ Inllogln|(1+o(1)) {5 dominated by no Villain dual weight e~/ (20), Second, on the car-
pet graphs of [CG25], where the Villain action is a limit of Wilson actions, the Wilson model
is the limit with the auxiliary plaquettes frozen, and hence Ginibre’s inequality bounds the
Wilson loop from below, not from above.

1.4 Conventions

Interfaces. In Sections 2 and 8 we use the construction only through Theorem 3.20, namely
through the fact that the output is a deterministic function of D with D C § of (2.9). In
Sections 6 and 7 we use the construction only through Ag/(C) and through the inputs listed
in Theorem 7.57, namely (R2), (R5) to (R10), (N3), Lemma 4.4, the frame of Section 3.1 and
the coarse alignment of the output. In Section 5 we use the construction of Section 3 and the
history bounds of Theorem 3.21.

Couplings. We write 8 for the Wilson coupling, 7 = K for the Villain coupling of the
comparison, and Sgy = 4727 for the coupling in the normalization of [GMS82] (Sections 6, 7,
Appendices A to C).

Constants and units. We fix the constants once, in the order of Section 8.2. Those fixed
before K do not depend on 3, 7, K, C or D, and ¢, C' with or without indices denote such
constants, except where a dependence is shown or stated (as for ¢s(K), which also depends on
B, for c; and ¢, which depend on § through the rounding of L., and for cqep). The letter C
also denotes the loop. One site is one coarse cell of the loop-adapted grid in Sections 3 to 5,
unless “fine” is written, and the lattice spacing is one in Sections 6 and 7 (Section 2.5).

Supplement and editions. Sections S1, S2, S3 of the supplementary material give the values
of the constants with their arithmetic, full proofs of steps sketched here, and numerical checks,



on which no proof depends. Equation, section and page numbers of [GM82] and [GM81a] refer
to the preprints [GM81c] (DESY 81-036) and [GMS81b] (DESY 81-014). Equation numbers
of [Fro79] refer to its preprint IHES/P/79/02, and lemma numbers of [Gut80] to its preprint
CLNS 79/439.

2 From the Wilson action to a diluted Villain model

In this section we bound the Wilson loop by an average of Villain loops over a Bernoulli set of
frozen plaquettes, and we show that frozen plaquettes are insulating walls.

Complexes and fields. Let X be a finite 2-dimensional cell complex with oriented edges
E(X), oriented plaquettes P(X) and incidence numbers [p : e]. For § € TFX) T = R/277Z,
we set 0, := > .[p : €]fe, and for n € ZFX) (9n), = >pnplp ¢ el. An integer 1-cycle
is a C € ZPX) with zero boundary, 0c := Y, Cefe, and Za(X) := kerd. The Villain
weight of Definition 1.1, normalized by [©,df/2r = 1, is ©,(0) = Y,z e~/ (2)gind
@rt) 2y o e~H6=2mm)*/2 5 () (Poisson summation), and @ — 1 uniformly as ¢ — 0. Let
M}/(,t o< [, 9t,(0p) 1. dOe for t € (0,00)PX) | and ,u)wéﬁ x Hpeﬁcosep [[.d6.. For v > 0,
D C P(X) and s > 0 let 7P be 7 off D and s on D. Then the frozen expectation

9x,+(C; D) := limg_,0(cos 00>}/( 4rp.s €xists by Lemma 2.3, and the plaquettes of D are frozen.

Ginibre’s inequality. Let p o< exp(d 4 Jacos(A - ¢))d¢ on a torus T™, where A runs over
a finite family of integer vectors and J4 > 0. Then for all integer vectors B, B’

(cos(B-9)), >0, {cos(B - 6)cos(B'- §)) — (cos(B - §))(cos(B' - 6)), >0, (2.1)

by [Gin70, Propositions 2 and 3] applied to [Gin70, Example 4] (the torus, with S the set of
functions cos(m - ¢)). In particular, 9(cos(B - ¢)),/0J4 > 0 for all integer vectors B.

2.1 Monotonicity

Theorem 2.1 (Monotonicity for the Wilson action). Let C' be an integer 1-cycle supported
in a box A C Z3, in the U(1) Wilson model with free boundary conditions. (a) <ei‘90>K/ﬁ =

(cos 00>XV5 € [0,1]. (b) (cos 00>XV6 is nondecreasing in 3, and nondecreasing in A under
inclusion. (c) Along every increasing sequence of bozes Ay, exhausting Z3 the limit {cos 90>EV =

limy (cos 90>AW,C g exists, equals the supremum of (cos HC)XVﬁ over all bores A containing the
support of C, and is nondecreasing in .

Proof. (a) and the monotonicity in 5 are (2.1) with J, = 3 (and 6 — —6). For boxes A C A’
the expectation on A’ with coupling s € [0, 3] on the plaquettes not in A is nondecreasing in s
and equals the one on A at s = 0, where the edges outside A interact with nothing. (c) follows,
since each box lies in Ay for large k.



2.2 The Hartman—Watson mixture and the annealed coupling field

Lemma 2.2 (Hartman-Watson mixture). For every 8 > 0 there is a probability measure wpg
on (0,00) such that, for allv >0 and 6 € T,

—2y)2 _ II/(/B) eBcost _ .
/(o,oo)e “pldn) Io(B)’ In(B) /(o,oo) O1u(0) waldu), (2.2)

and wg((0,¢)) < e”*¢/21,(B)/Io(B) for alle > 0 and v > 0.

Proof. By [HW74, Theorem 1.3], 1,(8)/1o(8) = [, e VW (dt, 8) (0 < v < 0o) with a distri-
bution function W(:, 8) on [0,00). We let wg be its image under u = 2¢, which has no atom at
0 because I,,(8) < (8/2)e?’/*/T(v 4+ 1) — 0 as v — oo. The second identity follows from the

first by Fourier inversion and Fubini, as >, I;,(8)/10(8) = €” /Io(8) < oo (for the XY model
it is [AHPS21, Lemma 9.6]). The tail bound is the Chernoff bound 1,., < e**(=%)/2,

Lemma 2.3 (Villain monotonicity). Let X be a finite 2-complez and C an integer 1-cycle.
(a) Fort € (0,00)" %) (sinfc)% , = 0 and (cosOc)%, > 0. (b) (cosOc)% , is nondecreasing in
each t,. (c) (a) and (b) hold when some plaquettes are removed (weight’l, the limit t, — 0);
a removed plaquette gives a value no larger than any t, > 0. (d) For fized couplings off D C
P(X), the limit as the couplings on D tend to co exists, lies in [0, 1], and is nondecreasing in
each remaining coupling and in D; in particular gx -(C; D) € [0, 1] exists and is nondecreasing
in D (for inclusion) and in T.

Proof. On a cube of Z? with couplings in (0,00), (b) is [CG25, Corollary 1.6] (and [Gut80,
Lemma C.1], for plaquette-dependent couplings). We use the lemma only on boxes, and we
adapt the cited results as follows. Removal, ¢, — 0, is dominated convergence in (2.6), whose
terms decrease as t, | 0 to those of the complex without p, which gives (c). A box is a cube
with the outside plaquettes removed, and an integer 1-cycle C' has 0o = 6, for one closed
path £. Freezing, t, — oo, is a monotone limit in [0, 1], which gives (d), as t™P* < gD’
for D C D', s > 7. For (a) we use  — —0, and the value with all plaquettes removed is
[ cosfcdf/(2m) Pl > 0. Tn Section S2.1 we prove the lemma on all finite 2-complexes.

The annealed coupling field. Fix X and 3 > 0. Let Z(t) := [ H g, (0p) dO/(2m) ‘E(X” >
0 for t € (0,00)P™X) and let prann be the probability measure on (O,OO)P( ) with density
proportional to Z(1/u), 1/u := (1/up),, with respect to w?P(X) (

and positive by (2.2) and Fubini). Put 9;(u) == ., e~""u/2 and dg(e) == f(o o) ¥ y(u) wa(du).

the normalization is finite

Lemma 2.4 (Annealed coupling field). Let X be a finite 2-complex, 8 > 0 and ¢ > 0. (i)
For every bounded measurable F on TP(X), (F)%B = f<F>§,1/u fann(duw). (it) (Tilt bound.)
For every p € P(X) and every u_p, := (Ug)g£p, Mann(tp < €| u—p) < g(e). (#1) Under pann
the random set D ( ) ={p: up < €} is stochastically dominated by Ber(6")2PX) for every
¢ € [min(dp(e) : [ F(De(w)) prann (du) < EDNBer(5/)®P(X)F( ) for every nondecreasing

function F on the subsets of P( ). () é5(e) < inf,>ge€” *e/2 Y nez Lymzz(8)/1o(B)-

Proof. (i) We multiply the second identity of (2.2) over p, integrate against F' and against 1,
and use Fubini.



(ii) The tilt is bounded because, as a function of one coupling, Z is a combination of
the functions e~" /2 with nonnegative coefficients, each at most the constant coefficient.
We fix p and u—,. As pann has density proportional to Z(1/u) with respect to a product
measure, the conditional law of u, given u_, has density proportional to u, — Z(1/u) with
respect to wg. Expanding oy, (0,) = >_, e~ up/2¢inbp (absolutely convergent), we obtain
Z(1ju) = > ez e un/24, A, = [ einte I4ep 1/, (0g) do/(2m)Fl with Ay > 0 indepen-
dent of u,. Here A,/Ay = (%) in the system with p removed. Since nf, = ¢ for
the integer 1-cycle C' = ndp, Lemma 2.3(a),(c) shows that A, is real and 0 < A, < Ap.
Hence 1 < Z(1/u)/Ap < 9;(up) (the lower bound from n = 0), and pann(up < € | u—p) =

f(O,e)(Z/A()) dwg/ f(O,oo)(Z/AU) dwg < f(07e) Uy dwg = dg(e).

(iii) Let Y}, := 1[u, > €] and fix an order sy, s2,... of P(X). Since Y,, ..., Y;, are functions
of u_g,,,, (ii) and the tower property give P(Y,,,, = 1| Y,,...,Ys;) > 1 —min(dg(e),1). By

[LSS97, Lemma 1.1] this yields the domination for ¢’ = min(dg(e),1), and EF (D) is nonde-
creasing in ¢ (monotone coupling). (iv) is the Chernoff bound 1,.. < e*’~/2 integrated
against 0 (u)wg(du), with (2.2).

Theorem 2.5 (Wilson below diluted Villain). For every finite 2-complex X, integer 1-cycle
C,3>0,e>0 and ¢ € [min(és(e),1),1],

0 < (cos 90)%5 < Epper(oryerx) 9x,1/:(C5 D). (2.3)

Proof. The Wilson model is a Villain model with random couplings 1/u, (Lemma 2.4(i)),
and by monotonicity we round all couplings up, the weak ones to 1/¢ and the strong
ones to oco. Positivity is (2.1). For fixed u and D = D.(u) we have 1/u, < 1/e off D,
and hence Lemma 2.3(b),(d) give (cos 90>}/{’1/u < 9x,1/(C; De(u)).  We integrate against
prann(du) (Lemma 2.4(i)) and apply Lemma 2.4(iii) to the nondecreasing function gx ;,.(C;")
(Lemma 2.3(d)).

2.3 The density of frozen plaquettes

From now on we take ¢ = 1/(Kf3), so that the Villain coupling is 7 = K/, and set ¢ :=
d5(1/(KB)) and c5(K) := |logd|/B, a function of K and f (the notation shows only K'). For
K > e/2 let a, = as«(K) > e/2 be the solution of a, = K log(2a,) (unique on (e/2,c0), where
a+ a/log2a increases), and put ¢’ (K) := a, (3 log2a, — 1) + 1.

Lemma 2.6 (Density of frozen plaquettes). Let K > e/2 and > 7 2. Then

! ) + log((2a.8 + 5)7T\/B) + %, (2.4)

logd < —5(02"([() "I

so that ¢s(K) > &5 (K)—1/(4a.) —Ox (log 8/8). The function K — ¢;°(K)/(2K) is increasing
on (e/2,00); it equals 14.9662 at K = 377.3635, and it is at least 14.9663 for K > K, = 377.38.
Consequently, for every K > K, there are ex > 0 and 1(K) such that

cs(K)
2K

> 14.9662 + ex (8 > B1(K)). (2.5)

The number 14.9662 is 6 - 2.4943551 = 14.96613 rounded up, where the Debye expo-
nent m2vcy,(0) = 2.4943550872. .. gives log(1/m) = m2vcp(0) T + O(log ) (Definition 3.1),



with vep(0) = (—Azs)~1(0,0) = 0.2527310.. ., half of Watson’s integral [Wat39] in the nor-
malization of [Zucll], whose closed form is [Zucll, (3.6)] (Section S1.1.1). Thus (2.5) says
8172 < mbe—exmtOUogT). one mark, of probability at most §%/2 (a plaquette marks at most
two sites), outweighs the entropy (m—1)6+0(1> of a root and a part in the Peierls count of
Lemma 5.12, which is the only place where we use K > K,.

Proof. Roughly speaking, the heavy dual tail of the Wilson weight comes from wg near u = 0.
Applying Lemma 2.4(iv) at its saddle point v = a.3, with the series of I,, log-convexity
of T, Stirling’s inequality and Io(3) > e#~1/2/(xy/B) for B > m=2, we obtain (2.4). The
computation, the monotonicity and the two values are in Section S1.1.2. For K > K, ex =
3(P(K)/(2K) — 14.9662) > 9-107°, since i’ (K)/(2K) is increasing and equals 14.96639 at
K. (Section S1.1.2). For these K, the value 14.9663 of the statement gives e > 5-107°, which
also suffices. Further, as 1/(8Ka,) < 1077 for K > K, (2.4) gives (2.5) once the O (log 3/3)

term is below Keg.

2.4 The dual representation and the frozen limit

Let A’ be a box, regarded as a closed cubical complex with cubes Af, plaquettes A} and
boundary plaquettes d2A’, and let O : 7ZAs = 7ZM2 be the boundary map, cubes oriented
outward. Since the complex is contractible, 9 is injective, Zo(A) = 975, and each integer
1-cycle C' in A’ bounds an integer 2-chain ng. Dually, cubes are sites, an interior plaquette is
a bond between its two cubes, and a boundary plaquette is a bond to an exterior ground site,
where k£ = 0.

Lemma 2.7 (Dual representation). Let t € (0,00)22, let C' be an integer 1-cycle in A/, and
let ng be any integer 2-chain of A" with Ong = C. Then

Zk oy Hp e—(no—l—ak)g/(th)
€73

Zk oy I, e~ (0k)3/(2tp)
73

(cos 90>X,7t = (2.6)

Proof. By the expansion Hp Ut (6p) = ZneZAé Hp e/ (o) i(On)-0 (absolutely convergent,
even coefficients), (¢?%C) = (cosf¢) is the ratio of the sums over dn = C and over In = 0,
and n = ng + 0k, k € Z*3, parametrizes the first set bijectively for each ng (Z2(A') = OZNs, 9
injective). This matters when frozen plaquettes surround an edge of C.

We now fix 7 > 0 and a set F' C A}, of plaquettes to be frozen, and let t, be 7 for p ¢ F' and
s for p € F. Let Kr be the set of components not containing the ground of the unfrozen graph
(with the cubes and the ground as vertices and the plaquettes not in F' as bonds). A cube
with all faces in F is such a component. Fix cg € & and put W := {3 o aglg:a € 7kr}
and W' := {k € Z3 : k(cg) = 0 for all & € Kp}. Then Z» = W @ W', and (dw), = 0 for
weW,pé¢PF.

Lemma 2.8 (Frozen limit and zero modes). In this setting, for every integer 1-cycle C in A’
and every integer 2-chain ng of A" with Ong = C,

,exp(—== no + 0k)2
lim (cos 90>X, o = ke p( 27 12ng( 0 5 )p) )
§7700 ’ > kew exXP(— g5 Zpng(ak)p)

(2.7)



The quadratic form k — Zng(ak)f, is positive definite on W/ @R, so both sums converge; the

summands are invariant under W, so the sums run over Z2s /W (k modulo one constant on
each component in Kp) and do not depend on the choice of W'. In particular every cube all
of whose faces are frozen drops out.

Proof. Freezing deletes dual bonds. The only issue is the soft directions W, one zero mode for
each component in K (isolated cubes included, such as the cubes outside A’ in Proposition 2.9),
along which only the frozen weights act, at strength 1/s. Poisson summation over w € W
(k = w' 4+ w; positive definite as 0 is injective) gives a prefactor that cancels in the ratio times
a factor in [0, 2] tending to 1. A w’ with 10w’ = 0 is constant on components and vanishes
on that of the ground (positive definiteness), and dominated convergence gives (2.7) (details
in Section S2.1).

2.5 One box with insulating walls

For a box A, D C Ay \ %A’ and 7 > 0, ¢ _(C; D) := gp(C; D U G2A") is the Villain
expectation on A’ with the plaquettes of D and the boundary plaquettes frozen. We write
C c A\ 90N’ if all edges of C' lie in A’ and none lies in the boundary of A’.

Proposition 2.9 (One box). Let C be an integer 1-cycle, A" a box with C C A'\ON', K, 3 > 0,
7 =K, § as in Section 2.3 and &' := min(d,1). For every finite box A O C, (cos 90”/\‘{5 <

fi .
IEDNBer(é’)®(AIQ\B2AI) gA)’(,q—(Cv D) :

Proof. We use volume monotonicity and then freeze everything outside A’. Let A” D AU A’
be a box and Foy, := A\ (AL \ 02A’). Then Theorem 2.1(b), Theorem 2.5 on X = A”
(e =1/(Kp)) and Lemma 2.3(d) give (cos 90>‘[/Kﬁ < Epr gpn(C; DU Fouy), D" ~ Ber(§')®%,
D := D"N(AL\ 027A’). By Lemma 2.8 on A” and on A’ (ng in A’), the right side is g/ﬁ\},‘vT(C; D),
as the unfrozen plaquettes are the same, the cubes outside A’ are isolated, and the ground is
not reached.

Slit graphs. Let A’ be a box, § C A} with d,A’ C §, and X C A% a set of cubes all of whose
faces lie in §. The slit graph G' = (V,E) has V := Ay \ X and E := E(V) \ S, with E(V)
the nearest-neighbour pairs in V' and S those whose common plaquette lies in §. Conversely,
each triple (A, X,S), S a set of bonds with both ends in A5 \ X, arises in this way, with
§ = F(X)U Fs U A" (F(X) the faces of the cubes of X, Fs the plaquettes dual to S). The
phrase “every slit graph” means every such triple. As F omits the bonds of .S, a slit graph is
in general not an induced subgraph of Z3. Its components are denoted £ (an isolated vertex
is a component), its vertices have degree at most 6, and dg/(x,y) > || — y||1, with dgr = oo
across components. We orient a bond b = (z,y) € E and its plaquette p, compatibly (pp as in
dz). For an integer 2-chain Z of A’ with 0= = C let &, € Z be the coefficient of p, in E (for
the flat rectangle spanned by C| the signed crossing number, in {0,+1}), and for k € Z put

Z(h,2) :=§exp(—217 S () —mie) - k8)").  Wo(0)= 2L (2)

b=(zy)eE

where [m] runs over the classes of m € Z" modulo functions constant on each component.



Coarse and fine. In Sections 3 to 5 the hole set X is a set of coarse sites and the frozen set
S a set of coarse bonds (Definition 3.7), with the coarse slit graph (A°\ X, E(A°\ X)\ 5). A
coarse face carries between 73 and 72 fine plaquettes (Definition 3.4). On the fine lattice the
hole cubes are the fine cubes in sites of X, F/(X) is the set of their faces (Definition 3.6), Fyg
the set of fine plaquettes in the coarse faces dual to the bonds of S, and

§ = F(X) U Fg U8,A°. (2.9)

For the output (X,S) = (X(D),S(D)) of Theorem 3.20 the fine slit graph of this § is the
output G' = G'(D). Tts vertices are the fine cubes of A° outside the holes, and a bond at a
vertex is missing from F exactly when it leads into a hole, is frozen (dual to Fg), or leaves A°.

Proposition 2.10 (Frozen plaquettes are insulating walls). Let A’, §, X and G’ be as above,
7> 0, and C an integer 1-cycle in A'. For every D C F\OA', ¢ _(C; D) < ¢iix_(C;F\0A) =
Wer (C), and W (C) depends neither on the choice of = nor on the choice of X.

Proof. Freezing raises the loop (Lemma 2.3(d) gives the inequality) and deletes a dual bond.
Hence holes, sheets, cuts and box walls are admissible. For the identity we apply Lemma 2.8
with FF = §, ng = Z. Here no component reaches the ground, cubes with all faces in §
(those of X among them) are isolated and drop out, and (2 + 0k),, = & + k(x) — k(y) gives
Ze(1,2)/Ze(0,2) with m = k|y. A change =/ = E+ 9U is absorbed by m + m — Uly. On
outputs, D C §(D) for all D (Theorem 3.20), and hence the inequality applies to every D.

Definition 2.11 (Min-cut area). For § as in (2.9), the min-cut area of C' in G is Aq/(C) =
min{#(supp X \ §) : ¥ an integer 2-chain of A° with 0¥ = C'}.

3 The regularization: construction and main properties

In this section we define a deterministic map D — G'(D) from sets D of frozen plaquettes
to slit domains and state the results that later sections use, Theorems 3.20 (terminal state)
and 3.21 (history). We prove both in Section 4. Throughout Sections 3 to 5 we fix K > K,
B > Po(K), 7 = KB and the constants fixed before K (Section 8, with values in Section S1).
The loop C' = 0= bounds the rectangle = := [r1,r1 + R] X [t1,t1 + T x {20} (r1,t1, 20 € Z, fine
units), with min(R,7T) > R;. We treat other planes by permuting the axes. All statements
hold for arbitrary D C A§\ 02A°. Units are coarse (one site is one coarse cell of the grid) and
distances are coarse > distances unless “fine” or “Euclidean” is written. We write Qoo (u,7) :=
{z ]|z —uleo <7}

The design. The Phase-1 hole set is the smallest minimizer of a cut functional (Defini-
tion 3.11). We pay its cost by comparison with competitors that replace a region, at a bounded
cost per mark (Section 4.3). Fills add whole blocks and are triggered by a count of marks.
Penalizing defective interfaces or weak links instead fails by cascades, since freezing the bonds
of one defect can create defects of the same kind in other blocks (cells are defined through
windows), whereas filling blocks changes no bond inside other blocks. We enforce (NF,) by a
rule of Phase 2 (the cut rule), not by a term of the functional, since the deletion competitor
of the payment can create a fragmented split. A local seal fills the thin pieces of blocks that
minimality does not exclude (Definition 3.16).

10



3.1 Scales, the box, the grid

Definition 3.1 (Scales and units). Let m € [mp/2,2mp] be the screening mass of Section 6
(fine units). The scales are: the fine side 79 > 1 of a coarse cell, which is at most 7y :=
2rg — 1; the block scale L., the largest even integer < c;m~!/rg (coarse), and L := roL,. (fine);
pr = L¢/12 and the hull penalty A := 1/p) = 12/L¢; Vi := (1 — ny)3p3 /2 with n, := 1/10;
the window bound kp := 304L.; the removal scale ¢ := {p/rg with ¢p := L[m~!/L]; and
Ry := (2rg + 5)L (fine) with rg := (kp + 3)/L. < 305.

The lower bounds on 7 used here (L, > 4, mL > ¢, /2) are in Section S1.2. Since ¢j <
1/308, we have
¢>kp+4L. = 308 L., mL <cp < 3. (3.1)

Definition 3.2 (The box A°). Put m := max(R,T), My := max(3m, ro(¢+ 3)) (fine), M}
the even integer in {Ma, Mj + 1}, and 0 = (01,02, 03) := (r1 + R/2, t1 +T/2, zp), the centre
of 2. Then A° := Hizl[a#, b,) with a,, := |o,] — M} /2 and b, := a, + M}, a cube whose faces
are lattice planes; A§ is its set of plaquettes and J,A° the set of those contained in JA°.
Lemma 3.3 (Properties of A°). (a) A° and its grid &(C) depend only on C and the constants.
(b) Consecutive special planes are at fine distance > L. (c¢) Every coarse side of A® is > >
kp +4L., and A° is a union of blocks and of removal cells. (d) The coarse sides n, of A°
satisfy max, n, < 2min,n,. (e) A° contains the fine {>°-neighbourhood of radius m of =, so
dist(C, 0A°) > max(R,T), C C A°\ OA°, and the fine side of A° is > 3max(R,T).

Proof. Parts (a) to (d) are proved in Section S2.2. For (e) we use M} > 3m and o, — 3 <
lon] < oy They give r1 —ay > (M) — R)/2 > m, and the integer by — (11 + R) is at least
01— 3+M}/2—ri—R= (M} —R—1)/2>m— 1 hence at least m. Direction 2 is the same
with T, and zp — a3 = b3 — 2z = M} /2 > m.

Definition 3.4 (The loop-adapted grid &(C)). The grid &(C) is a function of C' and the
constants (construction in Section S2.2). Its special planes are the planes of C' and the faces
of A°. Tts sites are boxes of fine sides in [rg, o] forming, combinatorially, a box of Z3, with
nearest-neighbour bonds E’; the coarse face dual to a bond is the common face of its two sites.
Blocks are the boxes between consecutive block planes of the three directions; a block face F’
is the common face of two adjacent blocks, and |F”| is the number of bonds across it; the block
distance of two blocks is the ¢>° distance of their indices. For a removal cell A, |0A| is the
number of bonds of Z3 with exactly one end in A, bonds leaving A° included. The window
Q(Q) of a block @ is the union of the blocks at block distance at most 75 from @); Q is the set
of windows. For a block face F’ between blocks @, @', in the plane P’, the tube zone Z(F’) is
the set of sites of QU Q' in the L./2 layers nearest to P’ on each side, and the tube 7, of a bond
b across F’ is the segment of its line formed by its L. sites in Z(F’). Later proofs use only
the following properties (proof in Section S2.2; sizes in Table S1.2). (G1) Consecutive parallel
block planes are at coarse distance in [L,, 2L. —1]. Blocks have coarse sides in [L., 2L, —1], fine
sides in [L,2L — 1], volume in [L3,8L3), and |F'| € [L?, (2L, —1)?]. (G2) Every block is a box
with six faces, each a block face or contained in 9A°; a line in direction p crosses only block
planes perpendicular to e,; every special plane is a block plane; A° and every removal cell are
unions of blocks. (G3) Removal cells tile A°, have coarse sides in [¢,2¢+ 2L, — 3] C [¢,3¢), and
|0A| € [602,540%). (G4) Every window Q(Q) is a box of coarse sides less than kp that contains
Qoo (u, 75Lc) N A° for every site u € Q; QU Q' C Q(Q) for every block Q' adjacent to Q; and
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every site lies in at most 1513 windows. (G5) Z(F') C Q U Q'; tube zones of distinct parallel
block faces are disjoint; a tube crosses no block plane other than P’.

Lemma 3.5 (Alignment). By (G2) the planes of C are block planes; so, with P = {x3 = z9}:
(A1) every plaquette of Z lies in the block plane P, and no bond with both ends in one block
crosses Z; (A2) every block face lies in = or contains no plaquette of E; (A3) every block lies

on one side of P, and C lies on lines of block planes. FEvery plaquette of = is interior to A°
(Lemma 3.3(e)).

Definition 3.6 (Marks). For a set Y of sites, F'(Y') is the set of fine plaquettes that are faces
of fine cubes contained in sites of Y. A site is marked iff one of its fine cubes has a face in D;
M = M(D) is the set of marked sites, and N(P) := |P| for P C M. Then D C F(M), and a

plaquette of D marks at most two sites, since it is a face of at most two fine cubes.

3.2 States, functionals and steps

For a set Y of sites, we write E(Y) for the set of bonds with both ends in Y, 9Y for the set of
bonds of E' = E(A°) with exactly one end in Y, and V(A) for the set of endpoints of a bond
set A. A bond touches Y if it has an end in Y. Bonds leaving A° are not in F, that is, the
faces of the box are free.

Definition 3.7 (States). A state is a triple o = (X,U,S): the holes X C A°, the filled
blocks U C X, a union of blocks, and the frozen bonds S C E(A° \ X), each crossing a
block face and each of one kind: S = S1 U Scut, seal bonds and cut bonds (Definitions 3.16
and 3.18). A block is surviving if it is not contained in U. A frozen bond that X grows to
touch leaves S; it is converted, and from then on it is an ordinary hole face. The slit graph is
G'(0) :== (A°\ X, E(A°\X)\ S), and R(c) := SU{b € E : b touches X} is the set of bonds
missing from it. Along a history (a finite sequence of states produced by the steps below;
Definition 4.1), the base is B, := MU Uy, and the ever-frozen set S, is the set of bonds frozen
at some time < ¢ that do not touch B;, converted bonds included, each keeping its kind.

Definition 3.8 (Hull functional). Let S C FE carry weights wy, € [0, 2]; for X' C A°,

FY(X) = 10X+ > wy+ X (3.2)
beESNE(A°\X')
Every frozen bond has the hull weight wy :=2 —n,, = %.

Lemma 3.9 (Min-cut structure of the hull). Let S C E carry weights w, € [0,2]. (a) FY
is the sum of the cut function of a graph on A° with nonnegative capacities and of a modular
function; in particular it is submodular. (b) For every Y C A°, the minimizers of F;\g over
{X':Y C X' C A°} are closed under union and intersection; the smallest, Hy(Y), is the
source side of a minimum s—t cut in a network with nonnegative capacities. Bonds of S that
touch Y may be added to S or removed from it, with any weights, without changing H:\g(Y) (c)
HY is estensive and idempotent: Y C H{(Y) = HY (H{(Y)). (d) Let S, S’ carry weights that
agree on SNS". If Y CY' and R(Y,S) C R(Y',S"), where R(Y,S) := S U{b: b touches Y},
then HY(Y) C HY (Y'). In particular HY is a closure operator for fized S and monotone in
S.
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Proof. For (a), we write a frozen bond of weight w < 2 as a modular term plus a cut term of
capacity Q_Tw > 0. Weights above 2 would give negative capacities, which is why frozen bonds
weigh at most 2. Indeed, with ¢,(X’) := 1[exactly one end of b = {u,v} in X'], the three cases
give wplfu,v ¢ X' + cp(X') = wp — (1w € X'T+1[v € X']) + %ﬂcb(X’) for b € S, hence

FYXN =Y ma(X)+ Y @)+ w, (3.3)

beE zeX’ besS

with kp :=1for b ¢ S, kp := (2—wp)/2 for b € S, and p(z) ==\ — %Zbes,bax wp. This proves
(a). Parts (b) and (c) are the lattice and closure properties of the minimizers of a submodular
function on {X’ D Y'}. The network has capacities x; on the bonds, p(x)* to the sink or from
the source, and oo from the source to Y. On {X’ D Y}, a bond of S touching Y contributes
1 or 0 whatever its weight. (d) By (b) we may add the bonds of S\ S’, which touch Y”, to S’
with their S-weights, so that S C S’. Then g := F;\g/ — F;\g = ZbeS’\S wpl[no end of b in X'] is
non-increasing. With M := H{(Y) and M’ := Hy (Y'), submodularity gives FJ(M N M’) +
FY(MUM') < FS(M)+FS(M')+g(MUM') < FJ(M) + F{'(M'). Each term on the left is
at least the corresponding one on the right. Hence M N M’ DY is a minimizer, and M C M’.

Definition 3.10 (Hull step). In a history, the hull step at time ¢ replaces the hole set by
H /‘\g *(B¢), the hull from the base computed with the ever-frozen set and the hull weight, and
converts the frozen bonds that touch it. A time ¢ (or its state) is hull-closed if X; = Hft (By).

Definition 3.11 (Forced blocks; the regularization functional). For a block @ let 3Q be the
union of the at most 27 blocks at block distance at most 1 from @, and N (3Q) := |MN3Q|. The
block Q is forced if N(3Q) > 9L?2, where ¥ := 3-107° is the forcing threshold; B = B (D) is
the set of forced blocks. Put Ay := 2¢s/¢ and up := 25. For a set S of bonds that cross block
faces, each with the hull weight, and for pairs (X, U) with M C X C A° and U C X a union of
blocks, B B

E5(X,U) := FY(X) = (A = A)|U| + LI #{Q € Bp: Q £ U}. (3.4)

Filling a block Q costs at most |0Q| + A\y|Q| < 24.6L2 < upL?. Hence forced blocks are
filled (Lemma 4.9), at a cost of at most 27 - 24.6/9 per mark. Filling a removal cell A costs at
most w,, and therefore a minimizer fills each cell whose insulation exceeds w, (Theorem 4.17).
The arithmetic behind these bounds is in Section S1.2.

Lemma 3.12 (Min-cut structure of the regularization functional). Let S be as in Defini-
tion 3.11. (a) £ is, up to a constant, the cut function of an s—t network with nonnegative
capacities; its minimizers are closed under componentwise union and intersection, and the
smallest one, (X*,U*), is the source side of a minimum cut, a deterministic function of Ml and
S. (b) X* = HY (M UU*). (c) The smallest minimizer is componentwise nondecreasing in S.

Proof. (a) We add to the network of Lemma 3.9(b) for F} (with co from the source to the
marks) a node ug per block @, with capacity oo from ug to each site of Q and (A — Ay)|Q| +
pBL21[Q € Bp] from the source to ug. Putting ug on the source side means @ C U. A finite
cut has MUU C X, and since the blocks tile A° (G2), its capacity is £ (X, U)+(A—Ay)|A°| up to
the constant of (3.3). The capacities are nonnegative (A\y < A). Hence the minimum cuts form
a lattice, and the smallest source side is the set reachable from the source in the residual network
of a maximum flow. (b) For fixed U*, £5(-,U*) — F} is constant on {X 2 MUU*}, and a smaller
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minimizer there would give a smaller joint minimizer. (c) Let S C S’, and m, m’ the smallest
minimizers of £ := £5 and & := £ = E+¢, g(X,U) := = > beg\§ Wpl[no end of b in X], which
does not increase when the pair grows. Minimality of m’ for & and g(m Um') < g(m') give
Em') < E(m Um’). Combined with submodularity, this yields £(m N'm') < £(m). Thus
m Nm' is a minimizer of £, and m C m/.

For a state (X,U,S) and a bond set A, we define the two-sided insulation by As(A) :=
#{b € A: b has exactly one end in X} + 2#(S N A). Here a frozen bond counts 2 whatever
its weight.

Definition 3.13 (Removal). Let o be a hull-closed state with base B. For a removal cell
A Z B put w(A) := Ay(E(A)), with E(A) the set of bonds with both ends in A and S the
current frozen set. The removal step removes, all at once, every removal cell A € B with
w(A) > w, := (1 + ¢5)|0A|, where ¢, € (0,10] is the removal slack: X:=XUA, U:=UUA,
and the frozen bonds touching A are converted. A hull step follows every removal step.

Definition 3.14 (Cells, interfaces). Let o be a state, G’ = G/(0), and for Q € Q let G' N Q
be the subgraph of G’ induced on Q \ X, with components R. For a block Q Z X, the cells of
Q are the sets QQﬁ := QN & for the components & of G' N Q(Q) that meet ). For a block
face F’ between blocks Q, Q' Z X, an interface I is a nonempty set consisting of all G’-bonds
across F' that join a given cell of @ to a given cell of @', and F(I) := F’; frozen bonds and
hole faces belong to no interface. A bond b € I is good if its tube 7, is a G'-path (its sites lie
in A°\ X and its bonds are G'-bonds), and good([) is the number of good bonds of I.

Definition 3.15 (Weak links). Let Q € Q, & a component of G'n Q, and fgr(A, A") the
number of G’-bonds between disjoint site sets A, A’. For ¥’ >0, AC Risa X -weak link of R
if 0 < |A| <|R|/2 and for(A, R\ A) < x |A\/k:p. The weak-link constants are x := 2.0 - 1078
and yn3 = x/3.

Weak links are excluded by Theorem 4.16(c).

Definition 3.16 (Auxiliary material; the seal). Let o = (X, U, S) be a hull-closed state with
ever-frozen set S, and j a surviving block; put V; := j \ X. The auziliary functional F s

Ffuaj, every bond of dj counted as frozen with the hull weight, on the sets Y with X C Y C
XU Vj. Its minimizers are closed under union and intersection (Lemma 3.9(a)); the smallest
one is Mj, and A; := M;\ X is the auziliary material of j. The seal step freezes every G'-bond
that crosses a face between two surviving blocks and has an end in | ; Aj; these bonds form
S1, with the hull weight. A hull step follows every seal step.

The set M; is obtained from one maximum flow inside j. A block with a thin piece,
attached to the rest of the block by few bonds however large its contacts across the faces of
j, has auxiliary material (Lemma 4.13). After the seal, the next hull step fills the auxiliary
material (Lemma 4.14).

3.3 Phase 1 and Phase 2

Definition 3.17 (Phase 1; the terminal properties). Phase 1 starts from the state (M, 0, ()
with S := () and repeats the following outer step until an outer step changes neither U nor S,
that is, until both loops are at rest: (1) (X, U) := the smallest minimizer of £5 (Lemma 3.12);
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(2) with U fixed, as long as some surviving block has auxiliary material, perform a seal step,
add its bonds to S, and perform the hull step X := H{(MUU). Its final state (X!, U, S1), with
St:= SN E(A°\XY), base B! ;= M UU! and ever-frozen set S := S, is the Phase-1 output.
The terminal properties of a hull-closed state with base B, frozen set S and ever-frozen set S
are: (S-hull) X = HY(B) = H{(X); (S-rem) no removal cell A ¢ B has w(A) > w,; (S-face)
every interface I has good(I) > ¢,|F(I)|; (S-plug) no component of any G' N Q, Q € Q, has a
xN3-weak link.

We will show in Theorem 4.17 that Phase 1 terminates and that its output is the smallest
minimizer of £° 1, has no auxiliary material and no frozen bond, and has the four terminal
properties. Since S does not change in the last outer step, the output is the pair returned by
its step (1), and step (2) finds no auxiliary material. Smallest minimizers are canonical, and
therefore no tie-break enters Phase 1.

Definition 3.18 (Scale cost, fragmented splits, the cut rule, Phase 2). Let o be a state with
slit graph G’ and cells as in Definition 3.14; every site of A°\X lies in exactly one cell, and every
cell in one component of G’. A cell set is a union U of cells; its cut Oz U is the set of G’-bonds
with exactly one end in U, and |0gU| is its number of (coarse) bonds. U is c-connected if it is
connected in the graph on U whose edges are the G’-bonds inside U and the pairs of sites in a
common cell. The distance of two interfaces is the least Euclidean distance (fine units) between
the coarse faces dual to their bonds; for a finite set B of interfaces and s > 0, ps(B) is the
number of classes of the equivalence relation generated by “distance < s”. Since dg+U is a union
of whole interfaces (Lemma 4.27(a)), the scale cost J(U) := 3_ 50, 2i1>ryp (P210(0cU) — 1)

is defined, where Rnp := L e Funit (fine), Funit := o L? with o the wall tension (7.15), and
Onr, T > 0 are the cut-rule constants (values in Section S1.1.1). A pair (&,U) is fragmented
if 8 is a component of G'; U C 8 is a nonempty c-connected cell set, &\ U is c-connected, and
J(U) > ONpFunit|0cU|/L2. The cut rule acts at a hull-closed state at which no removal cell
is over threshold and no surviving block has auxiliary material: a firing freezes dgU for the
first fragmented pair (&, U) in a fixed lexicographic order that depends only on C'; these bonds
form Scyt, have the hull weight and count 2 in Ay and in w(A); nothing is filled. Phase 2
starts from the Phase-1 output, with base B! and ever-frozen set S', and repeats the following
pass until a full pass changes nothing: (1) a hull step; (2) a removal step, then a hull step; (3)
a seal step, then a hull step; (4) if (1) to (3) changed nothing, one firing of the cut rule, then
a hull step. Its terminal state (X, U, S) is the output of the construction.

The coarse trigger implies the lattice form. Since a coarse face carries at least rg fine
plaquettes, we have |0g/U|gne/L? > |0g:U|/ L2, and hence a split fragmented with the fine cut
size is fragmented.

Proposition 3.19 (Termination, joint fixed point, (NF,)). Phase 2 terminates. Its terminal
state has (S-hull), (S-rem), (S-face), (S-plug) on the global slit graph and (S-NF'): for every
component R of the final G' and every nonempty c-connected cell set U C K with R\ U c-
connected,

J(U) < QNF Funit|8G’U’/Lz- (NF*)

If the Euclidean diameter of A° (fine units) is at most Rxy, then Phase 2 makes no firing and
the output is the Phase-1 output.

15



3.4 The output and the regularization theorem

The output. The output (X,U,S), with base B=MUU and S = S; U Scut € E(A°\ X),
defines the slit domain G’ = G'(D) := G'(X, S), the free set §F of (2.9) and the min-cut area
Ae(C) of Definition 2.11. The fine slit graph is that of Section 2.5, and cells and interfaces are
those of Definition 3.14. The cell graph of a component & of G’ has the cells in & as vertices
and the interfaces as edges. The weight of a cell Q is |Q|gpe, its number of fine cubes. The
U-cells are the parts of a partition of each cell graph given by Lemma 4.21 with V = Vj; := m ™3
(one fixed choice for each G’). A component of weight < V;, is a single U-cell.

Theorem 3.20 (Regularization theorem: terminal form). For every D C AS\ 02A°:

(R1) (Termination, determinism.) Phase 1 and Phase 2 terminate; the output (X,S) is a
deterministic function of D; and Ml C X, so that D C F(M) C F(X) C §.

The output satisfies the hull identity and the terminal properties, read on its slit graph: (N1)
(S-hull), (N2) (S-face), (N3) (S-plug) and (N4) (S-rem) of Definition 3.17, and (N5) (S-NF)
of Proposition 3.19. Consequently the following hold, with constants that depend only on the
constants fized before K and on none of 8, 7, K, C, D, except c; and c,, which see B only
through the rounding of L. and lie between two such constants (Section S1.1.1).

(R2) (Geometry.) For every W C A°\ X, [OaeW| < ay|0aW| + byA|W | with (ay,,b,) =
(19/9,10/9), where OpoW is the set of bonds of E with exactly one end in W and 0 W
the set of G'-bonds with exactly one end in W ; with cy := 2%/3, |0 W| > (9¢1/38)|W /3
whenever |W| < V,; and no component of G’ has at most V, sites.

(R5) (Cell volume.) Every cell satisfies c1L} < [Q| < 8L3, with ¢; := min(cg/2, ((1 —
nw)cr/24)3).

(R6) (Poincaré inequality on c§lls.) For every cell Q of a block Q there is a connected set
R (Q) with Q C () C Q(Q) such that every A C & (Q) with 0 < |A] < |R(Q)|/2 has
far (A, & (Q)\ A) > x|A|/(3kp) (expansion form), and, for every f: A°\ X — R,
- 108
D @ -folP<—zk >, (f@)-fW)*

zEQ {zy}eEq (R ()

where fq is the average of f over Q and Eg/(-) the set of G'-bonds with both ends in the
set; each G'-bond lies in Eqi (8 (Q)) for at most Ny, < 27(kp/Lc)* cells Q.

(R7) (Cells and U-cells.) Ewvery cell lies in one block and in one component of G'; every
interface lies in one block face, and that face lies in = or contains no plaquette of =. Fvery
U-cell is a union of cells, connected in the cell graph, of weight in [Vi, (246/cq) Vi), or a
whole component of G' of weight in (c,Vig, Viy), with ¢, := rgVim3 = (1—ny)ermL/24)3;

and every U-cell has Euclidean diameter at most Cym 1.

(R8) (Interfaces.) Every interface I has good(I) > cg|F(I)| > cgmax(|I|,L?); good bonds on
one line are at distance > L.; the tube of a good bond of I lies in QUQ' C Q(Q) ﬁQ(Q’),
with one half in each cell of I; a block face carries at most 1/cq interfaces, and a cell
has at most 6/c, neighbouring cells. In fine units, goodg,.(I) > ¢ max(|!|gne, L?) with

¢y =cg(1+1/Le) 2
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(R9) (Density bound.) FEvery removal cell A satisfies A2(E(A)) < wy and, counting every
bond of E with an end in A, A3(E(A)U (OANE)) < w, + 2|0A] = (3+ ¢5)|0A|.

(R10) (Non-fragmentation.) (NF,) holds in the split form (S-NF) of Proposition 3.19.

Item (R1) and the terminal properties (N1) to (N5) come from the construction: we prove
them in Section 4 from Propositions 4.3(b), (d) and 3.19. Items (R2) and (R5) to (R10) then
follow from the terminal state alone, through (N1) to (N5), (R10) being (N5). We prove them
in Section 4. The construction gives more, namely one cell per surviving block, of volume
above (1—39)L3, and one interface per block face (Theorem 4.16), but of the cell and interface
properties later sections use only (R5) to (R8).

Below we write Pt := {x : dist(z, P) < R} and r’ := 2R, +2, where R, is the clearing-out
radius of Theorem 4.23. We let P be the partition of M into the components of the graph
joining two marks at distance at most r’. The constants C, Cf.e are those of Proposition 4.24
(values in Section S1.1.1).

Theorem 3.21 (Regularization theorem: history form). (R3) (Block-local hull.) At every
hull-closed time of the full history (Definition 4.1), in particular at the output, for every
block q, |(X\ B) Ngq| < 2L.mq unless it vanishes, where my is the number of marks in
q. So hull material lies only in blocks containing a mark: frozen bonds, filled blocks,
removal cells and box faces support no hull material, alone or jointly.

(a) (Area per part.) The Phase-1 output (X', U, S') has S* = 0. For P € P put Yp :=
XN PR Then X! = Lpep YpP, no bond joins Yp to Yp: for P # P’, every block of Ut

lies in one Yp, and

0Yp| + A[Yp \ U + \y|Yp N U < CLN(P),  2|0Yp| + |Yp|/f < Cree N(P).

(b) (Uniform reach.) Every site of X! lies within distance R. of M, uniformly in M|, A°,
C and D; so Yp C P+,
The constants C},, Cgee and the ratio R, /(£logl) are bounded independently of 5, T, K, C
and D.

(R3) is Corollary 4.7, (a) is Proposition 4.24 and (b) is Theorem 4.23.

4 The regularization: proofs

In this section we prove Theorems 3.20 and 3.21 and Proposition 3.19. We first fix the class
of histories to which the arguments apply.

Definition 4.1 (Admissible history). An admissible history is a finite sequence of states oy =
(X4, Uy, S¢), 0 <t < T, such that (H1) og = (M, 0, 0) and the first step is a hull step; (H2) every
other step is a hull step or, at a hull-closed state, a fill, which adds a union U’ of blocks to U
and to X and converts the frozen bonds touching U’, or a freeze, which adds to S a nonempty
set of G’-bonds crossing block faces, each with its kind; (H3) every fill and every freeze is
followed by a hull step. Phase 1 is admissible: its first outer step is a hull step, the fill of U*
and a hull step, every later outer step that changes U is a fill and a hull step (Lemmas 3.12(b),
(c) and 4.2), and a seal step is a freeze. So is the full history, Phase 1 followed by Phase 2:
removal steps are fills, seal steps and cut firings freezes.
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4.1 The hull

We first show that the hull steps of an admissible history only enlarge the hole set (Lemma 4.2),
and then derive the geometric consequences of the minimality of the hull.

Lemma 4.2 (One hull from the base). Let (0y) satisfy (H1) to (H3) of Definition 4.1. At
every hull-closed time t, X; = Hft(Bt) = Hft (X¢) and Sy C S; C E(A°\ By), and every bond
of S¢ \ S; touches X;. Every hull step t — t + 1 satisfies Xpp1 = H:\qt (Xy) 2 X,.

Proof. We use that H is a closure operator, jointly monotone in the base and in the set of
missing bonds (Lemma 3.9(d)). We argue by induction over the steps. By (H1) to (H3), each
time is 0, or hull-closed, or follows a fill or a freeze at a hull-closed time ¢ and is followed by
a hull step. A hull step at a hull-closed time changes nothing, and the first hull step gives
HE}\)(BO) D By = Xp. A freeze at t of a set A of G’-bonds, which do not touch X; D By, keeps

B and X and gives Sy11 = S; UA. Hence X; = Hft(Bt) C Hft“ (Bt) = X¢qo. A fill of U’ gives
Byy1 = B;UU’ and drops from S only bonds touching By, 1. Hence R(B;, S;) € R(Bii1, Sit1)
and X; C X;yo. In this case, moreover, U’ C Byy1 € Xyq2. In both cases Byy1 € Xy11 € Xypo,

and monotonicity and idempotence give Hft“ (X¢41) = Xgyo. We now pass from S to S. Since
a bond of Sy does not touch Xy O By, we have Sy C Sy. A bond of Sy \ Sy was converted,
so it touches an earlier hole set and hence Xy, and by Lemma 3.9(b) it may be dropped:
Hft' (Xy) = Hft' (Xy). With ¢ = ¢+ 1 this is the claim on hull steps. At a hull-closed time,
with B C X; = H ft (B¢) and idempotence, the same identity gives X; = Hft (X¢). Finally
S; C E(A°\ B;) by definition.

Proof of (R1) and (N1) to (N5). These properties follow from Propositions 4.3(b), (d)
and 3.19.

Proposition 4.3 (Termination, determinism, terminal state). (a) Order states by o < o’ iff
XCX,UCU and R(c) € R(c’). Under (H1) to (H3), every step that changes the state
strictly increases it; in particular (H4) Xy C Xyy1 and R(or) € R(ow41) for every t, so that
G’ only shrinks, and a bond is frozen at most once along an admissible history. (b) Phase 1
and Phase 2 terminate, and their outputs are deterministic functions of D. (c¢) The terminal
state of Phase 2 satisfies (S-hull), (S-rem) and (S-NF), and no surviving block has auziliary
material there. (d) M C By C Xy at every time; hence, for the output, D C F(M) C F(X) C §.

Sketch. Hull steps do not shrink X (Lemma 4.2), a fill adds blocks to U, a freeze adds G’-bonds
to S, and converted bonds stay missing. This gives (a). Phase 1 terminates (Theorem 4.17),
and Phase 2 terminates because each effective step strictly increases the state in a finite box.
Smallest minimizers are canonical and the cut rule uses a fixed order, which gives determinism.
A terminal pass of Phase 2 changes nothing, which together with Lemmas 4.2 and 4.14(a) gives
(c). Finally, (d) holds because the base stays in X.

Below, we denote by f(A, A’) the number of bonds of F between disjoint site sets A, A’ (fer
counts G'-bonds, Definition 3.15), by s(A, A’) and s(E(A)) the numbers of bonds of S between
A and A’ and with both ends in A, and we put N := |[M]|. A state is closed if X = H} (X) for
the hull weight. By Lemma 4.2, each hull-closed state of an admissible history is closed, and
so is the output.
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Proof of (R2). We apply Lemma 4.4 and Theorem 4.5(i), (ii) at the output, which is closed
by (N1).

Lemma 4.4 (Two-sided minimality inequality). Let (X,U,S) be closed, V := A°\ X and
W C V. Then

FWX)+ > (w-1+ Y w < [0 W[+ AW, (4.1)
bes, [bnW|=1 beS, bCW
Consequently, with (an,by) = (1 + —, ) = (2,9), 10aW| < ay|0cW| + bpA|W|, and

No(W) = F(W.X) + s(W,V \ W) + 25EOV) < (106 W| + MWD/ (L - 70)-

Proof. Filling W does not lower the functional: Fy (XU W) > FJ(X). Since bonds of S
do not touch X, passing from X to X U W changes a bond between W and X from 1 to 0,
a G'-bond between W and V \ W from 0 to 1, a bond of S between W and V' \ W from
wp to 1 and a bond of S inside W from wy to 0, and adds A|[W/|. This is (4.1). The hull
weight has wp, — 1 = 1 — 1, and wy, > 2(1 — ), which gives the bound on Ny(W). Finally,
|Oae W | = f(W,X) + s(W,V\W) + |0 W| < [0 W | + No(W).

Theorem 4.5 (Geometry of the slit domain). Let (X, U, S) be closed and cy := 2%/3. For W C
A\ X: (i) |0 W | > (9¢1/38)|[W /3 whenever |[W| < Vi = (1 — ny)3p3/2; (i) no component
of G' has at most Vi sites; (iii) |Bgr(x,r)| > min{(c;r/(48ay)), Vit for all z € A°\ X and
integers v > 0; (i) \P(Q) > (c%/(48a727))|Q|_2/3 for Q@ C A°\ X with |Q] < V.

Proof. (i) In a box H?Zl{l, ...,n;}, a line parallel to e; that meets W carries a bond of the
box with exactly one end in W unless its n; sites lie in W, which happens for at most |W|/n;
lines, and the lines meeting W number at least 3|WW|*? by the discrete Loomis-Whitney
inequality [LW49, Theorem 2| and the arithmetic-geometric mean inequality. Hence, in this
box, such bonds number at least 3|[W|?/3 — [W[> ", n;t > cf[W[*/3 if |[W[Y/3 < 0.47 min; n;
(as 1 — 2%/3/3 = 0.4708...). Lemma 4.4 controls the boundary in the box up to b,\|[W],
which is small below Vi = (c1pr/(2by))? (as (c1/2)* = 3). Since |[W|/3 < v < pr =
L./12 and each side of A° is at least £ > 308L. (Lemma 3.3(c)), this and Lemma 4.4 give
ct|W 3 < |0aeW| < ay|0c W | + b AW [V3|W 23 < a,|0c W | + $|W|?/3. Hence |0 W| >
(c1/(2a,))|W /3 = (9¢1/38)[W|?/3. (ii) A component 8 of G’ has 9z & = 0, so (i) excludes
0 < |R] < Vi. (iii) (Sketch.) We put v(r) := |Bg/(x,r)|. Each G’-bond leaving Bgr(x,r)
ends at distance r + 1. Thus |0 Bgr(z,7)| < 6(v(r + 1) —v(r)), and (i) gives v(r + 1) >
v(r) + av(r)¥? with a := ¢;/(12a,) < 1 while v(r) < Vi. Hence v(r + DY3 > u(r)3 + a/4,
and v(r)'/3 > 1+ ar/4 > ¢;r/(48a,) until v exceeds Vi. (iv) By (i), each nonempty A C Q
has |0grA| > h|A| with h := (9¢;/38)|2|~1/3, and the Cheeger argument (the coarea formula
for f? and the Cauchy-Schwarz inequality, in a graph of maximal degree 6) gives AP (Q) >
B2/12 > (c3/(4802))|0 2.

Segment accounting. In Lemma 4.6 and Corollary 4.7, B = M/ U U with M’ a set of
sites and U a union of blocks, S C E(A°\ B) carries weights w, € [0,2], X := H{(B) and
W C X\ B. At a hull-closed time of an admissible history, this setting holds with M’ = M|
U = U; and S = S; with the hull weight (Lemma 4.2). A segment R of W is a maximal set
of consecutive sites of W on an axis-parallel line, and m(R) := |R|. It has m(R) — 1 interior
bonds and two ends, the positions just beyond its extremities. An end is an X-end, a frozen
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end, an open end or a box end according as it is a bond to X\ W, a bond of S to A°\ X a
bond of E\ S to A°\ X, or on 9A°. With z(R), o(R) the numbers of X-ends and open ends, we
put CW(R) = ‘T(R) + Zfrozcn ends b(wb - 1) + Zintcrior bes Wo — O(R) - )‘m(R)/3 A grid bond
has its ends in different blocks. Such a bond lies on a block plane. The grid-type terms of R
are its X-ends, frozen ends and interior frozen bonds that are grid bonds, and its box ends.
The number z,4(R) counts the X-ends, frozen ends and interior frozen bonds that are not grid
bonds. Similarly, S™ is the set of bonds of S that are not grid bonds, and fyg(A, A’) counts
the bonds between A and A’ that are not grid bonds. Frozen bonds cross block faces and are
therefore grid bonds. Hence S™ = () at each hull-closed time of an admissible history.

Lemma 4.6 (Plane count). Let A > 12/L.. Ewvery segment R of W satisfies cw(R) <
2245 (R) —2m(R)/ L.

Proof. Insulation on block planes, which are at least L. apart, contributes at most 2 per plane
met, while the volume term is Am/3 > 4m/L.. Indeed, since 0 = 2 — = — ef, — €, With eg, €
the numbers of frozen and box ends, we have

Cw(R) =2x+ Z wy + Z wy +ep — 2 — )\m/3 (4.2)

frozen ends interior frozen

The terms that are not grid bonds contribute at most 2z,,(R), since wy < 2. Each grid-type
term has coefficient at most 2 and sits at its own bond position on a block plane perpendicular
to the line. The m + 1 bond positions of R lie in an interval of length m, which meets at most
m/Lc + 1 block planes by (G1). Therefore ey (R) < 2xng(R) +2(m/Le+1) —2 —4m/Le.

Corollary 4.7 (Block-local hull). For every union N of blocks, W := (X\ B) N N is empty
or satisfies |W| < %(fng(W, B) + 3 cw deggn(v)), and every bond counted in fog(W,B)
ends in M/ \ U. Consequently, for every block q, (X \ B) Ngq| < (L¢/3)(6mg + sq) unless
it vanishes, with my == |M/' N gq| and s, the number of endpoints in q of bonds of S™, and
XCBUUg: gn (M UV(S™) # 0}: grid bonds of S of any weight in [0,2], filled blocks
and bozx faces support no hull material, alone or jointly. At a hull-closed time of an admissible
history my is the number of marks in q and S™ = 0, which gives (R3).

Proof. Let W C X'\ B be nonempty. Then the set X\ W D B is strictly smaller than the
smallest minimizer X. Passing from X to X\ W changes the contribution of an X-end, a frozen
end, an open end and an interior frozen bond by +1, wpy — 1, —1 and +wy, and the volume
term by —A|W| (bonds of S do not touch B, and each site of W lies in three segments), so
that

FEEAW) = FSX) = 3 ew(R) >0, (4.3)

R

over the segments of W in the three directions. For W = (X'\ B) N N, an X-end that is not
a grid bond has both ends in one block ¢ C N, so it ends in XN N \ W C B but not in U
(otherwise ¢ C U), and it is not frozen: it is counted in f,o(W, B). A frozen end that is not a
grid bond is counted once in the degree sum, an interior bond of S™ twice. Combining (4.3),
Lemma 4.6 and ), m(R) = 3|W/|, we obtain 0 < > pew(R) < 2 pang(R) — 6|W|/L. <
2(fug(W, B) + > e deggn(v)) — 6|W|/Le. For N = q, fug(W, B) < 6m, and the degree sum
is at most s,. At a hull-closed time, such as the output, S™ = ().
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For a hull-closed time ¢ and a block face F’ between surviving blocks @, @’, in the plane
P, we put Wy := (X¢ \ B;) N (Q U Q') and supp,(F’) := fug(W;, By). For a line £ L F’, by
denotes its bond across F'. As B; N (Q U Q') consists of marks, supp,(F") < 6(mq + mg).

Lemma 4.8 (Local opacity). At every hull-closed time t of an admissible history and for every
such face F': (a) the lines £ | F' such that by ¢ Sy and £ N Z(F') contains a site of W; and
no mark, number fewer than 2 supp,(F") unless there is none; (b) without the condition on by,
these lines number fewer than 2supp,(F’)/n, unless there is none. A frozen bond is a grid
bond, so by (G5) it lies on the tube of a line £ L F'" only if it is by: frozen bonds block no tube
of another line.

Proof. In outline, a line on which hull material meets the tube zone carries a segment that is
either long, and pays through the plane count, or short, and then has no grid-type term except
by and has deficit at least 1,,. We put d(R) := 2xny(R) — ey (R) for the segments of W;. By
Lemma 4.6, d(R) > 2m(R)/L. > 0, and (4.3) gives > d(R) < 2)_ g ang(R) < 2supp,(F’),
as in the proof of Corollary 4.7. For a counted line ¢ let Ry be the segment of W; along /¢
through a site of £ N Z(F') N W;. Distinct lines give distinct segments. If m(R;) > L./2,
then d(Ry) > 1. Otherwise all bond positions of Ry are at distance < L. from P’ so by (G1)
the only possible grid-type term is by, which is not an X-end, since its other end would lie in
XeN(QUQ')\ Wy C By, amark of /N Z(F"). Thus, in this case, d(Ry) = 2+ Am/3 — B¢, with
Be=2—ny if by € S; and By = 0 otherwise. Hence d(R;) > 1 for each line counted in (a) and
d(Ry) > my for each line counted in (b). Summing these bounds, we obtain (a) and (b). For
the last claim, a tube consists of b, and of bonds interior to @ or to @', which are not grid
bonds.

4.2 Cells, giants and the seal

In this subsection we control the cells by sparseness. Since forced blocks are filled, a surviving
block has fewer than ¥L? marks near it, its hole sites lie on few lines (Corollary 4.7), and one
component of its free sites, the giant, contains all but a small volume. The seal excludes thin
sets, at a cost of at most 726 frozen bonds per mark (Theorem 4.16).

Lemma 4.9 (Forced blocks are filled). Let S be as in Definition 3.11. The smallest minimizer
(X*,U*) of €% has |JBr C U*. Hence at every hull-closed time of the full history other than
the first every forced block lies in U, and every surviving block ¢ has mqy < N(3¢q) < IL2.

Proof. Suppose that Q € B and Q@ € U*. Then Q@ NU* = (), and we compare with (X* U
Q,U* U Q). Only the at most |0Q)| bonds leaving @) gain weight, at most 1 each, the volume
terms change by A\y|Q| — A\|Q N X*| < A\y|Q|, and the penalty drops by ugL? > |0Q| + \y|Q|
(Section S1.2), a contradiction. Along the full history U never decreases (Proposition 4.3(a)),
and the second hull-closed time follows the first outer step of Phase 1 (if that step fills nothing,

B = 0).

Lemma 4.10 (Sparse blocks). At every hull-closed time of an admissible history, every sur-
viving block q satisfies: (a) | XN ¢q| < 3Lcmg unless XN g = 0; (b) unless there is none, fewer
than 9mg maximal runs of X in the three directions lie inside q and are joined by both end
bonds to sites of V, := ¢\ X.
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Proof. (a) The set X N ¢ consists of the m, marks of ¢ and fewer than 2L.m, sites of hull
material (Corollary 4.7). (b) At most 3m, runs contain a mark. A run without marks is a
segment R of W := (X\ B)Ng¢ with two open ends inside ¢ (in-block bonds are not frozen) and
no grid-type term. For such a segment, (4.2) gives d(R) := 2zn5(R) — cw(R) = 2+ Am(R)/3.
As in Lemma 4.8, d > 0 for each segment of W and )" d(R) < 2fng(W,B) < 12m,. Hence

fewer than 6m, runs have no mark.

Lemma 4.11 (Two isoperimetric inequalities). (a) Let Q be a box with sides L1, Lo, L3, Z C Q,
Q\ Z = AU B, and n, the number of lines of Q in direction . meeting both A and B. Then
min(|A|, |B|) < 4]|Z| + 6.4max,(n,L,). (b) Let R be a rectangle of Z* with sides s1,s2 > s,
and o C R with |o| < s2/4. At least 2|o|"/? bonds of R have exactly one end in o.

Proof. (a) Let a, be the number of lines in direction p meeting A but not B. Then |A| <
L,(a,+n,), and the lines meeting B are among the other |Q|/L,, —a,. Hence, by the discrete
Loomis-Whitney inequality [LW49, Theorem 2], |B|?> < [1L.(QI/Ly —au) < TL(Q[ — [A] +
n,L,)/L,. With a := [A|/|Q|, 8 :=1—«, ( :=|Z]/|Q| and v := max, n,L,/|Q| this reads
(B—¢)?* < (B+wv)3 If v > 0.1, then min(|A|,|B|]) < |Q|/2 < 6.4v|Q|. If v < 0.1, then
(B+v)3¥? < 832 4+ 1.6v, so B(1 —/B) < (+ 1.6v. Since 1 — /B > (1 — )/2, in this case
a(l—a) < 2¢+3.2v, and min(|A],|B]) < 2|Q|a(l—a) < 4|Z]+6.4v|Q|. (b) Each row and each
column that meets ¢ without lying in it carries such a bond, a different one for each. If no row
or column lies in o, the r rows and ¢ columns meeting o give r + ¢ > 2(r¢)'/2 > 2|o|'/? bonds.
If a row lies in o (a column is symmetric), all columns meet o, and if moreover a column lies
in o, at most |o|/s2 + |o|/s1 < s/2 rows and columns lie in o; either way there are at least
s > 2|o|'/? bonds.

Proposition 4.12 (The giant). At every hull-closed time of the full history other than the
first, every surviving block q has |Vy| > (1—39)L3, and the graph G}, of the G'-bonds with both
ends in q has a unique component Cy, the giant, with |V, \ Cy| < 128L.my unless Vg = Cj.

Proof. Since bonds inside a block are never frozen, on a line of ¢ that meets two disjoint unions
A, B of components of Gf], two consecutive sites of V;; in A and in B are separated by a run of
Lemma 4.10(b), a different run for each line. If AU B =V, Lemma 4.11(a) with Z = X Ng,
|Z| < 3L¢mg and L, < 2L, gives min(|Al, |B|) < 12L¢mg + 6.4 - 9mg - 2L, < 128L.my. By
Lemma 4.9, m, < 9L?, and hence |V,| > (1 — 39)L3 > 3-128L.m,. If each component had
fewer than |V;|/3 sites, a union A of components with |V;|/3 < |A| < 2|V,|/3 would violate the
bound. Hence the largest component C, has at least |V,|/3 sites, and the bound with A = C,

gives |V, \ Cy| < 128L.my.

A thin set of a surviving block j is a nonempty A C V; with |A| < g, L2 := 0.008L3 and
cut;(A) < |A|/Le, cutj(A) being the number of G'-bonds inside j between A and V; \ A.

Lemma 4.13 (Thin sets). At every hull-closed time of the full history other than the first,
every thin set A of a surviving block j satisfies F"™(X U A) < F'"(X). Hence a surviving
block without auziliary material has no thin set, and V; = Cj is connected in G;-.

Proof. A thin set is enclosed by in-block insulation in each planar slice, and planar isoperimetry
makes this insulation exceed the volume penalty. We fix a direction v. A line of j in direction
v that meets A either meets V; \ A, and then carries a bond counted in cut;(A) or a run of
Lemma 4.10(b), or lies in A U (X N j), which happens for at most (|A| + 3L.m;)/L. lines. A
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slice o of A perpendicular to v meets each line once. Hence, with m; < 9L? (Lemma 4.9),
lo| < a:=cut;j(A)+9m;+ (JA|+3Lem;)/Le < (2e0n +1209) L2 < 0.0164 L2 < L2/4. The bonds
of the cross-section of j (sides at least L.) with exactly one end in o end in X or in V; \ A, and
there are at least 2|o|'/? > 2|o|/a/? of them (Lemma 4.11(b)). Summing over the slices, we
obtain f;(A,X)+cut;(A) > 2|A|/a'/? > 15.6|A|/ L, with f;(A,X) the number of bonds inside
J from A to X. Passing from X to XU A changes F"™* by — f; (A, X) on these hole faces, by at
most 0 on the bonds of 95 at A (from wy to 1, or from 1 to 0), by +cut;(A) on the in-block bonds
to Vj\ 4, and by +A|A|. In total the change is at most —15.6|A|/L.+2 cut;(A)+12|A|/L. < 0.
If j has no auxiliary material, X minimizes Fjaux, so j has no thin set. Moreover, a component
of G’ other than C; has cut; = 0 and fewer than 128L:m; < etn e sites (Proposition 4.12), so
it would be thin.

Lemma 4.14 (The seal). Lett be a hull-closed time of an admissible history and j a surviving
block with A; # 0. (a) Some G’-bond that crosses a face between j and a surviving block has
an end in Aj. (b) If a seal step at t is followed by a hull step with the same U, then A; C Xy yo.

Proof. On the sets between X := X; and XU A;, the functionals F' := F f and F7 differ by
a constant unless a G’-bond leaves A; across a face of j. Indeed, the other bonds of 9j at A;
touch X or are frozen (a block adjacent to j that is not surviving lies in X)), and those at V;\ 4;
keep their values. (a) Otherwise F(XU A4;) — F(X) = F}"™(M;) — F"*(X) <0, since M; # X
is the smallest minimizer, against X = Hj\qt(Bt) and XUA; D B;. (b) Let X' := X490 O X
(Lemma 4.2), F' := Fft”, A= A;\ X" and C := XU (4;NX’) C X’. On the sets between C
and M; = C'U A’ only the sites of A’ vary. The bonds inside j at these sites count alike in F”
and F;‘“X, and after the seal each bond of 95 at them is frozen or touches X, in both. Hence
F' — F* is constant on these sets. If A’ # (), then C' C M;, and submodularity of I gives
F/(X’UA’)i— FI(X') < F/(CUA) = F'(C) = F*™(M;) — F{*™(C) < 0, against the minimality
of X' = H}'**(By).

Proposition 4.15 (Cost of the seal). Along the full history, a block face F' between blocks @,
Q' carries at most 121(mg + mgy) bonds frozen by seal steps, converted ones included; so seal
steps freeze at most CsealN bonds (Cgeal := 6121 = 726), all on faces F' with m¢g + m¢g > 0.

Proof. Each seal bond on F” has an end in auxiliary material, which the next hull step fills while
Q and @'’ still survive (Lemma 4.14(b), since in Phase 1 U is fixed during the inner loop, and in
Phase 2 the hull step follows the seal before any removal). Consequently, at the last hull-closed
time T at which Q and Q" both survive, each seal bond on F’ has an end in Wy in the layer
next to F’, hence in Z(F"), and distinct bonds lie on distinct lines £ L F”. At most m¢g + mgy
of these lines carry a mark in Z(F”), and fewer than 2 suppy(F’)/nw < 120(mqg + mg) of the
others meet Wy in Z(F’) (Lemma 4.8(b)). A block has six faces.

Theorem 4.16 (Cells at rest). Let t be a hull-closed time of the full history other than the first
at which no surviving block has auziliary material. Then: (a) every surviving block q carries
ezactly one cell, Q, = V,, connected in q, with (1 — 39)L3 < |Q,| < 8L2, and every other
block lies in X; (b) every block face F' between surviving blocks contains no G'-bond, or carries
exactly one interface I; then F' contains no cut bond and good(I) > (1—1349)|F’|; in particular
(S-face) holds; (c) every component & of G' N Q, Q € Q, satisfies for(A, R\ A) > hy|A| for
0 < |A| < |R]/2, with hy :=2.2-107Y/L.; since 3kphy > x, (S-plug) holds.
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Proof. (a) By Lemma 4.13, V, = C; is connected in ¢, and therefore lies in one component of
G'n Q(q) and is the only cell of ¢g. The volume bounds follow from Proposition 4.12 and (G1).
A block that is not surviving lies in U C X. (b) By (a), the G’-bonds across F, if any, join the
cell of @ to the cell of Q' and form one interface. Cuts fire only at such times, where by (a) a
cut, a union of whole interfaces (Lemma 4.27(a)), freezes all G’-bonds of each face its bonds
cross. As G’ only shrinks, a face with a G’-bond carries no cut bond. A line ¢ 1 F’ is good
unless /N Z(F’) contains a mark, or by is a seal bond, or else by ¢ S; and /NZ(F') contains a site
of W;. Indeed, on each remaining line the tube has no hole site, and its bonds are G’-bonds,
since bonds inside a block are never frozen. The first case holds for at most mg + mg lines,
the second for at most 121(m¢g + m¢) lines (Proposition 4.15), and the third for fewer than
2supp,(F’) < 12(mg + mgy) lines (Lemma 4.8(a)). With mg +mg < N(3Q) < 9L? < I|F'|,
we obtain good([) > (1 — 1349)|F’| > ¢4|F’|. (c) Expansion can fail only through a thin set,
and there is none (Lemma 4.13). Let A C R, 0 < |A4| < |R|/2, and cut := fo (A, R\ A).
Since windows are unions of blocks, by (a) £ is a union of sets V; of surviving blocks j C Q,
connected through faces that contain G’-bonds. We put A; := ANV; and B; := V; \ 4;.
A line of j meeting A; and Bj carries a bond counted in cut or a run of Lemma 4.10(b). If
min(|4;], |Bj|) > emL? for some j, Lemma 4.11(a) gives ey, L2 < 12L,m;j + 12.8Lc(cut + 9m;),
so cut > (egn — 127.20)L2/12.8 > 4, L2/25.6. Otherwise each block of & is in (|Bj| < exnL?)
or out (JAj| < enL?), not both, since |V;| > 2, L2. If an in-block and an out-block share a
face F’ that contains G’-bonds, we follow each line | F” from the face into either block until
it reaches the majority side of that block through a bond counted in cut or a run, or stays in
the minority side and X for the whole block. In this case the minority side of each block meets
the face layer in at most cut + 99L2 + (g, + 39) L2 sites, all other bonds among the at least
(1 — 1349)L? G’-bonds across F’ (by (b)) join A to &\ A, and 3cut > (1 — 1589 — 2eqy,) L2.
Otherwise all blocks are in, which is impossible since then [A[ > > .(|Vj[ — enl?) > |8]/2,
or all are out. In the latter case each nonempty A; has fewer than EthLi’ sites and is not
thin, so cut > 3, cut;(4;) > [A[/Lc. In all cases cut > min(3.1- 1074L2,|A|/L:) > hy|A], as
|A] < k3,/2 by (G4) (Section S1.2). Finally, xn3/kp = x/(3kp) < hs.

Theorem 4.17 (The Phase-1 output). Phase 1 terminates. Its output (X', UL, S1) is the
smallest minimizer of 551, no surviving block has auziliary material there, and: (i) every bond
of St touches X', so S' = ), and crosses a face between two blocks that together contain a

mark; (ii) the four terminal properties (S-hull), (S-rem), (S-face), (S-plug) hold.

Proof. Each outer step returns U* O U (Lemma 3.12(c), since S only grows), and each inner
round freezes at least one bond (Lemma 4.14(a)). Each outer step except the last enlarges U or
S, which only grow in a finite box. Hence Phase 1 terminates. In the last outer step the inner
loop performs no seal step, so S = S' throughout that step. Thus step (1) of the last outer
step returns the smallest minimizer of £5", with hole set Hfl (MUTU!) (Lemma 3.12(b)). This
pair is the output, and step (2) finds no auxiliary material at it. (i) Each bond of S! has an
end in auxiliary material, filled by the next hull step (Lemma 4.14(b)). For the faces crossed
by these bonds we use Proposition 4.15. (ii) Property (S-hull) follows from Lemma 4.2, and
(S-face), (S-plug) follow from Theorem 4.16. For (S-rem), let A ¢ B! be a removal cell with
A ¢ X! (otherwise w(A) = 0). We compare with (X! U A, U U A), admissible since A is a
union of blocks. The bonds of E(A) with one end in X! lose their weight 1 (no bond is frozen,
by (i)), at most |0A| bonds gain at most 1, the volume terms grow by at most A\y7|A|, and the
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penalty does not grow. Hence w(A) < |0A|+ Apy|A| < (14¢5)|0A| = wy, since |A|/|0A] < /2
for a box with sides in [¢, 3¢) (Section S1.2).

Lemma 4.18 (Expansion and Poincaré inequality on windows). Let the state satisfy (S-plug),
Q € Q, and & a component of G' N Q. Then fer(A, R\ A) > x|A[/(3kp) for A C & with
0 < A] < 81/2, and 3y e |F(2)— FaP < (108/206 X oy (2) — ()2 for every f.

Proof. The first claim is (S-plug), since xn3/kp = x/(3kp). The Poincaré inequality follows
from the Cheeger argument and a median. Let p be a median of f on &. Since each of (f — )+
is supported on at most |R|/2 sites, the argument of Theorem 4.5(iv) in the graph (&, Eg (R)),
with h := x/(3kp), bounds Y (f — u)3 by 12h=2 = 108k%/x? times the Dirichlet form of
(f — p)+. We add the two bounds, using (a —b)? > (as — b1 )%+ (a— —b_)?, and replace u by
the mean.

Lemma 4.19 (Good bonds). At every state satisfying (S-face), (R8) holds, a fine bond across
F(I) being good if the segment of L fine sites of its line centred at it is a path of the fine slit
graph.

Proof. (Sketch.) (S-face) and (G1) give the first claim, and bonds across block faces lie on
block planes, at least L. apart. A good tube is a G’-path in Z(F') C QU Q' C Q(Q) N Q(Q’),
by (G5) and (G4). Hence its half in Q lies in the component of G/ N Q(Q) of its end, the cell
of I in Q. The interfaces of one face are disjoint with at least ¢4|F”| bonds each, and a block
has six faces. In fine units, a block face meets at most one exceptional layer on each side, so
|F'|fine < 73|F'|(1 + 1/L.)?, while each coarse good bond carries at least 73 fine good bonds.

Theorem 4.20 (Cells). At every closed state with (S-face) and (S-plug), such as the output,
(R5), (R6) and the cell part of (R7) hold, with £ (Q) := & for the cell Q = QN K of a block Q.

Proof. For (R5), |Q| <|Q| < 8L by (G1). An interface on a face F’ of Q gives, by Lemma 4.19,
at least ¢y L2 good half-tubes of L. /2 sites in €, on distinct lines. Without an interface no G-
bond leaves  (inside @ a G'-bond joins two sites of one cell, and across a face it belongs to an
interface), so §) is a union of components of G, each with more than Vi = ((1 —n,,)c;/24)3L3
sites (Theorem 4.5(ii)). For (R6), we apply Lemma 4.18 in & D Q and use that the mean
minimizes the sum of squares. A bond lies in at most 1513 < 27(kp/L.)® windows (G4),
and the components 8 of distinct cells of one block are distinct. For (R7), we use that R is
connected in G’, together with Lemma 3.5(A2).

Lemma 4.21 (U-cells). Let T be a connected graph of mazimal degree at most D, with vertex
weights w(v) € (0,V) and total weight at least V.. Then the vertex set of T splits into parts,
each connected in T, of weight in [V, (2 + D)V'). Applied to the cell graphs of the output with
D =6/cy, cell weights |Qgne and V = Vg = m =3, it gives the U-cell part of (R7), with Cy of
Section S1.2, provided mL > cr,/2 (a lower bound on ).

Proof. We cut a rooted spanning tree from the leaves upward, cutting off a vertex with its uncut
descendants once their weight reaches V. A cut part weighs less than w(v) + DV < (1+ D)V,
and the light remainder at the root joins an adjacent cut part. In the application, the cell
graph is connected (G’-bonds between cells are interface bonds) and has degree at most 6/c¢q
(Lemma 4.19). A cell weighs less than 82 < /=3 by (3.1). A light component has more than
V, sites (Theorem 4.5(ii)), and hence weight more than 73V, = ¢,Vy. Finally, a U-cell holds
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fewer than (2 +6/c,)m~3/(c1L3) connected cells by (R5), in blocks of Euclidean diameter less
than 2v/3L.

4.3 Payment and reach of the Phase-1 output

In this subsection we obtain the payment of the Phase-1 output from three comparisons
(Lemma 4.22). Filling everything near a point bounds the cost of a ball, deleting a region
without marks bounds its cost by the bonds of a sphere around it, and a good sphere, chosen
by averaging over the radii, makes the cost decay geometrically away from the marks. Con-
sequently, no hole lies far from a mark (Theorem 4.23), and we pay for the pieces near the
clusters of marks by comparison with the cheapest state that covers the marks and fills the
forced blocks of the cluster (Proposition 4.24). )

Throughout, (X*,U') is the Phase-1 output and &€ := £5'. By Theorem 4.17, (X!, U)
minimizes &£, and each bond of S' touches X! and has both ends within distance 4L. of a
mark. Hence, at (X!, U'), the frozen bonds count as ordinary bonds and the penalty vanishes
(Lemma 4.9). For a set A of sites we put £4 := #{b € X' : b C A} + A\|[(XI\UYH N 4| +
Au|UtNA] let By (%) := Qoo(w,7) NA°, and for a fixed site z let f(r) := Ep,(y), nondecreasing
in 7. Each competitor (X, U’) below has Ml C X" and U" C X’ a union of blocks, and hence
satisfies £(X/,U’) > £(X!,UY).

Lemma 4.22 (Density, deletion, decay). (a) (Upper density bound.) For every site x and
every r > 0, f(r) < g(r) := 6(2r + 4L.)? + A\y(2r +4L.)%. (b) (Deletion.) Let B be a set of
sites with dist(B,M) > 6L., and B the union of the blocks meeting B. Then Ep < sl(B) :=
f(B,X"\ B) + AlU' N (B\ B)|. (¢) (Decay.) Put w := [120{/c,| and w' = w + 2L.. If
dist(Byyw (), M) > 6L, then f(r) < f(r +w')/5.

Proof. (a) Let B be the union of the blocks meeting B, (z), a box of sides less than 2r 4 4L..

We compare with (X! U B, Uy B) the bonds of X! with both ends in B disappear, at most
|0B| < 6(2r+4L.)? bonds appear, the frozen bonds still touch the hole set, each site of B ends
with the weight A7, and the penalty does not grow. Hence f(r) < £z < |0B| + A\y|B|. (b) A
forced block has a mark within distance 4L, of each of its sites. Hence no block meeting B is
forced, and no bond of S! has an end in B. We compare with (X!\ B, U’), where U’ is the union
of the blocks of U! that do not meet B. This competitor contains the marks and all forced
blocks. In passing to it, the bonds of X! with both ends in B disappear, at most f(B, X!\ B)
bonds appear, the frozen bonds still touch the hole set, the sites of BN X! lose their weights,
and those of Ul N (B \ B) change from Ay to A. (¢) We put A := B, (2) \ Br(x) and apply
(b) to By := Bg(z) for r < s < r + w. Since a site of X! at distance exactly s + 1 from z has
at most six bonds into By, we have >, f(Bs, X!\ By) < 6|X! N A|. A site of U' outside Bj
lies in a block meeting Bj for fewer than 2L, values of s, and therefore 32, A\|[U' N (B, \ By)| <
2L [U' N A| = 24|U" N A|. Hence Y, sl(B;) < 30[X' N A| < 30(A" + A\;1)Ea < (30€/c5)Ea,
using A1+ A\t = Lo/12 4 £/(2¢5) < £/cs. Thus some s has sl(Bs) < £4/4. The bonds
and sites counted in £4 are not counted in f(r). Therefore €4 < f(r + w') — f(r), and

f(r) < f(s) <sU(Bs) < (f(r+w') = f(r)/4.

Theorem 4.23 (Clearing-out; uniform reach). Let J be the least integer with 57 > g((J+1)w’),
and R, = (J + Dw' + 6L.. Every site of X' lies within distance R, of a mark, and R, =
O((€/cs)log(€/cs)), uniformly in M|, A°, C' and D. This proves Theorem 3.21(b).
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Proof. Let dist(x, M) > R,. Then dist(B(j41)u (7),M) > 6L, and applying Lemma 4.22(c)
J times from r = w', together with Lemma 4.22(a), we obtain f(w') < 577 f((J + w') <
5~7g((J +1)w') < 1. Hence no bond of X! has both ends in the box B, (x), which therefore
lies in X! or misses it. In the first case f(w') > Ay|Bw(z)] > 1. Therefore x ¢ X!. The
arithmetic is in Section S1.3.

Proposition 4.24 (Cluster replacement; area per part). Theorem 3.21(a) holds with C’, :=
Cl + 2Csen, C1 i= T+ 27 -24.6/9, and Ciee = CL(2 + 1/(2¢5) + 1/3696).

Proof. By Theorem 4.17(i), S' = (. We compare with the competitor that replaces Yp by the
marks and the forced blocks of P. By Theorem 4.23 the sets Yp cover X'. Marks of distinct
parts are more than 2R, +2 apart, and hence no bond joins P+ to P/« Moreover, a block of
U! is connected and lies in X!. The marks of a set 3QQ are within distance 6L, < 7’ of each other,
and hence those of a forced block lie in one part. The union Up(P) of the forced blocks with
marks in P lies in Yp (by Lemma 4.9, and because a forced block lies within 4L, of its marks)
and has at most 27N (P)/(9L?) blocks, since a mark lies in at most 27 sets 3Q. The competitor
X' := (X'\Yp)UPUUR(P), U := (U'\ Yp)UUr(P) contains the marks, U’ is a union of blocks
containing all forced blocks, and the change is confined to Yp, which no bond joins to the rest of
X!. A bond of S that loses contact with the hole set touches Yp, and therefore the marks of its
two blocks lie within R, +4L. < 7’ of P, hence in P. There are at most Csea N (P) such bonds
(Proposition 4.15), each costing at most 2. Since |0Q|+A\y|Q| < 24.6L2 and A < 1, minimality
gives |0Yp|+ A Y\ U+ Ay |YpNUY| < (64+A)N(P)424.6-27TN (P)/9+2Csea N(P) < CLN(P).
The second inequality follows from |Yp|/¢ < (M)7INYp \ Ul + (A\vf) " A\y|Yp N UL, with
(M)~ <1/3696 and (A\pf)~! = 1/(2¢s).

4.4 Phase 2: release, density bound and cuts

In this subsection we bound the insulation in Phase 2 (Lemma 4.25) and prove the density
bound (R9), the elementary properties of cuts and Proposition 3.19. Each hole site added in
Phase 2 outside the removed cells is hull material, whose removal does not lower the hull func-
tional, and the Phase-1 insulation ins! := 9X! is a fixed budget (Theorem 3.21(a)). Through-
out, R; is the union of the cells removed in Phase 2 before time ¢. A cell A removed in Phase 2
is removed at a hull-closed time ¢, at which w(A) is evaluated. We denote by sa the number
of bonds of E(A) frozen in Phase 2 before ¢, converted ones included, with no end in X!.

Lemma 4.25 (Local insulation; release). (a) Let t be a hull-closed time of Phase 2, N' a boz,
W= (X \ (XEUR)) NN, Insyi(Y) := #{b € E(N') : ezactly one end in Y} + 2#{b €
S;NE(N') : no end in Y}, and cuty: the number of bonds across ON' with inner end in W'
whose outer end lies in Xy or which are frozen. Then

A2 (E(N");t) < Insy/ (XU Ry) + cutyr. (4.4)

(b) Every cell A removed in Phase 2 satisfies w(A) < |ins' N E(A)| + 25 + |0A|, hence
cs|0A| < |ins! N E(A)| + 2sa.

Proof. (a) We put X := X; and V := A°\ X. Since B, = MUU'UR, C X! UR; C X
(Proposition 4.3(a)), W’ misses B; and Insy:(X \ W’) = Insys(X' U Ry), while Insy/(X) =
Ao (E(N');t), since the bonds of S; with no end in X are those of S; (Lemma 4.2). This proves

27



(a) if W = 0. Otherwise Fy*(X\W’) > Fy*(X), because X = H}"(B;). Written bond by bond
as in (4.3), this inequality reads fg\g, (W', V)+A[W'| < f(W", X\W')+3 e 5, between wr,v (Wo—
1)+ pes, powr Wh, With fp g, counting unfrozen bonds. When we pass from Insy/ (X\ W) to
Insy/(X), a bond of E(N') between W’ and X\ W' gives —1, a bond of S; inside W’ gives —2, a
bond between W’ and V gives +1 if unfrozen and —1 if frozen, and the others give 0. Inserting
the inequality, we see that the bonds between W’ and X\ W’ inside N’ cancel, frozen bonds
inside N/ with an end in W’ get the coefficient wj, — 2 < 0, and the bonds counted in cut -
remain, each with coefficient at most 1. Hence Ax(E(N');t) < Insy (XU Ry) + cutyr — A|[W/).
(b) We take N’ := A and t := tan. Since AN R; = () and each bond of S' touches X!
(Theorem 4.17), Insa(X! U Ry) = [0X! N B(A)| + 2#{b € S; N E(A) : no end in X'} <
lins! N E(A)] + 2sa, and cuta < |0A|. The trigger gives the last claim.

Proposition 4.26 (Density bound; proof of (R9)). At every state satisfying (S-rem), in par-
ticular at the output, (R9) holds, and (3 + c5)|0A| < 54(3 + c5)¢2.

Proof. Since a frozen bond is a missing pair of neighbours counted at both ends, the density
count of Section 6 is two-sided, namely the hull’s own count As. If A € B, (S-rem) gives
A2(E(A)) = w(A) < w,. If A C B C X, this count is 0. A bond of 0A N E weighs at
most 2, and |0A| < 54¢2 by (G3). The constant ¢y of the conversion into fine plaquettes is in
Section S1.2.

Phase 2 fills only by removal and freezes by the seal and the cut rule. By (H4), G’ only
shrinks and each bond is frozen at most once. The cut rule fires only at hull-closed states
without auxiliary material, where Theorem 4.16 holds.

Lemma 4.27 (Elementary properties of cuts). Let the firings j = 1,2,... of the cut rule have
times t;, components 8 and sides Uj, 8; \ U;. (a) Every bond of O0qxU joins two different
cells, so it crosses a block face; U is a union of whole interfaces. (b) After the cut j no
G'-bond joins U; to R; \ U;; every later component of G lies in Uj, in R; \ Uj, or outside ;.
The sides of the cuts form a laminar family. (c) |0cUj| > cyL? for every cut. (d) Cut bonds,
alone or with seal bonds, filled blocks and box faces, support no hull material, and block no tube
of another interface. (e) If J(U) > 0, then U contains two interfaces at distance > Rnp.

Proof. (a) A G'-bond with both ends in a block @ lies in G’ N Q(Q), and hence its ends lie
in one cell. Therefore a bond of d¢/U joins cells of different blocks, and all bonds across F’
between a cell of U and a cell outside U lie in dg/U. (b) The cut consists of all G’-bonds
between U; and &; \ Uj, where K; is a component of G’ at time ¢;, and G’ only shrinks (H4).
Consequently, each later component lies in Uj, in &; \ Uj, or outside &;. If j, fires before jp,
the sides of j; lie in £;,, a component at time ¢;,, and hence each of them lies in a side of j,
or misses both. As the two sides of one cut are disjoint, any two sides are disjoint or nested.
(c) By (a) the cut contains a whole interface I, and (S-face) holds at t; (Theorem 4.16(b)).
Thus |0cUj| > good(I) > ¢,L? (Lemma 4.19). (d) Cut bonds are grid bonds with the hull
weight, and they therefore enter Corollary 4.7 and Lemma 4.8 as grid-type terms, as seal bonds
do. A tube crosses no other block plane (G5). (e) If J(U) > 0, then ¢s(dz:U) > 2 for some
s = 2L > Ry, and interfaces in different s-clusters are more than s apart.

Proof of Proposition 3.19. Termination is Proposition 4.3(b). At the terminal state a full pass
changes nothing: the state is hull-closed, which with Lemma 4.2 is (S-hull); no removal cell is
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over threshold, which is (S-rem); no surviving block has auxiliary material (Lemma 4.14(a)),
and hence (S-face) and (S-plug) hold (Theorem 4.16); and the cut rule has no candidate,
which is (S-NF) and contains the form used in Section 7.8. We now assume that the Euclidean
diameter of A° is at most Rxp. Then no pair is fragmented, since the right side of (NF,) is
positive and J(U) > 0 would give two interfaces more than Ryy apart (Lemma 4.27(e)). Since,
moreover, the Phase-1 output is hull-closed, satisfies (S-rem) and has no auxiliary material
(Theorem 4.17), Phase 2 changes nothing in this case.

5 The min-cut lower tail

In this section we show that the frozen set of the construction of Section 3 lowers the min-
cut area of Definition 2.11 by at most npRT, except with probability e 7. The proof has
two ingredients. As A° is acyclic, a minimizer can be taken constant on each piece of the
hole set (Section 5.2), and each part of the marks pays with its own marks for the frozen
plaquettes it attaches (Sections 5.3 to 5.7). The units, 2, A3, 92A°, F(Y), Fs, §, G'(D), X
and S = 57 L Syt are those of Sections 2.5, 3 and 3.4. A coarse face carries at most 7;(2) fine
plaquettes, 7o = 2ro — 1, and Z is a union of coarse faces (the plane of C is a special plane of
&(C)). We write Pp := Ber(0)®43\924°) for the law of D and Ep for its expectation.

5.1 Statement

Theorem 5.1 (Min-cut lower tail). Fiz K > K, and 8 > Bo(K). For every rectangle C' with
min(R,T) > Ry1(B) and every o € (0,1],
Pp(Aqpy(C) < (1 —np)RT) < 215~ R (5.1)
Ep exp(o(RT — Acr(py(C))) < exp(onrRT +4|C| +4),
where
. 30’%?803
nr =g
[log 7|
with " of (5.8) and the constants ¢}, and Cs of Section S1.4. Moreover np = O(75(C} +
Chresp) (1 + 1/c5) /(7 log? K)), sonr — 0 as K — oo, and as  — oo at fited K > K,.

(5.2)

The conditions defining 5y(K) (item (a) of Section S1.1.4) are lower bounds on 7, which
persist for larger 7, while the constants ., C3, Cfee, CL, Cresp are free of g, 7, K, C, D.

5.2 The deterministic side

In this subsection we let (X, .S) be any state with S C F(A°\ X) and compute Ag/(p)(C) with
§ = F(X) U FgUdA°. Then Fsn F(X) = 0.

Lemma 5.2 (Unfrozen area). Every integer 2-chain ¥ in A° with 0¥ = C satisfies #(supp X\
0oA°) > RT. Moreover Acy(py(C) < RT.

Proof. There are RT disjoint closed dual paths that link C, namely nested closed paths of fine
cubes in the planes perpendicular to = through its plaquette rows. They lie inside A° off 95 A°
(Lemma 3.3(e)), and each of them crosses E once (Section S2.3). As A° is acyclic, ¥ — Z is a
boundary. Hence each path meets supp ¥ (intersection number +1) in a plaquette of its own.
Finally Ag/(py(C) < |suppZE| = RT.
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Pieces. A piece partition is a partition ) of the sites of X (pieces need not be connected).
For a site set Y, let 9Y be the set of coarse bonds with exactly one end in Y, int F/(Y') the set
of fine plaquettes whose two fine cubes lie in sites of Y, and 8/Y the set of those with one fine
cube in a site of Y and the other in a site of A°\ Y. Then

FY)=int F(Y)Ud'Y U (F(Y) N 8:A°), 7Y | < 72|oY ). (5.3)

Lemma 5.3 (Constant height on pieces). There is a minimizer S of Definition 2.11 (% = C,
#(supp X\F) = Aq(p)(C)), determined by (X, S), such that for every Y of every piece partition

suppX N F(Y) C 'Y U (supp E Nint F(Y)) U GaA°. (5.4)

Proof. By acyclicity a minimizer is the flat rectangle plus a boundary, and we may change the
boundary freely on hole cubes, where all plaquettes are free. Let X be the first minimizer in a
fixed order and ¥ — E = 0k, k an integer function on the fine cubes of A° (as in Lemma 5.2).
Put k := k on the fine cubes of sites of A°\ X, k := 0 on those of sites of X, and % := Z + 9k.
Then 8% = C, and ¥, ¥ differ only on faces of fine cubes of sites of X, which lie in F (X) C 3.
Hence #(supp X\ §) = A (p)(C). For p € int F(Y') both cubes of p carry k = 0, and therefore
%, = Z,. Together with (5.3), this is (5.4), and ¥ does not involve V.

Lemma 5.4 (C-rooted minimizer). There is a minimizer X°, determined by (X,S) alone,
such that, with supp X° its support in AS\ 02A° and ax, := | supp X°|: supp X° C supp X; every
component of supp X° (plaquettes sharing an edge are adjacent) contains a plaquette incident

to an edge of C; (5.4) holds for ¥° for every piece partition; and ay, > RT.

Proof. In a fixed order, we replace each component of supp & \ 2A° with no plaquette at an
edge of C by a free 2-chain on dA° with the same boundary, which lies on the sphere 0A°
(the plaquettes of supp ¥ at an edge off C'UA° are pairwise adjacent). Then (5.4) passes to
subsets, ay > RT is Lemma 5.2, and 3° is a function of D, as (X, 5) is (Theorem 3.20(R1)).

Proposition 5.5 (Free count with frozen sheets). For a piece partition Y, call Y € ) touched
if suppX° N F(Y) # 0, and b € S touched if supp X2° meets the coarse face dual to b. Then

ax — Acr(py(C) = #(supp £° N F) < Fg[ Z (210Y| + |Y|/€) + #{b € S touched}|. (5.5)
Y touched

So if Agpy(C) < (1-n)RT, n € (0,1], the right side of (5.5) is at least as—(1—n)RT > nRT.

Proof. The identity holds as 9,A° C § and X° is a minimizer, and ay > RT (Lemma 5.4).
Off 92A° the free set is F(X) U Fg. A touched bond of S contributes at most 72. A face of =
carrying a plaquette of int F'(Y') has both its sites in Y. Its coarse column perpendicular to
the plane of C' (disjoint from those of the other faces) therefore either lies in Y, with ng > ¢
sites (Lemma 3.3(c)), or contains a bond of Y. Hence |supp ZENint F(Y)| < 73(|0Y | +|Y]/¢),
and by (5.4), (5.3) a touched Y contributes at most 72(2|0Y| + |Y|/£).
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5.3 The Phase-1 Peierls estimate

In this subsection we work with the Phase-1 output (X!, U!) (no frozen bond), take P, r’ =
2R, + 2 and the pieces Yp, P € P, from Theorem 3.21, and compute F!, A! := A (py(C) and
¥° for (X!, 0). For a plaquette set =, let Z(Z') be the set of sites with a fine cube having a
face in Z'. Then |Z(Z')| < 2|Z/|, as a plaquette is a face of at most two fine cubes. We also
write Z(X°) := Z(supp X°). A part P is touched if Yp is.

Lemma 5.6 (Charge and rooting). #(supp¥° N F') < 723 5 touched (210YR| + [Yp|/0) <
73Ctree Y p touchod N (P), and every touched part satisfies dist(P, Z(X°)) < R..

Proof. The idea is that each part pays for its own free plaquettes out of its own cost. We apply
Proposition 5.5 to V! := {Yp} together with Theorem 3.21(a). A touched plaquette is a face
of a fine cube of a site of Yp. Thus Z(3°) meets Yp C P (Theorem 3.21(b)).

Lemma 5.7 (Marks). Put g, = 3(7o + 1)36Y/2 < 247“851/2. For every finite set W of sites,
W]

PD(W g M) S dm
Proof. A plaquette marks at most two sites, and a site has at most 3(7y + 1)73 < 3(7o + 1)3
plaquettes on its fine cubes. If W C M, a choice for each z € W of such a plaquette in D takes
at least |IW|/2 distinct values, and there are at most (3(7 + 1)%)"!I choices.

Lemma 5.8 (Animals). In a graph of mazimal degree Dyax, the number of connected vertex
sets of size n containing a given vertex is at most (€ Dyax)" . The number of plaquette sets
=/

' C A§ with |Z/| = a each of whose components (for edge adjacency) contains a plaquette
incident to an edge of C' is at most 241€1(2k,))?, with Ky = 12e.

Proof. By [GKO04, Lemma 2.1 and the sentence after it, p. 141] the first number is at most
(7?_”1) /n < (eD)" 1, D := Dyay. For the second, we choose the first plaquette at an edge of C
of each component, the sizes and the components. There are 24€! choices for the first plaquettes
and 2¢ for the sizes, and the components are counted by the first count with Dy, = 12. The

details are in Section S2.3.
Put &, := 8¢ (2R, + 1)3(2r" + 1)3g.

Proposition 5.9 (Peierls bound for parts). Assume e, < % For every finite set Z of sites
and every ug > 0, IP’D(ZPQ;: dist(P,Z)<R. N(P) > uo) < 2lZl+1guo,

Proof. Since the partition is random, we take the union bound over all candidate families of
mark sets, not over the partition, and we use only that parts are pairwise disjoint subsets of
M, r’-connected by definition (the graph on P joining sites at distance at most 7’ is connected,
see Theorem 3.21). Thus the event lies in the union, over u > ug and all families (P, ..., Py)
of pairwise disjoint ’-connected site sets with dist(P;, Z) < R, and >, |P;| = u, of the deter-
ministic events {P; U---U P,, C M}, each of probability at most ¢* (Lemma 5.7). A family
is fixed by the multiset of roots z; € Z within R, of P;, the sizes, marks y; € P; within R,
of z;, and the sets P; 3 y;, connected in a graph of degree less than (2 + 1)3 (Lemma 5.8).
There are 2!4/7™ values for the multiset of roots, 2 for the sizes and (2R, 4 1)? for each mark.
Summing over m < u, we bound the probability by 2/Z! Zu>u0 el < 2|Z|+1530.
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Lemma 5.10 (Surface sum). Let k > 1 and j € {1,2,3} be integers, cr(k) := 1 +log(28+ k)
and cr == cr(2) = 2 +1og96, n € (0,1], € € (0, %}, F, > 1, and E an event with E C
U= E=/, the union over the plaquette sets Z' of Lemma 5.8 with |='| > RT, where Pp(E=) <
QkIE 1 +i (== BED)/F  [f plloge|/Fy > ep(k), then Pp(E) < 24C1HI+2e=RT " 4nd every X

with 0 < X < RT and X < nRT off E satisfies Epe® < e?MRTHAUCIH for every o € (0,1].

Proof. With \ := log(2"*1k,) and w := |log¢|/F, Lemma 5.8 bounds Pp(E) by 24¢17 times
a geometric series in ¢ > RT of ratio e~ (W= < e ! and nw > 1+ A. The moment bound
follows from 0 < X < RT (Section S2.3).

Proposition 5.11 (Phase-1 output). Assume . < % and n(Tl) := c773Cheo/|logee| < 1. Then
for every rectangle C with min(R,T) > R1(B) and every o € (0,1], the two bounds of (5.1)
hold with A*, ngpl) and 24C1H3 in place of Acrpy(C), nr and 24CI+5,

Proof. We argue as in the proof of Theorem 5.1, without block families. On E := {A! <
(1— ng}))RT}, Proposition 5.5 with V! and Lemma 5.6 give Y. N(P) > uo(|Z']) := (|Z'| —
(1— né}))RT)/(fngrec) over the parts within R, of Z(Z'), where E' := supp X° is a function
of D (Lemma 5.4). Proposition 5.9 bounds the probability of this event for each deterministic
= by 221+ 0= D Finally, Lemma 5.10 with k = 2, j = 1, ¢ = e, F\, = 72Cheo and
X := RT — A € [0, RT] (Lemma 5.2) gives both bounds.

Lemma 5.12 (Threshold K,). For K > K, = 377.38 there is a (-independent yp(K) > 0
with

cs(K)
1 c>(
logeel 2 7( =57

- 14.9662) — O(logT +logrg) > yr(K) T — O(log T + logrg),  (5.6)

and (5.6) holds with " of (5.8) in place of e.

Proof. One mark costs §2/2 = =7 (K)/2K) and the root and part entropies of Proposition 5.9
cost eblog xt0(logro) < 14.96627+0(log7+logro) - gince 6rucy(0) < 14.9662. For the second
inequality we use the lower bound on ¢s5(K) of Lemma 2.6, not its asymptotic form, and take
yr(K) = (¢’ (K) — 1/(4a4))/(2K) — 14.9662, which vanishes at K = 377.3635 (Section S1.4).

5.4 Phase 2: separators and leaves

In Sections 5.4 to 5.6 we bound the Phase-2 cut bonds by the insulation around them. As a
bond can lie next to many cuts, the key is the Leaf Lemma: at one place and scale, n cuts
have n + 1 disjoint sides, each crossing an annulus with its own insulation.

Setting. The cuts j, their times ¢;, components &; and sides U; are those of Section 4.4.
We put Uj := &; \ Uj, cut; := 6G2j Uj and A; := |cut;|. At a cut time the state is hull-closed
without auxiliary material, so (S-face) and (S-plug) hold (Theorem 4.16) and each cell at time
t; lies in one block and has at least c1 L2 sites (Theorem 4.20). A c-path is a sequence of sites,
consecutive ones joined by a G’-bond or lying in a common cell (a step moves less than 2L,
in each coordinate). The box graph is A° with all coarse nearest-neighbour bonds (holes and
frozen bonds ignored), with box-components and box paths, and 9(Y, W) denotes the set of
box bonds from Y to W. Bonds are square-adjacent if they are edges of a common unit square.
The distance of two bonds is the least £°° distance of their ends, and a family of bond sets is
kp-linked if the graph joining members with bonds at distance at most kp is connected.
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Definition 5.13 (Separators). Fix a cut j and write U = Uj, U’ := Uj. Let U® be the
box-components of U, and W(«a) the set of box-components W of A°\ U* with W NU’ # 0.
Put &5 := U, Uwew(a) (U, W), and call each 9(U*, W) a piece of &7. Define &;* and its
pieces in the same way with U and U’ exchanged, and put &; := CHIUAC

Lemma 5.14 (Separators). For every cut j: (a) every bond of &} joins a site of U to a site
outside U and is a cut bond of j or insulating at time t; (a bond of 0Xy; or of Sy;); the same
holds for &3 with U'; (b) every piece is square-connected; (c) every piece contains a cut bond
of j; distinct pieces of &} are disjoint, so &; has at most Aj pieces, and the same holds for
&3 (d) every cut bond of j lies in a piece of &} and in a piece of &}*; (e) every box path
from U to U’ contains a bond of S’ and a bond of &5*; (f) the pieces of &; are kp-linked.

Proof. The separators are box-graph objects, and we use Timar’s lemma only in the box graph
(in the slit graph its conclusion fails), whereas the slit graph enters only through (a) and the
paths of (f). Items (a), (c) to (e) are elementary (Section S2.3).

(b) The set II := 9(U*, W) is a minimal set of box bonds separating a site y € U* from
a site x € W. It separates, because each box neighbour of W outside W lies in U“. It is
minimal, because for e = (u,v) € II, u € U%, v € W, a box path inside U* from y to u, then
e, then a box path inside W from v to x, meets Il only in e. The unit squares generate the
cycle space of the box graph over Zo, since the cubical complex of a box is contractible. By
[Tim13, Lemma 1], for a minimal separating edge set IT and a generating set C of the cycle
space, each partition (II, Ilz) of IT admits a cycle of C meeting both II; and Ily. Taking for C
the unit squares, we obtain the square-connectedness of II.

(f) A cell is Q = Q N R with & a component of Gy, N Q(Q). In particular, two sites of

one cell are joined by a G'-path inside Q(Q), a box of sides less than kp (G4), lying in K; if
the cell does. Bonds with all ends in Q(Q) are at distance at most kp — 1. A Gftj—path in &
enters or leaves U® only through cut bonds, and such a bond with outer end v lies in the piece
o(U, W), where W > v is a box-component of A°\ U®. Here v € &; \ U = U’, as a site of U
box-adjacent to U lies in U“.

Same «, different W. A G’-bond inside U’ joins box-adjacent sites outside U® and therefore
stays in one box-component of A°\ U®. For Wy # Wy in W(«) we take a c-path in U’ from
WiNU’ to WonU' (U' is c-connected). Along it the box-component of A°\ U® changes only at
same-cell steps, between two sites of a cell ¥ C U’ lying in components W # W. The G/-path
inside Q joining them is a box path from W to W and hence meets U?. Its first entry crosses
a cut bond of A(U*, W) and its last exit one of (U*, W), since before the entry (after the
exit) the path stays in W (in ). As both bonds lie in Q, these two pieces contain bonds at
distance at most kp. Following the c-path, we conclude that all pieces J(U*, W), W € W(«),
are linked.

Different ae. A G’-bond inside U stays in one U®. Thus, along a c-path in U, the box-
component changes only at same-cell steps between sites of a cell 2 C U lying in U # U“2.
The G’-path inside Q joining them leaves U%! and enters U%? through cut bonds of pieces of
a1 and of ag, both in Q Each « has a piece, since the box-component of A°\ U® containing
a site of U’ lies in W(a). Combining this with the first case, we find that all pieces of & are
linked. The same holds for the pieces of &}* (U and U’ exchanged), and by (d) a cut bond
lies in a piece of each. Hence all pieces of &; are linked.

For a site x and r > 0, Boo(x,r) is the set of bonds with both ends within /> distance r
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of z. Put ¢y, := ¢1/216, and let sideni, be the least coarse side of A°.

Lemma 5.15 (Admissible cuts). For a site x and 27L. < p < sidemin/24, a cut j is admissible
at (x,p) if (i) a cut bond of j has both ends within distance p/2 + 2 of x; (ii) U; and U} (at
time tj) each contain a site farther than 9p from x; (i) |cut; N Boo(x,9p)| < cshpLe/2. If j is
admissible at (x, p), then Boo(z,9p) contains at least csppLe bonds of each of &5 and &5*.

Proof. Both sides of the cut cross about p/(9L.) disjoint shells around z, and in each shell
the separator, which contains all box bonds between the sides it separates (Lemma 5.14(e)), is
large by a box Cheeger inequality. In a box B = [n1] x [ng] x [n3] C Z? (shell boxes need not be
cubes), with n := max; n;, each A C B with |A| < |B|/2 has at least |A|/(2n) bonds to B\ A.
To see this, we route all ordered pairs along coordinate-ordered paths. At most n|B| of them
use a given bond, and at least |A||B|/2 join A to B\ A. The shell bozes form a tensor-product
partition of A° with sides in [6L.,12L.), and the shell Sh; is the union of the boxes at index
distance 3i, 3i + 1 or 3¢+ 2 from the box of . A c-path moves less than 2L, per step and cells
lie in one block. It follows that each of the at least p/(9L.) disjoint, face-connected shells Sh;
with p/(36L.)+1 < i < p/(4L.) —1 lies within 9p of = and contains a whole cell of U; and one
of U J’-, by (i) and (ii). In each shell, the Cheeger inequality in one shell box or in the union of
two adjacent ones gives (c1/24)L? bonds of G} and as many of &;*. Summing over the shells,
we obtain (p/(9L.))(c1/24)L? = cqupL. bonds of each. The full argument is in Section S2.3.

Lemma 5.16 (Leaf Lemma). Let jq,...,j, be distinct cuts admissible at (x,p). Let I be the
set of bonds b € Bs(x,9p) such that for some i, b € &;,, b is not a cut bond of j;, and b is
insulating at time t;,. Then |I| > (n+ 1) csnpLe/4.

Proof. The 2n sides Uj;,, U ]’1 (at the respective times) are pairwise disjoint or nested
(Lemma 4.27(b)) and distinct, since the component of a later cut lies in one side of an earlier
cut or outside its component. Hence the minimal sides, the leaves, are pairwise disjoint. We
show that there are at least n + 1 of them by adding the cuts in firing order. When a cut j
is added, its two sides are leaves, since an earlier side contains £; or is disjoint from it. An
earlier leaf stops being one only if it contains £;, while the earlier sides containing £; form a
chain, with at most one minimal element. Thus each cut adds two leaves and removes at most
one. For a leaf L = Uj (resp. U;), Lemma 5.15 gives at least csnpLe bonds of &7 (resp. &%)
in Boo(x,9p), at most csppLe/2 of them are cut bonds of j (Lemma 5.15(iii)), and the others
are insulating at ¢; and have an end in L (Lemma 5.14(a)), so they lie in I. Since a bond has
two ends and the leaves are disjoint, a bond of I is counted for at most two leaves.

5.5 Phase 2: charges and domination

A cut fires only on a fragmented split, whose scale cost exceeds its area. We spread the area
over thin clusters and charge each to its own insulation (Leaf Lemma), which gives the doubly
exponentially small rate ep.

Scales. For the scales s = 2/L > Rnp of Definition 3.18 (lattice lengths) put p(s) :=
s/(1287y) (coarse units). Points of two sites at coarse distance d are at lattice Euclidean
distance at most v/37y(d 4+ 1). Consequently, (U1) two cut bonds whose ends are pairwise
within coarse distance d lie in one s-cluster if v/379(d+1) < s, and (U2) cut bonds of different
s-clusters have all their ends at coarse distance greater than s/(v/37) — 1 > 73p(s) — 1. The
charge boxes at scale s partition the coarse lattice into cubes @ of side [p(s)] with centres zg.
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Thin clusters, good scales. Fix a cut j and a scale s. An s-cluster c of cut; is thin if it
contains a bond with an end z. such that |¢N Bso (2, 10p(s))| < cshp(s)Le/2, and fat otherwise.
For a thin cluster we fix such a bond and end z.. The scale s is good for j if ps > 2 and at
least half of the s-clusters are thin. Let ¢! be the number of thin s-clusters.

Lemma 5.17 (Charges). Assume RNp > max(3456f0LC, 2048?0Lc/(csh0NFFunit)). For every
cut j: (a) J} =300 gooa(ps — 1) = J(U))/2; (b) with q;(s,¢) :== Aj(ps — 1)/ (Tjo™™) (s good,
¢ a thin s-cluster), 3 ¢ yo0a 2o thin 3i(8:¢) = A; and g;(s,c) < 4L2/(OxpFunit); (c) for good
s and thin c, with Q@ > x. the charge boz, j is admissible at (zq,p(s)) and xo ¢ Q for every
other thin s-cluster .

Proof. (a) A fat cluster has more than cs,pL./2 bonds, p = p(s), and clusters are dis-
joint subsets of cut;. Consequently, at a scale with ¢, > 2 that is not good, ¢ — 1 <
201 < 4A;/(cqupLe) = 5127 A;/(csnsLe). Summing over dyadic s > Ry gives less than
102479 A; /(csn RnrLe) < J(U;)/2, by the assumption on Ryr and J(U;) > Onp FunitA; /L2 (the
split is fragmented).

(b) >=.qj(s,c) = Aj(ps — 1)/J;, and these sum to A; over good s. At a good scale
s — 1 < g < 200 50 g;(s,¢) < 24;/J; < 4A;/J(U;j) < 4L2 ) (OxF Funit)-

(c) Take for zg a central site of @, so that |z, — 2glec < p/2+1, p = p(s). (i) The chosen
bond of ¢ has both ends within p/2+42 of z¢. (ii) Since ¢s > 2, there is a cut bond in another
s-cluster, with one end in U; and one in U;. By (U2) its ends are farther than 9p from zq.
(iii) Boo(7@,9p) C Boo(e, 10p), and by (U1) all cut bonds of j in By (x,, 10p) lie in ¢, which
is thin. If z.,z» € @, the two chosen bonds lie in one cluster by (Ul). The numerical checks
and the range 27L. < p < sideyin/24 of Lemma 5.15 are in Section S1.4.

Classes. For a bond set Y, ®B(Y) is the set of blocks containing an end of a bond of Y. The
classes J are the connected components of the graph on cuts with j ~ j"if B(&;)NB(S;/) # 0.
We put X(J) = Ujes 6j, B(T) = B(X(J)) and A(T) := 3 _;c7 Aj. Let Scur be the set of
all bonds frozen by the cut rule and Sf) the set of bonds frozen by seal steps in Phase 2, and
put ins' := 9X'. The payable bonds form Bpay = ins' U Seyt U Sf) U 0Xfinal U U OA, the last
union over the cells removed in Phase 2. We denote by m, the number of marks of a block
q, and by h(B) the number of sites in the blocks of B that are hull material at some time of

Phase 2. As a bond is frozen at most once (Proposition 4.3), each cut bond belongs to exactly
one cut.

Lemma 5.18 (Classes). (a) Distinct classes have disjoint X’s and disjoint B’s. (b) The cut
bonds of every j € J lie in X(J), and every cut bond lying in X(J) belongs to a cut of J; so
|X(T)NScut| = A(T). (c) B(T) is a union of at most 2A(J) sets, each *-connected in the block
lattice (26-adjacency), which are linked at block distance at most ky, := [kp/L.| +2. (d) Every
bond of X(J)\ Bpay 18, at some time of Phase 2, a hole face of a site y ¢ X' that is hull material
at that time and lies in a block of B(J). So [X(T) \ Bpay| < 6 h(B(J)) < 12Lc Y cq(7) My-

Proof. (a) A common bond or block relates two cuts. (b) The first claim is Lemma 5.14(d). For
the second, a cut bond of j” in &; lies in &1, so j” ~ j. (c) The set &; has at most 24; pieces
(Lemma 5.14(c)), which are square-connected, hence with %-connected blocks, and kp-linked
(Lemma 5.14(b), (f)). Bonds at distance < kp have blocks at block distance < kp/L.+1 < ky,
and related cuts share a block.
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(d) Let b € &; \ Bpay, j € J. Cut bonds and bonds frozen at t; lie in Sey; U S\> € Bpay
(the bonds frozen in Phase 1 are converted, Theorem 4.17). It follows by Lemma 5.14(a) that
b= (y,u) is a hole face at t;, with y € X, and u € &; C ng. If y € X!, then b € 9X! = ins’,
as u € G;J, C G%, (G only shrinks). If y lies in a cell A removed in Phase 2 before ¢;, then
be dA, asu ¢ A CXy,. Otherwise y ¢ X'u Ry, D MU Ulu R;; = By; (Phase 2 fills only by
removal, and R; is as in Section 4.4), so y is hull material at ¢;, also if it lies in a cell removed
after ¢;. Its block contains an end of b and hence lies in B(J). A site carries six bonds. For
the last bound, let ¢ € U! be a block. If its removal cell is never removed, the hull material
(Xi\ By)Ng = (XyNg) \M only grows in t. If the cell is removed at time ¢, all hull material of
q before ta is hull material just before A (removal cells are unions of blocks, Lemma 3.3(c)).
Corollary 4.7 at the final time, or just before the removal, gives fewer than 2L.m, sites per
block.

The hole faces of (d) whose other end is absorbed later (transient faces) can number L.
times the local sources. We absorb them into ep and attach them to the contour only through
blocks.

Proposition 5.19 (Domination). For every set J of cuts, A(J) < ep|X(J)| with ep :=
3.2768 - 107F0LC/(cSh0NFFunitRNF), and if J is a class and ep < %,

A(T) < 2p (yae(j) M Bpay \ Seue| + 12Lc Y mq>. (5.7)
q€B(T)

Proof. We assign the charge ¢;(s, c) of Lemma 5.17 to the pair (@, s) with @ > z.. Fix (Q, s)
and let ji,...,7, be the cuts of J with a charge at (@, s). Each has exactly one, of size
less than 4L2/(ONpFunit), and is admissible at (zg,p(s)) (Lemma 5.17(b), (c)). The Leaf
Lemma gives Ig C Boo(zg,90(s)) N X(J) with |Ig| > (n + 1)csnp(s)Le/4. Hence the charge
at (Q,s) is at most 4nL2/(OnpFunit) < 16L:|X(J) N Boo(xq,90(8))|/(csnONF Funitp(s))-
A bond lies in Bs(zg,90(s)) for at most 203 charge boxes @ of one scale, and
Ys1/p(s) < 256rg/Rnp over dyadic s > Ryp. Summing over (Q,s), we obtain
A(j) < 203 - 16 - 256770Lc|:£(u7)|/(Csh9NFFunitRNF) = €D‘}:(j)‘ For (5.7), .'f(j) is the
disjoint union of X N Scut, X N Bpay \ Scut and X\ Bpay. The first has A(J) elements and the
last is bounded by Lemma 5.18(b), (d). Thus A < ep(A + R) with R the bracket of (5.7),
and A <epR/(1 —ep) <2pR.

5.6 Phase 2: responses

A cut changes G’ only on its own bonds, which cross block faces and carry the hull weight
2 — M. The hull, the removal and the seal therefore respond to it as to marks, and we pay for
the responses locally with the marks, the cut bonds and the bonds of ins! = 9X'. Each frozen
bond is a grid bond and supports no hull material (Corollary 4.7). Hence a response creates
no new source, so paying for the responses involves no recursion. Let m(Z) be the number of
marks in Z, and let neyt(Z) and ngea1(Z) be the numbers of cut bonds and of bonds frozen by
seal steps in Phase 2 (converted ones included) with both ends in Z. For a removal cell Ay,
N(Ap) is the set of the at most 27 removal cells within index distance 1 of Ay, with union
U(Ayp), and Na(Ap) is the set of the at most 125 removal cells within index distance 2 of Ay,
with union Us(Ay).
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Response units. These are (1) the bonds of S§2), (2) the bonds of 0Xgya \ ins! (hole faces
created in Phase 2 and present at the end), and (3) the pairs (A, b) with A a cell removed in
Phase 2 and b € OA. A unit is located at its bond, and units(Z) denotes the number of units
with an end in Z. We assign each unit to the removal cell of the first of its ends in a fixed
order. Transient hole faces are not units. Each bond of Bpay \ Scut lies in ins' or is the bond
of a unit.

Lemma 5.20 (Units). For every removal cell Ag, units(Ag) < C,m(U2(Ag)) +
Cpneut (U2(Dg)) + Ce linst N E(Ux(A))|, with C, := 4362 + 5808/cs, Cp = 2 + 4/c,
and Ce:=1+42/cs.

Proof. We bound the units near Ay by the seal count or by comparison with the Phase-1 output
(Lemma 4.25). Write U := U(Ag), m := m(Uz(Ag)), n := new(U) and i := |ins' N E(U).
A seal bond with an end in a block ¢ lies on one of the six faces of ¢, and the face shared
with ¢ carries at most 121(mgq + my ) of them (Proposition 4.15). Summing over the blocks
of Ay, resp. of U, we find that at most 1452 m units of type (1) have an end in Ay and that
Ngeal(U) < 1452m. A unit (A, b) with an end in Ag has A € N(Ayp), and by Lemma 4.25(b)
the units of type (3) of the cells of N'(Ag) number less than ug := c; (i + 2ngea(U) +2n). We
turn to the units of type (2). For 1 <r < L. the boxes N, := {z : dist(x, Ag) < r} liein U and
have disjoint outer layers. A final hole face with an end in Ag lies in E(N;) and has exactly one
end in X, so it is counted in Az(E(N,); 00), which (4.4) bounds by Insy, (X! U Ry) + cuty, .
A bond of E(N,) with exactly one end in X! U Ry, is a bond of ins' or the bond of a unit
of type (3) of a cell of N'(Ag), and a bond of So, N E(N,) with no end in X! was frozen in
Phase 2. Hence Insy, (X! U Ryo) < i+ ug + 2ngea1(U) + 2n. The sites counted in cuty, are hull
material in the outer layer of N,., each with at most three bonds leaving N,, and the blocks of
U hold fewer than 2L.m sites of hull material (Corollary 4.7). Consequently, cuty, < 6m for
some 7. Adding these bounds, we obtain units(Ag) < 1452m + 2ugz + @ + 2ngea1(U) + 21 + 6m,
which gives the claim (Section S1.4).

Lemma 5.21 (Charging map). There are weights w(u,z) > 0, for u a response unit and z a
source (a mark, a cut bond or a bond of ins'), with w(u,z) = 0 if dist(u, z) > Ryesp := 10£
and ), w(u,z) > 1 for every u, such that every mark receives ), w(u,z) < 125C,, every cut
bond at most 125Cy, and every bond of ins' at most 125C..

Proof. Since Lemma 5.20 bounds the units of a cell by the sources around it, we spread each
unit over those sources. For a unit u assigned to Ag put w(u, z) := ¢, /D(Ag) for the sources
z of Uz(Ay), that is, the marks in Us(Ap), the cut bonds and the bonds of ins in E(Uz(Ap)).
Here ¢, = C,, Cy, or C, according to the kind of z, and D(Ap) is the right side of Lemma 5.20.
Then ), w(u,z) = 1, and D(Ap) > units(Ag) > 0 if a unit is assigned to Ag. A source lies
in Uz(A) for at most 125 cells A and therefore receives at most 125¢,. A unit assigned to Ag
has an end in Ay, a source of Us(Ayp) lies in a cell at index distance at most 2, and cells have
sides less than 3¢. Hence dist(u,z) < 90+ 1 < Ryesp.

Put Cresp := 375C, +125C,C", (fixed before K, see Section S1.4). A part P owns the bonds
of 9Yp, at most C.N(P) bonds of ins* (Theorem 3.21(a)). The marks and the ins' bonds of
P therefore receive at most (125C, + 125C.C’)N(P) < CrespN(P), and a cut bond receives at
most 125C, < Chegp.
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5.7 Counting and the proof of Theorem 5.1

In this subsection (X,.S) is the Phase-2 output, with § and the minimizer 3¥° of Lemma 5.4
computed for it, and we write Z’' := supp X° and a := ay, = |Z'| > RT. Put R’ := R, + 2Ryesp
and

e :=8e(2R + 4L, + 1)3 (20 +1)3 gpn. (5.8)

The hole set only grows (Proposition 4.3). Hence X! C X.

Pieces. The sets Yp, P € P (Theorem 3.21(a)), the sets YA := A\ X! for the cells A
removed in Phase 2 (a removed cell lies in X), and the sets Ya/ := (X\ X!})N A’ for the removal
cells A’ not removed in Phase 2 partition X. A piece is touched if =’ meets its F(-), and a
part P is touched if Yp is. The cell of a touched YA or Yas is a touched cell. Let uiouen be
the number of response units that have an end in a touched cell or are of type (1) with a
coarse face containing a plaquette of =’ (each unit counted once), c¢iouen the number of bonds
of SN Seye whose coarse face contains a plaquette of =/, and i4ouen the number of bonds of ins'

with an end in a touched cell.

Proposition 5.22 (Phase-2 free count). #(Z'NF) < 73 [Chree > p touched N (P) + 20(Utouch +
Crouch + Gtouch) + (26Lc/0) 3" A7 touched m(A’)] , the last sum over the touched cells A’.

Proof. Roughly speaking, the removal cells cut Phase-2 hole material into pieces of diameter
less than 94, bounded by Phase-1 insulation or response units, whose volume enters divided
by ¢. We apply Proposition 5.5 to these pieces. A touched part costs at most CheeN(P)
(Lemma 5.6). A touched Ya costs 2|0YA| + |Ya|/¥, with |Ya|/¢ < 2702 < 4.5|0A]. A bond of
OYa either lies in A, in which case it is the bond of a unit (A, b) of type (3), or joins X! N A
to A\ X!, in which case it is a bond of ins! with both ends in A.

A touched Y := Yas costs 2|0Y| + |Y|/¢. A bond (y,v) of Y, y € Y, is of one of four
types: (a) v € G’: a final hole face with no end in X!, the bond of a unit of type (2); (b)
v € X!, so the bond lies in ins'; (c) v lies in a cell A removed in Phase 2, so (A, (y,v)) is a
unit of type (3); (d) v € (X\ X!)NA” for another cell A” not removed in Phase 2. For a bond
of type (d), we walk from y along its coordinate line into A’. If the walk leaves Y inside A’, it
leaves through a bond from Y to A’\'Y C G'UX!, of type (a) or (b) with both ends in A’, and
distinct walks end at distinct bonds. Otherwise the walk crosses A’ inside Y, through at least
¢ sites, and we charge 1/ to each of them. Since a site lies on three lines, each with at most
two type-(d) bonds at its ends, it receives at most 6/¢. Hence |0Y| is at most the number of
bonds of types (a) to (¢) with an end in Y, plus those of types (a), (b) inside A’, plus 6]Y|/¢.
Moreover, |Y| < 2L:m(A’) by Corollary 4.7 at the final time, as Y is hull material (Phase 2
fills only by removal).

Since the Phase-1 output has no frozen bond, a touched bond of S lies in Sf) or in SNSeyut.
In the first case it is a unit of type (1), counted in wutoyen, and in the second it is counted in
Ctouch. Each unit or bond of ins' charged above has an end in the touched cell charging it, so
it is counted in Ugoych OT Ztouch, With coefficients adding up to at most 20 (Section S1.4).

The attached family. Let T be the set of classes with a cut bond counted in cioucn, and
F the smallest set of classes containing 7 with the closure property: if w(u,z) > 0 for a cut
bond z of a class J’, where (i) u is a unit counted in utoych, or (ii) the bond of the unit u lies
in X(J) for some J € F, then J' € F. Put Br :=||;cB(J) and Ar := 3 ;.7 A(T). Let
Zr be the set of sites of the blocks of %;l (the blocks at block distance at most 1 from B x)
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and Q. the set of parts P with dist(P, Z(Z') U Zx) < R, and put Ng := ZPGQM: N(P).
Consider the condition

8¢p(1 4 8Le)(CL 4 3Chesp + 6)(48Chesp +2) < 1, (5.9)

which holds for 5 > py(K), as ep is doubly exponentially small. We assume it in Lemma 5.23
and Proposition 5.24.

Lemma 5.23 (Attached family). (a) the units counted in uiouen and the units whose bond
lies in |Jr X(J) number together at most 2Cresp(No + Ar); (b)) Ar < 8ep(1 + 8L.)(CL +
3Cresp + 6) No < NQ/(480resp +2); (¢) ctouch < AF, itouch < CiNQ and |Br| < CyNg (Cy
of Section S1.4); (d) Br has m < 2Axr x-components.

Proof. (a) A unit of the first family has an end within 3¢ of Z(Z'), since a touched cell meets
Z(Z') and has sides less than 3¢, and since a unit of type (1) whose face meets =’ has both
ends in Z(Z'). A unit of the second family has an end in Zr. Thus a source z with @(u, z) > 0
lies within Ryesp + 3¢+ 1 of Z(Z2') U Zx (Lemma 5.21). If such a source is a mark, it is a mark
of a part of Qa. If it is a cut bond, it belongs to a class of F (closure property), and there
are at most Az of these (Lemma 5.18(b)). If it is a bond of ins! = | |, OYp, its owner P has
a site of Yp C P18+ within Riesp + 30+ 2 of Z(Z') U Zr and so lies in Qute. As each unit
has total weight at least 1, the loads after Lemma 5.21 imply that each family has at most
CrespNo + 125C,Ax < Cresp(Ng + Ar) elements.

(b) We sum (5.7) over J € F. The bonds of X(J) N Bpay \ Seut are bonds of ins or of
units. A bond of ins! lies in 0Yp for one part P, which has an end of it in Yp C PT% so
P lies within R, + 1 of Zr and belongs to Q. A part owns at most C}, N(P) such bonds
(Theorem 3.21(a)). The units are bounded by (a), and the marks in blocks of Br belong to
parts of Q.. Therefore

Ar <2ep [CLNQ + QCresp(NQ +Ar) + 12LCNQ].

The coefficient of Ax on the right is 4epCresp < % by (5.9). Hence Ar < 4ep(C + 2Cresp +
12L.)Ng, which gives the first inequality. The second inequality is (5.9).

(c) A touched cut bond belongs to a cut of a class in 7 (Lemma 5.18(b)). Thus ciouen < Ar.
A bond counted in iyyen has an end within 3¢ of Z(Z'), so its owner lies within R, +3(+1 < R’/
of Z(Z'), in Qatt, and igouch < CLNg (Theorem 3.21(a)). For |B x|, we charge each block of
B(J) to a bond of X(J) with an end in it if that bond lies in Bpay (at most two blocks per
bond). Otherwise (Lemma 5.18(d)) the block is that of a site y of hull material or one of its
six face neighbours, and it is charged to the first mark of the block of y (Corollary 4.7), with
at most seven blocks per mark. Counting as in (a) and (b) gives |Bx| < CyNg (Section S1.4).

(d) By Lemma 5.18(c), B(J) is a union of at most 2A(J) *-connected sets.

Proposition 5.24 (Contour inequality). #(Z' N F) < 73C3Ng, |Br| < CgNg and m <
M, Ng, with Cs3, Cy free of 5, 7, K, C, D and My, = O(epL:Cresp) (Section S1.4).

Proof. We insert Lemma 5.23 into Proposition 5.22. Touched parts lie in Q,¢t (Lemma 5.6). By
Lemma 5.23(c) and the proof of (a), %touch +Ctouch +itouch < (Cresp+C)No+(Cresp+1)Ax. The
marks of the touched cells belong to parts of Qatt, so Y m(A’) < Ng, and 26L./¢ < 26/308.
Finally, Ar < Ngo/(48Chesp + 2) (Lemma 5.23(b)). This gives the first bound (Section S1.4),
and the others are Lemma 5.23(c), (b), (d).

39



Lemma 5.25 (Counting parts). Assume ” < 1. For a fized set Z of sites, a fized set B’ of
blOCkS and uo > 07 PD(ZPEP diSt(P,ZUU‘B/)SR, N(P) Z UO) S 2‘Z‘+|%/|+1(€//)’U40

Proof. The argument is that of Proposition 5.9, with roots in Z U %’ (at most 21Z1+%'1+m
multisets) and the mark y; within R’ of its root ((2R’ + 4L, + 1)3 choices, as block sides are
less than 2L.).

Anchored block sets. Put dy := [R'/L.| + 2. The block distance is the £>° distance of block

indices, and ¢(z) is the block of a site z. Since block sides are at least L., sites at distance r
lie in blocks at block distance at most /L. + 1. A block set B’ is anchored to a plaquette set
=’ if the graph on {0} U {*-components of B’}, in which o is joined to a component C' when
C has a block within block distance dy of ¢(z) for some = € Z(Z'), and two components are

joined when they have blocks within block distance dg, is connected.

Lemma 5.26 (Counting block families). (a) Bz is anchored to ' = supp X°. (b) For every
plaquette set = with |Z'| = a, the number of block sets anchored to Z' with b blocks and m
x-components is at most 229T20T™ (24, 4 1)3™(26¢)°.

Proof. (a) We build F by the closure. Put Fy := T, and let Fiy; be F; with the classes forced
by Fi. A class of T has a touched cut bond, whose ends lie in Z(Z’) and whose blocks lie in
its B. A class J' € Fip1 \ Ft has a cut bond z with w(u, z) > 0, hence dist(u, z) < Ryesp,
for a unit u of type (i) or (ii) relative to F;. In case (i), v has an end within 3¢ of Z(Z'), so
the block of an end of z is within block distance (Ryesp +3¢+1)/Lc. + 1 < dy of ¢(x) for some
x € Z(Z'). In case (ii), the block of an end of z is within block distance (Ryesp+1)/Le+2 < dp
of B(J), J € Fi, as u has an end in a block of B(J). In both cases this block lies in B(J’),
as z € X(J'), and B(J’) is a union of x-connected sets linked at block distance k, < dy
(Lemma 5.18(c)), each lying in one component of Br. By induction on ¢, each component
meeting B(J), J € F, is connected to o, and each component of B r meets some B(J).

(b) Along a breadth-first spanning tree from o (fixed orders), the block set is fixed by the
following data:

e the component sizes, with 2° choices;

e the anchors of the children of o in Z(Z’), where |Z(Z')| < 2a, and of each component
among its blocks, with 22¢t0+™ choices in all;

e the root positions relative to the anchors, with (2dy + 1)>™ choices;

e the components, for which Lemma 5.8 with Dy = 26 gives (26e)” choices (see Sec-
tion S2.3).

Proof of Theorem 5.1. The conditions of item (a) of Section S1.1.4 include (5.9) and

2% . 26e - (¢")1/B0%) < 2(2dy + 1)3(") 1/ 3Mm) < 1. (5.10)

1
2
On E := {Agp)(C) < (1 —=nr)RT}, as a = Ag(py(C) +#(Z'NF), Proposition 5.24 gives
Ng > Y(ui(a) + b/Cop + m/M,y,) with b:= |B x| and u1( ):=(a— (1 —nr)RT)/(F3C3).
Reduction to deterministic pairs. The minimizer 3° and the block family 28 are functions
of D, defined through fixed orders: the output (X,S) (Theorem 3.20(R1)), the minimizer
(Lemma 5.4), the classes, the weights w (Lemma 5.21) and the smallest closed family F. Thus
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on E the pair (supp X°,Br) takes one deterministic value (Z',98’), with Z’ a plaquette set
as in Lemma 5.8 and B’ anchored to =’ (Lemma 5.26(a)). Hence £ C iz g E(Z',B'), the
union over all such deterministic pairs, where E(Z',%8’) is the event that the parts P within
R of Z(Z')UUB' ™ have 3" N(P) > L(ui(|Z/]) + |B'|/Cs + m(B')/My,). In E(Z',B’) the
random partition enters only as a family of disjoint 7’-connected mark sets (Theorem 3.21),
over all of which Lemma 5.25 sums.

The sum. By Lemma 5.25 with Z = Z(Z') (]Z| < 2a) and the block set B'*! (at most 27b
blocks), Pp(E(Z!,B')) < 22e+270+1 (/) (wi+b/Cp+m/Mm)/3 - Summing over the anchored B’ with
Lemma 5.26(b), we obtain the factors (222 - 26e (¢”)/BC®))0 and (2(2dg + 1)3(e”)1/GMm)ym.
each at most 27, resp. 27™, by (5.10). Hence the union over %8’ has probability at most
24a43(")u(@)/3 " Finally, Lemma 5.10 with k = 4, j = 3, ¢ = ¢, F. = 373C3 and X :=
RT — Aqr(py(C), for which nr|loge”|/Fy = ¢ > cp(4) and 0 < X < RT (Lemma 5.2), gives
both bounds of (5.1).

The order of nr follows from C3 = O((C,+Chesp)(1+1/cs)) and Lemma 5.12 (Section S1.4).

6 Stage 1: the Mayer expansion to the Debye scale on slit
domains

In this section we prove [GM82, Prop. 3], with the iterated Mayer expansion of [GM81a],
for the gas whose kernel is the Neumann Green function of a slit graph (Theorem 6.5), and
we derive heat-kernel, covariance and depletion bounds on outputs. Since the Neumann field
of a distant source is enhanced near a free edge of a frozen sheet, in Sections 6 and 7 we
use no pointwise bound on a Neumann kernel or its gradient near such an edge other than
the diagonal lower bounds and heat-kernel bounds listed next. We use only diagonal lower
bounds (Lemma 6.1), exact L' sums (Lemma 6.2), heat-kernel decay from the isoperimetry
(R2) (Theorem 6.8, Lemma 6.14) and, in Lemma 7.32, the free-space solid angle.

Conventions. The lattice is the fine lattice (spacing 1), fam = 4727, and distances are
Euclidean unless dg is written. Slit graphs G = (V,E), V = A\ X, £ = E(V)\ S, their
components 8, the bound dg(z,y) > ||z — y[l1 and the outputs G’ = G'(D) are those of
§2.5. We define (—Aq' f)(y) == >_,,(f(y) — f(y')) over the G'-neighbours of y. For m > 0,

vgf) = (—Ag +m?) " vg = ’U(GA,/[Y), V= Ug;,/["), vpr is vMY) of the box A’ with all its bonds,
and vep is the Coulomb kernel of Z2. OnRY := {¢: >, cqp(z) = 0 for all R}, Gy 1= (—Ag) "
is the inverse of —A¢v. The image energies are ®(z) = P () := §Bam(ver (x,2) — v(0)) and
Igi(x) :=ver(z, ) — vpr(x, ), and the depleted set is © := {x € V : g (x) > Oy}, 0y = 0.01.
For a matrix K on V and r > 0, [|K]|, is the larger of sup, >, |K (x,y)|e" %' (#Y) and the
same expression with = and y exchanged. This norm is submultiplicative, and ||K|ja—2 <
|Klo < ||K]|, for all such K and r. The activity of a unit monopole is z := e~Pemvcp(0)/2,
and m32, := 2Bamz [GMS82, (1.8a)]. Hence mp = (8727)1/2¢=™vev (07 (numerical values are
in §51.5). The mass m € [mp/2,2mp] and the Pauli-Villars mass My = m/\py are fixed
in (6.11). Until then My is any mass in Iy := [mp/(2Apv),2mp/Apv], and all statements
hold uniformly in that range. Besides the loop, the letter C' denotes the parameter C € (0,1)
of Theorem 6.5 (the notation of [GMS82]), a generic constant, such as those of (S5), (6.7) and
Proposition 6.6, and, in Theorem 6.11 and Appendix C, the covariance (Cy Ly v)~l. The
context fixes the meaning.
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6.1 Kernel facts on every slit graph

Lemma 6.1 (Thomson monotonicity). Let H C H' be graphs with V(H) C V(H'), E(H) C
E(H') and V(H) finite; H' = 72 is allowed. Let f be supported on V(H). (i) For every
m > 0, (f, vgn)f) > (f, vgl)f). (ii) If f has zero sum on every component of H, then it has
zero sum on every component of H', and (f, (—AH)+f) > (f, (—AH/)+f); for H = 73 the
right side is (f,vcpf). (iii) For every slit graph G' C A" and x € V: U(Gn,l) (x,z) > vg;l)(O) and
ver(x,x) > vpar(x, ). Hence gy >0 and I > 0.

Proof. In the variational formula (f, vl(![n)f) = sup, [2(f,¢) = X gy renimn (Py) — o(y)? —
m? Dy (H) ©(y)?], restricting ¢ from V(H’') to V(H) keeps (f,¢) and does not raise the
energy, which is (i). In (ii), f is orthogonal to the kernels of both Laplacians, and the formula
holds at m = 0. We obtain (iii) by taking f = d, in (i).

Lemma 6.2 (Neumann resolvent). Let G’ be a slit graph and 0 < m <m’. Then: (i) vgil) is

symmetric and entrywise nonnegative, and vg?) (z,y) =0 when x and y lie in different compo-

nents; (i) 3, cy U(GT) (z,y) = m~2 for every x € V; (iii) vg?) - vgfl/) = (m? — m?) ’U(G )v( /),
and this matriz is entrywise nonnegative and positive semidefinite, with row sums m ™2 m’ 2,

(iv) spec(—Agr) C [0, 12].

Proof. Since degg < 6, the matrix P := I —(—A¢)/6 is symmetric, nonnegative and stochas-

tic, with no entry across components, and the series vgtl) = (6+m?)~1 > n>0(6/(6+ m?))"P"
gives (i) and (ii). Part (iii) is the resolvent identity, and (iv) is Gershgorin’s theorem.

Proposition 6.3 (Representation; one zero mode per component). Let G’ be a slit graph,
Bam > 0, k € Rand f : V. = R. Put Z(k, f) == 3 exp(—ﬁ Sper(Vo(n — kf))?),
where n runs over (2rZ)Y modulo the addition of a constant in 217 on each component. Let
u =GN —vg on RY and let du, be the centred Gaussian measure on RY with covariance
u. Then: (a) u = MZ(—Ag)T(=Ag + MZ)™! on RY, and u is positive definite there.
(b) Z(k, f) = Ny Zq eF(0:1) e=Pam(@GND/2  the sum over ¢ € ZV with zero sum on every
component, where Ny = [[Na > 0 depends only on G' and Ban. An isolated vertex carries
only ¢ =0 and has Nz = 1. (c) With § := )" 0gxlg,

Z eik(a.f) g—Bam(a.GNa) /2 _ / H d9s / ZY (p + kaGl/2f + 5(;1/2 )7 (6.1)
[0,2m)K 7

q neutral

L 1/2 . . .
where ZY (1) = quz‘/ eBam(@¥)e—Bam(aved)/2 s the Yukawa gas on G, with no neutrality

constraint. (d) ZY () > 0 for real ¢, and Z¥ = [z ZX (¢|s). Consequently the coefficients ps
of the expansion of In Z¥ in Theorem 6.5 vanish unless all their points lie in one component.

Proof. We carry out the argument of [GM82, (2.4) to (2.12)], written there for a measure on
73 with charges confined to A and no zero mode (p. 20), on each component £ On £, rooting
at 29 € & and Poisson summation over (27Z)M®I~1 give the neutral charges § = (¢,— 3. q),
with (g, A71q) = (¢, GnG) for the restriction A of —Ag to £\ {zo}. One 0z per component
imposes neutrality, whatever their number and sizes. Finally, Gy = vg + u, with (a) from
(=Ag + M2) '1g = M;?1g (Lemma 6.2(ii)). To prove Z¥ > 0 (cited in [GMS82, p. 21]),
we use Poisson summation over Z", which writes ZY (1)) as a sum of positive Gaussians in
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n— ﬁéﬁd), n € (27Z)V, with covariance Samve. The factorization and (d) hold because v

and the potentials v5, ([GM8la, (2.5), p. 6, and (4.1), p. 17]), from which [GM82, §3] builds
ps through the tree formula [GM81a, (3.7)], vanish across components (Lemma 6.2(i)).

Proposition 6.4 (Stability on G). Let My > My be the mass of [GM82, (3.20)], and on a slit
graph G’ let v}, = Ug\,41), with the coincident-site rule [GM81a, (5.1a)], and v, := ver — Vi
Then the stability bounds [GM81a, (4.2)] hold on G’ with v = JvLs(0), with the same £1 > 0

as on 73 [GMS81a, Prop. 8], and with e3 = 53 = 0. Moreover Ué/ (x,y) >0, and
ol = Suvaé/(a:,y) = M; 2, v = Suvaé/(az, y) = M2 — M2 (6.2)
Yy L

exactly, as on Z* [GMS81a, (5.3)].

Proof. By Lemma 6.1 each Yukawa energy on G is at least its Z3 value for the same configu-
ration. Hence the margins of [GM81a, Prop. 8] transfer. At level one, with the rule (5.1a) and
m(x) = Zz mldsz, EG' = %(mﬂ}lG/m) + % in:mj, sign m;=—sign m; |mlm]| Ué" (‘/I"%xz) > EZ3 by
Lemma 6.1(i), (iii), and Ezs > v1 + e1(—1 + >, m?), coincident positions included. At level
two, 3(m,vZm) > 0 by Lemma 6.2(iii), that is (4.2) with eo = d» = 0. Positivity and (6.2)
are Lemma 6.2(1) to (iii).

6.2 The Stage 1 theorem

Theorem 6.5 (Stage 1 on slit domains). Fiz kg, < oo and C,ogm € (0,1). There are
Ao = Mo(ks, i, C,dgm) > 0 and, for Apy < Ao, ﬁ%M = ﬁ?}M()\pv, ks, i, C,dgm) such that for
Bam > By and every My € Iy the following hold on every slit graph G', with constants
independent of G' and My . Write { = (m,x) with m € Z\ {0} and z € V, —=§ := (—m, z),

and [d§ =30 > cv-
(S1) Expansion. For real v on V., ZY (1) = exp(—Veg (1)) with

V) =po+ 35 [ derdeupul€ae € 2(6) (60, (63)

s>1

; / . ’ . .
where £(§) := emBENY(E) _ 1, the coefficients ps = pS are real and symmetric, po is a constant,
and the series converges absolutely, uniformly in real 1. With Proposition 6.3, for every k and

f’
2000) =No [ T2 [ (o) exp[-Vir o+ RSGH"1 + 6a3°0)]. (6.9
R

(S2) Coefficient bounds. For s > 1 and every ay C 'V,

/ dé / déy - / A&y 1pu(Es .., &) | 55T Imil) ((1=dam) A Ly (o, 2)
T1€a1

2
< sl)ay] /%74 e (1 — 0)=5710 (6.5)

with A = 0, where L¢g/(a1,...,ay) is the tree length of [GMS82, (1.11a), (1.11b)] computed
with the distance 3~ /2dgy and auziliary points in V., Le(x1, ..., zs) == Ler({x1}, ..., {xs}),
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and 0 - 0o := 0 (by Proposition 6.3(d), ps = 0 unless x1,...,xs lie in one component). Since
Lgi(aq, ... a5) < Lo (21, - . ., xs) whenever x; € a;, for all ai,...,as TV

/ dgy - / d€s |ps(€17 e ,fs)’ e2ﬁ5(71+zi mal)
xr1€Q] Ts€as

2
S 8! |(11| mD 6_(1_5GM)ALG/(‘11 ..... as)—,u(s—l)(l _ C)—S—IO‘ (66)

(S3) Symmetries. ps(—=&i,...,—=&) = ps(&1,...,&); in particular Y, mpi(m,z) =0 at
every © € V.. Moreover Vog (1) + QW,B(;MQI) = Veg(¥) for every I € ZV.

(S4) One-body term. The bounds of Proposition 6.6 hold.

(S5) Dipole kernel. v(z1,z2) := fam Em1,m2 mima p2((m1, z1), (me, x2)) is real and sym-
metric, and ||v||a2 < [lv]lo < Ce™#m3,, which is at most 7m?* once Ce ™" < £.

With My fized in (6.11), on every output (S2) holds also with A = \/3 ky My (Proposi-
tion 6.10), and, if dom < 5, (S5) in the form |V, < Ce ™ m3, (reov of Theorem 6.11).

Proof of Theorem 6.5. Removing bonds raises all quadratic energies (Lemma 6.1) and con-
serves the mass of the walk (Lemma 6.2), so the stability margins of [GM81a] and the pinned
L' norms of the links are those of Z3, and no image factor enters. The proof of [GM82, Prop. 3],
with the results of [GM81a] that it uses, therefore runs on G’ with the changes (a) to (h) of
Table 6.1. For the same reason we use all other steps verbatim. They are the following.

e In [GMS8lal: §2, (2.5) to (2.25), Prop. 2, (2.26) (its finite pieces “remain arbitrary until
we come to doing estimates”, p. 6), Prop. 3, (2.30), App. A (only (2.27) is used), Prop. 4,
(3.7), App. B, (B.4) (stated for any real symmetric pair array w(ij), p. 32, and used here
for the v5,, £ > 1), (3.8) to (3.12), (4.3) ((4.2) for all subconfigurations: Proposition 6.4),
Lemma 5, (4.8), App. C (combinatorial), Prop. 6, Cor. 7, Lemma 9 (through the pinned
norms of (a) only).

e In [GMS82]: (3.1) to (3.18) (for real ¢, (3.14) uses only |1 + (&)| = 1, p. 25), (4.1) to
(4.11), Lemma 6 (any metric), (4.14) to (4.22), Prop. 7, Cor. 8 (through [v’||4 only),
(4.25) (71 is the Z3 constant), Prop. 9, (4.26) to (4.30), (4.32) (through the above, with
L¢ and the rate (1 — dgm)A).

Numbers refer to the DESY preprints (§1.4), read with the evident corrections e(§) = —1 +
exp[imﬁéﬁgp(w)] in the statement of [GM82, Prop. 3] (as in its (3.4)) and 2Bcymp2pr (£1,2) —
1 at its end. The constants depend only on (Apv, ks, i, C, dgn) and, on outputs, on those of
Theorem 6.8.

(a) Pinned norms. [GMS8la, p. 18] uses translation invariance and a preparatory ma-
jorization by functions of differences of the arguments, and [GMS82, p. 32| uses translation
invariance. Instead, we take the norms in the max form [GMS8la, (4.5b)], [|oall(ma) =
MaXica SUDzev Dz, cvn:z—x [Ta(8a)|, With the weights of [GMS2, (4.12)] inserted in the same
way, and ©¢ := Supy, >, [vEs(7,y)]. We sum the positions (“trimming the tree”, [GMSla,
p. 18]) after re-rooting the tree at the vertex containing the pinned constituent, in order of
decreasing tree distance from it. Each summed vertex is then a leaf attached by one link
(j, k), and ij [vés (zj, ;)| < 8¢ uniformly in zj. The s-integrals and tree sums are bounded
by [GMS81la, Lemma 5| independently of the positions. Hence [GMS8la, (4.7), (4.10), (4.13),
(4.16), (4.17)] hold as printed, and [ d&q|oa| < |V]]|oal|-

44



Table 6.1: Changes to [GM82, Prop. 3] and the results of [GMS81a] it uses, on a slit graph G.

change

steps

use of Z®> — on G’

(a) pinning
(b) stability
(c) Gaussian
(d) resolvents
(e) metric

(f) link norms

(g) o
(h) tree length

[GMS8la, (4.5a), (4.6), pp. 18 to
20]; [GMS2, (4.12), (4.13), p. 32]

[GM81a, Prop. 8, (5.1a) to (5.13),
App. DJ; [GM82, Lemma 5, (3.25)]
[GMS2, (2.4) to (2.12), pp. 20, 21]

[GMS2, (3.19) to (3.22)]
[GM82, (3.23), (3.24)]

[GM82, Lemma 5, (3.26); (4.23),
(4.24), p. 34]

[GMS2, (4.33), (4.34), p. 36]
[GM82, (4.30) to (4.32), pp. 35, 36;
(4.12), p. 32]

translation invariance — pinned norms in max form, re-
rooted sums

Fourier analysis — Proposition 6.4: same 71, €1; €2 = d2 =
0

measure on Z>, no zero mode, Zx(¢) > 0 cited — Propo-
sition 6.3: one zero mode per component, Z* > 0 proved
resolvents of Z* — of G; rule (3.19) (= [GM8l1a, (5.1a)]),
same M7 (3.20)

372z —ylh = e —yllor :=3""?de(,y), in |- | 4 and
LG/

momentum space — (6.2), Proposition 6.10; Debye condi-
tion A2y < C3(1 — C)Be™2"s7H /24

v(0) = vor (z, ) in o = exp[—Bammv(0) /2]
L(ai,...,as) on the right of (4.31) — Lg/(z1,..
side the sum over all positions

., Ts) in-

(f) Link norms. For A > 0 put ||[v5 |4 := supy, >, e (z, )| eAlz=vller . At A = 0 the values
are (6.2), on all slit graphs. On an output, Proposition 6.10 gives ||vg||a, [[vZ/]| 4 < 3M;? and
[villa < 3M[ 2 for A < V/3kyMy, since ||z — y|lor = 37/2dg(,y), the rate of (6.13) is
nondecreasing in the mass, and My < M; < my. These bounds replace [GM82, (3.26)] in
[GMS82, (4.23)] and in [GMS2, (4.24)]. In [GMS82, (4.23)], 3M; 2 is a power of Sgwm, absorbed
by efavei. In [GMS82, (4.24)], 3My? replaces 2(6M)~2 at A = (1 — §)M, so the factor 142
of the Debye condition [GMS82, p. 34] becomes %. The condition then holds on Iy once
My < C3(1 — C)8e=2rs—# /24 (§51.5), which is the only changed threshold and does not
depend on G'.

(g) The leading one-body term. For a single constituent the recursion [GMS82, (3.12)] gives
ot = olexp|—Banm®vi (z,2)/2], hence of(m,z) = exp[—Bamm?ve (z,2)/2] in place of
[GM82, (4.33)]. The remainder in [GM82, (4.34)] is bounded as on [GM82, p. 36] by e (1 —
e‘“)_Qm%ﬁéi/I(l — ©)7?, uniformly in z, through the pinned norm of [GMS82, Prop. 9]. It is
bounded in the same way, up to a constant factor, with the weights e~s (Im|=1) "gince we use
the pinned norm with weight e+ 25 mil anq > js2|mjl >t —1. Thus, with A = 0 and
uniformly in z and G, -

p1(m,x) = e~ Pamm?vg (@:2)/2 R(m, ), Z |R(m, )| e2sUm=1 < CePm? /Bam. (6.7)

It replaces the final assertion of [GM82, Prop. 3], whose error at fixed u is of order e *.
(h) The tree length inside the sum. We state the bound (S2) with the tree length of the

points inside the integral, which is what the chain [GMS82, (4.30) to (4.32)] gives. By [GMS82,
(4.30)], |ps(&r, .-, &) < 8! Ztgs (z) Z[a};c(a):{L._,,t} Jd&sir--d |08 (6a)]- By [GM82, (4.9)]
for the sets {;}, Ley(x1,...,25) < L(x1,...,2) for all t > s and x4 1,...,2; € V, where L
is the least length of a tree on exactly the vertices x1,...,z; [GM82, (4.8)], computed with
%fl/QdG/. In [GM82, (4.31)] the restriction z; € a; (i > 2) enters only through L(ay,...,as) <

L(z1,...,x¢), since the pinned norm [GM82, (4.12)], taken in the max form of change (a),

sums all positions with the weight eALa) | Hence (4.31) holds with g, ..., xs summed over
V and the factor e(!=0cm)ALg/(#1,:%5) on the left in place of e~ (1=9am)AL(a1,-a5) on the right.
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Combining this with (4.32), [GM82, Prop. 9] and the sum over x; € aj, we obtain (6.5). The
bound (6.6), the form of [GM82, (1.18)], follows from it as stated.

With these changes the proof of [GM82, Prop. 3] gives (S1) and (S2), uniformly in My € Iy,
since the Debye condition is the only threshold involving My . Together with Proposition 6.3,
(S1) gives (6.4). For (S3), the activities are equal, the potentials depend on the charges through
m;m; and the rule (3.19), both invariant under m +— —m, and (&) is QWﬂé;/{Q—periodic in
¥(x). (S4) is Proposition 6.6. For (S5), v is real and symmetric because ps is, and it vanishes
across components (Proposition 6.3(d)). By |mymg| < Ce2ss(miltimzl=1) (6.6) at s = 2 with
ar = {r1} and any az C V gives »_ . [v(z1,72)] < Ce Hm2 e~ (170am)A Loy ({z1ha2) - With
A =0 and ap = V this is |[v]jo < Ce #m?, at most tm?% < 1m? once Ce™* < . On
outputs we take A = /3 ky My and, for an integer k > 0, as = {22 : dgr (21, 22) > k}, whose
tree length with {x1} is at least 371/2k. With these choices and 7, := (1 — dgm)ry My, the
tail sums Ty := Zrz:dG/(ml,m)Zk |v(x1,12)| satisfy T), < Ce #m2e~"*. Summation by parts,

erd =1+ Zlgkgd(e”“ —erh=1) gives for 0 < r < 7,

S @, a9)| et @1 = Ty 4 (e — D)y,
T2

k>1
< (1 + 1_76_T>C'<3’“7712 < (1 + )C’e*“m2
- ew—r —1 b= Y- b

which is at most 2Ce‘“m2D for r < 7,/2. For dgm < %, Yy > %Iﬁ}yMy > 2k0M > 2Ty
(Proposition 6.10), so ||V|lr., < 2Ce #m%4: this is (S5) on outputs, with the constant C
doubled.

Proposition 6.6 (Additive one-body bound). Let p™f(m) := p%° (m), the one-point coefficient
of the Yukawa gas on Z3, and ® = . Uniformly in x € V and G',

[pr(E1,2) = g (1)) | < Ce (1), (65)
p1(£l,z) < pref(l)(l + C’e_“),
Z |p1(m, z)| m2e2rs M=) < cm?2, / Banr. (6.10)
Im|>2

Consequently |p1(£1,z) — prf(1)| < pi(1)(1 — e @ 1 Ce™H).

Proof. The coefficient p™f (1) carries the same self-energy factor as p; up to the image term e~®,

so no error of order S My arises. Subtracting from (6.7) its form p'f(1) = e~Pamv(0)/2 L Roo,
|R®| < Ce "m?/Bam, on Z* gives (6.8) and (6.9), since e~fomver (@2)/2 — ¢=Bamv(0)/2o=® (@)
® > 0 (Lemma 6.1), and m2,/Bam < 2p" (1)(1 —2Ce )71 (as e Aamv(0)/2 > 2) Tn (6.10) the
leading terms are at most e~ 28amv(0) < e‘“mQD /Bam, and in the remainders m? is absorbed
by the p-part of the weight 25125 M3l of change (), since m2eHml < 4e=2 for |m| > 2
and p > 1. Hence the Debye condition of change (f) suffices at the same kg.

Remark 6.7. The multiplicative form py(£1,z) = p*f(1)e=®@) (14 O(e~*)) fails at a first-layer
corner site of a box: a tight neutral pair, which feels only its dipole image, makes the one-site
density exponentially larger in Bgm (§53.1.5). So Proposition 6.6 is additive only.
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The masses m and My. For M € Iy let pmf be the one-point coefficient of the Yukawa gas
on Z? with kernel (—Agzs + M?)~1 and m(M)? == Bam Y., m?pic (m). By (6.7) and (6 10) on
73 (whose terms |m| > 2 carry the weight e2#s(mI=1) > ¢265) 7 (M)? = 2Bqme” Bamvl; (0)/2
O(e™# 4 e725)Ym2 = m (1 4+ O(BamM)) + O(e ™ + 255 )m3) as v'i) (0) = vep(0) — O(M).
Since fagmmp — 0, m(M) € [mp/2,2mp| once p and kg exceed a threshold depending on
C (the remainder of (6.7) carries (1 — C)~? [GM82, p. 36]) and Sam > By Since M and
the rule (3.19) do not depend on M, the mass M enters only through ”?\4 = M) _ (M) g4
each term of the expansion of pi¢f is continuous in M. The t-th term is O(te#t=1) uniformly
in M € Iy [GM82, p. 36]. With M_ := mp/(2\py), we have 0 < 'UIQW < 1112\4_ entrywise by
the resolvent identity, so at fixed ¢ the terms are dominated by those with UJQVL in place of
v, whose bound in [GM82] needs exactly the Debye condition of change (f) at M = M_.
By dominated convergence, M +— m(M)/Apy is a continuous map of Iy into itself. Its fixed
points form a nonempty closed set. We let My be the smallest fixed point and put

m = ﬁl(My) = Apv My € [mD/2, 2mD], pref = pg\/[efy, m? = = BaMm ZmQ ref

(6.11)
The inverse mass ', which like p™ is determined by the gas on Z3 alone, before any
construction, is the unit of length of Sections 3 to 5, and p' is the reference density of
Proposition 6.6 and of Section 7.

6.3 Heat kernel and covariance on outputs of the construction

We prove the statements of this subsection in Appendix D (with full proofs of Proposition 6.10
and Theorem 6.11 in Section S2.4), from (R2) and, for Proposition 6.9, from (R5) and (R6),
without any Poincaré inequality or volume-growth hypothesis. The coarse slit graph of an
output is I' = (V,, E;), V. := A°\ X, E. := E(V,) \ S, the graph G’ of Sections 3 to 5 (§2.5).
For W C V., orW is the set of bonds of E. with exactly one end in W. A coarse cell is a site
of the grid (Definition 3.4), a box of fine sides in [rg, 79|, not a cell of Definition 3.14. In fine
units put

V = T‘OV /2 RHK = (1 — nw)C]CpL/?), K() = (1 — nw)C]CpCL/fS < mRHK < QK(),
(6.12)
with ¢; = 2%/3, ¢, = 1/12, Vi = (1 — n)3p} /2 (coarse units). The bounds on mRyk follow
from Definition 3.1 (§51.5). Let p;(z,y) be the kernel of e?®¢’, the transition probability of the
walk X; that jumps across each bond of G’ at rate 1, and let 7(z, p) := inf{t : dg/(z, X;) > p}.

Theorem 6.8 (Heat kernel at scale Ryk). Let G’ be an output, and let Cy (a function of cp of
Proposition 6.9) and EIfIK be the absolute constants of §51.5. There are Cio, Cex; Cgs, Cgs, Crr >
0, depending only on Cyr, such that for Bom > B?}M, x,y € V and d := deg/(z,y): (HKO)
pi(x,y) < exp(—ad + 6(cosha — 1)t) for all a,t > 0; in particular pi(z,y) < e~¥17 for
t < d; (HK1) pi(z,y) < maX(CHt_3/2,4/V;f) < Cymax(t~3/2, Ryy) for all t > 0; (HK!')
Eudgr (2, X;) < Cmot'/? for 0 <t < Ry; (HK2) Pu(7(x,p) < t) < V/2exp(—cex min(p?/t, p))
forp>1and 0 < t < ef8RZ, : (HK3) py(z,y) < Cast /2 exp(—cgs min(d?/t,d)) for 1 <
t < 2511{KR%K; (HK/) Egefde(:Xs) < 1 4+ 052 for 0 < s < EHKR2K and 0 < 6 <
min(s /2, ¢y /2).
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Proposition 6.9 (Coarse-to-fine transfer). Let G’ be an output, read on the fine lattice. (i)
Isoperimetry. |9grA| > cp|A|*/3 for every A C V with |A| < Vi, where the absolute constant
cr (§51.5) does not depend on 1o. (i) Faber-Krahn, components. For  C V with || <
Vi, AP(Q) > (2/12)|Q|72/3, where \P(Q) is the smallest eigenvalue of —Agr on functions
vanishing off Q; and every component of G' has more than 2V vertices. (i7i) Cheeger transfer.
If a set K of coarse cells satisfies |0xW| > hemin(|W|, |K \ W|) for every W C K, then its
blow-up K7 satisfies [0xs Al > 7y min{3, he/Cpi} min(| A}, |[K/\ A|) for every A C K/, with
the absolute constant Cy; of §51.5. (iv) Cell Poincaré inequality. For every fine cell Q of a
block Q there is a connected set & with Q C 8 C V N Q(Q) such that > sen lo(@) — @al* <
C"J:Vk% ZbeE(ﬁb)(ngp)Q for every ¢ : V.— R, with C"J:V := 108C%/x? and ko := ro(kp + 3);
every fine site and every fine bond lies in at most No, < 27(kp/Lc)? of the sets &, resp. E(R);
and |Q| > ¢1L®. (v) Diameter. Under (L8-2) of §7.6, every £ has dgr-diameter less than L.

Proposition 6.10 (Resolvent decay at Ryk). Let G’ be an output, ky = min(1,1/(2C);))
and my 1= min(1, cex/2). For every mass 0 < M < myy,

suva(G]\,/[) (z,y)eMde @y) < 3 [~2 01 = kw M min(1, (eIfK)l/QMRHK). (6.13)
Ty

In particular, if My < mwy,

sup E v (x,y)e“YMYdG’(z’y) < 3M§2, Ky = Kw min(l, (611{K)1/2K0/)\pv), (6.14)
X
y

and the same bound holds for ’Ué, (since 0 < ’UQG, < wgr entrywise) and for v%;, at mass My <

myy. Moreover ky My > 4dkgm, where kg := /iW(EIfK)I/QKO,

Since C'); depends only on the absolute constant Cgy (Theorem 6.8), the constant Ky does
not depend on 7, K, C' or D, and this is the only property of ky, that we use.

Theorem 6.11 (Covariance bounds). Let G’ be an output and Cy := (My> A2, — Agr +m?)~!
on RY. Assume Apy < 1, My < mw and m < min(1/68, mw /2) (all true for Bam > Boy)-
Put K}y := min(ko/2, (2cgs)"/?) and reoy 1= min(ko, kh)m, and let K1, K}, K{ and K3 < 3.5 be
the constants of §51.5, which depend only on (cr,cp,cr,Apv). Then for all x,y € V: (HI1)
Co(z,x) < K1 My (the zero modes included); (HI') 0 < Co(z,y) < K} Mye " omde (@y) - (H2)
1Collwgm < Ksm™2; (He) if v is symmetric with ||V, < e,m? and 2K3e, < 1, then C :=
(Cy ' +v)71 exists and is positive definite, C(z,x) < 2K1 My, |C(z,y)| < 2K} My e "eovder (@)
and ||C|lr. < 2K3m™2; the same bounds hold for every matriz Cs with |Cs(z,y)| < |C(x,y)]
entrywise and Cs(z,x) < C(z,x), such as the interpolated covariances of Appendiz C.

6.4 Depletion

In this subsection we bound the number of depleted sites per cell. The face kernel of Theo-
rem 6.15 contains all collective effects of the walls. Chebyshev’s inequality turns (R9) into a
site count, and sparse insulation costs one logarithm, which Section 7 absorbs. Throughout,
AN = A°, M := My, and u, := vp/(-,2) is the kernel of the box without holes. The miss-
ing pairs are the (y,y) with y € V, |y —¢/| = 1, and ¢/ € X (the set Mx) or {y,y'} € S
(the set Mg). Their union is M := Mx U Mg. A frozen bond gives one pair at each end
(frozen bonds are two-sided), and Nao(U) := #{(y,y') € M : y € U}. For z,y € V put

92 (Y) = 2y (yyyem(Ua(y) — ua(y')).
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Lemma 6.12 (Boundary identities, frozen bonds two-sided). For every slit graph G' C A" and
xeV: (a) foryeV,
((_AG’ + MQ)U’CC‘V) (y) = 5$(y) - gx(y)§

(b) Ir(z) = >, yyeom Ve (2,9) [ (y) — ua ()]

Proof. For (a), at y € V the operator —Ay/ + M? is —Ag + M? plus the terms of the pairs
of M at y, and (—Ap + M?)u, = §,. For (b) we apply vg to (a) at z.

Lemma 6.13 (Insulation density). There is an absolute constant AYP such that on every
output, for every z and every r > 1 (fine units), No(V N B(z,7)) < A3Pr2 + ASPr3/(ropy).

Proof. Informally, the two-sided count is forced, and it reduces the density bound to the
minimality of the hull on a ball. At the final state Lemma 4.4 applies to all sets W C V, of
coarse cells, with OpW as the coarse cut dgW. In the two-sided minimality inequality (4.1) a
frozen bond with one end in W carries w, —1 = 1—1,, and one inside W carries wp > 2(1—1,,)
(wp = 2 — Ny, the hull weight). Hence the coarse count N§(W') of missing pairs with first entry
in W is at most (|[opW |+ A\|W|)/(1 — ny). We first consider r > rg, and let W be the set of
coarse cells of V, that meet B(z,r). Then |W| < C(r/r0)3, and each bond of W joins a coarse
cell meeting B(z,7) to a coarse cell of V, that does not, so |0pW| < C(r/rp)?. Since a coarse
missing pair carries fewer than 472 fine ones, No(VNB(z, 1)) < 4r3-22(C(r/ro)2+C(r/10)%/pa).
For 1 < r < g, the fine missing pairs with first entry in B(z,7) cross at most six coarse grid
planes, each in at most Cr? bonds, counted with both orientations.

Lemma 6.14 (Green bound). On every output, for all z,y € V, v (x,y) < CGr[(l + |z —
y)) 7+ 7]@] with ng := ﬁm(Ko_l + )\%VKO_S) and Cg, depending only on the constants of Theo-
rem 6.8; and vgr(x,y) = 0 when = and y lie in different components.

Proof. We split the time integral in vgr = | e M?tp, dt, with R := Ruk. On [0,1] we use
ps < 1 and (HKO). On [1, 28 R2)) (HK3), split at t = dgr(, ), gives C/(1+ |z —y|). Beyond
this interval, (HK1) gives C(R™! + M~2R73) < COng, since R > Ko/m and M = m/\py.
Across components vgr = 0 by Lemma 6.2(i). The zero mode of a component K contributes
M~2/|]| < 1/(2M2V)/) (Proposition 6.9(ii)), which lies inside M 2R3,

Theorem 6.15 (Face-kernel bound). On every output, for every x € V, with r(y) := |z — y|,
Ig(z) < CpSs(x) + CrneSa(z), where S3(x) = 32, nem(l + r(y))BeMyrW)/2 Gy (z) =
> ynem(l + r(y))"2e MyrW/2 ) Op = Cq, O with C the constant of Lemma D.2, and
Sa(x) < Cslog(2/My) with Cs := CAFP (1 + Apv/(cpcr)) (§S1.5).

Proof. We take absolute values in Lemma 6.12(b), so no cancellation across a sheet is used.
For each pair, 0 < ver(z,y) < Car[(1 4+ 7(y)) ™ + ng] by Lemma 6.14, and |uz(y) — uz(y')| <
O (14+7(y)) ~2e~Myr)/2 by (1.2) of Lemma D.2, which applies with M = My since |[y—y/| = 1,
the sides of A° are at least £p > Fm =t > My "' (Lemma 3.3(c)), and My < L for Bam = Bu-
A frozen bond appears twice, each time with its own first entry, and the Neumann kernel
appears only through its values. For the bound on S2 we sum Lemma 6.13 over dyadic shells
2F < r < 2Ft1 Each shell inside ropy gives at most 8A0AD, which up to r < M;l yields
the logarithm, for the shells beyond we use e ™v"/2 and the growth term gives at most
CALP /(Myropy) < 20A8PNpy /(cper) (§S1.5(F)).
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We put gy := 6p/(2r%7), so that ®(x) > 6 if and only if vg (x,2) — v(0) > e, and
er = g0/(4Cp). With the constants L, Cr of §S1.5, let Rqep := [32A4P L, /cr] = [CrT/00],
and let (F) be the condition CrngCslog(2/My) < eo/4. The constant ¢y := 27 7& (ws+2|0A|),
maximized over removal cells A, comes from the two-sided bound (R9) (Proposition 4.26). It
satisfies co < 25(3 4 ¢;) (§51.2).

Theorem 6.16 (Depletion per removal cell). Let G' be an output and assume Rgep < T0pa,
Raep < Up and (F). Then for every removal cell Q, #(D N Q) < C(200) teco + Chox +
ey log(C'7/600)], where ¢ < co is the part of the insulation lying in sparse blocks (defined
in the proof), Cpox is the box-face term, and C,C" are absolute up to Cr and Cp.

Proof. (i) Reduction to Ss. Since vgr(z,z) — v(0) = Ig/(x) + [var(z,z) — v(0)], we have
D C {Ig > e0/2} U{Py > 0p/2}, where Dy (z) := 5Bam(var (2, ) — v(0)). On the first set
Theorem 6.15 and (F) give S3(z) > ep. (ii) Far insulation. The pairs at distance more than
R := Ryep from z contribute to S3(x) at most >_,~o(2¥R) "3 No(V N B(z, k1 R))e~My2"R/2,
By Lemma 6.13, with R < ropy and Myrgpy > c,cr/(2Apy), this is at most 16A§‘DL9/R <
er/2 (§51.5(g)). There the shells with 281 R < ropy give 16457 /R, and the others a loga-
rithm. Hence each 2 € ® outside the box set has S§°*(x) > ep/2, where S5 counts the
pairs with first entry within R of z. (iii) Blocks. We cover @ by grid cubes ¢ of side R.
Let 3g be the block of 3 x 3 x 3 such cubes centred at ¢, put N3, := No(V N 3¢), and call ¢
dense if N3, > R?, sparse otherwise. A dense ¢ has #(D Nq) < R? < RN3,. For a sparse g,
Chebyshev’s inequality gives #(D N q) < (2/er) D _,c, S5 (2) < (2/er) N3g(4mlog(4R) + Cs)
plus the box set. Each pair lies in at most 27 blocks 3¢, and the pairs counted for ¢ N Q # 0 lie
within 2R < 2rgpy < £p of @, hence in the 27 removal cells Q' around @, as the removal cells
form a product grid with sides at least £p. Each of these cells has Na(Q') < 4r¢(w, +2]0A]) <
4co/(27) by (R9), since a coarse pair carries fewer than 473 fine ones and removed cells con-
tain no site of V. Hence Adense + Asparse < 4 - 27%¢o/(27), where A, := Zq o N34. We put
e i= 2T Asparse/ (4 - 27%) < ¢p and substitute R < 2Cr7/6p and 2/ep = 1672Cp7 /0. (iv)
Bozx faces. By the image representation of the box kernel (proof of Lemma D.2) and (L1),
v (z,2) — v(0) < CY pdr(z)™t + CMy, the sum over the faces F of A’, dp(x) the layer
distance of x from F. Hence the set {®j > 6p/2} lies within distance C7/6y of OA’ and
meets a removal cell, of side at most 3¢p, in at most C’E%T/GO < Chox/(26p) sites, since
EQDT <Cr/m? < C/z.

Proposition 6.17 (Depletion per U-cell). Under the hypotheses of Theorem 6.16, for every
U-cell Ny of the output, (m?/Bam) #(D N Ay) < caep = AY + AP log(C'7/6y), with AY =
C'Neov(co + Chox) /o, A{D := C'Neovey’ /00 and Neoy < (Cym™/lp + 6)3.

Proof. Steps (i) to (iv) of the proof of Theorem 6.16 apply to any region U in place of @, the
pairs being counted in the union of the blocks 3¢q over the cubes ¢ meeting U. By (R7) the
cell Ay has diameter at most Cyym~'. Hence that union lies in a cube of side Cym ™! + 4R,
which meets at most Ny, removal cells (sides > ¢p > R), each with Ny < 4¢y/(z7). Finally
m?/Bam < 4m%/ Baom = 8z. Since a U-cell lies in one component and depletion is counted site
by site, the number of components plays no role.

Lemma 6.18 (The coupling condition for depletion). Let 8y = 0.01 and

C%P .= max{17.8 Cr/(cycr), 3.6 - 10°CrCs(Ky* + Ay Ky ™)}
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Ifr>2,24941 > ln(CSEP/QQ)—i—Q.BlnT and mp/2 <m < 2mp, then Raep < ropx, Raep < D
and (F) hold.

Proof. By hypothesis, Cfep75/2e*2'4947 < 0. With m < 2mp, ropx = ¢,L > cper/(2m) and
log(2/My) < In(1/mp) < 2.4944 7, the three conclusions are arithmetic (§51.5).

The value 6y = 0.01 is dictated by Section 7, which needs ¢, + 6’ < 1/7 with §/ > 1 —e~%.
The condition of Lemma 6.18 is a lower bound on 7 that persists.

7 Stage 2: the single-scale expansion and the deterministic
area law

In this section we prove Theorem 7.57: for each output G’ = G'(D) of the construction and each
rectangle C' with min(R,T") > R1(5), W/ (C) < exp(—oy[Aq/(C) —nsRT| +cen(R+T)). We
carry out the single-scale analysis of [GM82, Section 6, Appendices C to E], with the lemmas of
[BF80, Section 9] that it uses, on G’. The structural changes are the following. First, the outer
partition functions are graded by the class of their walls (their periods around the handles of
the insulating set), and the Kirkwood—Salsburg system of [BF80, Appendix 4] is solved for all
classes at once in a weighted ¢! algebra. Second, the area weight of a class comes from one
bound at fixed class (Proposition 7.53), the only place where the handles enter the bounds. In
Subsections 7.1 to 7.5 we derive the class-graded polymer expansion (Corollary 7.28), and in
Subsections 7.6 to 7.9 we bound it.

7.0 Standing conventions

We use the following conventions in Section 7 and Appendices A to C: cells (Definition 3.14)
may be disconnected; interfaces, walls and tubes are defined on cells, and polymers, seeds and
the Kirkwood-Salsburg system on U-cells (Theorem 3.20 (R7)); | X| is the number of U-cells
of X, never a Debye volume, and the constants of Appendix B are per U-cell. We work in fine
lattice units, a = 1. Sums over sites and bonds are plain sums, each bond counted once. The
collar scale L' is fixed by mL' = KeoBam, Keol = 2, where Sayv = 4m?7. The min-cut area
Ac/(C) of Definition 2.11 (a support count) and the forced wall content A(p) of Lemma 7.43
(an ¢! quantity) are related by Theorem 7.14 and Lemma 7.55. Constants C, ¢ are absolute
or depend only on the constants fixed before K (Section 8), and change from line to line. We
write (-,-) and || - || for the £% inner product and norm on V or E, and [[¢||} := Y, oy ¢(2)%.

7.1 Representation

Throughout, G’ = (V, E) is the fine slit graph of Subsection 2.5 for the set (2.9), with set of
components Comp(G’) 3 K. From Subsection 7.2 on, G’ will be an output of the construction.

Definition 7.1 (Operators and the loop on G’). (a) For an oriented bond b = (x,y) € E and ¢ :
V = R, Vp(b) := ¢(y) — p(r), and A := —V*V is the Neumann Laplacian of G’. (b) On RY,
™l = My (—A)(~A+ME) and Cp := (u™' +m?)~1 = F(=A), F(t) := (My 22 +t+m?) "L
(c) For an integer 2-chain Z in A° with 02 = C and b = (z,y) € E, &, is the coefficient in = of
the plaquette p, dual to b, oriented as Oc, (c, the cube of y), and j(b) := 27, (the opposite
orientation of Subsection 2.5 amounts to = +— —E and leaves (2.8) unchanged, m +— —m).
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With n = 27m, (2.8) reads Z(k, Z) := Zgr (k,E) = -, exp(— QBéM > per(Vn(b)—kj(b))?), [n]
running over (277Z)" modulo functions constant on each component; We/ (C) = Z(1,2)/Z(0,E)
does not depend on = (Proposition 2.10). (d) The Neumann solid angle f = fg solves
—Af=V*j; R :=Vf—jand Eg = | Ry||*.

The operator Cj is positive definite, since v~ > 0. As Cy and u~! are both functions of
—A and Alg = 0, we have

Colg =m *1g (&€ Comp(G')), m*Co—1=-Cou ' =—u'Cp. (7.1)

Since both ends of each bond lie in one component, V*j | ker A. Hence f exists, unique up
to one constant per component, and Ry, Eg do not depend on the choice.

Lemma 7.2 (Solid angle; completing the square). Let II be the orthogonal projection of £%(E)
onto ranV. Then Vf = 1Ij and Ry = —(1 — I)j; hence V*Ry = 0, (Vp,Rf) = 0 for
every ¢ : V. — R, (j,Rf) = —E¢g/, and Eg = min, ||V — j||>. For every n : V — R and
keZ, Y p(Vn—kj? = ZE( (n — kf))? + k2Ecr, so Z(k,2) = e ¥ Far/2Pam Z(k, 2) with
2k Z) = Sy exp(— g S (V0 — K1)?).

Proof. The solid angle is the gradient part of the loop current, since f solves the
Euler-Lagrange equation V*(V¢ — j) = 0 of |[V¢ — j|>. Hence Vf = IIj and
Ry € ran(l — II) = kerV*, and the identities follow. For the last one we write
Vn—kj=V(n—kf)+kRy and use Ry L ranV.

The input from Stage 1. We use (S1) to (S5) of Theorem 6.5, with £ = (m,z) and [ d¢
as there, u and dpu, of Proposition 6.3 (on R}, where u inverts u™!), and P := 277,8611/[/2. By
(6.4) with 65 = B cq there is A > 0, independent of k and Z, such that

~ dCﬁ
Z(k, = ZN/ / (pelkS) = 1g, 7.2
(k,ZE) =No — H ¢ Zcﬁ 8 (7.2)

Vo 1K) =po+ 3 /dél e pulEry ) anE) o aE), (1)

s>1

with € (§) = ¢im(Bchie(@)+kf@) _ 1 and the real coefficients ps = p& of (S1), and the series
converges absolutely, uniformly in real . By (S3), Veg(o+ PI | kZ) = Vg (¢ | k) for I € ZV.
On outputs the dipole kernel v of (S5) has ||v||y.,, < e,7m?, with 2K3e, < 1. The space R},
the norms || - ||, the image energy ® = ®5 > 0 and the depleted set © are those of the
conventions of Section 6. The quantities p*f, 7 and My = m/\py are as in (6.11), and (S4)
denotes Proposition 6.6 together with (6.10) for p™! in place of p;(-,z).

Proposition 7.3 ([GM82, (6.1) to (6.4)] on G'). Assume (S1) to (S3). (a) Z(k,Z) =
e~ W Ear/2Pam 7 (k. ), with Z given by (7.2): one zero-mode variable cq € [0, P) per compo-
nent of G'. (b) The integrand of (7.2) is P-periodic in each cg; hence (a) does not change
when f is changed by a constant on each component. (c) py cancels in We(C). From now on
po=0.

This is [GM82, (6.1) to (6.4)], by Lemma 7.2 and (7.2), except that there is one zero mode
per component (GM’s Gaussian measure is defined on (aZ)? and has none), the loop entering
only through the phases e, and that e *For/20enM replaces e # (Jvev))/28 Part (b) is (S3)
with I = 1g, and part (c) is [GMS82, (6.5)]: po gives the same factor in Z(1,Z) and Z(0, =).
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Cells, cell averages and block spins. We write —Veg(¢ | kE) = [d€ p1(§)er(§) + E'(¢),

where E’ collects the terms s > 2 of (7.3). The cells Q = Q7 of Definition 3.14 partition V,
each in one component. For a cell  and z € Q let A(z) = Ag and f(z) = fo be the averages
of pand fover O, 6 :=¢p—A, 6f == f— fand $ —5—!—]4:5(_;;/[/25]” Thenzzeﬂg():()

for each cell, and 61/290 +kf = (61/2/1 +kf) + ﬂ1/25 The block spins are the elements of
= {h : V — PZ constant on every cell}.

Proposition 7.4 (Peierls identity per cell). Assume (S3) and ), . m2|pr6f( )| < oc0. (a)

For every real ¢ on V, e €, &) = ©(¢) @) with O(yp) = Dohen € 3otk "S- hll?
G =G1+ Gy, e =[[gra(4q), G2 = Ga1 + Ga + Gags,

exp{|Q| Y, p*H(m) [eim(ﬁéﬁA%fm —1]}

ro(A) = — (7.4)
ez exp{ —4m2|Q (A + kBl fa — nP)2}
Gop = / de prof (m) [emP@) — 1 — imBY25(z) + Im2Bamd(x)?],
ref Az)+k imBL25 1/2 5
G272 = dgp € ( |: Zm(BGM (z)+ f( )) 1] [eszGM ( ) —1- Zmﬁ ( )]’ (75)

1/2

Ga = / d¢ (p1(m, x) — p'! (m)) [ Pane@HRIE) 7],

©, rq, G1 and the Go; are real, © > 0, rq > 0, and eC does not depend on h. The identity
holds for every partition of V' in place of the cells. (b) Under (S1) to (53),

=No ) / Hdcﬁ / dji(ip) e~ 3 IeerhBan{ T =hI? (Glote) B (o+0), (7.6)

heH

Part (a) is [GM82, (6.6), (6.8) to (6.11)] and (b) is [GM82, (6.12)], with cells in place of
blocks, |Q| in place of L? and p™!(m) in place of p;(m,0) in [GMS82, (6.7), (6.9), (6.10)], since
on G’ the one-body coefficient depends on the site (the difference is G 3). Also, (6.12) needs
the evident sign correction. In (b) we move the sum over h out of the integrals by Tonelli’s
theorem, as the moduli of the h-terms sum to e/ P1ex|e?’|.

The deficit term. Since ¢"cn? = 1 for h € H, (S3) for p; and p'f gives, for each h € H

and with uy, := 6(1;/ (p —i—k‘ﬁ_l/Qf h),Gaz =3, > wcv(pi(m, z)—p*f(m))(cos(muy(x)) —1),
and G2,3(Y") is the same sum over x € Y. For a union Y of U-cells, Np(Y) denotes the number
of its U-cells that meet the depleted set © = {® > 6y}, 0y = 0.01.

Proposition 7.5 (Deficit on the depleted set). Assume (S3) and (S4'), and put

0 =1—e%+ Cle # + e 2rs). (7.7)
Uniformly in real @, in h € H and in G': (a) Go3(V\D)| <0 - 2m?|¢ + kﬁG1/2f hHV\Q,
(b) for every Y CV, —C(e # + e~ 2”5) Bon CHDNY) < Ggg(@ﬂY) < Copan i #(@ﬁY) (c)

if G' is an output of the construction, then e~ CcderNo(Y) < G2,3(0N0Y) < eCCdePNi’ ) for every
union Y of U-cells, with cqep the constant of Proposition 6.17.
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Sketch. Off ®, ® < 0y and (S4') give >, |p1(m,z) — pf(m)|m? < 6'm?/Bam (Section S1.6),
and |cos(mu) — 1| < 2m?u? gives (a). On D the deviation is at most the density, and its
negative part is at most Ce #p™f(1) plus the tails, as e™® < 1. This proves (b). Part (c)
follows from (b) and Proposition 6.17, which gives (2 /Bam)#(D N Ay) < cqep for each U-cell
Ay.

In Lemma 7.29 we will move the quadratic part of G2 3(V'\®) into the covariance. Through-
out Section 7 we assume the standing hypothesis

e, +0 <1, (7.8)
which holds for 6y = 0.01, i and kg large, and Sgm > ﬁ%M (Lemma 6.18 and Section 8).

Walls. For h € H we put n := (ﬂéﬁ/?ﬂ')h € 7V, define the wall field w := Vh — k‘ﬁaiﬁ/zj

on E, and put N := (5&;/13[/27r)w, that is, N(b) = n(y) — n(z) — k& € Z for b = (z,y).
The wall bonds are ¥ := {b € E : N(b) # 0}, the wall sites Xy their endpoints, and

NY =3 cp N(b)py (py oriented as in Definition 7.1 (c)).

Lemma 7.6 (Walls). Let h € H and k € Z. (a) N(b) # 0 only on interface bonds, and
N is constant on each interface I; we write Ny. (b) Frozen bonds, bonds into X and bonds
leaving A° are not in E; they carry no wall. (¢) ONV = —kC + 9Y for an integer 2-chain
Y supported in § = F(X) U Fg U 02A°: the wall spans C relative to the insulating set, and
may end on faces of hole cubes, on frozen faces and on OA°. (d) For every cycle v of G',
> ey N(0) = —k Ik(v,C). Moreover N(h) = N(h') if and only if h — ' is constant on every
component of G'; so N determines the class [h| of h modulo Cp = {4 Pnglgs : ng € Z}.
(e) (Relatively closed walls.) For an integer field M : E — Z with MY := 3", M(b)ps,
the following are equivalent: (1) M is relatively closed: OMY = dY for an integer 2-chain Y
supported in §; (ii) M has zero periods: 3 e, M(b) = 0 for every cycle v of G'; (1)) M = Vn/
for somen' .V — 7.

Proof. In outline, a wall is where the cell-constant field fails to absorb the jump of the loop
current, which is constant on interfaces because they are aligned with Z. (a) VA = 0 on
bonds inside a cell, which do not cross = (Lemma 3.5(A1)). Other bonds join two blocks,
and an interface lies in one block face, which lies in = or misses it (Theorem 3.20 (R7)). (b)
is the definition of E. (c) Extend n by 0 to X and let U := > i n(x)c,. A plaquette of
a cube of V not dual to a bond of E is a face of a hole cube, a frozen face or in 95A°, so
OU =3 g Vn(b)py, + Y1 with suppY; C §. Likewise, >, &y = E — Yo, with Ya the part
of Z in § (E is interior to A° by Lemma 3.5, and F(X) contains all faces of hole cubes). So
NY =9U —Y; —kE+ kY2 and ONY = —kC + 0(kY2 — 7). (d) > by V(D) =0, and 37, &
counts the crossings of v with =, that is, k(vy,C). If N(h) = N(h'), then V(n —n') = 0. (e)
Since the box is acyclic, the relative cycle MY — Y is a boundary W, which a cycle of G’
crosses as often inwards as outwards (plaquettes dual to bonds of E are not in §). This proves
(i)=(ii). Integrating along paths, we obtain (ii)<>(iii), and the computation of (c) with & =0
gives (iii)=(i).

Handles. In Z3 the period condition of Lemma 7.6 (d) is local, and walls with zero periods
are removed by h — h— Pn’ (Lemma 7.6 (¢)). In G’ a cycle v around a handle of the insulating
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set with lk(v,C') = 0 may be crossed once each, with opposite signs, by two separated wall
pieces. We therefore write the shift in source form (Proposition 7.8) and grade the outer
partition functions by the class of their walls (Definition 7.25).

Proposition 7.7 (Unfolding and translation). Assume (S1) to (S3) and (S5). For each h € H
let g = gh : V. — R be equivariant: gpy. = gn + ¢ for c € Cp. Put H := h — kﬂG1/2f,
C™hi= Gy 4y, E(Y) i= B'(Y+9)+5 (4, vd), g i= m?Coll, Fi = 3?lg - HI+ g, u 1g)
and Fg = (1,C; (g — gc)). Then C~1 > 3Cy!' > 0, and with duc the centred Gaussian
measure on RV wzth covariance C,

Z N/duc eCHg) o= F1 =1 (7.9)

[hleH/Cp

where N > 0 depends on G', My, m and v, and not on k, Z or h. Each term of (7.9) does
not depend on the representative of [h].

This is [GM82, (6.13) to (6.20)] with xo =1 on V and E the E of [GM82, (6.14c)], except
that the sum over h is unfolded over H/Cp and the mass acts at every site. The integrand
of (7.6) is invariant under (¢ + ¢,h) — (¢ +c+ ', h+ ), ¢ € Cp, since each cell lies in one
component rq is P-periodic, and the phases of E’ shift by multiples of 2w. Hence the sum
over ¢’ turns the zero- mode integrals into Lebesgue measure on RCmp(G') Ag =114 = 0, the
measure becomes e~ 2(#” “’)dgo on RV, and Cy = (u~! +m ) 1'is one operator on RV (in
[GMS2, (6.15)] the mass term is m?xa). By (S5), C~1 > 2C;!, and equivariance with (7.1)
gives the independence of the representative.

7.2 The shift and the localized I}

From now on G’ is an output of the construction and Saym > 8y, so that L' > 16 and
L/2 < L'. We write d = dg for the graph distance of G’ (d(x,y) = oo for sites in different
components) and N, (A4) := {x € V : d(z, A) < r}. Each cell lies in one U-cell and each U-cell
in one component (Theorem 3.20 (R7)). A good tube of an interface bond b (Subsection 7.3)
is a straight path of G’ of L sites with middle bond b.

The wall neighbourhood. The set ¥ is the union of the U-cells A with d(A,Xy) < L/,
as on [GMS82, p. 47] with U-cells for unit cubes and d for GM’s distance 3~1/2||z — y||; of
[GMS82, (1.11a), (3.23)]. The wall components Sz are the unions of the U-cells of the connected
components of the graph on the U-cells in 3, two being adjacent when a bond of G’ joins them.
Put X5 := Xy NS, let E(Sp) be the set of bonds of £ with both ends in Sg, and wg := wlpgy).
The wall sources and the standard cutoff are sg := My *(—A+ME)V*wg and x5 := ((d(-, X)),
with ¢ =1on[0,L/2], {(t) =3—4t/L on [L'/2,3L' /4] and { = 0 on [3L’/4,00). The transition
set Ag is the set of endpoints of bonds {z,y} € E with xg(z) # x5(y). The shift is

g:=H— ZXBCOSBa D:=g—H= ZDﬁ’ Dg := —x3Cosg. (7.10)
B B

Proposition 7.8 (Source-form shift). For every h € H and k € {0,1}: (a) every wall bond lies
in E(Sg) for exactly one B, so w = Zﬁ wg with disjoint supports; {x : d(z,¥g) < L'} C Sg;
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every interface carrying a wall lies in one E(Sg), and the good tubes of its bonds lie in Sg;
(b) xs3 = 0 off Sg, xg = 1 on Xg, d(Apg,Xp) > L'/2 -1 > 7, Ni(Ag) C Ss, and xp is
(4/L")-Lipschitz for d; (c) u"'H = >_p8p and suppsg C N1(¥g); (d) g = H off Ugsupp xz,
in partzcular g+ kﬂGl/Qf
Fy:=Cy Yg — g.) satisfies

=h onV\ S:on Sg, g = H — x3Cosg; and g is equivariant; (e)

Fy=Y F5  Fyg5:=—[Cy",xs]Cosg,  suppFy 5 C Ni(Ag) C S, (7.11)

and on N1(Ag) one has sg = 0 and Fy = —Cy 'x3Cosp; (f) given Sg, the functions sg, Dls,
and F) 3 depend on h only through N|E(Sﬁ)- No extension of h|56 to V enters the construction.

Proof. Roughly speaking, since —Af = V*j, the jumps of h across = cancel j on each bond
with N = 0, and hence v 'H is a pure wall source. Near each wall component, the shift
subtracts the response Cpysg to that source. Parts (a), (b), (d) and (f) are support checks.
A geodesic of length less than L' to ¥z stays in 3, hence in one wall component, and good
tubes lie within L/2 < L’ of their middle bond. The function ¢ is (4/L’)-Lipschitz. Since
Ag - {L//Q —1< d(-,zg) < 3L,/4—|- 1} and L' > 16, we have Nl(Ag) - {d(, 25) < L/} - Sﬁ.
Finally, Vc = 0 for ¢ € Cp, and wg = 27r[38§4/ N on E (S3), whose wall bonds have endpoint
set Bg. (¢) —AH = V*Vh — kfgy| V") = V*w, so u H = My*(—A + M2)V*w = 3555
by (a). Moreover, V*wg is supported in g, and —A + M enlarges supports by at most
one step. (e) By (7.1), Cylg. = m?H and Cy'H — m?H = u~'H, and by (c) we obtain
Fy =) 5(s8 — Cy'xsCosg). A site z € N1(Xp) \ U5 is adjacent to some z € Xg, and
xs(x) = 1, since otherwise z € Ag, against (b). Thus xg = 1 on Ni(X3) 2 supp sg, and hence
sg—Cy'xpCosp = —[Cy*, x5]Cosp. The kernel Cy ' (z,y) = (My2A? — A+m?)(x,y) vanishes
unless d(z,y) < 2. Hence ([Cy!, xglv)(z) = >y Cy (z,y) (x5(y) — x5(x))v(y) vanishes unless
X changes along a path of at most two bonds from z, which puts x in N;(Ag) C Ss. Since
d(Ag,¥g) > 7> 3, the sets N1(Ag) and Ni(Xg) are disjoint, so sg = 0 on N1(Ag), and there
Fj = ~Cq ' x5Cos.

A construction through an extension hj of h| sz that is constant on the components of
V'\ Sp, as in [GM82, (6.24)], is not available on G’: such an extension exists only if wg has
zero periods on all cycles of G’, and a wall spanning the central hole of a solid torus of X has
period +1 on a meridian of the torus. When an extension exists, (7.10) agrees with [GM82,
(6.24), (6.25)] up to the choice of cutoff and Cy for Cyyp.

Proposition 7.9 (Exact identity). For everyh € H, k € Z and D : V — R, with g := H+ D,
2F = m?||D|? + |w + VD|]* + My?|AD — V*wl|* — k*Bgy Ecr- (7.12)

Proof. The idea is that the gradient of g differs from the wall field plus VD by the Biot—Savart
field, which is orthogonal to gradients and has inner product —E¢s with j. Hence the perimeter
energy separates exactly. As u™! = —A + M;QA2 and —A = V*V, we have (g,u"!g) =
IVgl12 + M5 2| Agl|%. Now Vg = Vh - kBl (j +Rf) +VD = (w+ VD) — kBgil Ry and, by
Lemma 7.2, (w+VD, Ry) = kﬁGM (],Rf> = kﬁGM EG/ so |Vgl|? = |w+VD|*- k:26G Ec.

Next Ag = Ah+kBgyl V*j+AD = AD — V*w. Adding m?||g— H||> = 2| D||? gives (7.12).
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Corollary 7.10 (Localization). Let D be the shift (7.10). For each wall component put
2F1(8g) = m* | Dgl|* + |lwg + VDg||* + My *|ADg — V*wg|?, (7.13)

and for every wunion Y of wall components and of U-cells outside f], Flloc(Y) =
ZB:SBQYFl(Sﬁ)' Then: (a) Fi = Fl°°(V) — k280 Eeri (b) Fi(Sg) > 0, and given
Sg it depends on h only through N|E(5B)" if E(Sg) contains no =-bond, it does not depend on
(k,2); (c) for every such'Y,

ocC ~ - 2
Fleey) > 3m? S (g - H)P+ 5 Y |Vg+ ko el (7.14)
€Y beE(Y)

(d) Z(k,E) is the right side of (7.9) with et replaced by e 1) the prefactor e+ Egr/2Bem
of Lemma 7.2 cancels, so Eg: never enters the perimeter constant.

Proof. Each term of (7.12) but the last is a sum of squares of functions supported in the
wall components: VDg is supported on E(Sg) and ADg on Sg, since a bond leaving Sz from
supp xg would end in Ag C Sg. This gives (a). Part (b) is Proposition 7.8 (f), and off Z-bonds
N = Vn does not involve k. For (c¢) we drop the terms with M;Q, as Vg+k:ﬁ(_;§/[/2Rf =w+VD.
Part (d) follows from Lemma 7.2, Proposition 7.7 and (a).

7.3 The wall tension and the spanning area

Tubes on the fine lattice. Let b = (z,y) be a bond of an interface I = I(, '), oriented
from Q to €V, with y = z+0e,, 0 = 1. Put 7, == {x—ioe, : 0 <i < L/2}, 7,7 := {y+ioe, :
0<i<L/2}and 7,:=7, UT,", asegment of L sites (L is even). The bond b is good if 7, C V
and the L — 1 consecutive bonds of 7, lie in E. We write good(I) for the number of good bonds
of I. On the fine lattice the face rule gives good(/) > ¢; max(|/|, L?) for each interface, with

cy = cg(1+ 1/L;)~2 > ¢, (Theorem 3.20 (R8), Lemma 4.19).

Lemma 7.11 (Tube inequality). Let z1,...,zs, be a path, let H = c_ on {z1,.. ., Zr)2} and
H = cy on {z1/241,---»2L}, J == c4 —c_, and let m(L/2) < 1/v2. Then for every g,
%mQ ZigL(g(Zi) - H(Zz'))2 + %ZKL(Q(%H) - 9(%‘))2 > %mz (L/2) J?.

Sketch. With gy the averages of g on the two halves, we write J = (¢4 — g+) + (g+ — g—) +
(g— — c-) and apply Cauchy—Schwarz to each term. Intuitively, the mass term supplies the
lower bound if g does not follow the jump, and the gradient term supplies it if g does.

Lemma 7.12 (Tube geometry). (a) If b € I(Q,€) is good, then 7, C Q and 7,7 C . (b)
Good tubes on a common lattice line are site-disjoint. Hence every site lies in at most 3 good
tubes and every bond in at most one. (c) No bond of T, other than b crosses Z, and £, Vh, N
are constant on every interface.

Sketch. A good tube is a straight path of G’ crossing one block face at its middle bond,
and by (G1) of Definition 3.4 blocks are at least L long. The chain = lies in grid planes
(Lemma 3.5 (A1)), and for (c) we use Lemma 7.6 (a).
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Theorem 7.13 (Wall tension). Let h € H, k € {0,1}, and let Y be a union of wall components
and of U-cells outside . With J; = 2#65M2N1,
w2, 2L

L
m2§zgood(I)J%zzaF Y ON®? opi=—t (7.15)

FPe(Y) > mwe
cy beE(Y) 18 fam

L
18

where I C'Y means that both cells of I lie in'Y. We put Funi, := opL?. There is no perimeter
term.

Proof. The constant Tls is the % of the tube inequality divided by the overlap 3 of good tubes,
and the remaining factor 2 in front of o is used in Subsection 7.8. By comparison, [GM82,
Lemma 12, (C.9)] gives & with a perimeter term instead. For a good bond b of an interface
I CY, n, CY, and with ¥, := D + JblT;r we have w + VD = V9 on the bonds of 7
and g — H = 0, — Jblle on 7, (Lemma 7.12(a), (c¢)). Hence Lemma 7.11 (m = m, c— = 0,

cy = Jy, mL/2 < c1/2 < 1/+/2) bounds the part of the right side of (7.14) on 7, below by
%7732%(]1)2. Summing over good bonds, we count each site at most three times and each bond
at most once (Lemma 7.12(b)). The second inequality follows from 5y N 2=\ ey |N?

and good(I) > cj|1].

Theorem 7.14 (Walls span the loop). Let k = 1, let n : V. — Z be arbitrary, and N(b) :=
Vn(b) — & on E. Then > . N(b)? > #{b€ E: N(b) # 0} > Ax(C).

Proof. Correcting = by the boundary of the integer field gives a 2-chain spanning C', whose
support outside the free set § is exactly the set of wall bonds. With U as in the proof of
Lemma 7.6 (c), ¥ := E — 90U is an integer 2-chain in A° with 93 = C. The coefficient of pj,
in ¥is & — Vn(b) = —N(b) for b € E, and all other plaquettes of A° are faces of hole cubes,
frozen faces or faces in J2A°, hence lie in §. So suppX \ § = {py : b € E, N(b) # 0}, and
Definition 2.11 gives Ag/(C) < #{N # 0} < Y5 N2, since N is integer valued.

7.4 The fluctuation term F5 is small

Throughout this subsection we assume Apy < % and m < My <1 (true for Bgm > 5%M), and
put Rs := (—A +s)~! for s > 0 and

reo=AME(LE (1 -E)Y?),  Gi=CoMyA(—A+ M. (7.16)

As ry +r_ = MZ and rir_ = m2MZ, partial fractions in t = —A give Cy = w(R,_ —
R.)and G = ci R, —c_R,,, with w := MZ/(ry —r_) and cx = r4/(r} —Ar_) (bounds
in Section S1.6). For X a union of wall components and of U-cells outside X, Fy(X) =
(1xv, Fy) = ZB:SﬂgX<¢7F2,,ﬁ> (Proposition 7.8 (e)).

Lemma 7.15 (Resolvent bounds). (a) (Combes-Thomas.) Let p : V. — R satisfy |p(z) —
p(y)| < a on every bond of G', and let ko := s — 6(cosha — 1) > 0. Then ||[e’Rse?| <
/16}11 (b) Let B C E have endpoint set Vg, and let A C V with d(A,Vg) > r > 0. Then
114GV* 15| < 8.71Lm~2e™™ /3. (c) If x : V = [0,1] is Ay-Lipschitz for d, then ||[Cy*, x]|| <
Ay (144My2 + 6) < 150 A M2
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Proof. All three are operator norms from the Schur test and the degree bound 6, so missing
bonds enter only through the degree. (a) is the method of [CT73, Theorem 1, p. 257] in a
lattice form not stated there: with e?(—A + s)e™” = —A + s+ B, pairing the two orientations
of each bond gives Re(f, Bf) = — 3"} qs 2(cosht — D)Re(f(z)f(y)), t :== p(z) — p(y), which
is at least —6(cosha — 1)||f||®. As —A >0, it follows that Re(f, (—A + s+ B)f) > kol f|*
The antisymmetric part of B drops out, so p may have kinks (as d has at slit edges and hole
corners), and the second-order form matters: in (b), at s = r_ < 1.08m2, a = m/3, the
first-order quantity s —6(e® — 1) is negative. (b) We apply (a) with p := 2 min{d(-, Vg), 7} to
the two resolvents of G, and the Schur test to e”V*e ™. (c) We use [Cy !, x] = My 2(A[A, x] +
[A, x]A) — [A, x]. The numerical constants are derived in Section S1.6.

Theorem 7.16 (F» is controlled by Fy; [GMS82, Lemma 14] on G'). For every h € H,
k € {0,1} and every union X of wall components and of U-cells outside ¥, Y, .y Fi(z)? =
Sssacx IF 52 < (L) FIS(X), where

(L)) == Cecy' Moy ™0 (nL/2) " (L) 2e~™ /3, (7.17)
with the absolute constant C. of Section S1.6.

Proof. The idea is that the commutator is localized where x changes, at distance at least
L’'/2 — 1 from the walls, and that there the Combes—Thomas decay outweighs the polynomial
loss, because mL’ o< fgm. By Proposition 7.8 (e), I 5 = —[Cyt, xp11aGV* 1 gwy with A =
Ni1(Ag), B := suppwg, d(A",Vp) > L'/2 —2 and A, = 4/L'. We apply Lemma 7.15 (b), (c),
and bound } 4 |wg||* by Theorem 7.13 with good(I) > ¢, |I| (Section S1.6).

This is [GM82, Appendix D, (D.3) to (D.16)], modified as follows:

(1) operator norms (Lemma 7.15) in place of GM’s pointwise bounds [GM82, (D.10)], from
[GM82, Lemma B.3], which fail within distance 2 of a missing bond, at the price M A4,

(2) the source form of Proposition 7.8 (e) in place of [GM82, (D.3) to (D.5)], since hj need
not exist on G;

(3) Theorem 7.13 in place of [GM82, Lemma 12, (C.21)], so there is no perimeter term Pr,
and the bound is uniform in A°, C, =, the hole set X, S, h, k and X.

Corollary 7.17 (Gaussian F, factors). Let C' be positive semidefinite on R with ||C'|| <
tem ™2, and let ducr be the centred Gaussian measure with covariance C'. For every p > 0 and
every X as in Theorem 7.16,

/duo(w) e PN = exp(§p® (1x Fy, C'1x Fy)) < exp(3p°tc e(L') F1*°(X)).

Proof. Since F»(X) = (¢, 1xF) is linear in ¢, its Laplace transform is Gaussian. The bound
then follows from (F,C'F) < ||C’||||F||* and Theorem 7.16. We will apply the corollary with
C’ of Lemma 7.29 (C' < apCy < %m”, so tc = % < 2) and with block-diagonal restrictions
Zj 1)/],001yj (tc = 1).

Corollary 7.18 (Collar). Let po, p3, ', ¢ and cy be the Hélder exponents and the constant
of Subsection 7.6, and gy := min{(1 — 1/p3 — cx)/(2p2), 2(p'/q')?} (values in Section S1.6).
There is By such that (L') < eq for Bam > By
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Proof. We have mL’' = 2faw, while for e(L") < g9 we need only mL’ > 27log(1/m) + O(1),
with log(1/m) < 2.49447 and Ko = 2 > 27 - 2.4944/(47%) = 1.706 (Section S1.6). A collar
with mL' fixed, as in [GM82, p. 47], does not suffice on G'.

Proposition 7.19 (Collar consistency). Let Dg := Cym ™! bound the Euclidean diameter of
U-cells (Theorem 3.20 (R7)) and neo) := (2v/2L + Dg + 3)/L’. For every wall component Sg,

2.0
with ny(B) the number of interfaces of Sg carrying a wall: (a) F1(Sg) > ﬂgcg m2L3n[([3) =

Bam

2Fumitn1(B); (b) Sg has at most nj(ﬁ)%(mﬂ)?’(l + Neo1)® U-cells; (c) for Bam > B%M, every

U-cell of 3 receives a share at least Oy of Floc that is, F1(Sg) > @y - #{U-cells of Sz}, where
the constant @y (Section S1.6) satisfies $yy — 00 as Pfom — 0.

Sketch. (a) is Theorem 7.13 with Y = S, J? > 472 /By and good (1) > c;LQ. (b) Each U-cell
of Sg lies within d-distance L of a wall interface, which lies in one block face, and U-cells are
disjoint with at least c,m 2 sites (R7). (c) We divide (a) by (b). Then ®;; — oo, because the
energy is exponential in Sgm, whereas the collar is polynomial in mL’ < Bgm.

7.5 The class-graded expansion

By Corollary 7.10(d), Z(k,Z) = > N [ duc ePQp, with Q) := COTD eI (V)e=F2 . We
expand the Gaussian integral at fixed h and then resum the walls, graded by their class.

Definition 7.20 (Closures, wall polymers, seeds). Fix h € H. (a) The closure cl(S) of a
union S of U-cells is S together with the U-cells joined to S by a bond of G’. Closures
of wall components are linked if they share a U-cell; a wall polymer Sy(h) is the union of
a maximal linked family of closures. (b) The wall polymers and the U-cells contained in
no wall polymer form a partition )7(h) of V, whose members are the elements. A set is
admissible (for h) if it is a union of elements; sat;(S) is the union of the elements that meet
S. (c) X is the union of the U-cells that contain an endpoint of a bond of G’ crossing =,
and A; is a fixed U-cell. The seeds are Yi(h) := saty(X1) in the expansion of Z(1,ZE) and
Yi(h) = satp(A;) in that of Z(0,Z). (d) M(h) := {X D Yi(h) : X admissible}. (e) For
admissible Y, G(Y) := > gy Inra(Aa) + > ; G2,i(Y) (the site sums of (7.5) restricted to
Y) and Qp(Y) = eCMeF1"(M)e=F2(Y) (Fy(Y) as in Subsection 7.4); E(Y) and E(Y,s) are
defined in Appendix C.

An admissible set is a union of wall components and of U-cells outside ¥ (a U-cell of 3
joined by a bond to Ss belongs to Sz). Hence Fi°¢(Y) and F»(Y) are defined. An element
that meets X, lies in each admissible X D X7, since the elements partition V' and admissible
sets are unions of elements. Therefore M(h) = {X D X; : X admissible} (with A; for k =0,
as on [GMS82, p. 51]), which is the rule of [GMS82, p. 50].

Lemma 7.21 (Factorization). Let Y,Y' be disjoint admissible sets. Then Qn(Y UY') =
Qr(Y)Qr(Y'); in particular Qn = Qn(X)Qn(V \ X) for admissible X. Moreover Qn(Y), and
every term of E(Y,s), depend on (¢, h) only through |y and N|gw. The same holds with
G of Lemma 7.29 in place of G.

Sketch. This is [GM82, (E.4)] with admissible sets for unions of unit cubes. The action is
a sum of cell terms (Inrg), site terms (Ga, the terms of G* and of E) and wall-component
terms (F1(Sp), Iy 5), and an admissible set contains each cell and wall component entirely
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or not at all. As g + kﬁéi/{z f = h+ D with h cell-constant and PZ-valued, each phase is

B (4+D) (rq is P-periodic), and Dly, F{°¢(Y), F5(Y) depend on h only through N|gy
(Proposition 7.8 (f), Corollary 7.10 (b)).

The factorization holds for admissible sets only (FlloC does not split inside a wall polymer).
For this reason we saturate the seed, as X7 itself need not be admissible.

Proposition 7.22 (Cluster expansion at fixed h; [GM82, Lemma E.1, Proposition E.2] on
G'). Assume (S1) to (S5) and the hypotheses of Lemma C.2, and let C € {C,C'} (C" of
Lemma 7.29). Let U =V, or U =V \ Xg for a union Xo of U-cells; let h be a cell-constant
configuration on U with values in PZ whose wall polymers in U have their closures in U (for
U=V,any h € H); and let Y1 C U be nonempty and admissible for h on U (it may depend
on h and need not be connected). With Cy := 1yCly on RY,

/ dpc, (V) P VQuU) =D " Kn(X) / dpc, (¥) 2K QL U\ X), (7.18)
X

where X runs over the admissible subsets of U containing Y1, Kp(X) := Z@X@):X KCy over the
sequences § = (Y1,...,Y,) of pairwise disjoint nonempty admissible sets with union X (y) = X,
and

Kgim [ ds [ dul() e KO (g, QX @) (7.19)
[0,1]n~1

with dul (covariance (C.1) at s, =0), EY and the operator r(3,s) of Appendiz C, built from
Cy. FEvery sequence has length at most ep, + 1, ey, the number of elements of U not contained
in Y1; all sums are finite, all integrals converge absolutely, and [ ducy,e?Y)Qn(Y) € (0,00)
for every admissible Y C U. Ky depends only on g, the X (y) x X(y) block of C and N|g(x(y)),
not on U.

We give the proof in Appendix C.

Admissibility in terms of walls. For a set W of wall bonds with endpoint set V(W),
(W) is the union of the U-cells A with d(A,V(W)) < L. For a union X of U-cells, dX is
the set of bonds of G’ joining X to X¢:=V\ X, Wx := XpNE(X) and Wxe := XN E(X°).
We consider the conditions (in) cl(3(Wx)) € X, (out) cl((Wxe)) € X¢, and () N = 0 on
0X.

Lemma 7.23 (Admissibility). Let k € {0,1}, h € H, and let X be a union of U-cells with
XOXyifk=1and X D Ay ifk=0. Then X € M(h) if and only if (in), (out) and (0)
hold. In that case the elements of y(h) inside X are determined by X and N]E(X), and those
inside X by X and N|g(xe)-

Sketch. Each wall component, with its closure, belongs to the side that contains its walls
(Proposition 7.8 (a)), and no element straddles 0X when 0X carries no wall: under (9),

> = N(Wx) UX(Wxe), no U-cell of one being adjacent to one of the other by (in), (out),
and the wall components inside X are the components of (W), with Wx = supp N|g(x)-

At k =1, since both ends of each Z-bond lie in X7 C X, the set 0.X contains no Z-bond,
and (0) is equivalent to h(z) = h(y) for all {x,y} € 0X, as at k = 0. By Lemmas 7.21 and
7.23, for admissible X D X, the activity K, (X) with first set satj,(X;) depends on h only
through N|g(x).
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Wall fields. A wall field on a union U of U-cells is a function N : E(U) — Z, extended
by 0 to E, that vanishes on the bonds inside cells and is constant on each interface. For
h € H and k € {0,1}, the restriction N(h)|g) is a wall field (Lemma 7.6 (a)). The objects

of Subsection 7.2 (Sg, X3, sg, D, F1(Ss), Fi°, Féﬁ, F5(Y)) are functions of w := 27rﬁ(_}1{/[/2]\7
alone (Proposition 7.8 (f), Corollary 7.10 (b)). For a wall field N we define G(Y), G!(Y)
(Lemma 7.29), E(Y) and E(Y, s) by their formulas with ¢ + g + kﬁai/l/zf replaced by ¢ + D
in all phases and all cell averages (so Aq + k:ﬁé;f fa becomes avgq (1) + D) and & becomes
(1 + D) — avgqg (1) + D)), and put Qn(Y) 1= eCV)e (V)= Fa(Y),

Lemma 7.24 (Wall form). (a) If N = N(h)|gw) with h € H and k € {0,1}, then Qn(Y) =
Qr(Y), and E(Y,s) is the same in both definitions, for every admissible Y C U. (b) Defi-
nition 7.20 applies, and Lemma 7.21, Proposition 7.22 and Lemma 7.23 hold, for every wall
field N on E(U) whose wall polymers have their closures in U, with V replaced by U and
without the condition on the seed in Lemma 7.23; Theorem 7.13 holds for every wall field; and
Proposition 7.5 holds with ||¢ + kb’éhﬂf — hl| replaced by ||y + D]|.

Sketch. (a) As in the proof of Lemma 7.21, h drops out. (b) These proofs use h only through
(a) and the walls (the action consists of cell, site and wall-component terms). In Theorem 7.13,
(7.14) becomes (7.13) without its last term, and w = 0 inside cells. The proof of Proposition 7.5
is pointwise in Bé/la(w + D)(x), and Appendix C uses Lemma C.1 and the Poincaré inequality
on cells, pointwise in (¢, D) (Section S2.5).

Definition 7.25 (Classes and outer partition functions). (a) The m3-graph has the sites of V'
as vertices, joined by the bonds of E and by the pairs of sites in a common cell; a closed walk
~ in it has the length |v|, the sum of the dgs-distances of its steps. The class of a function N
on E (extended by 0 to the same-cell pairs) is [N] : v+ > . N(e) (oriented sum) on closed
m3-walks. (b) A wall field N is long if [N](y) = 0 for every closed m3-walk v with || < 2L'.
N8 (17) is the set of long wall fields on E(U), and Tiong := {[N] : N € N2(V)}; it is a
group. (c) For a union X of U-cells and p € Tong,

2,(X) = SN [ duc(w) e Qu (x0), (7.20)
N

the sum over the N € N'°"8(X¢) that satisfy (out) and have [N] = p, with the integrand of
Lemma 7.24; Z(X) 1= (Z,(X))pelings Zp(X) 1= 0 for p ¢ Tiong, Zp := Zp(0) and Z := Zo.
(d) For k € {0,1} and a union X of U-cells, with X D X if k = 1, an inside field at coupling
k is a wall field Nx on E(X) that satisfies (in) and for which [(Nx + k§)1p(x)] vanishes on
the closed m3-walks in X; its outer class is py(Nx) := —[(Nx + k§)1px)]-

Integrating along m3-paths, we see that [N] = 0 if and only if N = Vn withn : V — Z
constant on each cell (on the cycles of G’ alone n need not be constant on cells, which may be
disconnected). With Lemmas 7.6 (d) and 7.24 (a) this gives Z = Z(0,Z): the configurations
of Zy are the walls of the [h] € H/Cp at k = 0. A long wall field has period 0 around
each plaquette of G’ (a closed walk of length 4). For X D X, { vanishes off F(X), so by
Lemma 7.6 (d) an inside field at & = 1 has the periods —lk(-,C') on the cycles of G’ in X (it
is not long in general), and p1(Nx)(7) = —1k(7, C) — 3 c,p(x) Nx(e) on the cycles of G".
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Lemma 7.26 (Long fields). (a) A closed m3-walk v with |y| < 2L that contains a wall bond
of a wall component Sg has all its sites in Sg. Hence, if N € N©&(U) has its wall polymers’
closures inU andY C U is a union of elements of N, then N1gyy and N1gqny) are long, and
their classes add up to [N]. (b) Let h € H, k =1 and X € M(h). Then N(h)|gx) is an inside
field at k = 1, N(h)|g(xe) is long and satisfies (out), and [N(h)|gxe)] = p1(N(h)|px)) €
Flong'

Proof. A closed walk of length less than 2L’ stays at dq/-distance less than L’ from each of its
sites. (a) So all sites of « lie in Sg (Proposition 7.8 (a)), all wall bonds of 7 lie in £(S3), and Sg
lies in one element. Thus the period of N1gyy on v is 0 or that of N, and N vanishes on the
bonds between Y and U \ Y (Lemma 7.23). (b) Put N := N(h) = Vn —¢§, Nx := N|gx) and
N':= N|g(xe). By Lemma 7.23, Ny satisfies (in), N’ satisfies (out), and N = 0 on 0X. Since &
vanishes off E(X), we have Nx +{1gx) = Vnon E(X) and [N'] = —[Nx +{1gx)] = p1(Nx),
as [N 4+ = 0. A short closed walk through a site of X carries no wall of N’ by (out), and on
one inside X¢ the period of N’ = Vn is 0. Hence N’ is long.

For unions Z C Y of U-cells and a wall field Ny on E(Y") of which Z is a union of elements,
we write ICJ(?Y)(Y) for the activity of Proposition 7.22 at Ny with first set Z, and K(A) for

that of a wall-free U-cell A (n =1). The finiteness of 3. |IC§VZY) (Y)| and of sup, Z,(X) used
below is Proposition 7.47, proved without Theorem 7.27.

Theorem 7.27 (Resummation). Assume the hypotheses of Proposition 7.22. (a) For X O X3
and an inside field Nx at k =1, let Ky, (X) := Kﬁ?j(xl))(X). Then

Z Z’CNX p1 Nx)(X)

XDX; Ny

the inner sum over the inside fields at k = 1, with absolutely convergent sums. (b) (Kirk-
wood—-Salsburg identity.) Let Xo C V be a union of U-cells and A C X§ a U-cell. For every

pe I‘long;

=3 S kY 2, vy (XU Y), (7.21)

YA Ny

the sums over the unions Y C X§ of U-cells containing A and the Ny € N'°"8(Y') satisfying
(in), with first set satyn, (A); the sums converge absolutely. The term Y = A, Ny = 0 is
K(A)Z,(Xo U A). (c) (Prescribed walls.) Let R be a family of disjoint unions S of U-cells,
each with a long wall field Ns on E(S) of which it is a wall polymer, o :== ((JR, > g Ns), and
forr € Diong let Z.(R) be the part of Z, from the configurations N in which every S € R, with

N|gs) = Ns, is an element. Then Zy(R) = 3 yo g 2Ny IC%R)(Y) Z,_ny)(Y), the sum
over the Ny € N°"8(Y) satisfying (in) with Ny|gr) = 2_s Ns of which |J R is a union of
elements.

Proof. At fixed walls the expansion factorizes over the elements, admissibility splits
into conditions on the two sides (Lemma 7.23), and the class of the walls is ad-
ditive, so this class is the only datum of the outer side that the inside constrains.
(a) By Corollary 7.10(d) and Proposition 7.22 with U = V and first set satp(Xy),
Z(1,2) = Z[h]NZX@ﬁ(h)/Ch(X)fd,uceE(Xc)Qh(Xc). Fix X 2 X;. The map
(] = (N(h)|ex) N(h)|E(xe)) is a bijection from {[p] : X € M(h)} onto the pairs
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(Nx,N') of an inside field at k¥ = 1 and a configuration N’ of Z, (v,)(X). It maps into this
set by Lemma 7.26 (b), and it is injective by Lemma 7.6 (d). It is onto, since N := Nx + N’
has [N + &) = [(Nx + &)1gx)] + [N'] = 0, hence N = N(Pn) with n cell-constant, and (in),
(out), (9) give X € M(Pn) (Lemma 7.23). The activity depends only on Nx (Lemmas 7.21,
7.23). Since both ends of each =Z-bond lie in X; C X, the outer integral depends only on N’
and is the summand of (7.20) (Lemma 7.24 (a)). The outer integrals are > 0 (Lemma 7.42),
and Proposition 7.47 allows the sums to be exchanged. Only inside fields with pi(Nx) € Tiong
occur, by Lemma 7.26 (b), and for them Proposition 7.47 gives >y [Kny (X)| < 00. (b), (c)
In (b) we fix a configuration N of Z,(Xy) and expand on U = X§ with first set saty(A) by
Proposition 7.22 in wall form (Lemma 7.24 (b)). In (c) we fix a configuration N of Z,(R) and
expand in the same way on U = V with first set |J R, possibly disconnected. By Lemma 7.23
in wall form and Lemma 7.26 (a), the map N +— (Y, N1gy), N1g@\y)) is a bijection onto the
triples of Y, Ny as stated and a configuration of Z,_ |y, (Xo UY) in (b), and of Z,._[x,(Y)
in (c¢). The summand factorizes (Lemma 7.21), and Proposition 7.47 allows the sums to be
exchanged. For Y = A and Ny = 0, the U-cell A is a wall-free element.

In (b) the removal of Y moves the class by [Ny], and each pair (X,p), X # 0, enters the
identity for (X \ A,p) through the wall-free term Y = A, the form of [BF80, (A4.3), (A4.5)].
The class cannot be dropped: removing the polymer of one of the two walls in the paragraph
headed Handles (Section 7.1) leaves outer walls of nonzero class, which are not the walls of a
height on the complement.

Corollary 7.28 (Loop expansion). Under the hypotheses of Theorem 7.27, in the finite boz,

Z X
WarlC) = 3 3 Koy () 200 (722)
XDX1 Ny
the inner sum over the inside fields at k = 1, with absolutely convergent sums and

Zp () (X) 2 0.

Proof. Divide Theorem 7.27 (a) by Z = Z(0,EZ) > 0, and use Lemma 7.42. Here Z,(X)/Z is a
ratio of two absolutely convergent sums in the finite box, which Theorem 7.49 only bounds.

7.6 Brydges—Federbush Section 9 on slit domains

In this subsection we bound the activities of Section 7.5 on G’ by [BF80, Section 9] and [GM82,
Section 7]. On G’ the argument differs from these references in the following points. There is
a one-body deficit, whose quadratic part is moved into the covariance (Lemma 7.29). There is
no extension of the wall field across = and no Poincaré inequality across a slit (Lemmas 7.32,
7.33). Finally, the covariance rate is small and independent of 7 (Proposition 7.36).
Throughout, X is a polymer (a union of elements of Y (h), Definition 7.20), | X| its number
of U-cells, ¥ := ¢ + D with D := g — H the field in the phases, and 5 = Px?¥, where
Px1 := 19 — avgn ¥ on each cell 2 C X and Pxd := 0 off X. We put Cy, := 2+ 6/cg4, so that
#A < Cym~3 for each U-cell A by (R7), and ||A]|, := sup, >y |A(z, y)|e" %" (®Y) for a matrix
AonV and r > 0. Constants C, C, depend only on those of Theorem 6.5 and Proposition 6.6.
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The deficit decomposition. By Proposition 7.4 the inhomogeneity enters only through

Ga,3 of (7.5), which by (S3) is >, .0 > _sev (p1(m, z) — pref(m))(cos(mﬂéﬁﬂ(x)) —1). Let G2©73
be its part with = € ©, and put

= fam Z (pr(m, ) — ™ (m)) Ly o (2), (7.23)
m##0
Ghis=3 Y (pi(m,z) — p(m)) (cos(mBeyd(x)) — 1+ sm?Band(@)?).
m#0 zeV\D

Then, identically in ),
Ga3 = Gy — §{0, pov) + G5 (7.24)

We write G§3(Y), Ggyg(Y) for the sums over z € Y. Put G := G + Go1+ Gao+ G‘Sg + Gh273
and C" := (Cy' + v + pup) ™', where the operator ug depends only on G’ (through p;).

Lemma 7.29 (Covariance step). Assume the standing hypothesis (7.8), e, +60" < 1/7, with €,
of Section 7.1 (the output form of (S5)) and 0 from (7.7). Then, uniformly in ¢, h, k, = and
G', with Cp the constant C' of Proposition 7.5(b): (a) |uo(x)| < 0'm? for every z; for every
union Y of U-cells, —C(e™" + 725 cgepNp (V) < G§3(Y) < CopcaepNo (Y) and

G5V < 302 Y ey 0 (9(2)? + ¥(2)?).

(b) At a site x ¢ © with D(x) = 0, the n-th derivative in (x) of the x-term of Gg’3 is
at most Cn0'm*Bam|(x)|*™™ for 0 < n < 4 and at most C, 9’~2ﬂn/271 forn > 4. At
r €D, the n-th derivative (n > 1) of the x-term of G5 53 s at most Cy(m Q/BGM)BZ{VQI (c) C'
exists, is positive definite, and C' < apCy as forms, with ap = (1 —¢, — )7t < 7/6. (d)
The bounds of Theorem 6.11 hold for C' and for every interpolated covariance C’, of (C.2):
Cl(z,z) = C'(x, :1:) < apKiMy, |Cl(z, y)| < 2K Mye Teovdar(@9) || C < 2K3m~? and
IC |22 < apm™2. (e) As measures on RV

’ ‘ Tcov

W) e () = c e dpcr (v),

¢ = (det Cl)m, (7.25)

det C
and ¢ does not depend on h, k orZ. (f) Propositions 7.3, 7.7 and 7.22, Theorem 7.27 and Corol-

lary 7.28 hold with (C,G,N) replaced by (C',G* cN), and Wer(C) and the ratios Z,(X)/Z
are unchanged.

Proof. At a site with D(z) = 0, Oy G23 = —po(x)y(z) + OO'm*Bamv()]?) with 67 >
1 — e~% fixed: no power of Sy, whereas [BF80, (9.813) to (9.819)] need 5313[ per derivative
of a one-body coefficient of order m?/Bagy. For this reason the quadratic part is moved into

the covariance, as v is, and Gg73 is of fourth order (type vi of [BF80, (9.811)]). (a) Arguing as
in the proof of Proposition 7.5(a), with m? replaced by |m|", we obtain, for ¢ ® and n > 2,

Bam Y Im|" |p1(m, ) — p™(m)| < Cpb'i?, (7.26)
m70

with Cy = 1 once C in (7.7) is large, and at each x the left side is at most C,,7n2. For n = 2 this
bounds pp, and together with [cosy — 1+ 22| < Jy? 4+ 322 (y = mﬁéﬁﬂ( ), z = mﬁ1/21/1( )
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it bounds Gg73. The bound on G%(Y) is Proposition 7.5(b) with Proposition 6.17. (b) If
D(z) =0, then ¥(x) = ¢(x) and f(¢) := cos(mﬁéﬁ )—1+3m?Bamy? vanishes to fourth order
with |f] < [m|" BT At @ € D, |97 cos(mBy?)| < |m|" B We then sum with (7.26). (c)
By the Schur test ||[v]lam2 < [|[V|lre. < €02, by (a) ||poll2—2 < 0'm2, and Cy' = =t + m? >
m? (Definition 7.1). Hence Cy ' +v 4+ pp > (1 —¢, — 0)Cy*t > %C’O_l > 0, and inversion
reverses the order of positive definite forms. (d) Theorem 6.11 applies to ¢’ = (Cy ' + v/)7L,
Vo= v+ o, as 2K3||V ||, < 2K3(e, + 0)m? < m? (K3 < 3.5). The diagonal bound
follows from (c). Block compressions keep the diagonal and positivity and increase no other
bound. (e) By (7.24), eG(¥+9) — el emz(mov)  Since C—1 = Cy' + v (Proposition 7.7), we
have e_%w)’“@w)d,uc(w) = (det 271'0)71/26_%@#’0/711@611/) = c¢dpc(1). The operators Cy, v, po
depend only on G’, My and m, so the factor ¢ does not depend on h, k or Z. As an identity of
measures, (7.25) preserves absolute integrability. (f) We insert (7.25) in Proposition 7.7. Those
proofs use only factorization over cells and sites, the margin of Lemma C.2 (gys < 1/6 for C”)
and the quadratic bound on |E(X, s)|, and ¢ cancels in W (C) and in each ratio Z,(X)/Z.

From now on we build all activities and all Z,(X) with (C',G% ¢cN). For a polymer X,
N (X) is the set of wall configurations Nx := N|g(x) of cell-constant labels hx with values in

PZ (P = 2775&{4/2) whose walls lie in E(X). At k = 0 the statements of this subsection and
Lemma 7.48 hold for the long wall fields of Definition 7.25 (Proposition 7.46). We write ny(X)
for the number of interfaces with both cells in X, and put A, := 2Funit.

Lemma 7.30 (Wall entropy). (a) FI°°(Y) > Ay Y cy N? for every union Y of elements of
Y (h), where Ny is the constant value of N on the z'nt_e7"face I (Lemma 7.6(a)). (b) For every
polymer X and every ¢y > 0 with e¢4w < L DN EN(X) e~ 1 (X) < (1 4 3e~cadw)nr(X)
< elXl with ¢} := 9C,e44% /(cye1 (1A L)3).

Proof. We adapt the proof of [BF80, Lemmas 9.2, 9.3] to G’ as follows. (1) The face sum
of [BF80, (9.117)] becomes the interface sum. Indeed, walls are supported on interfaces
(Lemma 7.6(a)), and by Theorem 7.13 with good(I) > c’gL2, which holds by (R8) in fine units
and Lemma 4.19, an interface I C Y gives at least 1—187712%ch2 . 47r2N12/5GM = 2FunitN[2.
(2) The sum over h becomes the injection Nx ~ (Nj); € Z™X) each interface giving
Yon e~eidwn® < 1 4 3¢=¢44w  (3) The cube count becomes ny(X) < 3Cu|X|/(cger(mL)?),
since a cell has at least c¢1L? sites by (R5) and at most 6/c, neighbours by (R8), and a U-
cell has fewer than C,m ™3 sites. We also use log(1 + 3t) < 3t. By Corollary 7.10(d), no
perimeter term arises. With ¢4 = ¢//4 (Table S1.4), ¢ is doubly exponentially small in 7, as

Ay > (72¢,[72)c (mPam) ™ (ML > cr/2).

In Debye units, for the Peierls factor rq of (7.4), we put vg := m3|Q|, p(m) := m=2p"f (m),

bp = Bamrin, P = 2rb,"?, and

B (o) e ORLO A [ — 1]}

o(2) = -
Snezexp{—3v(z —nP)?}

so that rq(A) = Rm(m_l/Q(A + kﬂ(—;iffg)) By (R5) in fine units and ¢r/2 < mL < ¢p, we

have vg € [v_,v4] = [c1¢] /8, 8¢}]. Let ny := supg o[l — 2bp >, A(m)(1 — cosms)/s?] <
1 —4/7% 4+ Cge%s.

(7.27)
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Lemma 7.31 (Derivative bounds). Fizng € (ns,1). There are by > 0 and ¢y, c%, ¢, depending
only on vy, ng, Cs and kg, such that for bp < by, v € [v_,v4], all real x and all integers
N >0,

|8316VR1,(93>‘ < (C;b;)/ﬁ)Nec’{NlogNeénHva.

Consequently, uniformly in h, with 0Aq/0y(x) = 1/|Q| (x € Q2),

10X ra(Aq)| < e7 (b P~ V/2)N et N loe N eXP(%TlHThZ > 19(3«")2>-
HISY)

The first bound is proved as [BF80, Lemma 9.7, (9.51)], with Ip=1,1% > v, 8 — bp,
pi — p(m), 7 — P, except for the following points. (1) There are infinitely many charges. The

Taylor expansions of the factors I, IT of [BF80, (9.53)] converge for |[Im z| < b51/6 by the tails of

(S4'), as elmlb® e=2ssim| i summable. (2) The constants are uniform in v € [v_,v4] C (0,00),
not for a fixed volume L3. (3) We need an explicit exponent for app'ng < 1 in (L8-1). The
inequalities 1 — coss > 2s2/72 on [0, 7] and 2Banmp (1) > (1 — Ce™2%S)m? bound 7., and
each g € (n.,1) is admissible in [BF80, (9.59)]. The second bound follows by P-periodicity,
Aq+kBarl” o = ha+avgg @ with hg € PZ, and [Q|(avgq 9)2 < 3, . 9(x)2. With 5 := ngm?
it is the analogue on G’ of [GM82, (7.9), (7.10)]: each derivative of G costs b1/6, times
e%'Y 2ox 192,

Holder exponents and the hypotheses (L8-1) to (L8-4). We fix ny € (9., 1), Holder
exponents pi,...,ps > 1 with ). 1/p; = 1 and py even, and p’ > p3, ¢ with 1/p'+1/¢' =1/p3
(values in Section S1.7.1). Let C’{jv, ko = roL, Ny, and ﬁ?} D Q, with sites in the box
Q(Q) of fine side at most kg, be those of the cell Poincaré inequality, Proposition 6.9(iv),
and Cp := C‘]:VT‘%NOV, so that CLL? = C{,cvk%Nov. The hypotheses are: (L8-1) the standing
hypothesis (7.8), and 7 := app'ng < 1 (hence appsny < 1); (L8-2) Ch(mL)? < 1y /8, so that
Op := (49/nu)Cp(mL)* < 3 and vy := max(#), 0p) < 1; (L8-3) (L') < 2(p'/¢')?, with e(L') of
Theorem 7.16; (L8-4) each £, has dg/-diameter less than L/. Here (L8-1) holds at the values
of Section S1.7.1, (L8-2) by the choice of ¢;, (ML < ¢,), (L8-3) by Corollary 7.18, and (L8-4)
follows from (L8-2) by Proposition 6.9(v). Here 7 is the constant denoted 3 < 1 in [BFS0,
(9.638)]. A cell Q C Q is near if the £*-distance from the sites of Q(Q) to C'is at most 3, and
far otherwise. For a union Y of elements, E(N(Y)) is the union of the F(8Y}) over the near
cells Q C Y.

The free-space solid angle. Let Q=(y) € (—2m,27) be the signed solid angle of the flat
rectangle = seen from a point y off its plane, increasing by 47 when y crosses = in the direction
in which & = +1. For a site x of G’ (a dual site of Z3, never in the plane of Z) we put
fC(z) := $Q=(z) and, for each dual bond b = (z,2') of Z3, RC(b) := fC(2') — fC(zx) — ji(b),
where j(b) = 27&,, which on the bonds of G’ is the jump field of Z (Section 7.1). The field
f¢ depends only on C, not on G’, unlike the Neumann solid angle fe of Lemma 7.2, and
RC differs from R;. Put S(D) := 2 b d(b,C)<D |RC(b)|? (sum over dual bonds of Z?) and

Dy = V3kp + 1.
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Lemma 7.32 (Solid-angle primitive). (a) Assume (L8-4). Let Y be a union of elements of
Y(h) and Q CY a cell. For every ¥ € RY, every function a on the sites of ﬁb and every
€ (0,1],

|Pad]* < (1 + )R ARV + wy[lf g ) + (14 1/e)k Bgiidala)’,
5Q(a) = (C‘J;V)I/QkDHVG *]HE(RE) + HPQ(LHQ,

where wy = ZsﬁgY wg. If Q is far, there is an a with éo(a) = 0. (b) For every dual bond b

of Z3, d(b,C) > % and |RC(b)| < 21/d(b,C); at every dual site, | f¢| < . (c) On every output

G/ ZQ near”RCHE(ﬁb < NOVHRCHE(_/\/’ )) S N S( ) and ’Lf‘C| Z 8]{:5’ then

S(Dy) < Cr|C| (log kg + Cyp), Cr:=24n, Cg, := 92.

Proof. Heuristically, on a box crossed by C' the trivial primitive pays for a flat sheet of jumps
(energy =< k3), while the solid angle pays only for the Biot—Savart residual (energy = ko log ko
per unit length of C'). Since freezing only deletes terms of free-space ¢? sums, the Neumann
field and its slit-edge enhancement never enter.

(a) We first show that w = wy on E(£2). Let b’ € E(£%) be a wall bond. Tt belongs to one
component wg and has a wall site z as an endpoint. Fix € Q. Then d¢/(x,2) < L’ by (L8-4),
so each U-cell met by a G’-path of length dg(z, z) from z to z lies in fl, consecutive ones joined
by a bond, and the U-cell of z lies in S (Proposition 7.8). This U-cell also lies in the element
of Y containing €, and each Sz lies in one element (Definition 7.20). Hence Sg C Y. Other
bonds carry w = 0 = wy. Next put ag := h — kﬁéi/[ﬂa on the sites of ﬁ?z. Here, at k£ = 0, for
long wall fields, the label is replaced by the primitive of Lemma 7.45 (Proposition 7.46), and
at k = 1, for the inside fields of outer class in I'igng, by the primitive constructed in the proof

of Theorem 7.57. As h is constant on cells, Poh = 0 and Pot¥ = Po(9¥ + aq) + kﬁél 2PQa
On E(£%), since w = Vh — kﬁGM j, we have V(9 + aq) = VU + wy + kﬁGl/Q(] — Va).
The Poincaré inequality of Proposition 6.9(iv) for ¥ + aq on ﬁb and the triangle inequality
give [ Padl| < (Cf)12koll V9 + wy | ey ) + KBt *a(a). We then square, using (z +y)? <
(14¢)x?+(14+1/2)y?. Now let Q C Q be far and let IT be the plane of Z. A dual bond crossing
IT crosses it at the centre of a plaquette, and j(b) # 0 iff that plaquette lies in =. The plaquettes
crossed by bonds of Q(Q) form a rectangle. If this rectangle contained plaquettes in and outside
=, it would contain two sharing an edge e € 9= = C at £*°-distance % from a site of Q(Q),
which is excluded for a far cell. Hence j = 2oVl on E(Q(Q)) for some o € {—1,0,1},
where I is the set of sites on one side of II. With this o, the function a := 2woly+ has
Va = j on E(£%) and is constant on Q, as @ lies on one side of I (Lemma 3.5, (A3)). Thus
da(a) = 0.

(b) Primal edges are at distance at least % from dual bonds. Off C, V= extends contin-
uously across = as the Biot-Savart field of C. Hence |RY(b)| < 4 maxyep J(y), where J(y) :=
$oldl] |y — 1|72, Let y =y + he with ¢/ € Il and h > 0. The length of {{ € C : |y — 1| <t}
vanishes for ¢t < d(y/,C) and is at most 27t (it lies in the boundary of a convex subset of a
disc of radius t). Integration by parts and the substitution ¢ = htan ¢ give J(y) < 4x/d(y, C).
Finally, |Q=z| < 2, since the radial projection of the rectangle from a point off II lies in an
open hemisphere.
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(¢) For a near cell Q C @, the bonds of £ are dual bonds of Z? joining sites of Q(Q), a box

of diameter at most v/3 kg within Euclidean distance @ of C, so d(b,C) < Dyr. Each |R®(b)|?
is a fixed nonnegative number attached to a dual bond of Z3, independent of G’. As noted
at the start of the proof, the passage from Z> to G’ only deletes terms: freezing a plaquette
deletes a bond, and a hole deletes sites and bonds. With the overlap N, this gives the first two
inequalities. For the last one, we use the number N (r) of dual bonds with d(b, C) < r, which
vanishes for r < % The midpoints of these bonds lie within 7“—1—% of C and form three translates

of Z3. Hence, with 7, := %+§, N(r) <3y : d(y,C) < r+r.}| < 3n|C|(r+74)%+ 167 (r+7.)3.
By (b) and summation by parts, > ¢, )<p d(b, C)2=N(D)D2%+ 2f§2 N(r)r=3dr. The
term 37|C|r? gives 67|C|log D + O(|C]), and the other terms give O(|C|+ D). The factor
(27)? of (b) gives Cr = (2m)% - 6m = 2473. At D = Dy < 2kp and |C| > 8kg the remaining
constants add up to Cy, = 92 (Section S1.7.2).

For a polymer X put

5 2m2 1/p3
Bx(9) i= 32 Y 0(@)? + —— 3 (Pxd)(@), Tyi= | / dpicy (1) ermBx D) | T
zeX H ex

With v = ngm? we have %pgw S 9%+ 2p3m* > 62 = psng Bx (1¥). Hence Tj is the third
factor of the Holder split (Proposition 7.35), and it is the analogue on G’ of [BF80, (9.64)].
The near-cell factor is

_ 4nm?
W(Y) = 26280 |9 1R ) + S 1PesOIR).
QCY near

Lemma 7.33 (Untranslation). Assume (L8-1) to (L8-4). For every h, every polymer X and
every s,

alX|+(X) | A0y

P p3 ’
with the constant cg of Section S1.7.3, andn' =0 fork = 0. Ifmin(R,T) > Ry1(8) = (2rg+5)L,
then v (V') < cpear|C|, with the constant cyear of Section S1.7.3, and uniformly for Bam > 6%M,

T3 < exp{

20pCRrCan + 10247%7(2ro + 5)%c2 /(nmcr)

Cnear < 0.12640pCr + B
M

Proof. We absorb the shift D by a translation, which turns %W: Cy 1w> + Fy + F{°¢ into one
quadratic form of ¢ + D (“applying (7.8) to (7.10) backwards”, [BF80, p. 226], in local form).
Lemma 7.32 bounds the supremum of the exponent, and only near cells leave a remainder.

Step 1 (local untranslation identity). Let Y be a union of elements, Dy, wy, sy the sums
of Dg, wg, s over Sg C Y, and Qy (9) := m?||9||?> + || VY +wy |2 + My ?|| AY — V*wy ||?. Then
for all p € RV

W, Cy' ) + Ba(Y) + F°°(Y) = $Qy (¢ + Dy). (7.28)

Indeed, since C'O_l =m? - A+ M;QAQ and —A = V*V, the right side is %(1#,00_11@ +
<¢,C§1Dy + sy) + %Qy(Dy) with sy = M;Q(—A + M%)V*wy. By Proposition 7.8, Dg =
—x3Cosg and (1 — xg)sg = 0, so Co_lDB + 53 = —[Co_l,xg]CosB = Féﬁ, supported in Sg.
Therefore the cross term is F»(Y"). Since the functions Dg, VDg, wg, ADg;V*uw are supported
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in Sg or E(Sg), terms of different 3 have disjoint supports, and 3Qy (Dy) = ZSEQY Fi(Sp) =
Flo¢(Y') (Proposition 7.9, Corollary 7.10).
Step 2 (the Gaussian integral at fized Y ). We show

Jy = / dpcy () exp{By (¢ + D) — F1*°(Y) = Fo(Y)} < exp{es|Y[+0/(Y)}.  (7.29)

Each Sg lies in Y or is disjoint from it, so D = Dy on Y. Put N := fm?ly + (49m?/nu) Py,
so that 7By (9) = 3(J,NVU) (Py = lyPyly is an orthogonal projection). By (7.28) and
¥ = 9 + Dy, Jy is the ratio of the integrals over RY of exp{—%Qy(ﬂ) + %(19,]\719)} and of
e‘%w”co_lw, with quadratic part —%(79, (C'Of1 — N)¥). For positivity, we use [BF80, (9.637),
(9.640) to (9.642)], with the cell Poincaré inequality, summed with overlap No, (|Py9d|? <
CLL?||V¥|/?), for the Neumann Laplacian of the cubes in (9.642). We obtain (9, N9) <
A2 |02 + 0p || VO < uo(9, Cy 1) (C5' > m? — A), so K == Cy/> NCY/? satisfies 0 < K <
vy < 1. Hence Jy = det(1 — K)~1/2 exp{supy[—3Qy (V) + 5 (3, N9)]}.

We first bound the supremum. For a far cell we apply Lemma 7.32(a) with dq(a) = 0
and ¢ — 0, and for a near cell with ¢ = 1, a = f¢ and do(f¢)? < 201{1/]45%”}%0”125(@2) +

2| PofC||3. Summing over the cells of Y with overlap N, and multiplying by 27m?/ny gives,
as (29m?/ng) - 2CIJ,CVI€%NOV = 0p, (0, NVU) < Iqm?|9||} + 0p|| VY + wy|* + n(Y). Since
Qy (¥) > m?2||9||? + || VU + wy ||%, the exponent is at most —3(1 — 7)m2||9||> — (5 — 0p)|| VY +
wy]? + /(YY) <n'(Y).

For the determinant, we have —3% logdet(1 — K) < tr K/(2(1 — 1)) [BF80, Appendix 3],
and tr K = tr(NCp) < A(1+4/ng)m?KiMy#Y < 2(1 —1)cs]Y| by Py < 1y, Theorem 6.11,
My = ’rﬁ/)\pv and #Y < Cuﬁ”b_3|Y|.

Step 3 (assembly). We follow [BF80, (9.65) to (9.626)], adapted to G’ as follows. (1) The
convexity step [BF80, (9.67) to (9.611)] (Table S1.3, S3) is applied to the block compressions
Cl =3, 1y,C'ly, of (C.2), CL =3 Ac(s)CL. All factors are finite. Indeed, for (9, N19) =
p3naBx (V) we have apN; < N (as p3 < p’), N commutes with each 1y, and C! < apCoe, so
HNII/QC’éNII/QH < 1y < 1 by the positivity step. (2) Lemma 7.29(c), C! < apCy with Cp. :=
> 71y, Coly,, replaces (9.618) to (9.622) in the monotonicity step (9.612) to (9.617). (3) After
Holder’s inequality (9.625) with exponents p’/ps, ¢'/ps, both integrals factor over the sets Y,
unions of elements (9.626), and the first factor is at most exp{(cs| X|+n'(X))/p'} by (7.29). (4)
Corollary 7.17 with t¢ = 1 and (L8-3) replaces (9.632): ([ ducoe(q'/p/)F2(Yj))1/q/€Fi°°(Yj)/P' <
P O/Ps a5 1/ps — 1/p/ =1/¢. For k=0, v =0, since v’ carries the factor k2.

Step 4 (the perimeter bound). By Lemma 7.32(c) and k < 1, the first part of n/(V) is at
most 285y,0pCr|C|(logkn + Ch), as |C| = 2(R + T) > 4R1(8) > 8kn. By Lemma 7.32(b),
| PafC3 < 7%Q| < 8x2L3. It remains to count the near cells. A near cell Q C Q lies in a
block @ C Q(Q) all of whose sites are within £*°-distance kg + % of C. The ¢£°°-neighbourhood
of width s of C has volume at most (25)?(|C| + 8s), and for s = kg + 2 and L > 4, 25 <
(2ro + 5)L and 8s < (8rp + 20)L. Blocks are disjoint with at least L3 sites, and by (R5)
a block contains fewer than 8/c; cells. Hence, as |C| > 4R1(8) = (8rg + 20)L, Npear <
%(27@ +5)%(|C| + (8o + 20)L)/L < g(%m + 5)%|C|/L, and the second part of n'(V) is

—1 49pm? g 273 1024727 2 2 |C| . - .
at most QﬂGMZ—ZLSW LPNpear < TZ”(%D +5) 1 3y using mL < cp. Adding the two
parts gives 1'(V) < ¢pear|C]. The bound on ¢peay uniform in Sy > B%M is arithmetic with

log ko < log(roer) + log(1/m) and the value of m (Section S1.7.3).
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By Proposition 7.7, E(¢) = E'(¢ + g) + 3 (¢, vb), where E’ collects the Mayer terms of
order s > 2 of Theorem 6.5. We write F(X) for the part of E localized in X (Section 7.5).
By (S3), Ga2,1 and Ga are real. Put ¢y := (1 —1/p3), ¢y == Cle " +¢,), cg ==\ + 0,
Go = Go,1+ Gag2 + Ggg + Gh273, and assume

2
baaxpCy

L L < cy. 7.30
1—2appscg e s o (7:30)

2appace < 3,
At the values of Section S1.7.4, (7.30) holds whenever c¢g < 1/70, which holds for 6y = 0.01
and u, kg, Bam large.

Lemma 7.34 (Fluctuation factor). Assume ¢, + 60" < 1/7 and (7.30). For every h, every
polymer X and every s,

Ty = [/ duc:

with ¢g := 2apcp K10y /Apy .

1/pa loc
< exp{cg|X| + CocaepNo (X) + exF1°°(X)},

eE(X)ecg(X)(zm2 > 02 ‘pﬂ

Proof. The proof of [BF80, Lemma 9.9, (9.72) to (9.718)] carries over to G’ with the following
changes. (1) In (9.72), the bracket of Ga; lies in [0, 5¢°] (y = mﬁéﬁg) and that of G is
at most y2, so by (S4') Go1(X) + G22(X) < 3(1 4+ Ce™2)m2 Y 62 < 2m? Y 6% (2) By
Lemma 7.29(a), eCG25(X) < ¢OocaepNa(X) and ]Gh273(X)] < 10m? Y (9% + ¢?). Thus ¢} of
(9.712) becomes cg. (3) The bounds (9.73) to (9.712), |E(X)| < $chm? Y ¢ (92 + ¢?), hold
on G'. Indeed, |e;| < \m|ﬁé/13[\19| as in (9.78), since the phase at ¢ + g is mﬁéﬁ(ﬂ + h) with
h € PZ, and (S2) of Theorem 6.5, uniform in G’, gives (9.711) by the Schur test [BF80,
Lemma 9.6] and [|v|| < e,m? (S5). (4) In (9.716) to (9.718), C’ < apm 2 (Lemma 7.29(d))
replaces the lower bound on C;1: Ky = 2p4cEfn2C;1/21XC;1/2 has ||K4|| < 2appsce < %
and —1 logdet(1 — Ky) < tr Ky < pacy|X| (Theorem 6.11). Condition (7.30) is (9.718), and
3m?||1x D|* < Fl°°(X) (Corollary 7.10) replaces 3 [ f* < Fy.

Let ' be a term of the expansion of an activity, with the parameters of [GM82, (7.3) to
(7.5)] referring to U-cells (the cubes (ay,...,a;) of a Mayer factor replaced by its number ¢ of
points and its set of U-cells, Lemma A.6), and put P(, := e V)P and

1/p1 B 1/p2
1= [ [ ane, [T1wor] ™" 2= [ [ ducye ]
Proposition 7.35 (Holder split). Assume (L8-1) to (L8-4), (7.30) and
pae(L') < (1 —1/p3 —cy). (7.31)
Fiz h, X, s and a term k'. (a) There is a kernel k((x;)) > 0 such that

/ duc:

eE(X,s)ﬁ/ec:h(X)e—F{OC(X)e—FQ(X) ‘

0

= / k((xi))/ducgeEeGge_FQ H [ ()| 037 Dx 9 o~ FI°°(X)
r;€X ;
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(b) The right side of (a) is at most [ k((x;)) ThT» e~ 1) TuTy, with Ts as in Lemma 7.3 and

Ty as in Lemma 7.84. (¢) T1 < c%:j " Hj n;!, where n; is the number of points x; in the j-thU-
cell and cp depends only on py, rc, apKi/Apy, K!'/Apy, ¢y and Cy; and Ty < eP2e(L)F1**(X)

(d) (|[GM82, Lemma 13] on G'.)

1’!2 e—Flloc(X) T3 T4 S 73& 6013‘X|+CgcdepN@(X)e—C,F}OC(X)’

with c13 1= cg/p' +cg and ¢ :==1—1/p3 — cx — pae(L') > ¢, := 3(1 — 1/p3 — c»); at the values
of Section S1.7.4, ¢;y =1/16. For k=0, P, = 1.

Proof. (a) is the analogue on G’ of [GMS82, (7.9)], that is, of [BF80, (9.22), (9.23), (9.81)
to (9.823)], with the differentiated factors of Appendix B, the rates of Proposition 7.36 and
Lemma 7.31 for the derivatives of G;. By (S3), F and Gg are real for real 1. (b) is [GM82,
(7.11)], that is [BF80, (9.25)], since (e27Xx 7 e2m* Xx 8*)ps — cpanuBx(9)  (¢) For Ty we use
[BF80, (9.31) to (9.33)], with Lemma 7.29(d) in place of the Neumann series of (9.32) and
(R7) for the number of U-cells within a given distance. The bound on 73 is Corollary 7.17
with tc = ap < 2. (d) By (c) and Lemmas 7.33, 7.34, the exponents of F}°¢(X) add up to
~1+pae(L) +1/p3+cxn = —¢, and (7.31) gives ¢ > ¢). Finally, " X)/?" < Pl asn’ is a sum
of nonnegative cell terms.

Remark. The perimeter enters only through Pg: far cells cost nothing, and E¢g (Corol-
lary 7.10 (d)) never enters, since e **Ear/28em of Proposition 7.3 cancels against FIo¢(V) =
Fy + k2 BanEcr and later uses of FI°¢ are lower bounds. So no log(1 + min(R, T)) appears in
Theorem 7.57, and Pl < e2enear(RAT)/ v,

We measure distances between U-cells in Debye units, dist(A4, B) := mdg (A, B). The
covariance rate in these units, ¢ := 7oy /M, does not depend on 7 (Theorem 6.11).

Proposition 7.36 (Rates). Let 0 < 0y < & < r¢ and put cly. := 5(rc — 06). Every step of
[BF80, Section 9] that uses the rate conditions [BF80, (9.123), (9.124)], the covariance bounds
[BF80, (9.32), (9.34)] or [BF80, (9.95)] holds on G’ with the bounds of Lemma 7.29(d) for C'.
and with (S2) of Theorem 6.5. No lower bound on any rate is used; any T-independent margin,
in particular ¢, suffices, and the pinning factor of [BF80, Lemmas 9.10, 9.11] is used with
the margin ¢, := (r¢ — 6)/18.

Proof. The rate conditions [BF80, (9.123), (9.124)] require a rate of at least (1 — d1)/Ip > 3.
On G’ the rate r¢ is small, but these conditions enter only through margins. The changes are
listed below. (i) Tree factor €%, d =", dist(A!, A”): link i decays at rate r¢ (Lemma 7.29(d)),
pinning costs ¢, and the rest 7 —§ — 9¢, = clare Pays the positions of A, as dgr dominates
the Euclidean distance and by (R7) at most T (r + 2Cy)3 /¢, U-cells lie within Debye distance
r of a given one. (ii) Mayer factors. The factors e®F0 and "0 of [GMS82, (7.3), (7.4)] are paid
by the tree decay of (S2) at the Stage 1 rate v3ky My > 4v/37ey > 01 (Proposition 6.10)
and by e #(5=1 of (S2) (see the Tree weights step of the proof of Proposition B.7). (iii) Wick’s
theorem. The rate 3 is used only to obtain (9.32) by a Neumann series, whereas Lemma 7.29(d)
gives the pointwise bound directly. The contraction count holds for all rates, with constants
depending on r¢, Ki/Apv, cu, Cy. (iv) Clustering. The factor e~ (17201) dist(X1, W) of [BFQO),
(9.122)] is not used, since each application has W C Z or W D Z. (v) [BF80, (A4.25), (A4.26)]
are used only for the infinite-volume limit of [BF80, Lemma A4.1], and we work in the finite
box. In (9.95) the exponent is read with the minus sign that (9.124) has.
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Seed configurations and the seeded activity. A pair (U, k) is admissible if U = V and
ke {0,1}, or U = X§ := V\Xo with Xo C V a union of U-cells and k = 0. A seed configuration
in (U, k) is a pair 0 = (Z, Nz) with Z C U a nonempty, possibly disconnected union of U-cells,
Z 2D X1 ifk =1, and Nz € N(Z). For X D Z, N,(X) is the set of Ny € N(X) with
Nx|g(z) = Nz for which Z is a union of elements of Nx. The seeded activity ICEVZ)E (X) is
the activity of Proposition 7.22 at Nx with first set Y1 = Z, built with (C’, G?): ICEVZ)Z (X) =
P f[071}"‘1 ds [ dpcy () ePEEk(g, s) QEVX (X), the sum over § = (Z,Ya,...,Y,) with the Y

(j > 2) disjoint unions of elements and [J;Y; = X, and ngx (X) = eGP(X) o= FI°°(X) p— Fa (X))
We write X = Z U X5, U X,, where X5 consists of the non-seed U-cells in wall polymers and
X, of the other non-seed U-cells (the lone cells). A cell is of class B if it is one of the U-cells
of Ug Sp, and of class A otherwise. Since supp D Usupp Fy C (Jz Sp (Proposition 7.8 (b), (e)),
D = F} = 0 on every class-A cell. As in [BF80, p. 214], | - |o is the absolute value taken inside
the sums and integrals that result when all differentiations in ' are performed.

Lemma 7.37 (Seeded polymer sum). Let (U, k) be admissible, 0 = (Z,Nz) a seed configura-
tion in (U, k), ¢y > 0, ¢y as in Lemma 7.30 with c4 = ¢}, e’ > 4C, (C, < oo the link sum of
Lemma A.6), and ck :=log(2eDy) + 4+ cj +a” + a. Then

Z Z |’C§VZ)2 (X)| ea\X| < sup ecllFlloc(X’NX)+c£X|+52d/d'ucg

X2Z NxeNo(X) )
XCU

eE(X7S) K/Qg\fx (X) }07

where the supremum runs over n, T, 7, the elementary terms, s € [0,1]""! and Nx €
Ny (X); K is the elementary term without its tree weight q(T,s) (Lemma A.1) and with ev-
ery Mayer factor € replaced by >, ech"AeClllotci’nA ([BF80, (9.18), (9.18a), (9.19)]); and
d =Y. dist(A}, AY). The constant c& depends only on Dy, ¢y, C,, a, not on L', Bam or 7.
The bound also holds for the sum restricted by X "\W #£ 0 if W C Z or W D Z (the restriction
is then void).

This is [BF80, Lemmas 9.1, 9.4] on G’ in the distance-zero form, for seeds that may depend
on the configuration, be disconnected, omit X; when k& = 0, and lie in X§ (Proposition A.7).
In the supremum we take elementary terms with the same link data (Lemma A.6) together, as
in the definition of k" above. That is, x’ contains, inside | - |p, the sums over the assignments
of the points of each E-factor to the cells of its set of cells, over their positions and over their
charges (and, for ¢t = 2, over the forms), and Proposition A.7 uses this reading.

Lemma 7.38 (Class split). Insert Proposition 7.35 and the Wick bound into the right side
of Lemma 7.37. In the resulting bound, the factor e2X| of [BF80, (9.823)], with ¢21X| and
eIX| is at most [Tacx e Ta ciass pectn). [Tano0 eCo¢der (products over U-cells), and
the near-cell factor is pulled out globally as P(,. Here c, does not depend on L', bp or T;
every class-B cell lies in Xx, or in the seed; every factor on a class-A cell carries in addition
a nonnegative power of bp; and, with the leftover pinning exponent ¢ = 2 of Lemma B.9,
cp(bp) < 2(0‘;/2 + C(l;/2)b51/2, with Cg, Cg the constants of Proposition B.10, independent of
L'. The scale L' enters only through the set of cells in X, through e(L'), which is decreasing,
and through the monotone hypotheses (L8-3), (L8-4) and (7.31).

Proposition 7.39 (Per-cell smallness). Insert Proposition 7.35 and the Wick bound into
Lemma 7.87 with ¢, = /4, and distribute Flloc by the fractions of Table S1.4. Then for
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Baom > ﬂ%M, in the resulting bound, every non-seed U-cell A of X carries a factor at most ea,
where

EA = Kce]] eOé+C©Cdep (bD/)\PV)l/G (A g X0)7
en 1= Kooy €O caepten(b0)=(c'/8)Pu/(1+Du) (A C Xy),

and every seed cell carries at most Kcelleo”rc@cdep, times eB(0D) if it is of class B. Here
Koo := Kpelestes)Cu max(l,)\%,/\?) with Kp independent of bp, L' and 7, ®y is the share

of Proposition 7.19, and the exponent po = 1/6 is attained.

Lemma 7.38 and Proposition 7.39 are [BF80, Section 9.8, (9.81) to (9.824)] on G’, made
quantitative, and are proved in Appendix B. With py := 1/6 we put

01D6 = 2K e e tCncacp maX{(bD/)\Pv)pO, ecB(bD)_(C//s)q)M/(l'*‘D“)}. (7.32)

Theorem 7.40 (Removal of the logarithm). Fiz . There is 1o such that ¢y <1 for 7 > o,
and 0{36 — 0 as T — oo. Consequently the depletion factor eCocdeoNo(X) - gnd with it the log T
in Cdep, ts absorbed by the per-cell smallness of Proposition 7.39.

Proof. The per-cell gains are exponentially small in 7, while the depletion cost is O(log ).
The first branch of (7.32) is at most 1 if o < pglog(Apv/bp) — Cocdep — log(2Kcenn), which
holds for 7 > 79, as log(1/bp) > mvch(0)T — 3logT — C (M < 2mp), caep = O(logT)
(Proposition 6.17) and log Ko is affine in a. In the second branch, (¢//8)®y /(1 + Dy) >
b 853, (Proposition 7.19 with mL > cp/2, ML = 2Bay) outweighs cp(bp) < Cbp"?
(Lemma 7.38). A depleted cell that is lone or in Xy has its factor e“@%er inside ep < %
(Section S1.7.5).

Let K(A) be the activity of the single element A at k = 0 (first set A, n. = 1), with no wall
on A.

Lemma 7.41 (Single cell). For 7 > 79 and every wall-free U-cell A, K(A) > :.

Proof. Positivity at k = 0 allows us to use Jensen’s inequality. A supremum bound does not
suffice, since sup¢(—G§3(A)) is only bounded by C(e " + e~2"5)cqep, which grows like log 7.

A single U-cell that is an element lies in no Sg, so D =0 on A and FJ°¢(A) = F5(A) = 0.
The label is constant on A and, at k = 0, enters each phase only through a multiple of 27.
Hence ¥ = ¢ on A, K(A) = [ duC/AeE(AHGb(A) with C’y the A x A block of C”, the exponent
is real by (S3), and Jensen’s inequality gives

K(8) > exp(~EIB(A)] ~ E|G1(A)] ~ E|Gs,1(A) + Gaa(A)] ~ E(GE4(4)) _ ~ EIGE4(A)]).

expectations under dNC’A- Put zy := apK1bp/Apy. Then femC’(z, ) < xp by Lemma 7.29(d)
and My = m/Apy. Moreover, #A < C,m 3, and A contains at most C,/v_ cells. As we
will show below, each expectation is at most C (ng + Cdepbp), with C' depending only on the
constants fixed before 7. Since cgepbp = O(log 7)e~2497 5 0, the sum is then at most In 2
for T > 9.

G§3. At x € D the a-term is negative only through the excess pi(m,z) > p'f(m), at
most Ce #p™(1) for m = +1 (Proposition 6.6, e”® < 1) and bounded by the |m| > 2
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moment bound otherwise. With 1 — cosu < Ju?, E¢(z)? = C'(z,z) and Proposition 6.17,
E(G;S(A)), < Cle M+ e 2 Ym2 apKi My #(® NA) < Cle ™™ + e_ZHS)aDchdepr/)\pv.
The other four terms are moment bounds with SomC'(z,z) < z,. First, E|E(A)] <
C#A(m%/ﬁGM)xi/2 < Cbg2, as each term of E(A) has at least three factors € or € := ¢ —
im,@éﬁw and the weight e#s(2Imil=1) of (S2) absorbs the charges. Second, E|G1(A)| < Cbp,
as log Ry(z) = O(vbpa? + =™ v/%0) for |z| < bl_)l/2 (Taylor’s formula and the periodization),
with a Gaussian tail beyond. Third, E|G21 + G22| < C(bp + b}j/Q), as the brackets are
of fourth and third order and Vard(z) < 2ap(Ki/\py + 1/v_)m. Finally, ]E|Gh2,3(A)] <
3C40'Cy(apK1)?bp/Aby by Lemma 7.29(b) with n = 0 and E¢* = 3C"(x, )%

The bound K(A) > 1 replaces [BF80, (A4.16) to (A4.21)], which use translation invariance,
whereas here positivity at & = 0 (Lemma 7.42) and the diagonal bound of Theorem 6.11
suffice.

7.7 The Kirkwood—Salsburg system in the class algebra

In this subsection we solve the Kirkwood—Salsburg system of Theorem 7.27 (b) by the argu-
ment of [BF80, Appendix 4] in a weighted ¢! algebra over I'iong, with the area weight of the
classes (Theorem 7.49). The area decay of Z,(X)/Z will then follow from that of Z,,/Z (Subsec-
tion 7.8). We build activities and outer partition functions with (C’, G¥, ¢A) (Lemma 7.29 (f)).

Lemma 7.42 (Positivity). At k =0 and for real ¢, the functions E, G and G* of Lemma 7.2/
are real, and eE(Y)QEV(Y) > 0 for every wall field N and every union Y of its elements. Hence
Z,(X) >0 for every X and p, Z > 0, and every activity with n =1 is positive.

Proof. By (S3) the terms of m and —m in the charge sums of E, G, Ga,1, G22 are complex
conjugate, and G§3, Gg73, Fl°¢, Iy are real. Hence eE(Y)QEV(Y) is the exponential of a real
number. The outer partition functions Z,(X) and the activities with n = 1 are integrals of
such factors, with ¢\ > 0, and Z contains N = 0. Positivity is used in the union bound, step
(1) of the proof of Proposition 7.53.

Lemma 7.43 (Forced area). (Definition and Lemma.) For an additive function p on the cycle
space of G' let A(p) be the minimum of .. |N ()| over the N € Z¥ with [N](v) = p(y) for
every cycle v of G', and A(p) := oo if no such N exists; for p € I'iong, A(p) is that of the
restriction of p to the cycles of G'. Then A(0) = 0, A(—p) = A(p), A(p+q) < A(p) + A(g),
and A([N]) < Y5 |N| for every N € Z¥; in particular A < oo on Diong. Fizep € (0,¢)/8] and
put o' :=epop and w(p) = e” MP). Then w(0) = 1 < w and w(p+ q) < w(p)w(q) on Tiong, 50
Ay 1= {a: Tiong = C: all = ¥, la(p) | w(p) < o0}, with (a b)(p) = ¥, ala) b(p — q), is a

commutative Banach algebra with unit dg, and ||a % b||, < [|a||w||b]]w-

Proof. Sums and negatives of admissible cochains are admissible, N is admissible for [N], and

> pl(axd)(p)lw(p) <32, la(g)|w(q) [b(p — )| w(p — q).

Lemma 7.44 (Cell diameter). Let Q be a cell of the output. For all sites x,y € Q, dg(z,y) <
Deen = Tro(2t1 + 1), where t1 = 1 + [(12kp/xn3)Inkd] (kp in coarse units). If cp, <
1.99 - 10~ *xn3, then Deen < L' for Bam > By
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Sketch. By (N3) of Theorem 3.20, there is no yns-weak link. Hence, in the component & of
G' N Q(Q) with Q = Q N & (Definition 3.14; |&| < k%), balls with |B;| < |£]/2 grow by the
factor 1+ xns/(6kp) per step. Balls of radius ¢; about z, y therefore meet. A coarse path of
length ¢ gives a G'-path of at most 7ro(£+1) fine steps. With L. > 35 and ¢z, < 1.99-10 %3,
we obtain Deey < L' (Section S1.8).

Lemma 7.45 (Local primitive). Let N be a long wall field, w = 2ﬂﬁaM2N, and let Q) be a
cell with the set ﬁlg) of Proposition 6.9 (iv). Then there is h' : ﬁlg) — PZ, constant on ), with
V' =w on E(£).

Proof. A primitive along a spanning tree can fail only on closed walks of about twice the
diameter of &%, which is less than L'. The graph (£, E(£%)) is connected, of diameter
dy, <2+ 0.469 Bam/m = 24 0.235L (Proposition 6.9 (iv), the proof of (v), Section S1.5). We
define h'(z) as the sum of w along the path from zy €  to x in a breadth-first spanning
tree. Then h' is PZ-valued. A bond of E(£%) off the tree closes a walk of length at most
2d, + 1 < 2L’ with two tree paths, on which N has period 0. Hence VA’ = w on E(£%). For
x € (Q, the tree path from xg to x and the same-cell step back form a closed m3-walk of length
at most d, + Deen < 2 4 0.235L" + L + 0.964L" < 2L' (Lemma 7.44, Section S1.8; L' > 16,
L < L'/(4Bcm)). Therefore h'(x) = h'(xg) for each such x.

Proposition 7.46 (Long wall fields). At k = 0, the bounds of Subsection 7.6 and of Ap-
pendices A and B, and Lemma 7.48, hold with N'(X) and N,(X) replaced by N'**8(X) and
N8 (X) := {Nx € Nons(X) : Nx|p(z) = Nz, Z a union of elements of Nx}, for seed con-
figurations o = (Z, Nz) with Ny € N'"8(Z), with the integrand of Lemma 7.24 and the same
constants. In Lemma 7.32 (a) the label is replaced by the primitive h' of Lemma 7.45.

Sketch. Sums over configurations enter only through the injection Nx +— (Ny);cx into integer
interface values (Lemma 7.30 (b), steps (2), (3) of the proof of Proposition A.8), valid for all
wall fields. At a fixed configuration the label enters only through the phases (Lemma 7.24),
w = 0 inside cells, the walls in (7.28), and, in Lemma 7.32 (a), a primitive of wy on E(&%)
constant on €. In that case N1gy) is long (Lemma 7.26 (a)), and Lemma 7.45 gives such a
primitive (Section S2.6).

Proposition 7.47 (Absolute convergence). There is ¢ < oo, depending on T and the fized
constants only, such that || Z(X)|w < N eTDX for every union X of U-cells, with ¢, from
Lemma 7.30 at ¢y = c' /2. Moreover 3y > .. |IC§\%Y) (V)| w([Ny]) eVl < 0o for the seeds Z of
Theorem 7.27(b), (c), and 35 KNy (X)| < 0o in Theorem 7.27 (a), the sum over the inside
fields Nx at k =1 with p1(Nx) € I'iong (the other inside fields contribute O to Theorem 7.27 (a),
as Zp(X) =0 for p & Tiong ). Hence the sums of Theorem 7.27 converge absolutely.

Proof. In outline, each configuration pays for its walls, which carry at least the area of their
class, with a fixed fraction of its F{°°. By Holder’s inequality as in Proposition 7.35 (b), (d)
at k = 0, with Lemma 7.31 at N = 0 and Proposition 7.46, the term of N in Z,(X) is at
most N e X le=¢F1™(XN) - Moreover, w([N]) < e” ZINT < eCE/DFI(XN) by Lemma 7.43
and Theorem 7.13 (|[N| < N?), eg < ¢, and the sum of e~ (/DI (XN) gyer the wall fields
on E(X°) is at most e4/X°l (Lemma 7.30 (b)). We bound the seeded sums by Lemma 7.48 (a),
('), withe =eg/2atk =0and e =0 at k = 1. At k = 1 the terms of Theorem 7.27 (a)
with p1(Nx) ¢ Tiong vanish, since Z,(X) := 0 for p ¢ I'iong (Definition 7.25(c)). For the inside
fields at & =1 with p1(Nx) € ong, Lemma 7.48 (a) applies as in the proof of Theorem 7.57.
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Constants of the seeded sums. The constant Cy bounds the number of interfaces within
Euclidean distance 7 of a given interface or site by Co(r/L 4 1)3. The Euclidean link range
is g := 2L' + 4Dg + 2 (Dg of Proposition 7.19). We put ¢ := ¢g +2 = O(log7) and
c16 = ¢l + Nseed — 0 as 7 — 00, where cl} is defined in (7.32) and cg, 7seed in Section S1.8.
We also set P’ := P/, if k=1 and P’ := 1 if k = 0. For a seed configuration o = (Z, Nz), Z*
is the union of its wall polymers and Z° := Z \ Z*. For an anchor Sy C U (a nonempty union
of U-cells, Sy O X if k =1) and Ny € N(X), satn, (Sp) is the union of the elements of Nx

meeting Sy.

Lemma 7.48 (Seeded sums at k = 0 and k = 1). Let (U, k) be admissible, Bon > B?}M, and
e €10,¢/2]. (a) (Variable first set.) For every anchor Sy C U,

Z Z }IC SatNX (So)) )| ea‘X|+5F}°C(X,NX) < 73/ €C2|SO‘-
SoCXCU NxeN(X

(b) (Strict containment.) The sum in (a) without the term X = Sy, Nx = 0 is at most
c16 P’ 1%l () (Prescribed seed walls, k = 0.) For every seed configuration o = (Z,Ny) in
(U,0) with Z° =10, every e € [0, /8] and ¢, := /16,

> Y K ()| el IR VNY) (en FIPUENZ) < TT e (¢/DR™(S)
Y - ’
ZCYCU NyeN,(Y) <

the product over the wall polymers S of Nz.

We prove Lemma 7.48 in Appendix A. Proposition A.8 treats a fixed seed configuration,
and for (a), (b) the entropy of the first set is paid from its walls.

Theorem 7.49 (The Kirkwood-Salsburg system in A,; [BF80, Lemma A4.1] on G'). Fiz a
linear order on the U-cells; for X # 0 let £(X) be its last U-cell and X* := X \ £(X). For a
U-cell A and a union'Y 3 A of U-cells let K'\(Y) € Ay, be the sequence q — ZIC (sat( ))(Y),
the sum over the Ny of (7.21) with [Ny]| = q and (Y,Ny) # (A,0). There is emactly one
family (r(X))x in Ay with r(0) = do and maxxzp e *X||r(X)|w < oo such that, for every
X #0,

r(X*) = K(U(X))r(X) + > K (V) xr(X*UY), (7.33)

Y24(X), YNX*=0

and it satisfies, with o = In8: (a) [|7(X) |l < el for every X # 0; (b) Z(X) = r(X)+Z(0)
for every X, that is, Z,(X) =3, 7(X)(q) Zp—q-

Proof. By Theorem 7.27 (b) the system has the form of [BF80, (A4.5)] with values in A,,, and
we run the contraction of [BF80, (A4.6) to (A4.13)] with ||-||., in place of |-|. The normalization
r(0) = do replaces the division by Z, which is not available for the sequence Z(0), and (b)
follows from uniqueness in the finite box.

Inputs. (K1) K(A) > 1 (Lemma 7.41). (K2) >y oA 1K (V) [|lweeYT < %. By Lemma 7.43
and Theorem 7.13, w([Ny]) < 7 XMWl < ¢Ea/2F(:Ny)  Hence (K2) follows from
Lemma 7.48 (b) with Sy = A, k = 0 and € = €g/2, over long fields (Proposition 7.46), and
from cjge® < % (Lemma S1.2).

Step 1 (the map). Let B be the Banach space of families s = (s(X))xxp in A, with
l[Is][| := maxy_p e X s(X) ||, put s(0) := &, and let (T's)(X) be K(£(X))~" times s(X*)
minus the sum in (7.33). A family satisfies (7.33) if and only if T's = s.
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Step 2 (contraction). By |laxb|l, < |lallw||bllw, |[X*UY| =|X|-1+Y], [Is(0)|l. = 1, (K1)
and (K2), we obtain e~*¥!|[(Ts)(X)]l, < 2e~*[max(L,|||s]|) +[|[s]]|/8] = §max(1,|[s][]) +
|I[s]]]/32, and in the same way [||Ts — Ts'[|| < 2e7*(1 + 3)||s — §/[|| = 35l[|s — /||, since
(s —§')(0) = 0. Let r be the fixed point of T.

Step 8 ((a)). If |||r]|| > 1, Step 2 gives [[|r||| < |||7|||, which is impossible. Therefore
Il < 3+ 1132, that is, flr]]] < &

Step 4 ((b)). We set s(X) := r(X) * Z(0) — Z(X), which has s()) = 0. By associativity
and commutativity, X +— r(X) x Z(0) satisfies (7.33), and so does X +— Z(X), by (7.21) with
Xo = X* and A = /(X). Consequently s satisfies the linear part of (7.33) with s()) = 0.
Moreover, |||s||| < oo, since there are finitely many X and [|Z(X)]|, < oo (Proposition 7.47).
As in Step 2, |[|s||| < 35]/s]||, and hence s = 0.

Beyond the input (K1), whose proof (Lemma 7.41) uses positivity at k = 0, the proof uses
no positivity, and the bounds are uniform in G’, A° and C'. We obtain the invertibility of Z(())
in A, as a consequence of Theorem 7.49 (b): (V) x Z(0) = Z(V) = <N dp.

7.8 Frozen flux costs area: group charge and the count

In this subsection we show that the partition function at fixed class r carries the area weight
of r (Proposition 7.53), and it is only here that the handles of the insulating set and (NF,),
which is (R10) of Theorem 3.20, enter the bounds. In a configuration of class r, a group of
wall polymers realizing r is re-expanded as a seed at X = (), and its entropy is controlled by
Proposition 7.52.

Polymers, realizations and the reference realization. Fix r € I'iong \ {0} with Z, # 0.
For a configuration N of Z, (Definition 7.25), P(N) is the set of its wall polymers, and we
put NS = N]-E(S) for § € 73(]\7) and NR = ZSERNS? dqr ‘= [NR], ‘R| = ”NRHI for
R C P(N). Each wall bond lies in exactly one wall polymer (Proposition 7.8 (a)). Hence
ZSEP(N) Ns = N and gp(y) = 7, and qr € [ong (Lemma 7.26 (a)). A family R realizes r if
gr = 7, and is irreducible if no nonempty T" C R has gr = 0. An inclusion-minimal realizing
subfamily of P(N) is irreducible (if ) T C R had qr =0, then T'# R asr # 0, and R\ T
would realize r). Let &(r) be the set of families R, with their wall configurations, that occur
as irreducible realizations of r in some configuration of Z,. We fix Ry € &(r) of least area (a
deterministic choice), so that |R| > |Ro| > A(r) for all R € &(r) (Lemma 7.43). A polymer is
determined by its wall interfaces and their values (closures and links are functions of the walls).
Thus R is determined by Ng. Put v(R) ==} ;cquop N N2, ¢y = /16, A == 2cy,0p = %UF
and O4(r) = ZReg(r) e AElR] [Isecr e~ (@/2DF(S) " The notion of c-connectedness is that of
Definition 3.18, and distances between bond sets are Euclidean.

Lemma 7.50 (Localization of realizations). Let R € &(r). Then Nrk—Npg, = >, €xV1p, with
er € {—1,1}, where (i) each Py, is a nonempty c-connected cell set with c-connected complement
in its component R of G'; (ii) Ocr Py, C supp NrpUsupp Ng,; (iii) >4 |0c' Pi| = ||[Nr — Ngy |1 <
|R| + |Ro| < 2|R|; and (iv) every Py is joined to supp Ng, by a chain Py = Py, ..., Py, with
dist(0P,_,,0F,;) < g and dist(0Py;,supp Ng,) < g.

i—17

Proof. Two realizations of one class differ by an exact cochain, whose cell-constant potential
has level sets giving the pieces. Irreducibility forbids groups of pieces far from Ry, which
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would be sub-families of R of class zero. (1) Since [Ng — Ng,] = qr — qr, = 0, we have
Nr — Np, = Vf with f: V — Z constant on each cell (Definition 7.25). (2) By the coarea
formula, Vf =", £V1y, with >, |0U;| = ||V f]|1. We split each U; into its c-components V
and write V1y = — . Vlg, over the c-components C; of 8\ V, where £ is the component of
V. Since each Cj is c-connected with c-connected complement and the cuts partition, (i) to (iii)
hold. (3) For (iv), group the pieces into clusters by the relation “cuts within distance g”. Let V
be a cluster no cut of which is within g of supp Ng,, and B := | ;¢\, 0. Within distance g of
B, Ng, = 0 and the other pieces contribute nothing. It follows that Ngp = Ny := >, ., exVlp,
in this region, and each wall bond of Nr within distance g of B lies in B. Two wall bonds of
one polymer are joined by a chain of wall bonds of that polymer with consecutive gaps at most
g (walls of one Sy have gaps less than 2L’ 4+ 2D, and linked closures add at most 2Dg + 2).
Hence the polymers of R meeting B form a sub-family T" with Ny = Nrlp = Ny, the gradient
of a cell-constant function, and therefore ¢gr = 0. By irreducibility T' = @), and hence Ny = 0.
By (iii) the terms of Ngp — Npg, do not cancel, and hence neither do those of the sub-sum:
[Nyl = > ey [0Pk]. So Ny = 0 forces 0P, = () for every k € V. This is impossible, since
by (i) each Py is a nonempty proper cell set of its component K. Hence no such cluster exists:
every cluster has a cut within g of supp Ng,, and chaining inside the cluster gives (iv).

For a finite set B of interfaces and s > 0, the s-clusters of B and their number ¢s(B) are
those of Definition 3.18 (for a cut, of its set of interfaces), and MST(B) denotes a minimal
spanning tree of the complete graph on B with edge lengths /. the distances of interfaces. Let
J0) :==#{j >0:27L < (}.

Lemma 7.51 (Kruskal’s identity). For every s > 0, #{e € MST(B) : {. > s} = ¢s(B) — 1,
and ZeGMST(B)j<E€) = ngo(SOZiL(B) —1).

Proof. The edges of MST(B) of length < s form a spanning forest of the threshold graph
{¢ < s} (Kruskal’s algorithm processes them first). Thus they number |B| — ¢s(B). For the
second identity we sum 1[f, > 2/L] over j > 0 and e.

Let knr = 4(cg + 4)/03, and Rnr, Onr, )7, J as in Definition 3.18. By (R10) (Proposi-
tion 3.19), applied to the pieces Py of Lemma 7.50,

J(Pg) < OxF Funit |0cr Pi| /L, (7.34)

with the cut measured in fine bonds (a coarse face carries at least 73 of them), and .J depends
only on the cut.

Proposition 7.52 (The count). For Bam > By, every r € Tiong \ {0} and every v > 1,
#{R € &(r) : v(R) = v} < exp((¢/2) Funit ). Consequently ©4(r) < 5.

Proof. The idea is that, by Kruskal’s identity, locating the cut patches costs, per dyadic scale,
the number of clusters minus one. Below Rnp this is at most logy(Rnr/L) per interface,
within the allowance e(¢/2)F wit and above Ry it is J, bounded by the cut (7.34). Fix R with
v(R) = v. Let S, Sy be the interface sets of supp Ng and supp Ng,, n := |S| < v, ng := |So|,
T := SUSy, and Ij, the interface set of 9P,. An interface has between chLQ and 4L? bonds by
(R8) and since block sides are less than 2L, and |Ro| < |R| < 4L*v. Hence ng < (4/c,)v, and
by Lemma 7.50(iii) >, [0P| < 8L%v, ", |Ix| < (8/cy)v < knpv. The last inequality follows
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from 8/¢, < 128/(9¢y) < 4(cy + 4)/cZ, which holds since ¢, > ¢y by Section S1.1.4(e) and
cg < i. Since a bond where Ng # Ng, lies on some 0Py, we have S C SoUJ, I, C T

Step 1 (a spanning forest). For each k let t; be the least j for which a chain P, =
Pyys - -+, Py, as in Lemma 7.50(iv) exists. Let H be the graph on T' whose edges are the edges
of the MST(I) and, for each k, one parent edge at distance at most 2¢: from an interface of
I, to one of Sy if t; = 0, and otherwise to one of I/, where Py is the second piece of a chain of
length 5, so that t; = t;, — 1 (a bond and its dual coarse face are within distance V31 < g/2).
Each node of T'\ Sy lies in some Iy, and ¢ decreases along parent edges. Hence the parent edges
lead to Sp. Consequently (add a virtual node joined to all of Sy, and remove it from a spanning
tree) H contains a spanning forest I of T with roots in So. Put B := " pi(le) < > g d(le).

Step 2 (encoding). We record the roots (at most 2" choices), the shape of the plane forest
on |T| < n+np nodes (at most 4"7™0) and for each child the number j. and the child among
the at most Cg(27¢ + 1)3 < 8Cy 8¢ interfaces within distance 27¢L of its parent. Sequences of
|F'| nonnegative integers with sum at most Bpax (the bound of Step 3, a function of v only)
number at most 2BmaxFIFl We then record S C T (at most 277™) and the values Ny with
3" N? = v (at most 4”: signs, and compositions of > |N;| < v). Since R is determined by Ng,
we obtain In#{R : v(R) = v} < C(n+ ng + v) + Bnax In 16 with C := In(64Cy) + 2.

Step 3 (the bound on B). By Lemma 7.51, 3" cyigrr,) d(Ce) = 2500210 (Ik) — 1). The
scales with 2/ < Ryp number at most j, := C3NFFunit /In2 + 1, each contributing at most
|I;;| — 1, while the scales with 2/ L > Rnp contribute exactly J(Py) (Definition 3.18). A parent
edge has j < j, :=logy(2¢9/L) +1 = O(In Scm), and there are at most >, |I| < knFv pieces.
With (7.34),

NF

B < (j* +jg)HNFV + OnE Funit Z ]o”'Pk\/LQ < ( +80NF> Fiunit v+ (1 +jg)l<;NFV =: Bhax-

k

Step 4. Since 4cyF knp = ¢)y/4 and 80nF In 16 < ¢}/8 (Definition 3.18), In # < %CBFunitV +
O((1 + InBam)v) < %/Fumty for Bam > By, @ Funit is exponentially large (Section S1.8).

It remains to prove ©4 < 1. By Lemma 7.30(a), F1°°(S) > 2F i v(S) for each wall polymer
S. Hence the summand of ©4 is at most e_c/Fu"i“’(R), and O4(r) <> (¢ /2) Funiev o =€ Funitv <
2e~ (/2 Funie. < 1. The bound ©4 < 1 rests on the factor 2 of Lemma 7.30(a), that is, on the

1
constant 1/18 of Theorem 7.13, set against the allowance of the count.

Proposition 7.53 (Frozen flux costs area). For every r € I'iong, Zr < e A 7.

Proof. We extract an irreducible realization from each configuration and re-expand it as a
seed, which pays for its own cells and shape from its own Flloc and returns the fraction ¢//2.
The outer factors are bounded by Theorem 7.49 and by the quantity being bounded, which
closes the argument. Put Cpp := SUP,el 0, w(s)Zs/Z. Then 1 < Cprp < oo (take s = 0;
Proposition 7.47). Let r # 0 with Z, # 0.

(1) Union bound. For each configuration we choose one irreducible realization R(N) C
P(N) by a fixed rule. All terms are nonnegative (Lemma 7.42). Hence Z, < 3" pee(p) Zr(R),
with Z,(R) as in Theorem 7.27 (c). Dropping the condition R = R(N) only enlarges the right
side.

(2) Re-expansion. By Theorems 7.27(c) and 7.49 (b), with ¢ := (R, Ng), Z,(R)

Syvour Ly entonscry KN 0] Ir(¥)(@)] Ze— vy 1

IN

80



(3) Weights. By Lemma 7.43, w(r) < w([Ny])w(qg)w(r — [Ny]| — ¢), and w([Ny]) <
eE/DF(Y) By Theorem 7.13. By the definition of Cpp and Theorem 7.49 (a) (Y D |J R # 0),
5, IFY) (@)l w(@)wlr — INY] = )2 vy)g < e ICrp 2.

(4) Activity. So that the sum takes the form Ou4(r) of Proposition 7.52, we insert
1 < e (URe=AslBl | which is valid since Fl“(UR) > 20p|R| and 2c,0r = M.
Lemma 7.48 (¢') over long fields (Proposition 7.46), with the seed configuration o (all of
whose U-cells lie in wall polymers) and ¢ = £5/2 < ¢//8, bounds the sum over Y and Ny,
including e®YleEr/DF (V) gew F1(UR) | 1y [Iscr e~ (@/DFS) - Collecting (1) to (4), we
obtain w(r)Z,/Z < 3—81C’FF®4(7‘) < %C’FF by Proposition 7.52. The same estimate holds
without the insertion: the proof of ©4 < % bounds e *E!fl by 1, and Lemma 7.48 (¢’) without
the factor e f1”*(ZN2) > 1 follows from (c)).

(5) The supremum. With s = 0, we obtain Cpp < max(1, %Cpp) Since Crp < 00, this
gives Crp = 1.

No position factor (a sum over a cycle detecting r, or |y|) appears, since the position entropy
is part of the count of &(r). In particular, a long handle with a tapered thin neck needs no
separate treatment, since its cuts of one class are compared with Ry by Lemma 7.50.

Lemma 7.54 (The area-weighted bound). Let o = In8, eg € (0,¢,/8|, 0/ = egop and
Bom > B%M. For every nonempty union X of U-cells and every p € I'ong, 0 < Z,(X)/Z <
%eodx‘e_(’/A(p). The bound is uniform in G', A° and C.

Proof. By Theorem 7.49 (b) and Lemma 7.43, we have w(p)Z,(X)/Z < >, |r(X)(q)|w(q) -
w(p — q)Zp—q/Z, and this is at most [|r(X)[l, < 3%60‘|X| by Proposition 7.53 and Theo-
rem 7.49 (a). Nonnegativity is Lemma 7.42.

7.9 The deterministic area law

In this subsection we prove the deterministic area law, Theorem 7.57.

Lemma 7.55 (Area split). Let X D X; be a union of U-cells, Nx an inside field at k =1 on
X, and p := p1(Nx) its outer class (Definition 7.25). Then y_ cpx) |Nx(e)|+A(p) = Ac (C).

Proof. Since linking numbers are additive, the inside walls and a cheapest cochain with the
forced periods form a wall field at & = 1, which spans C' modulo the frozen complex (Theo-
rem 7.14). Let N’ € ZF realize A(p) (finite, as —& — Nx1p(x) has periods p). By definition of
p1, Nx1p(x) has periods —1k(-,C) — p, and hence M := Nx1gx) + N’ has periods —1k(-,C).
Since ¢ has periods lk(-,C') (Lemma 7.6(d)), we get M + & = Vm for some m : V' — Z, and
M = Vm —¢ is the k = 1 wall field of m. By Theorem 7.14, >~ . |M| > #{M # 0} > Ax/(C),

and > p M| < ZE(X) INx|+ g N[ = ZE(X) [Nx|+ A(p).

Lemma 7.56 (Seed count). With Cy and ¢, as in (R7) and Cx = 3Cy/cy, |X1| <
Cx (m*RT + 3Cym(R+T) + 9C}).

Proof. The U-cells of X7 meet bonds crossing Z (Definition 7.20). Thus they lie within Eu-
clidean distance Dg + 2 of =, D = Cyym ! > 4, a set of volume at most 3Dg(R+ 3Dg)(T +
3Dg). Each of these cells has at least c,m ™ sites by (R7).
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For a rectangle C of sides R,T we put R;i(8) := (2ro + 5)L, where L is the block scale of
Definition 3.1 at 7 = K§.

Theorem 7.57 (Deterministic area law). Fiz the constants of Section S1.1.1 of the supplement.
There is 5&M such that for Bam > 5&M, for every output G' = G'(D) of the construction, for
every D, and for every rectangle C' with min(R,T) > R1(f) = (2ro+ 5)L,

W (C) < exp(—ov[Aa(C) = nsRT) + en(R+T)),

with
cmL m 18¢C
. g 1 - 20X ~ . ~
Oy =E€EOF = 09216 7 (€E = 128)7 s = 8E7T2qu L mBGM = O(mﬁGM IOgT)a

and cn as in Remark 7.58. The only geometric inputs are (R2), (R5) to (R10), Theorems 6.5,
6.8 to 6.11 and Proposition 6.17; the frame, which does not depend on D: the box (Lemma 3.3),
the grid with its windows and removal cells (Definition 3.4) and the alignment (A1) to (A3)
(Lemma 3.5); the coarse alignment of the holes and frozen bonds, which are unions of coarse
sites and of whole coarse faces (Section 2.5); Lemma 4.4, in Lemma 6.13; and (N3) of Theo-
rem 3.20, in Lemma 7.44. The degenerate output X = A° (G' =0, W (C) =1, Ax(C) =0)
is included.

Proof. We bound the outer factors of the loop expansion by Lemma 7.54. Schematically, a
fraction g of the wall energy of the seeded polymer, with the area weight, pays eporpAg (C)
by the area split, the seed costs ec21Xl (bulk part ng, the rest a perimeter term), and the
near cells give the perimeter factor Pf,. If no bond of G’ crosses Z (for instance if G' = 0),
then X; = () and the bound holds trivially. Indeed, in this case ; = 0 on E, which gives
Z(1,E) = Z(0,Z) and W (C) = 1. Moreover, each plaquette of = is then a face of a hole cube
or a frozen face (proof of Lemma 7.6(c)), hence lies in §, and Ag/(C) = 0 (Definition 2.11 with
Y. = Z). Finally, oynsRT 4+ cy(R+ T) > 0. Otherwise X7 # 0, and

Wer (C Z ZICNX pl(NX) < 31 Z Z’KN a\X|e—a’A(p1(Nx)) (7.35)

XDOX1 Nx XDOX; Nx

8 _ A loc 8 _
< EEOFR G’ a|XH-EEF1 (X,Nx) < / CQ‘Xll JvAG/(C)
=31° IPID IS Sgpreete

XDOX; Nx
2Cnear - 9C C
< exp(—ovAa(C) + ovnsRT + [ 222 4 36,Cx Cyerin + %] (R+1T)),
1

and the bracket, b(3), is at most ¢y. The equality is Corollary 7.28 with Lemma 7.29(f).
Its terms with p1(Nx) ¢ Tlong vanish, since Z,(X) := 0 for p ¢ Iiong (Definition 7.25(c)).
Consequently, in (7.35), each sum over Nx runs over the inside fields at £k = 1 with p;(Nx) €
Dlong. The first inequality is Lemma 7.54. The second uses F{°°(X, Nx) > 20p e INx| (X
is a union of elements; Theorem 7.13), Lemma 7.55 and ¢’ = egop. The third is Lemma 7.48(a)
with k =1, U =V, Sy = X3, e =eg < /2, over these fields. For these fields its proof runs
as at k = 0 (Proposition 7.46). At a fixed configuration the proof uses the label, beyond the
walls (Lemma 7.24), only in Lemma 7.32(a), as a function A’ on £, constant on Q, with
Vh' = P(Ny + &) on E(82), where Y is a union of elements, Ny := Nxlpy)yand Q CYisa
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cell. We now show that such an b’ exists. Each wall of Ny on E(£2) lies in Y (first step of the
proof of Lemma 7.32(a)), and & vanishes off £(X), as X 2 X;. Hence Ny +§ = (Nx +§)1pg(x)
on E(£%), and its period on a closed m3-walk v in &2, is —p1(Nx)(v), which is 0 if |y| < 2L/,
since p1(Nx) € Tong. The breadth-first-tree argument of Lemma 7.45, whose closed walks
(fundamental cycles of length at most 2d, + 1, same-cell closures of length at most d, + Deent)
are shorter than 2L, gives h’ with values in PZ. The last inequality uses log(8/31) < 0,
Lemma 7.56 with coCxm? = oyng and R+ T > 2R;(B), and Pl = eV (V)/P' < g2near(RAT)/p
(Lemma 7.33). The values of oy and ng are computed in Section S1.8.

Remark 7.58 (The perimeter constant). Put cy := SUD g0, b(B) (b(5) the bracket in
(7.35), p’ = 1.3). It is finite and depends only on the constants fixed before K: cpear 18
bounded uniformly for By > B2y (Lemma 7.33; log(1/m)/Bam < 0.0632), and the last two
terms tend to 0 (Section S1.8). Of the constants of Section S1.1.1, Theorem 7.57, its threshold
B2y and cn use only items 0 to 14: K and By(K) (items 15 and 16) do not enter, since
and K enter Sections 3, 6 and 7 only through 7 = Kf, that is, through Bqu = 4727, and
every condition on Sgy used there is a lower bound in terms of items 0 to 14. This is what
the absoluteness of ¢ = ¢y + 10 in Section 8 needs. No factor log(1 4+ min(R,T')) appears: the
solid-angle energy never enters (Corollary 7.10(d)).

8 Proof of the main theorem

8.1 The chain

The deterministic area law holds for each frozen set D, and the min-cut lower tail is exactly
the exponential moment of the area deficit RT — Ag/(C). Multiplying the two, we obtain
e R . Epe?(BT=4) "and the two deficits ng and nr add. We fix K > K, and § > (y(K)
(Section 8.2). The conditions defining By(K) are listed in Section S1.1.4. With 7 = K3, they
include 3 > 772, § < 1 and (2.5), that is 3 > 31(K) (Lemma 2.6), as well as the hypotheses
of Theorems 5.1 and 7.57 for 8 and By = 4n%7. They also include ny + ng < % and oy <1,
which are true for large 7 as nr — 0 (Theorem 5.1), ng = O(mpBamlogT) — 0 (Theorem 7.57)
and oy = (c;mL/9216)m/T — 0. Let C be a rectangle with min(R,T) > R1(8) = (2ro+5)L
(Definition 3.1), A° = A°(C') the box of Definition 3.2, and A O C any finite box.

Proof of Theorem 1.2. We prove the chain (1.4) to (1.8), with Ep the expectation over D ~
Ber(8)@(A45\02A%).

Step (1.4). Lemma 3.3(e) gives dist(C,0A°) > max(R,T) > 1. Hence Proposition 2.9
applies with A’ = A° and ¢ = §. The box A° depends only on C and the constants
(Lemma 3.3(a)), not on A or D, and is therefore fixed before D is drawn.

Step (1.5). For each D C A§\ 02A° the output (X(D), S(D)) is a deterministic function of
D with D C §(D) (Theorem 3.20). Hence Proposition 2.10 applies to each D.

Step (1.6). Theorem 7.57 applies to each output G'(D) and each rectangle with min(R,T") >
R1(B), pointwise inside Ep. We need it for every D, because Ber(d) charges each subset of
A3\ 02A° and the construction is deterministic. Its functional Ag/(p)(C) is the min-cut area
of Definition 2.11 for the same output on the same box A°.

Step (1.7) is the identity —oy A = —oy RT + oy (RT — A).

83



Step (1.8). Theorem 5.1 at ¢ = oy € (0,1] bounds the expectation in (1.7) by
exp(oynrRT + 4|C| + 4), for the same random set D, box A°, output G’(D) and functional
Acpy(C) as in Steps (1.5) and (1.6).

Constants. Since |C| =2(R+T) and R+ T > 2, we have 4|C|+4 < 10(R+T), and (1.8)
gives (1.2) with o(8) := (1 —nr —ng)oy, Ri1(8) = (2ro + 5)L, both depending on K through
7= Kf, and ¢ := ¢y + 10, which is absolute in the sense of Theorem 1.2 because ¢y depends
only on items 0 to 14 of Section S1.1.1, fixed before K (Remark 7.58). By nr + ng < % and
cymL > 2cqer, (Section S1.1.3),

CcqCL, M 8r2)1/2 _ .2 _ _ _
g2157_ > ( 21)6 coL T 1/2 ;—m?ven (0)7 > 1.35- 10 4cchT 1/2, 2.4943677 (8.1)

o(B) =

by m > mp/2 and mp = (8727)1/2¢=*vcv(07 (Section 6), with the Debye exponent
m2vcp(0) = 2.4943550872. .. rounded up and the prefactor rounded down (rounding rule in
Section S1.1.3). This proves the second assertion of Theorem 1.2 for § > fy(K). Remark 8.1
gives the case 8 < fy(K) at the same K, and the first assertion follows with one fixed K > K,
for instance K = 378.

Remark 8.1 (Small 3; uniformity). For fixed K > K, and 8 < $y(K), Theorem 2.1(b), point-
wise in A and C, gives Theorem 1.2 at § with the three constants o(8o(K)), ¢, R1(5o(K)); only
the Wilson side is monotone in /3 (raising /3 raises 7 but lowers 0, so the right side of Theorem 2.5
is not). The bound depends on A only through Proposition 2.9, on D only inside Ep, and on C'
only through R, T’; by Theorem 2.1(c) it holds for the infinite-volume limit (cos 90>g/, nonde-
creasing in 3, so the string tension oo (83) := iminf (g, 1)—00 —% log(cos 90R7T>}§V € [0, oo
(Cr.r a coordinate rectangle of sides R, T') is nonincreasing in S and at least o(f3).

Remark 8.2 (Loops below the non-fragmentation scale). If diam A° < Ryp (for instance if both
3v3max(R,T) ++/3 and v/3(ro(£ +3) + 1) are at most Ryp), Phase 2 makes no firing (Propo-
sition 3.19) and Proposition 5.11, with the deficit népl), replaces Theorem 5.1 in Step (1.8); the
string tension uses Theorem 5.1 in full.

8.2 The order of the constants

We fix the constants once, in the following order (values, and the statements that use each
constant, in Section S1.1.1). (0) Absolute constants, among them 72vcy(0), the threshold
14.9662 of Lemma 2.6 and the absolute constants quoted from [GM82, GM81a, BF80] (those
that depend on the parameters C, dom, i, ks, Apyv of Theorem 6.5 are fixed with them, in
(12) and (13)); (1) ro; (2) ¢ = % (all ¢4 € (0,%] work); (3) mw = 15; (4) ¢, = 75, that is
A = 12/L.; (5) kp/L. = 304; (6) c¢1 and csp; (7) ¢s € (0,10]; (8) the forcing threshold 9,
the penalty up and the thin-set constant e,; (9) the weak-link constants x = 2.0 - 1078 of
(R6) and xn3 = x/3 of (N3); (10) the constants derived from these, among them C,, Cee,
Cay Cp, C; and Chresp; (11) ¢, = 1.6 - 10719 and then the scales L., L, kp, £, which depend
on A only through ; (12) the Stage 1 and Stage 2 constants: C' € (0, 1] and dgm < 3 of
Theorem 6.5, ng = 0.62, the rate cjp < %rc with ro taken at mL = cr/2, then ¢/, then
p>1+2, and kg, and ¢ = %; (13) Apvy, and with it My, m = Apy My and the constants
of [GM82, GM81a, BF80] and of Stage 1 that depend on Apy; (14) the cut-rule constants Ong
and c3T; (15) K > K,; (16) Bo(K). Four placements are forced. First, kp/L., ¥ and ey,
precede Y, because the expansion constant of Theorem 4.16(c), which bounds y, is computed
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from them. Second, y precedes cr, because the condition Cc2 < (1 —4/72)/8 that fixes cf,
has C’}D < 29167“%0%1/)(2. Since 1 — 4/7r2 < ng and mL < c¢r, the condition that fixes c¢f, also
gives the condition C’}D(ﬁzL)2 < ny/8 of Stage 2. Third, C, dgm, ci0, ¢y, 1 and kg precede
Apv, because the Debye condition of Theorem 6.5 gives A\g = Ag(ks, i, C, dam) and each earlier
constant uses Apy only through Apy < i. Fourth, Onr and cglF are built from the pure number
¢y, and no earlier constant depends on them. Each condition defining Sy(K) (Section S1.1.4)
is, at fixed K, a lower bound on 7 = K[/ that persists for larger 7. Those of Section 2 are
B >7"2 B> pB1(K)and § < 1, which (2.4) gives for all large 3, and in all the others the
left side is a fixed function of 7 (built from m, 7, log 7 and the doubly exponential scale Rnr)
tending monotonically to its limit. The value fy(K) is the largest of these thresholds divided
by K. It is very large (|loge”| > 10'* in Theorem 5.1), and the constants are far from sharp,
but the proof uses only that those fixed before K do not depend on 7.

9 Corollaries

In this section we prove the two corollaries of the introduction. The central phases are described
by a U(1) Wilson model with configuration-dependent couplings at most n3 (Section 1.2), also
in the presence of a Higgs term invariant under the centre. Since the plaquettes of a finite
2-complex are attached along closed edge paths, U, (the ordered product of the links around
p) and 6, are defined. We write Tr for the trace of n x n matrices.

Proposition 9.1 (Frohlich’s comparison). Let G C U(n) be a closed subgroup with {z1 : |z| =
1} C G, X a finite 2-complex, and ug g(dU) oc [[, exp(BRe Tr Up) [ [, dUe, dUe Haar measure
on G (free boundary conditions). For every closed edge path ¢ in X,

‘<Tr£[€Ue>G,5

where the right side is the U(1) Wilson model on the same complex.

< 2n (cos 9@2{2%, (9.1)

Proof. Let v be the law on U(1)2(X) x GEX) with density proportional to Hp exp(SReTr(&Up)),
where & = €% and & = e'®r is the product of the ¢X1 around p. Since €1 € G is central, its
image under (£,U) — €U is pg,g, and Tr[[ o (&Ue) = €9t Tr[[,c, Ue. Given U, ¢ has the
law (-)y with density proportional to [], exp(8|Tr Up|cos(dp — p)), ¢p := — arg Tr Uj,. Hence
|(Tr[[ocp Ue)a,gl < nsupy sup,(cos(¢e — a))y. We bound (cos(¢p — )y by (cos «9g>g}/’n5 using
[MMSP78, Proposition 1 and the remark after its proof, p. 21|, with couplings ng > 5|Tr Up|
on the plaquette vectors (terms with the same vector up to sign combined). Consequently, the
left side of (9.1) is at most n(cos 9@)}/(‘/7716, which is at most the right side, since U(1) Wilson
loops are nonnegative and nondecreasing in the coupling by Ginibre’s inequality, on all finite
complexes (as in Theorem 2.1(a), (b)). The bound (9.1) keeps the constants 2n and 2nf of
[Fro79, (23), (24)]. The remark is stated (p. 21) for a equal to the phase of the interaction.
For each « it follows from the proof of Proposition 1, since for the edge vector M of £ and
two copies ¢, ¢’ of the angles cos(M - ¢) — cos(M - ¢' —a) = 2sin(M - & — §)sin(M - &' — 5),
®= 16/ +0), @' = 3¢/~ 0).

Corollary 9.2 (Corollary 1.3). Let G be as in Proposition 9.1, with the Wilson action
BReTr U, on finite bozes of Z3, p a representation of G with p(zI) =1 for |z| =1, (®,po) a
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probability space of Higgs field values, and h > 0 a measurable function of ((p(Ue))e, (¢z)z),
the Higgs weight, for any values of the Higgs couplings, with 0 < fh < oo (h =1 is the
model without Higgs field). On a finite box A take the measure with density proportional to
h((p(Ue))es (¢a)z) times I],exp(BReTrUy) with respect to [], dUe ], po(des). Then (9.1)
holds for every closed path ¢, and the bound of Corollary 1.3 for every rectangle C with
min(R,T) > R1(2np) and every finite box A O C, with o, Ry, ¢ of Theorem 1.2. In particular
the string tension of G at coupling ( is at least o(2nB) > 0, also for U(2) with an adjoint
Higgs field, at all gauge and Higgs couplings.

Proof. Since p(&Ue) = p(&)p(Ue) = p(Ue), the proof of Proposition 9.1 applies to the joint
law with the extra factor h((p(Ue))e, ¢) [ [, po(des), which cancels from the conditional law of
€. We then apply Theorem 1.2 at 2nfs. For U(2), Ad(zU) = Ad(U). ([Fr679, Corollary 2]
states confinement of static quarks for all U(n) in three dimensions, from the comparison and
the results cited there. The area law is the new part.)

The Georgi—Glashow model. On a finite box A we take links U, € SU(2), U_. = U, '}, a
unit adjoint Higgs field n, € S? (the London limit), the adjoint representation R : SU(2) —
SO(3), B,k >0, and

HA; B,k O exp(ﬁ Z % TrU, + K Z ng - R(Ue)ny) H dU, H dng (9.2)
€ T

P e=(z,y)

(dU, Haar, dn, uniform on S2?). The weight in (9.2) is invariant under U, ngegy_l, ng —
R(gz)ne (g € SU(2)M), and f(U,n) is gauge invariant if it is. Write D(6), := diag(e'?e, e=%¢)
and e3 for the constant field n, = es.

Proposition 9.3 (Georgi—Glashow model at infinite Higgs coupling). For every finite boz A,
every > 0 and every bounded continuous gauge invariant f, the limit lim, oo (f)a,8,x equals
<f(D(9),63)>K/B, the expectation in the U(1) Wilson model at coupling B. In particular, for

every closed path C, (1 Tr[],cc Ue)n,pn — (cos 90>Awﬁ.

Proof. We pass to the unitary gauge. Since R(SU(2)) is transitive on S?, gauge invariance
gives [[FdndU = [ F(U,e3)dU for F = fw and F = w, w the weight of (9.2). With U, of
diagonal entries a., a. and off-diagonal entries b, —be, the hopping factor is [ . 65_2”‘%'2, Haar

measure is b, uniform on the unit disc times arga. = 6. uniform, and as k — oo the weights
e=2rlbel” concentrate at b = 0, where U, = D(6), and 3 TrU, = cosfy. The limit is taken in
each fixed box, in the London limit |n,| = 1, and for § Tr (the full trace gives 2 cos fc).

Corollary 9.4 (Corollary 1.4). Atk = oo, for every 3 > 0, every rectangle C' with min(R,T) >
R1(B) and every finite box A 2 C, the limit of (1 Tr[[.cc Ue)n,gn as £ — 00 has absolute
value (cos GC>/I/KB’ which is at most exp(—o(B)RT + c(R+1T)).

Proof. This follows from Proposition 9.3, Theorem 2.1(a) and Theorem 1.2.

Remark 9.5 (Villain action, uniformly in free boxes; scope). The theorem of [GM82] holds in
the form of Definition 1.1: for 7 > Kfy(K) and g := 7/K, Lemma 2.3(c),(d) as in Proposi-
tion 2.9 give (cos 00>X’T < gf{’é,T(C; 0) < EDg/f{’éJ(C;D), Steps (1.5) to (1.8) give the bound of
Theorem 1.2 at 3, and Lemma 2.3(b), pointwise in A, gives smaller 7. The Georgi—Glashow
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model at finite Higgs and weak gauge coupling is not covered: the centre Zy of SU(2) contains
no U(1), and [Fro79, Theorem 1] lands on the pure Zg gauge theory, which confines only at
strong coupling. The proof uses d = 3 throughout.

A Brydges—Federbush §9.1 on slit domains, and a counting
step

In this appendix we prove Lemmas 7.37 and 7.48, carrying [BF80, §9.1] with [Bry78, §5] over
to G'. In the count of the sets we keep the tree weight w(7T) outermost, which cancels the
moments d;! that the count produces (Proposition A.4).

Conventions. We assume that (U, k) is admissible and that o = (Z, Nz) is a seed con-
figuration in (U, k) (Section 7.6). At k = 0 the configuration sets may be those of long wall
fields (Proposition 7.46). We write |Y| for the number of U-cells of Y and set dist(A, B) :=
mdg (A, B). The U-cell graph joins two U-cells when a bond of G’ joins them, and Dy, bounds
its degree. The quantity IC(Z)( X) is the sum over y = (Y1,...,Y,), Y1 = Z, of the terms of
Proposition 7.22. For 2 < j < n, link j is the operator x(j — 1)[Y;] of (C.6), which creates
Y;, differentiates s;_1, and is a sum of elementary terms of the five types listed after (C.5).
We also write X; := Y, U---UYj. A treeisamap T : {2,...,n} = N with T'(j) < j. We
put d;(T) := #{j : T(j) = i}. Thus dp(T) =0 and ), d;(T) = n — 1. The weight of [BF80,
(9.115)] is

q(T,s) := H H sk, w(T) ::/[071}n_1q(T,s)ds (A1)

Jj=2 k=T(j)

. d _ . .
since W(STU) ©++8j-1) = 87(j) * * * 8j—2. The variable s,,_1 does not occur.

Lemma A.1 (Tree form). Let X D Z, Nx € Ny(X) and §j = (Z,Ya,...,Yy), n > 2. Ezpand
/{(gj,s)QleX (X) into elementary terms 0 = (6a,...,0,), 9 a term of link j, and assign to 0
a tree T = T(0) and U-cells A, C Yp, A7 C Yj if 9] is of type (2) to (5), it contains
9s; ,CV(z,y) with x € Y}, y € Yo, a < j, and T(j) := a, AY, A’ the U-cells of x, y; if
0j = (0s;_,ws(T))er is of type (1), T(j) := min{i : supp7 NY; # 0} and A, AT are the first
U-cells, in a fized order, of supp T in Yr(; and in Y;. Then

(0-term) = q(T, s) Ry(s), (A.2)

where Ry(s) depends on s only through the weights ws(7') € [0,1] of E-terms, through the
covariance CY and through eEX%) . Each 0 receives ezactly one tree.

Proof. This is the tree decomposition [Bry78, (5.1), (5.2)] of the expansion of Proposition 7.22,
with the following modifications. (1) We interpolate the covariance as in [GM82, App. E, (E.3)]:
for x € Y}, y € Ya, 05, ,C¥(x,y) = sq---55-2C(x,y). (2) For the weights ws(7) we use the
rule of [GM82, p. 89], under which i € I if 1 < i < n —1 and 7 has a cube a, C Yj for
some j > ¢ and a cube ag C |J,<; Ys. Under this rule the expansion is an identity (proof of
Proposition 7.22), and 05, _,ws(7) = Hijﬂj) sk, as among k < j — 1 the set supp 7 meets both
X}, and its complement exactly for £ > T'(j). The rule printed in [BF80, p. 212] has Y;;; in
place of Uj>i Y;. Under that rule a term meeting Y7 and Y3 but not Y» carries no factor si,
and no tree weight dominates it. Each sj is differentiated once, in link k£ + 1 (Table S1.3, S6).
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As the bounds of Section 7.6 and Appendix B on Ry(s) are uniform in s (Table S1.3, S1)
and the weights lie in [0, 1], the identity [ ¢(T,s)ds = w(T) gives

|’CNX )| < ZZ Z sup

0 TO)=T7 °

/dMSQ (X:5) Ry (s )QNX( )O, (A.3)

Lemma A.2 (The s-integral). For n > 2 and yy,...,yn >0,

n

S o) [y ds < ensoe (A4)

J=2
In particular > w(T) < e~ L.

Proof. This is [Bry78, (5.5)] and [BF77, Lemma 5.5], for real weights. The sum over 7' is
HZ@_:ll (Ym + Prm—1(s)) with P, := $p(ym + Pm—1), Po := 0, and we integrate over s,_o,...,s1
in turn using fol xeds < e*. For n < 7 the inequality has also been checked exactly (Sec-
tion S3.1.5).

Lemma A.3 (Factorial moments). Forn > 2, y; >0 and b, ..., b,—1 € [0,1),

n—1
S w(T) ™ H di( P<en TT( -yt (A.5)
T =2

Proof We use the identity d!b? = fooo(bt)de*t dt for each ¢ = 2,...,n — 1. Since Hj Yri) =

I yl ") and d,, (T') = 0, Tonelli’s theorem and (A.4) with yl :=bit; (2<i<mn-—1) bound the
left side by fRn 2 et Eibitio= Niti gt = ¥ TP5, (1 — by) !

For a finite set A of U-cells, Y (A) is the set of nonempty unions Y of U-cells each of whose
components in the U-cell graph meets A. For a = log(2eDy) + o' + a” with ' > 4, a” > 0,
and all integers d > 0,

Syepa [Y[4e < ema” 2l gra=d . (A.6)

we root each component at its first cell in A (24! sets of roots), count connected sets by
Lemma 5.8 and sizes by the 2V=! compositions of N := |V, and use Ne~%N/2 < d!(2/a’)4.

Link data. The link datum A; of an elementary term 6; consists of its type; for each of its
E-terms (at most two), the number of its points and the set of U-cells containing them; and
the cells A%, A” of Lemma A.1. The set A(\;) consists of A7 and the U-cells of its E-terms,
and ¢ > 0 is a weight on link data with

Cy: —sup Z A) 2N < o, (A.7)
Ag A=

EachYj (j > 2) of a term with 6; # 0 lies in 9(A();)). Indeed, each element is connected in the
U-cell graph, since a wall component is a component of 3, a closure adds bond neighbours, and
linked closures share a U-cell (Definition 7.20). Moreover, each element of Y; meets S(6;)\ X;_1
(Table S1.3, S5), which lies in the cells of A()\;), as the point y of a covariance line lies in X;_;.
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Proposition A.4 (Combined count). Let a be as in (A.6), with 2C,e*
configuration o = (Z, Ny),

> X w(T)ﬁso(Aj)(“'le < 2¢l41, (A.8)

n=l T (Y)0)] i=2

!
< % For every seed

where Y1 := Z, the sum runs over all trees T, all link data with A;- C Y7(j, and all Y; €
D(A(Nj)) (disjointness of the Y; and Y; C U are not required), and the term n =1 equals 1.

Proof. We keep the tree outermost with its weight and count the sets backward from the last
one, each set rooted at its own link and each link rooted in an earlier set. The roots in ear-
lier sets produce the moments of Lemma A.3. We fix n > 2 and T and sum in the order
(Ya, An), ..., (Y2, A2), innermost first. Inside stage j we sum first over Y}, then over \; with A;
fixed, then over A;- C Yr(;). Each constraint links a variable only to variables outer to it. We
claim that at stage j the summand depends on Y only through |Yj\dﬂ' (M e=alYil and the con-
straint Y; € 9(A(N;)). At stage j, (A.6) gives ZY]E@(A(/\J_)) [Vj] % ealYil < e=a"2l Al 1 2-d5,
The sum over \; with A’ fixed then gives at most C@e*“”dj! 2=% by (A.7), and the remain-
ing sum contributes ZA;QYT(J‘) 1 = [Yp(;)l, a factor that is handled at stage T'(j) < j. This

keeps the claim. After stage 2 the factor |Z|“(T) remains, and the sum over (Y;,););>2 is at
most (Cpe~®" )1 Z|h(T) H;:% d;(T)!2=% ™), Multiplying by w(T) and summing over T, we
obtain the bound (C,e*" )" 1el%1272 from Lemma A.3 with y; = |Z| and b; = 1. Finally
1+ elZl37 o (Cpem @) 712n=2 < 1 4 Jel?l < 2el21,

Remark A.5 (The printed deduction). In [Bry78, p. 329] the bound corresponding to Proposi-
tion A4, (5.4), is deduced from (5.5), > p [dsq(T,s,y) < elXl (trees at fixed sets), and (5.6)
(sets at fixed tree, with the supremum over trees outside). Writing the summand of (5.4) as
f(T.9)g(T,y) with f:= [ds q(T, s, 7)e X!, the deduction uses

S AT o(T5) < (s> £(T9)) (sup Y o(T.5)
T, vor Ty

which fails for general nonnegative f,g: for T,y ranging over {1,..., N} and f = g = 075 the
left side is N and the right side 1. The conclusion holds with a different per-cell constant, by
Proposition A.4, or by keeping (5.6) and using > 7., fg < (3 7 supy fe= XN supy P ge X1,
whose first factor is at most ((1+ €)/e)" ! by Lemma A.3 and whose second is (5.6) with c5
raised by 2e. In [BF80, p. 215] the joint choice for 5% and 6 cites “(5.6) of [1] or Lemma 5.5
of [2]”; the inequality used there is [Bry78, (5.5)], which [BF77, Lemma 5.5] states at fixed
weights, and the conclusion of [BF80, Lemma 9.1] holds.

For a link datum A, Op(A) is the number of points of its E-terms and Lg(\) the sum over
its F-terms of half the dist-length of a shortest tree spanning their U-cells (Lyg = Oy = 0 for
type (2)). An E-term with cells in two components of G’ has coefficient 0 (Proposition 6.3(d))
and is absent. We put

@(A) — 6752 dist(A,A") efcloLO()‘) e—c’l/OOO()\)’ ¢y == sup Z e*’ydist(Ao,A) (,y > 0)7 (Ag)
Ag A

¢y < 00, since by (R7) at most 4F(r + 2Cy)3 /¢, U-cells lie within distance r of a given one.
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Lemma A.6 (Link sum). Let ¢i9,d2 > 0 and e“o > 16¢ max(1,c.,,/2). Then Cy, <1+ 8cs, <
o0o. Moreover, for every E-term & of X\, with a the set of U-cells of its points, and every
augmented tree 1 of [BF80, Appendiz 1] whose marked points lie in the cells of a, one in
each, the contribution of € to Lo(\) is at most Lya; so e10LoN 100N 4s dominated, inside
|- lo, by replacing each E-term & by >, ec10lna eclfotgnA, for any decomposition € =3, 4 Eya
([BF80, (9.18), (9.18a)]). Which point of £ lies in which cell of a, the positions and the charges
are not part of A; they are summed inside | - |o.

Proof. This is 8% and 105 of [BF80, p. 217] (the choice BgBjg = e“090ec10l0) with (9.18) and
the lengths [BF80, (A1.3)], adapted as follows. (1) Positions are sets of U-cells. We count a
set of k cells once for its (k—1)! orderings, and the tree sum gives ekc’;_olz. The terms with the
same link datum differ in the assignment of the points of each E-term to the cells of its set, in
their positions and in their charges (and, for ¢ = 2, in the form). Proposition B.7 bounds their
sum through (M4), a bound for the sum over all assignments (Lemma B.1(d)). A bound for
one ordered tuple of cells would not suffice, because a set of k cells carries k! S(t, k) assignments
of ¢ points (S the Stirling numbers of the second kind, and t! assignments if £ = ¢). (2) The
factor 214N costs 4% per E-term with a marked cell, which raises ¢/, (whose existence alone
[BF80, p. 217] states) by log2, and A” costs 2¢s, in each of the four types with a covariance
line. Hence Cy <1+ 8cs,. (3) The length L, is an infimum over the positions of the marked
points in the cells of a and of the auxiliary points, measured with dist, and a tree on given
points has at least half the length of a shortest tree spanning them, which dominates one
spanning their cells. Hence Ly < L, a, and e“10L0|&] < D A C10kyA Egal as € =374 Epa. The

factors e“10Ln4 elot of k' are paid in the Tree weights step of the proof of Proposition B.7, with

cio < grc and p > 1+ 2¢f,. Section S1.8 gives the order of these constants.

The count of [GMS82, (7.3) to (7.5)]. There the Mayer factors E(ay, ..., at) keep the ordered
tuple of cubes (ai,...,a;) among the summed parameters, with a weight exponential in the
least tree length L(ai,...,a;) of [GM82, (1.11b)]. The count there is that of [BF80, 10,
which sums the positions of the cubes at a fixed augmented tree 7, with the constant weights
bya of [BF80, (A1.4)] ([BF80, p. 214]). With the least tree length in place of these weights, the
counting step needs the summed form of the coefficient bound, a bound for the sum over all
positions of the points with their tree length inside the sum, which the derivation of [GMS82,
(4.31)] provides through the pinned norm [GMS82, (4.12)]. Theorem 6.5 states (S2) in this
form, and the count above uses it, with positions counted as sets of cells and the assignments
summed inside | - |, as in the proof of Lemma A.6.

Proposition A.7 (Lemma 7.37 on G'). Lemma 7.37 holds, with C, the constant of
Lemma A.6. The same proof gives the bound with e X! replaced on the left by ea‘XHeF%OC(X’NX),

e >0, and e 1 replaced on the right by e(ci+e) e

Proof. This is [BF80, Lemma 9.1], proved by the device of [BF80, (9.12)], the bound
S, 1F0)] < (5, B(v) ") sup, [B(o) f(v)] over the data v = (n,T,5, ()52, Nx) of (A.3)
with B(v) 1= e ¥\Zleci F17 (X Nx) [L; ¢(\) 7", a = log(2eDy) +4+ ¢y +a”, e > 4C,. Terms
with the same link data differ only inside | - |p, namely in the maps [ of Lemma B.2 and in
the data of the E-terms listed in the proof of Lemma A.6, and their sum is bounded as there.
We change the argument at the following points. (1) The count of the sets is Proposition A.4
(@' = 4), after summing Ny innermost by Lemma 7.30(b) and keeping only Y; € Y9(A(N;)).
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Thus 32, w(T)B(v) ™t < e(eitloaZl < a2l the supremum carries 2 1X| ¢k .= 4 + a, and
Lemma A.6 turns []; ec10Lo(Ai)+¢{o00(X5) and Ry into /. (2) The seed is fixed (seeds depending
on the configuration are reduced to fixed ones in Proposition A.8) and enters only through
|Z| and N,(X), never through its connectivity. (3) No step refers to X;. (4) For U = X§ the
activity does not depend on the region (Table S1.3, S13). (5) We use only the distance-zero
form (W C Z or W D Z, where the restriction X N W # () is void), since on G’ a U-cell can
have dg-diameter of order L’ and the clustering form [BF80, (9.122)] would therefore cost
eOmL’) — ¢O(7) per non-seed cell. As Fl°¢(X, Nx) depends neither on 1 nor on s, we may

loc .
move ef1”° into the supremum.

For an anchor Sy, Ysat(Sp) is the set of seed configurations o = (Z, Nz) with Z 2 Sy
each element of which meets Sp. We write F]°¢(S, Ng) for the sum of Fy(Ss) over the wall
components of a wall polymer S, and Dy for the largest number of interfaces within Euclidean
distance g of a given interface or site. The conditions (31), (33), (84) on B, are (S1.5) of
Section S1.8.

Proposition A.8 (Core estimate). Let (U, k) be admissible, Bom > By and € € [0, /2].
For every seed configuration o = (Z,Nz) in (U, k),

Z Z ‘,CEVZ) (X)] ea|X\+aF11°C(X,NX) < P! eeslZ°] ef(llc’/1675)F11°C(Z,NZ) (A.10)
X - 9

X2DZ NxeN,(X)

XCU

and the sum restricted to X # Z is at most c% times the right side. Consequently Lemma 7.48
holds.

Proof. This is the per-cell bound of [BF80, §9.8] after Lemma 7.37, with e=F 1 booked region
by region, followed by a split of the sum by the first set.

(1) Booking. Proposition A.7 (¢} = /4, with the extraction e=F1°°), Proposition 7.35,
Lemma 7.38 and Proposition 7.39 leave e_(3cl/4_€)F%°C(X), the part on Z constant on N, (X).
We book this factor by Table S1.4 (Section S1.8): on X \ Z we book ¢//16 for |D|, |Fj| and
/8 for the wall polymers, and on Z we book ¢/32 for |D|, |F4| and ¢//32 for the cells of Z*
under (81). Then each non-seed cell carries at most ea < %c{% < % by (54), lone seed cells
carry at most e, and the seed retains ¢ — ¢//4 —e — /32 — /32 = 11/ /16 — ¢, which is
(A.10). Terms with X # Z contain a non-seed cell and gain 1cl.

(2) Splitting. The map (X, Nx) — (O’(Nx),X, Nx), O'(Nx) = (Z, NX’E(Z)) with Z :=
satn, (S0), is a bijection onto the triples with o € Xsa¢(S0), X 2 Z, Nx € N,(X), preserving
the summands (Lemma 7.23).

(3) Entropy of the first set. As 11¢/16 —e > //8, the left side of Lemma 7.48(a) is at most
P’ecs|ol Yoolls e~ (¢/OF™(S.Ns) - The wall polymers of o, assigned to their first cells in Sy
and counted by their wall interfaces and values (Lemmas 5.8, 7.30(a)), give the factor 1 + ngeeq
per cell of Sy under (83). This gives (a), then (b), and (¢’) with P’ =1, Z° = (). We give the
details in Section S2.7.

B Brydges—Federbush Section 9.8 bookkeeping on slit domains

In this appendix we prove Lemma 7.38 and Proposition 7.39, the bookkeeping of [BF80, §9.8,
(9.81) to (9.824)] on G’. In Debye units (bp := Bgmm) each field derivative carries bgz and
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each coefficient 1/bp. A lone cell is of class A and contains a link end or a Mayer cube
(minimality of [GM82, (E.11)]), which gives it net weight > %. Cells of Xy are paid by Fj°°.
We control factorials by pinning. Since O((1 + r)3) cells lie within distance 7 of a cell, a sum
of N distances grows like N*/3, which outweighs log((N!)%i»).

Setting. Cells are U-cells, grid cells are denoted €2, and volp(A) = M3#A € [cy, Cul.
Classes A, B and X = Z U Xy U X, are those of Section 7.6 (seed cells in wall polymers
count with Xy). On a class-A cell 4 = ¢ modulo PZ in each phase. In the seeded activity
of Section 7.6, X; := Y, U---UY; and k(y,s) = k(n —1)--- k(1) as in [GM82, (E.9), (E.10)]
(Appendix C). When its brackets are expanded, (i) is of one of five kinds: KO = 95, E®, K1
= C0,0,, K2 = C9,(9,E), K3 = C(9,E)d, and K4 = C(8,E)(3,E). Here 0, := 3/d(x),
x € Vi1 and y € X;. An E-factor is one Mayer term of E(X,s) of the forms [GM82, (E.5a)
o (E.5d)], with its coefficient p; and its ¢ factors. Derivatives act on the factors to the
right of the differentiation, as in [GMS82, (E.13) to (E.16)] (the rule of [BF80, p. 229]). The
y-dependent atoms of Q4(X) are: (al) rq of (7.4), for each grid cell Q C X; (a2) e“2(),
G2(2) := G2,1(2)+G22(Q); (a3) 92,z € XND; (ad) egg, z e X\D; (ab) e F2(X) = e~ (x¥Fy),
Here g?, gE are the z-terms of GS?N va3 and, pairing m with —m by (S3),

Go1(Q) = 3N (m) fo(mBd(2)),  G22(2) = D3 o (m)vim () f1(mByd (2)),

z€EQ m zeQ m
(B.1)

with fi(y) := e — 1 — iy, fo(y) :=cosy — 1+ %yQ and v, () = ¢imBchiavea? _ 1. Thus Ga1
is of fourth order in 4. The factors of an E-factor are (&) = B (O Hh(x) _ 1 in (E.5a),
E() == e(&) —imBYL(x) in (E.5b) to (E.5d), and the v-factor imBgat(z) in (B.5¢), (B.5d).

Lemma B.1 (Debye units). Putd? := m3x counting measure on V., 1) := m—l/zw, § /(&) ==
m=520/00(x), C(&,7) == m~1C(x,y) (likewz’se for 05,CL), and ¢ := m~ c for a coefficient
c(z) per site. Then (a) 3, , K(2,y)0yp(z)0y = [[dzdgm K (z, y)(w 51/)?;) (b)) if F(y) =

>, c(z)f(ﬂé/ﬁz/}(z)) then (5F/(5¢( ) = é(z ) 1/2f’( Y2 W(&)): each derivative of a function of
Bé/l\ii/} produces exactly b L2, (c) |C(&,9)| < 2K}/ \py)e Tevd@y)  C(i, 1) < apKi/Apy and
sup, [ dij|C(&,9)|e @Y < 2K3; (d) for a cell A, k > 2 and Cy, < CE!(2x5)7%: (M1)
[y di Y, [ (m)l [l < Covolp(A)/bp: (M2) [y n di X, |1 — 0l Iml* < Crcaeps (M3)
fA\D dz Zm|A1 — preflim|F < Cpf'volp(A) /bp; (MJ) for t > 2, a set a of cells and a cell
as € a,

1 / diy--diy 3 | s Silmil < ¢ KapaClyy 2Y00(0) -1~ (1-ben) (/) (@)
t! Z(a) bp

M,...,MM¢

and hence, for all integers ki, ..., ky > 0, the left side with []; |m;|* in place of e*~s 2 lmil g
at most [[,; ki!(2ks) % times the right side. Here Z¢(a) is the set of (z1,...,x1) € V! such that
a is the set of the cells that contain some x;, A is the rate of (S2), L(a) := mLcs(a) is the tree
length of (S2) of the cells of a, each listed once, in Debye units, Cprq == (1 — C)~' per point
and Kypq := €*5(1—C) 7%, where C is the parameter of (S2), fived in (0, 3] (Section S1.1.1).
The left side is the sum over all assignments of the t points to the cells of a that use every cell;
it contains fal e fat for each t-tuple of cells with {a,...,a;} = a.
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Proof. Parts (a) and (b) are the change of variables (Th‘f’/QBé/l\i = m_?’ng). Part (c) is
Theorem 6.11 for C' < apCy (Lemma 7.29), with My /m = 1/Apy and entrywise domina-
tion of C.. Bound (M1) follows from Bgm Y., m?p*i(m) = m? and (S4'). Bounds (M2)
and (M3) follow from Propositions 6.17, 6.6 and (7 26). We derive (M4) from (S2). As
e2rs 2oiImil — 25 o265 (5 Imil=1) the left side is 2 S Zme_t Yom |pe|e2s (12 Imil) (in De-
bye units [dz|p| = >, |p]). Each x € Ei(a) has a coordlnate in as. As pi, the weight
and Z¢(a) are symmetric, the sum is at most ¢ times its part with x; € a,. For x € Z(a),
La(x1,...,2¢) > Ler(a). Indeed, in a tree for x1,...,2z; we keep one marked vertex in each
cell of a and declare the others auxiliary. Hence the part is at most e~ (1=9aa)ALer () timeg
the left side of (6.5) with s = ¢ and a1 = a., and (S2), (1 —C)7710 = (1 — C)~10C{,, and
lax|m2,/Bam < 4volp(ax)/bp (mp < 2m) give (M4). The form with [, |m;|* follows from
|m|*¥ < k!(2kg) Fe?#sIml. No factorial arises, because the sum over the assignments (|a|! S(t, |a|)
of them, with S as in the proof of Lemma A.6) is a part of the sum over all ordered tuples of
points in (S2), and the decay is read off the weight on that part.

Thus the expansion is that of [BF80, §9.8] with Ip =1, B — bp, on a fine lattice with
a regularized covariance, and infinitely many charges only produce the k! in (d). A factor f
has weight w if | f| < Kb}, - (field monomial) - (numerical factors) for all positions in their cells
and all fields, with K mdependent of bp, L', 7. Here a field monomial is a product of values
[1)(2)| and averages angWJ] paid by the chk bound T} (each ]1/1\ costs (aDKl//\pv)l/Q) A
numerical factor is |0D(#)| := |D(&) — avgnD| or |E}(#)|, with D := m~Y2D, F} := m~%/2F}.
The weight of a term is the sum of those of its factors.

Lemma B.2 (Types i) to viii) and the Leibniz count). Expand every derivative of k(y,s) by
the Leibniz rule, as in [BFS0, (9.84), (9.85)]. (a) k(y,s)Q%X) is a finite sum of terms,
each labelled by the kinds, the E-factors, and a map | that sends each derivative to one
atom or one factor of an E-factor which depends on the derivative’s point cmd lies to its
right; the term is [[]; 0s,C"(xi, vils)] [ 1, PG Ja ], [coefficient of e - [see ' @gl. (b) The
multiple derivatives are of the types: i) 0%rq; ii) from an observable (absent here); iii)
% = (=18l [[jes F5(z))e 2. n) 0%, 9%, 8S(zmﬂl/2 Y); v), vi) the Faa di Bruno
blocks p™t(m)dB[vm f1] and p™f(m)dB[fa] of 85e“2V; wii), wiii) the Faa di Bruno blocks of
85¢9% and 95 e%:. (c) With ny link ends, mq, factors of £-factors and wy (= 0 here) factors
of an observable in the cell Ay, the number of maps 1 is at most [ [, (ma +wa +5)", and for
cp >0, n > 1 and integers m,w > 0, (m—+w+5)" < CrHnle™ with C, = 4e® max(1,1/c,).

Proof. This is [BF80, (9.84) to (9.87), Lemma 9.10] with two new types, vii) and viii). A bare
derivative at © € A, can hit ro (), eG2(Q(2)) % or 695, e t2_ or one of the mg, + w, factors
in A,. The count therefore has +5 in place of the +3 of [BF80, (9.86)]. The undifferentiated
exponentials recombine into e (X) and e~ F 2 which stay in Ty and 75 of Proposition 7.35. We
bound each rq by Lemma 7.31, whose factor is included in T3. The last inequality follows from
(m +w+5)" < 2"(m" + (w +5)"), m" < nle,"e®™ and (w + 5)" < nle“t®. The factor n!
is paid by pinning (Lemma B.4). Within a fixed [ the further expansions (Faa di Bruno, the
Leibniz rule inside vy, f1, the two parts of 8d(z)/dv(x), the charge sums of Lemma B.1(d))
cost at most C"(ny!)? per cell, and e% 2a™a =[], e is a constant per E-factor, absorbed
in the Constants step of the proof of Proposition B.7.
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Lemma B.3 (Witness). (a) Link localization. Let 1 < i < n— 1 and let Y € Y (h) with
Y CYii1. Then'Y contains the point z; of the bare derivative of k(i) (kinds K1, K2), or a
cube of an E-factor of k(i). (b) Every lone cell is of class A, and F5 =0 on it. (¢) Let A € X,
with A C Yiy1, @ > 1. Then (W1) the bare derivative of k(i) sits at x; € A and hits an atom
of kind (al1) to (a4) of A, or (W2) an E-factor of k(i) has a cube equal to A.

Proof. (a) By [GMS82, (E.11)], Y; 1 is the smallest union of elements of Y (h) containing O — X;,
where O, the support of the term of (i), consists of the cubes of its £-factors and the cube of
a bare x; if there is one. An element Y C Y; ;1 meeting no point of O — X; would make Y; 1 \Y
a smaller such union. As cells are U-cells, “meets” is “contains”. (b) supp Dg, supp Fé 5 < S
(Proposition 7.8), and a lone cell lies in no wall polymer. (c¢) By (a), A contains x; or a cube
of an E-factor of k(i) (W2). In the first case the bare derivative hits a factor to its right
depending on (x;): an atom (al) to (ad) at z; gives (W1); (a5), and the derivatives of e~ 12,
give Fi(x;) = 0 by (b); a factor at x; of the E-factor of the y-bracket of k(i) (kind K2) gives
(W2); all other factors are functions of ¢ on X;, which is disjoint from Y;;.

For each A € X, we fix one witness, (W1) if available and otherwise an E-factor e as in
(W2). Let W (e) denote the set of lone cells witnessed by e. Each lone cell lies in exactly one
Yit1, and £(i) has at most two E-factors. It follows that all cells of W(e) lie in Yj()41, where
k(i(e)) is the link of e.

The cells of G’ have polynomial growth: #{A : dist(Ag,A) < r} < Kg4(1+ r)3 in Debye
units, for the Euclidean distance between cells and K, := (47/3) max(1,2Cy)3/cy, by (RT7)
and volp > ¢,. Links have one end in Y;;; and one in X;. The sets Y;;; are pairwise disjoint.

Lemma B.4 (Pinning with Euclidean distance). (a) Let Ay be a cell and Aq, ..., An cells,
each repeated at most twice, with ry, := dist(Ag, Ax) (Euclidean, in Debye units). For ¢ > 1
and ¢, > 0, (NN < Nexp(c, Y, mk) with ey = e max(1,3q/(cpay))®?, a, = %(QKg)_l/‘g.
(b) Let d := Y, dist(A], A”) be the total length of the links, L (e) the Buclidean Steiner length,
in Debye units, of the cells of the E-factor e (the least Steiner length of points chosen in its
cells), and Lo := Y, L¥(e). Pin each E-factor e at a set TI(e) of at most four of its cells
(chosen in Theorem B.6), and let No := #{e : Ay € I(e)}, in either class. Then, with

¢ = c(q,ep Ky, Cut), T (na))? < eZneerd and [, (No!)? < #€ ehen(Lot2d),

Proof. Part (a) is [BF80, Lemma 9.11, (9.820)], with the growth K (1+r)3 in place of the lattice
count of [BF80, Appendix 2]. In increasing order the distances satisfy ) > (k/(2K,)"/3 —1.
Summing these bounds, we obtain ), ry > agN4/3 — N. Moreover, gN log N — cpagN4/3 <
3gN log™ (3q/(cpag)). (b) We first treat the derivatives. Since A, lies in exactly one Y1, at
most one x-end lies in A,. All other ends in A, are y-ends y; of links j with A, C X, whose
partners x; lie in Y1, disjoint for distinct j. We apply (a) to the y-ends, with n! < 2"(n—1).
For the &-factors, let e be pinned at A,, with link i = i(e). If A, C Y;i1, there are at
most two such e. Otherwise A, C X, and e reaches Y;y1: for KO since asiE(i) keeps only
Mayer terms with cubes in X; and in Y;41; for the z-side £-factor of K3, K4 through a factor
at x;; for the y-side one of K2, K4 through a factor at y;, joined to x; by link ¢. Thus
dist(Aq, Yig1) < LE(e) + 2Cy + d;, as LE(e) is a Steiner length over points of the cubes of e
and cells have Fuclidean diameter at most Cz; in Debye units. The partner is the cell of Y;;
nearest to A,. Since distinct links give disjoint Y’s and a link has at most two £-factors, each
partner is used at most twice. We apply (a). Each e appears at most |II(e)| < 4 times and
each link at most twice, and the factor e85 i absorbed into c.
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factor ([BF80]) k bound weight
v) vm (Q), any class (9.814) >1;0 (Im|p})? Ju_)F; 2 k/2; 0
Um (), class A 0 Im|b)? e 1/2

vi) f1(mb?8) (9.815) 0; 1;>2  Im2bpld[%; m2bp|d; (Imlby>)* 1; 1; k/2
f1, bounded form 1 2|m|b}:)/2 1/2

vi) fa(mby*0) <424 w8 (mibg®)* 2 /2
f2, bounded form 2;3 2m2bp; |m|3b3£)/2 1; 3/2
iv) & class A (9.816) 0; 1;>2  Im2bp|d|%; m2bp|df; (jmlby>)* 1; 1; k/2
g, class B (9.818) 0; 1 2+ |m|b}3/2|1[1|; 2|m|b}:,/2 0; 1/2
-factor, any class (9.816) 0;1 |m|b1D/2|1[)|; |m|b1D/2 (zero for k > 2) 1/2;1/2
e, any class (9.817) >1 (\m|b13/2)]C k/2

¢ undistinguished; distinguished, 0 2; |m|b1D/2|1/A;\ 0;1/2
class A (9.819)

vii) cos(mby,*0) — 1 >1 (Im|b}/*)* k/2

viii) fg(mlemﬁ), class A <4;>4 mib|gr, (|m|b})/2)’lC 2; k/2
viii), class B 12 >3 |mlbi? +m2bp|d|; 2mbp; (Im|bl*)k 151 k/2
i) rq (Lemma 7.31) >0 07(0'717}3/6/11,)'“66/7%logke%"H’hQ Ta?? k/6

iii) £, class B only numerical factor 0

Table B.1: Bounds per type (Lemma B.5(a)).

9cp

With ¢, of Proposition 7.36 and rc = 7eoy /1, the factor €?»? is paid by the link decay
e Tedist(ALAY) of Lemma B.1(c), leaving e~ (0+(rc=0)/2)dist - The factor elrlo is paid by the
Mayer decay of (M4), with the factors eC10lna of k! (see the Tree weights step of the proof of
Proposition B.7), as L > 37Y2LE and, on outputs, (1—6am)A/V3 > %/ﬁyMy > 2rgm > 4ep,m
for dam < % (Proposition 6.10). Finally, ¢#¢ < ¢®#X is a constant per cell, as a link has at
most two E-factors and there are n—1 < #X links. In [BF80, (9.821)], N, counts distinguished
factors € in class-A cubes. The proof in [BF80, Appendix 2] does not use the class, and (b)
pins E-factors at cells of either class, as required by Proposition B.10. As in [BF80, (9.822)],
we multiply each term by 1 = fg - [[,(na!)?(Na!)?, fy = [1,(na!)79(Na!) 7%, and bound the
second factor by (b).

We state the bounds below in the variables of Lemma B.1, at fixed positions, for k
derivatives at points of the factor’s cell (for site factors, at the site). Here § = m1/25,
Vg = avgg, and vg € [v_,v4] is the Debye volume of a grid cell. The chain-rule factors
5(1pa) /60 (%) = 1g(#)/vq and 86(2)/6¢(2) = §( — 2) —1o(&) /va, 6(2—2) :== m 31z = 2|, are
not shown. They are absorbed when the line end is integrated, or bounded by 1/v_. In class
B, |6] < 64| + |6D]. A row of Table B.1 with an equation number of [BF80] is that bound in
Debye units, with the charges and volumes shown. The other rows are new.

Lemma B.5 (Per-type bounds). (a) With C numerical and |m| the charge of the factor, the
factors satisfy the bounds of Table B.1. (b) Vertex weights. A vertex is a block B on a G-, vii)-
or viii)-atom with its coefficient, an rq with all its derivatives, an E-factor with its coefficient
and factors, or one factor FQ’ The coefficient weight is —1 for one-body, off-® and Mayer
coefficients ((M1), (M3), (M4)) and —% for deficit coefficients on © ((M2) with cqep < bBl/G
for 7 > 7). For a block with k = |B| > 1: a Ga1-block has weight > 1 in class A, > 0 in class
Bifk > 2, and for k = 1 in class B it is a term of weight 0 equal to 5(3%) at the derivative
point plus a term of weight —% with no field or numerical factor; a Ga2-block has weight > %
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in class A and > —% in class B (> 0 if k > 2), with no numerical factor; a vii)-block has
weight > %; a viii)-block has weight > 1 in class A and > —% in class B (>0 if k > 2); rq with
k derivatives has weight k/6; 13'2 has weight 0. So in class A every non-E vertex has weight
>0, and Z if it carries a derivative; in class B every non-E vertex has weight > — , and is

negative only for single-derivative blocks.

Proof. (a) By Lemma B.1(b) each derivative of a function of ﬂ 1,!) bl 211) brings b / and

each derivative of ¢ brings 1/vg. This gives the rows of [BF80]. For the new rows we use the
following facts. In class A, v, (Q2) = eimBchiaveay _ | (as h € PZ) and |e* — 1| < |t|. Next,
11| = |e® — 1] < min(|y|,2). Further, £(0) = 0 for j < 3 and [£Y| < 1, hence |£{¥ (y)] <
k(4 — k) for k< 4, [fP] < 1for k>4, |£2] = |1 — cosy| < 2 and [£{Y)| = |siny| < 1.
For vii), |0Fe™™*| = |m|*. In class A the factor viii) is fg(mbg21ﬁ(2)), and in class B its first
derivative is —mle/2 sin(-) + mzbmﬁ and its second m?bp(1 — cos(+)). Row i) is Lemma 7.31
with Aq /0w (z) = m3/vg. For iii) = [di Y F} and supp Fj C USs. (b) The coefficient
weights are those of (M1) to (M4). Moreover, caep = O(log 7), while bDl/6 = 0-4167(1+o(1))
For G2 in class A the weight is —1+2 for k¥ < 4 and —1+k/2 for k > 4, while in class B with
k = 2,3 the bounded forms give —1+1 and —1+ 3. In class Bwith k=1, as >, ¢ 5(2) =0

and fi(y) = y — siny, we have 0,G21(Q2) = m?2 ( )= >om pref( )m,BGM[smyx — avgg siny,
whose first term is (bp Y., m?p™H(m ))5(:10) = 6(2) (weight —1 + 3+ 1) and whose second has
weight —1 + % For G2 we split k& = ki + k2 between v, and fi. In class A the weight is
—1+4 3 +max(1, ky/2) if k1 = 0, else —1+ k1 /2 + max(1, k2/2). In class B we distinguish three
cases. If ko =0, then > __ f1(y.) = > ,cq(e™* —1) as > y. = 0, which is bounded by 2#
with no numerical factor, and hence the weight is —1 + k1/2 > —%. If ko = 1, the bounded
form gives —1 + k1 /2 4+ %. If ky > 2, the weight is > —1 4 k1 /2 + ko/2 > 0. For a vii)-block
the weight is —% + k/2. For a viii)-block it is =142 in class A, and —1+1, —=1+1, -1+ k/2
in class B.

A factor of an E-factor is gaining if its weight is at least % This is the case for all
differentiated factors, in either class, for all distinguished &’s (class A), for all £’s and )-factors
in class A, and for all iy-factors in class B. Each factor has weight > 0. We select distinguished
factors as in [BF80, p. 232], with the attribution to cells fixed by Rule D.

Rule D. Let e be an E-factor of type (E.5a), t > 3. (D-a) For each A € W(e) in which e
has no differentiated factor, we distinguish one undifferentiated € of e in A (it exists, since e
has a cube equal to A). (D-b) While e has fewer than three gaining factors, we distinguish
another undifferentiated e of e in a class-A cell, if there is one. All other undifferentiated &’s
are bounded by 2. For types (E.5b) to (E.5d) no choice is made. The pinning set II(e) consists
of the cells of the factors distinguished in (D-b) (at most three) for (E.5a), or of the cells of
e (at most two) for (E.5b) to (E.5d), together with the charged cell defined below, if there is
one. Hence [II(e)| < 4.

Let P(e) be the weight of e under Rule D. An &-factor gives § to each cell of W(e). Its
remainder p(e) := P(e) — |W(e)|/6 is assigned to one chosen class-B cube of e (its charged cell)
if e has a class-B cube, and to any cell of e otherwise. We call e charged if o(e) < 0. Each
non-& vertex is assigned to its own cell.

Theorem B.6 (Net weight per lone cell). In every term, after this distribution: (i) every cell
A € X, receives weight at least %; (ii) every class-A cell receives weight at least 0; (iii) every
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class-B cell receives weight at least fNZh — %n(Al), where Ngh s the number of £-factors charged

to A and n(Al) < na the number of single-derivative blocks in A. The value % 1s attained, both
by a lone cell whose only vertex of positive weight is rq with one derivative, and by an £-factor
of type (E.5a) with t = 3 whose three factors are undifferentiated ’s in three cells of W (e).

Proof. We first treat the £ ledger. If all cubes of e are of class A, then P(e) > |W(e)|/6 and
P(e) > 0. In general P(e) > —1+ |[W(e)|/2, and hence p(e) > —1. Indeed, suppose first that
all cubes are of class A. For (E.5a), (D-b) stops only when e has g(e) > 3 gaining factors,
and the cells of W (e) contain distinct gaining factors by (D-a), hence g(e) > max(3, |W(e)|)
and P(e) > —1+ g(e)/2 > g(e)/6 > |W(e)|/6. For (E.5b), P(e) > —1+ 1+ 1, and for
(E.5¢), (E5d), P(e) > —1+ 1+ 3, both > 2. In general the cells of W (e) are lone, hence of
class A (Lemma B.3(b)), each contains a gaining factor of e, and all other factors have weight
> 0. (ii) A class-A cell receives its non-€ vertices (weight > 0 by Lemma B.5(b)), credits %,
and remainders p(e) > 0 of E-factors with no class-B cube. (i) Let A € X, with its witness
(Lemma B. 3((:)). In case (W1) a derivative hits an atom of A. If this atom is rq, its vertex has
weight > 1 g, and otherwise the Faa di Bruno block containing the derivative has weight > %
(class A). In case (W2), A € W(e) receives G from e. All other items received are > 0, as in (ii).
(iii) Class-B non-€ vertices have weight > —3, with negative weight only for single-derivative
blocks. Charged remainders are > —1, and uncharged ones are > 0. As for attainment, the
first example is (W1) with Lemma B.5(b). In the second, P(e) = —1+ 3 = 3 £, with nothing
left over.

Each field factor of an £-factor lies in a cell of II(e) or is the single (D-a) factor of a lone
cell, and a non-& vertex carries at most four field factors per derivative. Hence the number n;
of field factors in the cell A, satisfies nj <14 4(ny + Na).

Proposition B.7 (Per-cell form of (9.824)). Fiz the constants of Section 7.6, with cig < %rc
in Lemma 7.37, qpin := qo + 2 with qo := 8+ ¢, and ¢, of Proposition 7.36. For every term r'
of the activity of a polymer X with seed Z (kinds and link-end cells fixed, and for each E-factor
e its number te of points and the set a(e) of cells containing them; k' contains, inside |- |o, the
sum over all configurations of the points of e with this set of cells, that is, over the assignments
of the t. points to the cells of a(e) that use every cell, over their positions in these cells and
over their charges, and over the forms [GM82, (E.5b) to (E.5d)] ift. = 2), every hx and every

s,
/ dpicy [P R QHX) | < Pl CocaenNo(X) e/ GO N\ 5 ()
« H —(6+(rc—0)/2)dist (ALALY Hme H \IIAa
e ACX
where m, = e~ W—1=2)(te=1) o—rcLF(€) 45 the leftover Mayer weight, L (e) the Euclidean

Steiner length of the cells of a(e) (Lemma B.4(b)) (me < 1 for u > 1+2¢},), and Ya < KB for

every class-A cell, Ua < Kégbgﬁ for A € X,, and Ua < Ké-? cs8(0) for every class-B cell, with
cp as in Proposition B.10. The constant Kf depends only on Apv, C, i, ks, 0GM, Gpins Cps € 5
the constants of Theorem 6.11, Lemma 7.31 and the Wick bound, and the geometry constants
cu» Cu, Cygy Dy, v ; it does mot depend on bp, L' or T.
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We give the proof after Lemma B.9.
The numerical factors 6D = D — avgo D and F} sit at line ends integrated freely over their
cells. For a term we put N := [[; Ja. IN;(Z)| di, the product over its numerical factors N,
J

and ng < na denotes the number of them in the cell A.

Lemma B.8 (Numerical factors). All numerical factors lie in class-B cells. For every union
Y of elements of Y (h) and every ¢ > 0, the numerical factors located in'Y satisfy

H / |Nj|d& < H [( )"A/2 A!)l/g]ech%OC(Y)‘

§:A;CY ACY

In particular, with 3¢ = ¢ /16 on X\Z and3c = ' /32 on Z, N < []A[-- ]elb‘Floc(X\Z)‘*' 2F(2),

Proof. First, supp Dg, supp Fé’ﬁ C Ss (Proposition 7.8(b), (e)), so all numerical factors lie in
class-B cells, and Sg lies in one element of ?(h) By the Cauchy—Schwarz inequality on each
cell and H6D||L2 () < HD||L2 ), the left side is at most [[5 (Cy aA)”A/2 with aa = HD||L2 ot
HFQHLQ(A), and a™? < (2¢)~ ”/2(71!)1/2 “. Finally 3 pcy aa < (2 +e(L)Fee(Y) < 3Flec(Y)
by Corollary 7.10, Theorem 7.16 and Corollary 7.18.

Lemma B.9 (Factorials). All factorials produced in a term are at most [],, C™ e (ng1)%0 (Ny!)90
with qo := 8 + . Consequently the pinning factor Japin With qpin = qo + 2 absorbs them and

leaves [, (na!)~2(Na!) =2

Proof. We count the factorials per cell, up to factors C™e*+Ne The Wick bound T} <
CQZ: " [1; nj! with nj; <1+ 4(na + Na) gives (na N4(N,!*, the expansions inside the types and
Lemma B.2(c) give (ny!)?, Lemma 7.31 glves (k:')c7 (since klogk < log k!+k), and Lemma B.8
gives (nq!)'/2. The total exponent is 7.5 4+ ¢ < qo.

Proof of Proposition B.7. We follow the argument of [BF80, (9.88) to (9.823)] on G’, make it
quantitative, and add the payment of the tree weights of x’.

Assignments. For each E-factor e we fix its form and a surjection 7. : {1,...,t.} — a(e),
the cell of each of its points. We carry out the steps headed Count, Pinning, Hélder and
positions up to the integration of the points of the £-factors, Numerical factors and factorials
and Weights for the terms with these assignments. In these steps the maps [, Rule D, the
pinning sets II(e), the witnesses and the weights P(e) are those of these terms. The bounds
these steps give do not depend on the assignments. The numbers mq, na, Nao, nj enter only
through Lemmas B.2(c), B.4(b), B.9 and the Wick bound, whose right sides are uniform, and
LP(e) depends only on a(e). The positions and charges of the points of e enter only through |y, |
and [, [m;|*, k; the number of derivatives on the ith factor. By |m;|® < k;!(2kg) Fie2rsimil,
the factorials k;! are among those of Lemma B.9 (the charge sums in the proof of Lemma B.2),
and the weight e27s 2i il does not depend on the assignment. We therefore bound the sum
over the assignments, the positions and the charges of the points of e at once by (M4) with
a = a(e). The sum over the forms costs at most a factor 3 (see the Constants step).

Count. The sum over the maps [ and the further expansions is at most the number of terms
(Lemma B.2(c)) times the largest term (the “Sup” of [BF80, (9.88)]).
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Pinning. We insert f, . and bound [, (na!)%" (Ng!)%i» by Lemma B.4(b), paid as stated
after that lemma. This leaves ¢~ (0+(ro=9)/2)dist
step.

Tree weights. In k' (Lemma 7.37) an E-factor e appears as » ae ecllloteé'nA, where
L, is the length [BF80, (A1.3)], measured with dist and with auxiliary points in V', of an
augmented tree 71 whose marked points lie in the cells of a(e), one in each (Lemma A.6), and

£ = ZWA Eya. Since only ZnA &pa = & is used, we may put £ a := & for one such tree neA of

per link. The Mayer part is paid in the next

cioL
1oLy A

least length and &4 := 0 otherwise. Then e carries the number ecloLd(e)eclllotE, Li(e) := Lya,
which depends only on a(e), that is, on the link datum. No sum over positions at a fixed nA
occurs (the property used in [BF80, p. 214] for constant weights b, 1), because positions are
counted as sets of cells in Lemma A.6 and the assignments are summed by (M4). A minimizer
exists, since V is finite and an auxiliary vertex of degree at most 2 can be removed without
increasing the length. If Lgv(a(e)) = oo, every configuration with the cells a(e) has points
in two components of G’, hence p;, vanishes on it (Proposition 6.3(d)) and £ = 0. Such a
factor is absent (its coefficient is 0, hence no product 0 - oo arises), as before Lemma A.6.
In what follows, Le(a(e)) < oo. Since dist = mdeg and Le is computed with 371/2dgr, we
have L%(e) = v3mLe (a(e)) = V3 L(a(e)). Thus the Mayer decay of (M4) is e=PsLU) with
ps == (1 —dam)A/(V3m) > 2r¢ (the chain after Lemma B.4). Moreover, L?(e) > L (e), as
d¢ dominates the Euclidean distance (both lengths are minima over points of the cells of e).
With the pinning factor e4*L”(©) of Lemma B.4(b) we obtain
ec10L?(e) pAep L (e) ,—psL(e) < ,—(ps—cro—4cp) L (e) e*rcﬁE(e)j

because ps — ci9 > 0 and ps — c19o — 4¢p > 2r¢ — %rc — %(rc —0) =rc+ %5. The payment
uses L%, not LE , because on a slit graph d¢g is not bounded by a multiple of the Euclidean
distance, and hence e~ToL¥(©) alone cannot pay ecroLi(e), Finally, t. > 2 for each &-factor
([GMS82, (E.5a) to (E.5d)] and Appendix C). Hence eiote < e2¢io(te=1) which cancels against
the factor e2¢10(te=1) of e=H(te=1) and leaves e~ (H—2c10)(te—1),

Hélder and positions. At fixed positions we bound 7} by the Wick bound, The 1757} by
Proposition 7.35(d), and the factors rq by Lemma B.5. As 0 < 0;,p(z,yls) < 1 in [GM82,
(E.3)], |05,C] < m~|C’|. We bound each line by its supremum over its pair of end cells
(Lemma B.1(c)) and integrate its ends against a vertex point, a cell average, an rq-derivative
(cost at most vy /v_) or a numerical factor (kept in /). The points of each E-factor e, summed
over the assignments, positions and charges, are integrated against its coefficient by (M4) with
a = a(e), and the other internal points by (M1) to (M3) (Lemma B.1(d)). This gives at most
Hi(2Ki//)‘PV)€_TCdiSt(A;7A;/) Hvertices[mass ’ blIU)](l + U+/U*)2(n_l)N'

Numerical factors and factorials. We bound these by Lemmas B.8 and B.9.

Weights. We use Theorem B.6 and bp < 1. A cell with weight > % gets at most b}3/6,

c 1

and one with weight > 0 at most 1. A class-B cell gets b;NAh_n(A)/z with (Na!)72(n4!) "2 from
Lemma B.9 and Ngh < N, (a charged &-factor is pinned at its charged cell), and Proposi-
tion B.10 bounds the product by e¢5(p),

Constants. Each remaining constant is per line (at most two per cell, as Y, nqo = 2(n —
1) < 2#X), per cell, or per E-factor. Only E-factors whose cells lie in one component of
G’ occur (see the Tree weights step). The per-E-factor constants that grow with t. are 2 for
each undistinguished € (Rule D), Cjys4 for each point and the factor ¢, of (M4), and e® for
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each factor (Lemma B.2(c)). Their product is at most t.(2Cy4e). As C < I, we have

2004 < §. Moreover, ¢, < 1¢/18 < =5 (re < ko < (e1¥)Y/2 < L, Theorem 6.11). Therefore
q :=2Cy4e? /e < 0.9829, K, := SUp;>1 tgt! <22 and 2C) e Ky = € Sup;>1 tqt < 58. Hence
te(2C’M4eCP)t6 < 20 4e? Ky ete™1 | and one factor e~ (te=1) absorbs efe~!. This turns the factor
e~ (1=2¢{0)(te=1) eft by the Tree weights step into e~ (#=1=2¢10)(te=1)  The per-E-factor constants
independent of t. (Kpr4, 4Cy, 2Cy4e? Ky < 58, the factor 3 for the forms when ¢, = 2, and
the pinning constant of Lemma B.4) amount to a constant per cell, as #& < 2#X. Summing
the assignments thus changes K& only by the numerical factor K; < 22 per E-factor (at most
222 per cell), and the forms by at most 3% per cell, so the dependence of K{)B stated in the

proposition is unchanged.

Proposition B.10 (Class-B cost). Let ¢1 > 1 be the exponent of the leftover pinning factor
[I,(na)™ (N )™ (g1 = 2 for qpin = qo +2). The bp-dependent part of the factor on a
class-B cell is at most e“BP) where cp(bp) := q1(Cg /bp)" /1 + ql(CGb;/Q)l/ql < ql(C'é/ql +
Ccl;/ql)b;/m, Cg being the constant of one charged &-factor and Cg that of one single-derivative
block; both are independent of L'. For ¢ =2, c¢g(bp) < 2(02»/2 + Cé/Q)bl_)lm. The bound gives
cg(bp) = o(Py) as T — oo if and only if g1 > 1.

Proof. By Theorem B.6(iii) and the Weights step of the proof of Proposition B.7, the cell
carries at most (Cg /bp)N™" (C'(;bBI/Q)"(D(No[!)*q1 (ne!)) ™ with N < N, n(V) < n,. We may
assume C¢/bp, C’Gbl_)l/2 > 1 and raise the exponents to Ny, ng. For ¢,a > 1, supy a’¥ /(N!)? <
(S aN/e/Ne = e19'/* " For the last assertion, we use ®y = by Bayy (Proposition 7.19, as
ML = Kegfom) and bp = e~ 249470+0() If g > 1, then cp/®y < Cby, V483, — 0. If
g1 = 1, the bound is of order bBl and the ratio grows like ﬁéM. The order bz)l/ ' cannot be
improved within the bounds of Lemma B.5. Indeed, a class-B cell can contain an £-factor all of

whose factors are undifferentiated class-B €’s, of weight exactly —1, since e = eimﬂéﬁ(w@ +th) 1
with D # 0 has no small bound. As Lemma B.4 holds for all ¢, the choice gpin = go + 2 is
admissible.

Remark B.11 (One or two derivatives on Gz in class-A cells). With the bounds [BF80, (9.814),
(9.815)] as printed on [BF80, p. 231], (¢3'/2)™ - 2 for the nth derivative of a term from v),
and ¢B(|6]>™ 4 |g — A ™) if n < 2, (¢BY/2)™ if n > 2, for either term from vi), a Ga-block
with one or two derivatives in a class-A cell carries no net power of bp: a Gg2-block whose
single derivative falls on the factor vi) has weight —1 +0+ 1 = 0, and a G2 1-block with one
or two derivatives has weight —1 + 1 = 0. A lone cell whose only witness is such a block
then receives no power of bp; the class-A bounds of Lemma B.5(a) supply it: in a class-A cell
lvm ()] < \m|ﬁé/1\i\avg91/1] as h € PZ, and by charge symmetry G is of fourth order in 4;
both give weight at least 2 (Lemma B.5(b)). Without charge symmetry the third-order form
of the second term of vi) already gives —1 + % = %

Proof of Lemma 7.38. We insert Proposition B.7 into Lemma 7.37. With s X1 and ec13l X
its factors are distributed cell by cell as stated, with ¢, := ¢k + c13 + log K& + 2log(2K/ (1 +
v4/v—)/Apyv) (the share of the line constants, at most two lines per cell) and cp of Propo-
sition B.10 with ¢ = 2. Since a class-B cell meets Uﬁ Sg, it lies in a wall polymer, in Xy,
or in the seed. Factors on class-A cells carry in addition 4%}, w > 0 (Theorem B.6(ii)), with
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constants independent of L', as are Cg, C (Section S1.7.6; no class-A cell carries D, F or a
quantity depending on X, Proposition 7.8(b), (e)). Thus L’ enters only as stated, e(L’) through
Lemma B.S8.

Proof of Proposition 7.39. We insert Proposition B.7 into Lemma 7.37 with ¢, = ¢//4 and
book F}°¢ by Table S1.4: ¢//16 for the numerical factors (Lemma B.8) and ¢//8 for the wall
polymers on X \ Z, ¢ /32 for the numerical factors on Z. The share ¢’ /8 gives each cell of a wall
polymer of X \ Z the factor e~(¢'/8)®u/(1+Dw) " gince Fy(S5) > y#S5 (Proposition 7.19(c)), a
closure adds at most Dy cells per cell, and Fj°¢(S) > 3 S5CS F1(Sp) (by the definition of F}°°
in Corollary 7.10). The link decay of Proposition B.7 pays e%2? (55 < §). The Mayer cubes
and the per-E-factor constants growing with t. are paid inside Proposition B.7, and m, < 1 as
p > 1+2c] (item 12 of Section S1.1.1). With Kp := KF(2K{(1+v/v_)/Apv)?, independent
of bp, L', T, the per-cell factors and the line-constant shares give ea (Section S1.7.6). The
factor e“@%er is present only on cells meeting ®, and the rest of the factor on X \ Z is at most
1. The exponent py = % is attained by Theorem B.6.

C Gopfert—Mack Appendix E on slit domains

In this appendix we prove Proposition 7.22. The expansion of [GM82, Appendix E] is an
algebraic identity (Bernoulli interpolation of the couplings between consecutive sets, the fun-
damental theorem of calculus, Gaussian integration by parts). Its only analytic input, absolute
convergence, needs on G’ the Poincaré inequality on cells, as the Peierls identity removes the
mass in the cell-fluctuation directions (Lemma C.2). On block cubes this is the bound of
[BF80, (9.640) to (9.642)].

Setting. Fix h. Only its walls and the integrand of Lemma 7.21 enter, and therefore ev-
erything holds verbatim for wall fields (Lemma 7.24). The covariance C is C' = (Cy* + v)™!
of Proposition 7.7 or C’ of Lemma 7.29, positive definite on V with C < aCy, a = 2 for C
and o = ap < % for C’. The integrand is e?Qy, Q) = eGe*Fioc(V)e*F% with GP for G when
C = C’'. We write 0, := 0/0¢(x). A sequence is §j = (Y1,...,Yn) of nonempty admissible sets
(Definition 7.20), pairwise disjoint, with the first set Y7 fixed before the expansion starts. Its
union is X (y) := |, Y.

Interpolation. For pairwise disjoint admissible Y7, ...,Y,, with union X, let Y41 :=V \ X,
Xi := ly, and, for s € [0,1]™,

p(z,y|s) = Z i "Sj—l[Xz‘(fC)Xj(y) +Xi(y)Xj($)] + Z Xi(2)xi(y), (C.1)

1<i<j<n+1 i<n+1

and C(s)(z,y) = p(z,y | s)C(z,y), [GMS2, (E.2), (E.3)] with xn11 = 1y\x. For z € Y,
y €Yy, a<b pyls)=[l,cpp sk and hence ds,p € [0,1] vanishes unless z, y lie on
different sides of the cut between |J;<; Vi and ;. ¥;. For € € {0,1}" let 7(e) be the partition

of {1,...,n+ 1} into the maximal runs of consecutive indices joined by the k with ¢, = 1,
Yy :=U;c, Y (admissible), and A.(s) := [], s3*(1 — s;)' . Then
C(s) = A(s)Cx, C.:= Y 1y,Cly, (C.2)
€ Jem(e)
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since ) _ A:(5)Cc(z,y) is C(x,y) times the probability, for independent Bernoulli(s,) variables
£k, that @ and b lie in one run. Hence Apin(C) < C(s) < ||C| € avrn™2, C(s)(z, 2) = C(z, x),
|C(s)(z,y)| <|C(z,y)| (so each entrywise monotone norm of C(s) is at most that of C), and
|M2C(s)MYV?|| < | MY2CMM?| for each symmetric M > 0 commuting with all y;. For
a sequence § of length n, we write C¥(s, s,,) for (C.1) built from 7 (s = (s1,...,5n_1)), dpiss,
for its Gaussian measure and dyu? for the measure at s, = 0.

The weights of £. By (S1) and [GM82, (E.5a) to (E.5d)], E is a sum ) _e; of terms of
two kinds: for ¢ > 3 particles, e; = %pi(&1,...,&) en(&r) - ex(&), and for t = 2 the three
terms 1pafu(€1)En(E2), pacu(€1) imaBhgu(x2) and §paimi Bl (x1)éx(£2). Here z; € V,
m; # 0, e(§) = B+ @)k () _ 1 and Ep(&) == ex(§) — zm,@éﬁ (x). With supp 7 :=
{x1,...,2¢}, I(7) is the set of & < n such that supp 7 meets both | J,;, ¥; and J,~, ¥i. We put
ws(7) = [lperr) sk E(Y;8) == > qupprcy ws(T)er and E(Y) := E(Y,1), and EY(Y, (s, n))
denotes E(Y,-) built from g. This is E(X,s) of [GMS82, p. 89] and E(A, ss,,) of [GM82, p. 90,
(v)], with sites for the unit cubes a;.

Absolute convergence. Let Py be the cell-fluctuation projection, (Pyp)|q := ¢l —avgq ¢,
and [[v|lo := sup, >_, [v(z,y)|. The fine Poincaré inequality on cells (Theorem 3.20 (R6),
Proposition 6.9 (iv)), summed with the overlap Noy, gives ||Prol? < CpLL?|Vyl|?, Cp =
C{,CV(/@D/L)ZNOV, and (L8-2) of Subsection 7.6 gives C(mL)? < np/8 < % The constants cy,
by, C, below, which we use only to prove convergence, may depend on G’.

Lemma C.1 (Growth of InQy). Let 9 := ¢+ D. For every admissible Y, every sequence, every
s and real : (a) E(Y,s) is real, and E(Y,s) = By,s(1)) + 3¢, vX ¢) with |Bys(¢)| < by and
v (z1,29) == 1y (21)1ly (22)ws(z1, 22)v (21, T2), where wy(w1,22) = Ha§k<b s for x1 € Y,
Ty €Yy, a < b; moreover ||1) ||lamse < |vllo < g2, and |0°E(Y,s)| < Cuo(1 + ||¥|) for
o] > 1; (b) Goa(Y) < 5(1+ Ce )| 1y Pyd|*; (¢) Gi(Y) < ev, [Gap(Y)] < ev(1+
l¥]1) and |G23(Y)| < cy; for the terms G§3, Gg73 of G* (Lemma 7.29), G%(Y) < cy and
Gg73(Y) <cy + 30'm2|[Y||?; (d) FIo°(Y) > 0 does not depend on v, Fo(Y) is linear in ¢, and
09I Qp(Y)| < Ca(1 +[[9]]) for o] = 1.

Sketch. (a) By (S3), the terms pair into complex conjugates. With e, = &, + zmﬁéﬁ@b the
terms with t = 2 give %pgakek plus a part with charge sum %y. Using (S2), we bound By,s by
> >0 %—f S |pel, and the Schur test with 0 < w, < 1 gives the norm bound. (b) Here § = Py,
and by (S3) Ga,1 is a sum of terms p™ (m)[cosy — 1 + $y?] of modulus at most 3 |p™f(m)[y?,
since 0 < cosy — 1 + 392 < 392, with Bam Y., m?|p™ (m)| < (1 + Ce 2rs)m?. Part (c) is
explicit on the finite set V, with Proposition 7.5 off ®. Part (d) follows from Corollary 7.10,
Proposition 7.8, and the fact that Inrq is smooth and periodic in Ag.

Lemma C.2 (Margin). Assume the standing hypothesis (7.8), and let kg be so large that
(1+ Ce sy /8 < L so that (L8-2) gives (1 + Ce™2#)C(mL)? < 1. Put M := (1 +
Ce=2")n2Py + (g, + 0")m? for C = C' and M = (1 + Ce™2%)m2Py + ¢,m? for C = C.
Then M > 0 is symmetric, commutes with 1q for every cell Q, M > (1 + Ce™2%)m? P, +
lvllo + 0'm*1ic—cv), and

<907M(10> < QM<(/77 C_180>a qmMm < é (C = Cl)v qm < % (C = C) (C3)
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Moreover ||MY2C(s)MY2|| < qu for every sequence of admissible sets and every s, and the
same holds for 1yCly on RY whenever U is a union of cells.

Proof. We control the cell fluctuations by the gradient through the Poincaré inequality on cells,
and the constant part by the mass. Both are dominated by Cj’ 1 - M, N2 A+ > mP-A,
and Cy L' < aC~1. The projection Py is block diagonal over cells, and thus M commutes with
each 1g. Moreover, ||v|lo < ,m? by (S5). By ||Pvel|? < ChL?||[Vp|? (see the paragraph
headed Absolute convergence),

(9, M) < (1+ Ce™)Cp(L)?|Vep|* + (en + 0 )m?[lol* < 7(p,Cg o),

which is at most 2(p, C~l¢), with a = ap <  for C’ and o = 2 for C' (where ¢’ is absent).
We now turn to the last statement. Inequality (C.3) says that | MY2CMY?|| < qp. Each Y;
and V \ X is a union of cells, and hence M commutes with each x; and (C.2) applies. Since
1y commutes with M, we also get [|M/215;C1yMY2|| < qur, and (C.2) applies on RY. Any
qm < 1 suffices here.

Lemma C.3 (Absolute convergence) Call F : RV — C admissible if F is C? and, for |a| < 2,
|0°F (¢)| < Kr(1 4+ [[¢]])% exp(3 <1/),M¢> + krl|j©]l1). Under the hypotheses of Lemma C.2:
(a) for every admissible Y and s', and every finite composition £ of operators 0, and of
multiplications by -derivatives ofE(-, s'), the function €5 £Qy,(Y) is admissible, uniformly
in s'; (b) if t — C(t) is one of the covariances (C.1) with one s-variable moving and F is
admissible, then [ duc|F| is bounded uniformly int and in the other variables, t = [ ducuF
is C* on [0,1], and

8t/duc yF =< Z 0,C /d,uc()(?m(?yF; (C.4)

z,yeVv

(c) if F also depends on t, is C' int, and O,F is admissible uniformly in t, then Oy f dpcmt =
[ duc@ O F plus the right side of (C.4).

Sketch. (a) We collect the exponents of Lemma C.1 and use the lower bound on M of
Lemma C.2. (b) By Lemma C.2 and (C.2), C(t)~! > (M + 2¢)/q’ with ¢’ := qu + 2¢||C|| < 1
for small € > 0. Therefore |F|g; (g+ the Gaussian density) is integrable uniformly in ¢. Since
gt = %ny 0,C(t)(z,y)0,0yg:, two integrations by parts give (C.4), the step “By partial
integration” of [GM82, p. 91]. (c¢) This follows from the product rule under the same domina-
tion.

The operators k. Fix y of length n with X := X (y) C V and write E := EY(V, (s, s)) =
S w(T)er, By i= 0,E. As e £0,0,(ePF) = (8, + E;)(0, + E,)F is symmetric in z,y, and
s, CY(x,y) = 0 unless ,y lie on different sides of X, Lemma C.3(c) gives s, [ duss,e"F =
i d,u/s‘gn ek (n)F for F not depending on s, with e F' admissible, where

B(n) =05, E+ Y Y 05,CV(z,y) (0 + E.)(0y + Ey), (C.5)

zeV\X yeX

[GMS82, (E.15), (E.16)] (the factor i of (E.16) cancels by symmetry, p. 92). Inserting
E =75 _w(r)er, we write &(n) =), ty with elementary terms of five types: (1) (05, w(7))er;
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(2) 05,C(x,y)0:0y; (3) 0s,C(z,y)w(T)(0x0yer); (4) 0s,C(z,y)w(T)(0yer)0y, respectively
(Ozer)0y; (5) 0s,C(x, y)w(T)w(7")(0zer)(dyer). The support S(#) is supp 7 in type (1), and
{z,y} with the supports of the 7’s involved otherwise. If ty # 0, then S(f) Z X (in type (1)
n € I(7), otherwise z € V' \ X). Put Y;,11(0) :=sat,(S(0) \ X) and

Y= Yty k)= wm[Y], (C.6)

0: Y y1(0)=Y" Y’

as in [GM82, (E.11), (E.20)]. With ¢ := (7,Y’) and X' := X UY’, each € in k(n)[Y’] has
S(6) C X', coefficients depending on 9| x/ only, derivatives at x € Y/, y € X, and E-terms of
EY (X', (s,s,)) with the same weights. Thus x(n)[Y’] depends on s1,...,s, only. Moreover,
D5, CY(z,y) = 54 5n_1C(z,y) = 95, CY (z,y) for z € Y, y € Y,. For j = (Y1,...,Y;,) the
ordered product (g, s) := k(m — 1) o---or(1), with x(7) := k(i)[Yit1] built from (Y1,...,Y;)
and each operator acting on everything to its right, is x(g, s) of [GMS82, (E.9), (E.10)].

Proof of Proposition 7.22. The proof is that of [GM82, Lemma E.1, Proposition E.2,
(E.2) to (E.24)], an induction in n. Each step is the fundamental theorem of calculus [GMS82,
(E.17)] in a new variable sj,41, started from the measure and the E of the previous step by
the consistency and decoupling relations [GM82, (E.21a), (E.21b)], which hold on G’ by (C.1)
and the definition of ws(7). Lemma C.3 justifies each exchange of derivatives and integrals.
The following changes are needed on G’. (1) Atoms are sites (GM: unit cubes, [GM82, p. 89]):
since each Y; is admissible, w,(7) depends only on which Y; contain the points. (2) One finite
matriz with mass at every site, and xn4+1 = ly\x, S0 no region outside A occurs ([GM82,
p. 92]). Termination occurs at m < ej +1, since each Y}, j > 2, contains an element outside Y;
(IGM82, p. 93]). (3) First sets may depend on h and be disconnected (GM: a fixed union of unit
cubes, [GM82, p. 90, (iii)]): the step n = 1 uses only Qp = Qn(Y1)Qnr(V \ Y1) (Lemma 7.21),
the selection rule only that each ;<i Yj is admissible, and nothing compares two values of h.
Type (2) terms reach the element of = at any distance at which C(z,y) # 0, and therefore the
sets X (y) are disconnected in general. (4) On U = X§ the covariance is 1;7C1ly: marginals of
Gaussian measures are compressions, and hence Ky involves the covariance only through the
block p(z,y | s)C(x,y), x,y € X(y). Lemma C.2 covers 1yCly. (5) The selection rule: S(0)
contains the bare point x of each covariance term, so that all derivatives of a term of k(n)[Y’]
act in X UY’. By contrast, [GM82, (E.11)] is stated for the supports of the E-terms, and for
the term without E-terms [GMS82, p. 91; (E.19), p. 93] take Y,+1 3 z. (6) “XxCx” is an exact
block-sum decomposition: the convex combination of [GM82, p. 88] is (C.2), with compressions
to admissible blocks. This decomposition gives the bounds on C(s) used in Lemmas C.2, C.3
and in Section 7 (Table S1.3). The integrals [ duce®®)Qp(Y) are positive (E(Y), G, Fi°°,
F; are real, Lemma C.1) and finite (Lemma C.3 (b)).

D Heat kernel, coarse-to-fine transfer and covariance bounds
on slit domains

In this appendix we prove Proposition 6.9 and Theorem 6.8 and sketch the proofs of Propo-

sition 6.10, Theorem 6.11 and Lemma D.2. Throughout, G’ = (V, E) is an output, d = dg,

E(f) =X yrep(flz) - f(y))?, and OU = U is the set of bonds of E with exactly one end

inU
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D.1 Coarse-to-fine transfer: proof of Proposition 6.9

A large fine set either fills many coarse cells, whose boundary (R2) controls, or is spread thinly
inside cells, where box isoperimetry applies (canonical paths and Loomis-Whitney). A face
count joins the two scales. The coarse cells, the sites ¢ € V. of the coarse slit graph I' = (V,, E,)
of §6.3, are boxes B, with sides in [rg, 2rg — 1] (Definition 3.4), and the box graph of B, U B,
{c,d} € E,, lies in G’ (§2.5). Thus a coarse bond between a heavy cell (|AN B.| > |B.|/2) and
a light one carries at least r2/4 bonds of A in B.U By, and |0A| > (r2/24)|0r H| for the set
H of heavy cells. This gives (i) with (R2) (Theorem 4.5(i), (ii)), and (iii) with the expansion
of K in place of (R2). We deduce (ii) from (i) as in Theorem 4.5(iv), and from Theorem 4.5(ii)
and 73V, = 2V, Part (iv) is (iii) for the blow-up of the set & of (R6) (Lemma 4.18) with
Cheeger’s inequality, the overlap count inherited and || > ¢; L3 from (R5). Finally, (v) holds
because balls in a connected graph of degree at most 6 and expansion h < 1 grow by the factor
1 + h/6 per step up to half the vertices, so the diameter is at most 2 + (24/h)log |#°| < L'
under (L.8-2). The constants are given in §S1.5.

D.2 Nash’s inequality from Faber—Krahn, and the on-diagonal bound

Lemma D.1 (Nash inequality). For f >0 onV with Y f = 1, and everyr > 1 with 2r® < v,
1 £I13 < ANT2E(f) + 773, where Ay :=24-22/3/c2.

Proof. Put s := 1/(2r%). Then f? < 2(f — s)2 + 2min(f, s)> and Y min(f,s)> < s. The
function (f — s); vanishes off Qg := {f > s}, which has |Q] < 1/s = 2r® < v/, and
E((f = s)+) < E(f). By Proposition 6.9(ii), S (f — s)2 < (12/c%)(2r3)?/3E(f).

Proof of (HK0) and (HK1). (HKO) is Davies’ perturbation argument and needs only the de-
gree bound: for ¢ := —ad(x,-),

(9.€"Agre™Vg) = =E(9)+2 Y (cosh(¥(z) — ¥(y)) — 1g(x)g(y) < 6(cosha — 1) g,
{z,y}€FE

0 ||e¥Pre ||z < eb(cosha—1)t o4 pe(z,y) = V(W)= (z) <5x,€the’w5y> < e—ad+6(cosha—1)t
At o = 1, 6(cosh+ —1) < 1 — L. The number N; of jumps up to time ¢ is dominated by a
1 4~ 17 jumps up y

40
Poisson variable of mean 6t, and d(z, X;) < V.
(HK1). The function (t) := ||P;0.||> = pa(x, ) is nonincreasing, ¢ < 1 and 1/ =

—2&(P,d,). With r(t) given by r=3 = 1//2, the condition 2r® < Vi becomes > 4/V,;f, which
holds on an interval [0, #,]. On this interval Lemma D.1 gives —1' > 1%/3/(22/3 Ax) = ey9/3,
hence ¥(t) < (%cNt)*B’/Q, while 1 < 4/V/ after t,. Hence py(z,2) < max(Cys—3/2,4/Vy),
ps(x,y) < (ps(z, 2)ps(y, )2, and 4V = %Rﬁ% (§S1.5). The zero modes lie below the
plateau, since py(z, z) — 1/|R,| < 1/(2Vi) (Proposition 6.9(ii)).

D.3 Barlow’s argument: proof of Theorem 6.8

From now on we assume SBan > ﬁ%M, so that m < KO(QCH)_1/3, Ruk > Ko/m > (2C’H)1/3,
and p; < Cyt=3/2 on [1, Ry ] by (HK1). (HK1') is [Bar04, Lemma 3.3(b), Prop. 3.4], (HK2)
is [Bar04, Lemmas 3.5, 3.6, Prop. 3.7], and (HK3) is the fixed-time form of [Bar04, Thm 3.8],
with the following adjustments, each forced by G:
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(a) [Bar04, Prop. 3.1, Cor. 3.2] (on-diagonal decay in a very good ball for t < cR?/log R)
are replaced by (HK1), which holds at all centres. Every ball is a very good ball with Np =1
[Bar04, Def. 1.7], there is no localization and no log R loss, and the window is ¢ < EIfKR%IK.
The exit-time bound § + 4C2,t/r? of [Bar04, Lemma 3.5] holds at all centres for t < R, /2,
and exceeds 1 for larger ¢t when r < 2C,Ruk.

(b) The walk is the variable-speed walk with counting measure on a finite, possibly dis-
connected graph, and [Bar04, (3.8) to (3.10)] hold verbatim with ayy, = 1, p = 1, as finite
sums.

(¢c) The volume bound [Bar04, (1.1)] enters only [Bar04, Lemma 3.3(b)], through
>y e @4@y) < 4073 for 0 < a < 2, which follows from #{y : d(z,y) = k} < 4k*> + 2, as
dar = || - [l1-

(d) [Bar04, Lemma 1.1] is replaced by (HKO0), (HK1) and the Poisson domination of N;.
For M(t) := Eyd(z, X;), (HK1) gives M (t) > Pp(X; # 2) > 1—Cpt=3/2 > L for t > (2Cy)?/3,
N gives M (t) < 6t before, and for p > A;t/4 (A; of §51.5) the event 7(z, p) < t forces Ny > p.

(e) (HK4) is not in [Bar04], but it follows from (HK2). With D := d(w, X), we split the
sum in Be?? —1 <03, e’ P(D > k) at k = s into a Gaussian part, summed with § < s=/2,
and a Poisson part, summed with 6 < Cox/2. For s <1, D < Nj.

For (HK3), Chapman-Kolmogorov gives p;(z,y) < 2sup, ,, p;/2(2, w) sup,, P (d(w, X;/9) >
d/2), and (HK1), (HK2) bound the two factors. The constants Cro, Cex, A1, Cs, Cgs, Cr depend
only on Cp (§51.5).

D.4 Resolvent decay and covariance bounds

For Proposition 6.10, (HK4) gives E,efmdw.Xs) < 3 for s < Ty := min(M 2 R,
blocks of length T; give E,efmd@Xt) < %eM */ 2 and the mass term outweighs this
growth in >, véy)(az,y)eeMd(””’y) = I e MR, M@ Xt) gt For Theorem 6.11 we write
Co = [;° k(t) Py dt with 0 < k(t) < min(MEt,w)e ™" (§51.5). With this representation, (H1),
(H1"), (H2) follow from (HKO), (HK1), (HK3), (6.13) and the blocking bound by splitting the
time integral, and (H¢) follows from the Schur test and a Neumann series in || The full
proofs are in §52.4.

||Tc0v‘

D.5 Bounds on the lattice Yukawa kernel

Lemma D.2 (Lattice Yukawa kernel). Let 0 < M < 1 and vM) = (=Ays + M?)~L. There
is an absolute constant Cy, such that for all v € Z3 and all unit vectors e,

oM (z) < Cp(1+|z]) e 3Mlel/4 o) (z4-¢) —v ™M) (z)] < Cp(1+|z])"2e3Ml/4 (D7)

If A = T1,[1,n,) is a box with min, ny, > M~ and u, = v,(y)(',:n) is the kernel of the box
with all its bonds, then for x,y,y +e € A, with C absolute,
(Ll) u:}c(y) < C}/(l + ‘y — x’)_le_M‘y—ﬂ/Q,
(L2) |ua(y +€) — ug(y)| < Ch(1+ |y — a|) "2 Mly=2l/2,

Sketch. Exponential tilts of the three one-dimensional heat kernels and log-concavity give

(D.1) after the time integral, the rate 3M /4 coming from M?t + 6%\35|2/t > 3 M|z|. The box

kernel is the image sum U/(\M)(y,:n) = deg vM)(y — gz) over the group G generated by the
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reflections in the face planes. Since min, n, > M~!, the images cost a factor (1+ M|y — z|)3,
which the loss of rate from 3M /4 to M /2 absorbs. The full proof is in §52.4.
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Supplementary material

S1 Constants

S1.1 Constants of Sections 2 and 8: the ordered list, the threshold K, and
the conditions defining [5,(K)

The order of the constants and the reasons for it are in Section 8.2. Here we give the values.
They are checked by a computer evaluation in high-precision arithmetic and enter the proofs
only through the inequalities stated.

S1.1.1 The ordered list

Each constant is fixed after all constants above it, and no constant in items 1 to 14 depends
on 3, 7, K, the loop C or D, except that 7y of item 1 is rg or 2rg — 1 according to &(C'). The
scales of item 11 depend on 8 only through m, and the derived quantities c’g and ¢, depend
on (3 only through the rounding of L. and lie between two constants of this kind. We give
illustrative values at (cg,cs,70) = (1/4,1,1). We use coarse units for the regularization and
fine units in Sections 6 and 7.

0. Absolute constants. ¢; = 2%/3; the Debye exponent m2vcy(0) = 2.49435509. . ., where

vep(0) = (=Azs)71(0,0) = %F(ﬁ)F(%)F(%)F(%) = 0.25273101 ..., half of Wat-
son’s integral [Wat39] in the normalization of [Zucl1], whose closed form is [Zucll, (3.6)],
with log(1/mp) = 72vcy(0)7 — & log(87%7) (rounding rule in Section S1.1.3); Ct, = 384
(Proposition 6.9); the window count 151% (Definition 3.4); a = In8 and 8/31 (Theo-
rem 7.49, Lemma 7.54); c¢p = 2 + log 96 and the threshold 14.9662 > 6 - 2.4943551 =
14.96613 (Lemma 2.6, Section 5); the absolute constants among those of Gopfert—Mack,
Brydges—Federbush and Stage 1 quoted in Sections 6, 7 and Appendices A to C. Their
constants that depend on the parameters C, dam, i, kg, Apy of Theorem 6.5 are fixed

with these parameters, in items 12 and 13.

1. ro > 1, an integer, and 7o := 2rg — 1 (7o := ro if (C) has no exceptional layer). Used in
Definition 3.4, Lemma 5.7 and 7np.

2. ¢g :=1/4. Any ¢, € (0,1/4] works, since the proofs use only 0 < ¢4 < 1/4. Used in (S-
face) (Definition 3.17), which the construction gives for all ¢, < 1—1349 (Theorem 4.16).

3. mw = 1/10, the hull-weight deficit of the frozen bonds (Definition 3.8).
4. ¢, =1/12: py = L./12, A = 12/ L, (the equality case of Lemma 4.6).

5. kp/L. = 304: windows have sides less than 151-2L. < kp (Definition 3.4, (G4)). We set
ro:= (kp + 3)/L. < 305. It precedes x and cy,.

6. ¢1 :=min(c,/2, ((1 —nw)ere,/2)3), which equals 2.109 - 1074 for ¢, > 4.22- 1074, We set
csh = ¢1/216. Used in (R5) and Lemma 5.15.

7. ¢s € (0,10] (illustration ¢; = 1), with wy := (1+c¢;)|0A| (Definition 3.13) and Ay := 2¢, /4
(Definition 3.11).
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10.

11.

12.

. The forcing threshold ¥ = 3 - 107> and the penalty up = 25 (Definition 3.11), and

the thin-set constant ey, = 0.008 (Section 4.2). They satisfy 24.6 < pup (Lemma 4.9),
1289 < ey, 2etn + 1209 < 0.0164 and 2/4/0.0164 > 14 (Lemma 4.13), and 254.49 < ey
(Theorem 4.16). The arithmetic is in Section S1.2.

. The weak-link constant x := 2.0 - 1078 and yn3 := x/3 = 6.67 - 1072 (Definition 3.15).

Its value, which depends only on items 3, 5 and 8 (item 3 through the factor 12/, of
Proposition 4.15, which enters the expansion bound), is constrained by Theorem 4.16(c),
which gives the expansion h, = 2.2-107'! /L, on each component of G’ N Q at rest, and
3kphy = 2.006 - 1078 > v, hence (N3) holds with yn3 and (R6) with y (Section S1.2).

Consequences, fized with the constants above and independent of L. and £. Cy := 7+
27 - 24.6/0 = 2.214 - 107, Cyen1 = 726, C" := C1 + 2Cseq = 2.2141 - 107 and Chee 1=
Cl(2+ 1/(2¢s) +1/3696) = 5.536 - 107 (Propositions 4.15, 4.24); C,, := 4362 + 5808 /cs,
Cy :=2+4/cs, C. := 1+ 2/cq, equal to 10170, 6, 3 (Lemma 5.20); the response load
Cresp := 375C, +125C.C}, = 8.307-107 (Section 5.6); Crm = 20; O := 30C, + 170Chesp +
30 = 1.413 - 10'%; C5 := Chree + 20(2C, + 4Chesp + 1) = 6.655 - 10*! (Proposition 5.24,
Theorem 5.1).

cr: Cphc2 < (1 —4/m%)/8, which holds if 2916r8C3c% /x* < (1 — 4/72)/8, since Clp =
CIJ:VT%NOV < 2916r2,C% /x> (C’{:V = 108C% /x? of Proposition 6.9(iv) and N, < 27r2);
and ¢, < 3. The admissible choice is ¢, < 8.0 - 1072y (the bound is 8.09 - 1072y
at ro = 305), that is ¢, = 1.6 - 10712 at y = 2.0 - 1078, This choice implies mL < 1
(Lemma 4.21) and ¢, < 1.99-10"%yn3 = 1.33-10712 (Lemma 7.44). Then L, := cpm~!/rg
rounded down to an even integer, L := 9L, kp := 304L., {p ~ m~! a multiple of L,
and ¢ := lp/rg > kp + 4L. (Definition 3.1). Consequences: ¢, = c4(1 + 1/L.)" %
ey =13V = ((1—ny)epmL/24)3, which lies in [((1—ny)crer/48)3, (1—nw)crer/24)3]
once cm ' > 4rg (then mL > c1/2); Rux = (1 — nw)crcp,L/3 and the constant Ko :=
(1 = nw)creper /6 = 0.01984 ¢r,. Since ¢ /2 < mL < cp, we have Ky < mRuk < 2Kj
(each use needs only the lower bound).

Stage 1 and Stage 2 constants (Sections 6, 7, Appendices A to C). The parameters
C € (0, 1] and dgum € (0, 3] of Theorem 6.5, where this C is not the loop. The bound
C < 3 gives 20y = 2/(1 — C) < &, hence ¢ := 2Cp4e /e < 0.9829 since ¢, <
ﬁ, so that one factor e~ (te=1) absorbs the per-E-factor constants te(20M4eCP)te*1 in
Proposition B.7, up to the factor sup,~;t¢'~! < 22, which contributes one factor per
cell. The factor ¢, is that of (M4), Lemma B.1(d), which bounds the sum over all
assignments of the points to their cells. The bound dgy < % is used for (S5) on outputs
and in Lemma B.4 and Proposition B.7. Further ny = 0.62; (ps,p’,q,p1,p2,p4) =
(1.2,1.3,15.6, 20, 20, 15); cx = 1/24; 6y = 0.01; the link-sum rate c1p with 0 < ¢19 < %rc,
ro evaluated at mL = ¢r/2 (Proposition B.7: for doy < % the rate of (S2) in Debye
units is at least 2r¢o for all Apy < %, by Proposition 6.10, and pinning uses 4c, < %rc
of this rate for every §), where r¢ = min(rg/2, (2¢gs)"/?) (Theorem 6.11) depends only
on items 0 to 11: it is computed with the constant Ky of item 11, the value of mRyk
at mL = cr,/2, the worst case of mL € [c/2,cr]. Hence ¢jg is fixed independently of
B, Apy and 6. We then fix ¢/, with e“lo > 16e max(1,c.,,/2) (Lemma A.6), and then
the parameters p and kg of Theorem 6.5, both large: u > 1+ 2¢f,, after ¢19 and ¢/,
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(the factor e=#(*=1) of (S2) pays elof < e2¢lo(*=1) Proposition B.7), and kg so large that
(14 Ce 268y /8 < % (Lemma C.2). This last condition is satisfiable: the constant
C comes from the tail bound (6.10), that is, from (S2) at s = 1 with a; = {z} and
from (6.7), whose right sides involve C' and p but not kg, and hence C' can be chosen
independently of kg and Apy. Further ,46" < 1/7 and cg < 1/70; the depletion constant
Cdep = ALY + AP log(C'7/6y) of Proposition 6.17, which depends on 7 but enters only
through lower bounds on 7 (Theorem 7.40); Koo = 2 > 27 - 2.4944/(47?) = 1.706 and
g0 = 0.003125 (Corollary 7.18); 0 < 2 < & < r¢ and clyy. = 3(rc—06) (Proposition 7.36);
the pure number ¢, := %(1 1/p3s — ¢)) = 1/16, a lower bound for the fraction ¢’ of
Proposition 7.35; g = ¢,/8 = 1/128; ¢, = ¢//16; o = In8.

13. Apy < min(i, /\0), with Ag = Ao(ks, i, C, dgm) of Theorem 6.5 (the Debye condition in its
proof). Here My is the smallest fixed point of (6.11) and 7 := Apy My (Section 6.2). It
comes after ¢y, and after u, kg of item 12, and a constant above uses Apy only through the
a priori bound Apy < %. The constants of Gopfert—-Mack, Brydges—Federbush and Stage 1
that depend on (Apv, kg, i, C, dgn ), among them the threshold ﬁ%M of Theorem 6.5, are
fixed here, after Apy.

14. The cut-rule constants (Definition 3.18). Ox := cjcy/(90(cy + 4)) = 4.08 - 1075, A =
cpca/(64(cy +4)) = 1.44 - 1075, knp = 4(cg +4)/c2 = 272 at ¢y = 1/4. They belong to
the regularization but come after item 12, because they are built from the pure number

/ NF
¢y, and no constant above depends on Onr or c3* .

15. K > K, = 377.38, which gives ¢;”(K)/(2K) > 14.9662, and the root of ¢{’(K)/(2K) =
14.9662 is 377.3635 (Section S1. 1 2). The same threshold is used in Proposition 5.11 and
Theorem 5.1.

16. Bo(K), from the conditions of Section S1.1.4.

The scales determined by these constants are: m~! with m € [mp/2,2mpl; Le, L, kp, £ as
in item 11; Vi = (1 — nw)3p3/2; Viy = M3 Ry = (J + 1w’ + 6L, = O((€/cs)log(l/cs))
(Theorem 4.23) and 7' = 2R, + 2; Ryesp = 10 and R’ = R, + 2Ryesp; L' = 2(Bam/a)m ™
Rl(ﬁ) (2rg + 5)L; Funiv = opL? = (7°¢,/18)(mL)?/(mBam) (Definition 3.18); Rnp =
Le® " Funit; the box A° of side M) € {Mn, Mp + 1}, M = max(3max(R,T),ro(¢ + 3)).

S1.1.2 The threshold K, of Lemma 2.6

Lemma 2.6 gives, with a, the solution of a = K log(2a),

log & s 1 1 s
cs(K) = ‘OS’ > &P(K) = g - O( O§6>, EP(K) = a*<%log(2a*) - 1) +1. (S1.1)

The function K — ¢§’(K)/(2K) is increasing. Indeed da,/dK = a,log(2a.)/(ax — K) and
— K = K(log(2ax) — 1), which give
dK

da
1 1\ % 1, 2
= (ilog(2a*) - 5) TR 5 log™(2a4),

and K - $log?(2a.) — ¢’ (K) = Klog(2a,) — 1 > 0. Hence /% CSI(( ) > 0. The threshold is
14.9662, the number 6 - 2.4943551 = 14.96613 rounded up (Lemma 2.6, (2.5)). The equation
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(K)/(2K) = 14.9662 has the unique root K = 377.3635, and K, := 377.38 lies above it.
Hence ¢§°(K)/(2K) > 14.9662 for all K > K. Numerically, at K = K,,

Sp K
cs (Ke) _ 14.96639,  a. = 3321.43,
2K, 4a,

=17.5-107°.

The computation behind (2.4) (proof of Lemma 2.6). We put v := a,f in Lemma 2.4(iv).
Then v%¢/2 = a23/(2K). Let h(p) == (6/2)*/T (1 + 1) and p, := (n? + v*)/2 > v. From the
series I,(8) = Zk>0(6/2)“+2k/(k' MNu+k+1)and (p+k+1)=T(u+1) Hle(,u +1) >

P(uet 1) (a4 1)F, we get Tu(B) < hl) Sy (82/(4u+ 1) /K1 = (o) G01) < )/ Ga)
for p > v. Since log I is convex, its difference quotients increase. Thus for u > v

logT(p+ 1) —log'(v + 1) > (u — v)(log (v 4+ 1) — logI'(v)) = (1 — v) log v,

hence h(u) < h(v)(8/(2v))*~7 < h(v)2~ ") because v = a.3 > B. As pp, —v >0 for |n| < v
and p, — v > |n| — v otherwise,

> () < H/nw) (2 4 142 3 270 < (20,84 5) /B h(w).

ne”L m>v

Stirling’s inequality T'(x+1) > (x/e)? gives log h(v) < —a.B(log2a, —1). Finally, for 3 > 772,
using cosf > 1 — 6%/2 on [0,37'/?] C [0, 7], we obtain Iy(8) = * 1 [efcosbay > \/Beﬁ 1/2,
Collecting these bounds, we obtain

2

s 1 ] + log(2a.8 + 5) + log(m\/B) + =

logd < —p|ax(log2a, — 1) — 5K 1
A

and a2/(2K) = 1a, log 2a, by the definition of a,, which gives (2.4), with exactly the function
¢(K) and the correction 1/(4ay) of (S1.1). A high-precision evaluation confirms the step
and the values: T'(p + 1)(p + 1)¥/T(u+k +1) < 1 and I,(8) < h(p)eP*/AFD) on a grid of
p € [0,104, k < 59, B € [0.1,100]; a.(K.) = 3321.434, ¢P(K.)/(2K.) = 14.966392, the root
377.363524 (377.363533 with the correction —1/(4a)), and 1/(8K,a.) = 9.97 - 1078; and at
K = K, and g =0.2,1, 3 the bound on log § before the last two steps lies below the right side
of (2.4).

The correction 1/(4a) in (S1.1) moves ¢s/(2K) by 107 and the root by less than 1074,
and the term O(log 3/) is absorbed in the term O(log 7 +log o) of Lemma 5.12. The margins
¢ (K)/(2K) — 14.9662 that enter iy are:

K | 37738 10°  3-10%° 10!
F(K)/(2K) | 14.9664 19.521 25.289 32.372
margin 1.9-107* 455 10.32 17.41

The entropy exponent of Lemma 5.12 is 6m%vcp(0) < 6 - 2.4943551 = 14.96613 < 14.9662.
Hence the threshold is not affected by rounding the Debye exponent up to 2.4944 elsewhere:
that rounding would give the threshold 14.9664, whose root 377.3807 exceeds K.
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S1.1.3 The string tension and the rounding rule

The slit-domain tension is oy = egor = (c;mL/9216)m /7 (Theorem 7.57) with ¢, = c4(1 +
1/L.)~2 and mL > cf, — 2rom (Section 3.1). For L. > 35 (Section S1.1.4(e)) we have c,m "t >
3579, and hence ¢jmL > (36/35)72(1 — 2/35) cyer, > 0.89cger > (9/16)cger, the inequality
used in (8.1). There 18432 - 16/9 = 32768 = 2'° exactly and (872)1/2/216 = 1.3559 - 10~%.
At ¢;g = 1/4 and ¢, = 8.0-10712.2.0-1078 = 1.6 - 1071 (items 9 and 11), (8.1) gives
o(B) > 5.4-10724(K )~ 1/2e=249M36K5 - Any smaller admissible ¢, also works.

The rounding rule and its uses (Section 8.1 and throughout). The Debye exponent is
ey (0) = 2.49435509... < 2.4943551. In a lower bound on m (hence on a tension) the
exponent is rounded up, to 2.49436, and prefactors are rounded down, to 1.35 - 1074, In an
upper bound on a scale the exponent is rounded up to 2.4944: since m > mp/2, log(1/m) <
2.49435517 — Llog(8m27) + log2 < 2.49447 for all 7 > 1. This is the form used for Koo >
27 - 2.4944/(47%), in the logarithmic step of the proof of Lemma 6.18, and in the bound
log(1/m)/Bam < 2.4944/(472) = 0.063184 < 0.0632 of Remark 7.58. In the bounds that
determine K, the exponent is not rounded: the entropy 6log R, of a root and a part in
Lemma 5.12 (with £ ~ m~!/rg, R«, ' and R’ of Section 5) is bounded with m2vcy,(0) <
2.4943551, as in Section S1.1.2 and Section S1.4. The effect of this rounding on the threshold
is given at the end of Section S1.1.2. Where the exponent enters as a lower bound on log(1/m),
it is rounded down: the hypothesis of Lemma 6.18 has 2.4947, because it is used to bound
m <2mp < 17.8 71/26=24947 from above.

S1.1.4 The conditions defining [y(K)

We fix the constants of items 0 to 15. Each condition below is a lower bound on 7 = Kf
that remains true for all larger 7: in each, the left side is a fixed function of 7 that tends to
its limit monotonically for large 7 (powers of m, of 7, of log 7, and of the doubly exponential
scale Rnr), and hence the set of admissible 7 contains a half-line. Then Sy(K) is 79/ K for the
largest of the thresholds 7.

(a) Section 5 (Proposition 5.9, Lemma 5.10, Proposition 5.11, Lemma 5.17, Proposition 5.19,
Lemma 5.23, Proposition 5.24, Lemmas 5.25, 5.26, Theorem 5.1):
<t V<1, <l ogp<1, 29266 /60 <
2(2 (R//LJ + 5)35//1/(48&,3(1+8LC)(C;+SCresp+6)) < %7
8ep(1 + 8L¢)(CL + 3Chesp + 6)(48Chesp +2) <1 (that is, (5.9)),
Rxp > max (34567 Le, 204870 Lc/(cshOnr Funit))-

1
29

Here ep = 3.2768 - 1077 L./ (cshONF Funit Rnr) is doubly exponentially small. The factor
229 contains the factor 2° for the sizes of the components in Lemma 5.26. The binding
condition is the first of (5.10), |loge”| > 75.16 Cy ~ 1.1-10%, while 77 < 1 needs about

1.7-10'% and nr}l) < 1 about 3.6 - 108 (Section S1.4).

(b) Section 6. m < Ko(2Cy)~'/3; My < mwy and m < min(1/68,my/2), with my =
min(1, cex/2) of Proposition 6.10 (Theorem 6.11); My < % (Lemma D.2 on A°, in the
proof of Theorem 6.15); mp/2 < m < 2mp; the coupling condition of Lemma 6.18, 7 > 2
and 2.4941 > IH(CS P/6y) + 2.5In7 (for the rounding of the exponent in this condition,
see Section S1.1.3); and the threshold Bam > B2 (Apv, ks, 11, C, dcam) of Theorem 6.5.
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(c) Section 7 and Appendices A to C. The slack in e, +60" < 1/7 and c¢g < 1/70, which needs
the terms BamMy and e #, e~ %S to be small; e(L') < &g (Corollary 7.18); (31) and
(83) of (S1.5); the cell-diameter conditions of Lemma 7.44 and Proposition 6.9, of the
form 2+ C(kn/x)log ko < L'; Proposition 7.39 and Theorem 7.40, the latter a condition
0.4167 > CpAPlog(C'7/60) + a4+ O(log 7); c16e®? < 1/8 (Lemma S1.2); Lemma 7.48;
©4 < 1 (Proposition 7.53); Funit > (8C”/c’)(1 4 In Bgm) (Proposition 7.52).

(d) Section 8. nr +ns < % Both deficits are explicit upper bounds that are eventually
decreasing in 7: npr = Ok (1/7), because |loge”| > vp(K)T — O(log T + logry) with
yr(K) > 0 for K > K, (Lemma 5.12), and ng = O(mpBagm log 7).

(e) Rounding of L. (Section 3). L. > 4, which gives ¢, > (16/25)c, > (9/16)cy
(Lemma 4.19); L. > 35, used in Lemma 7.44 and for ¢;mL > (9/16)cycr, (Section S1.1.3,
Section 8.1); and cpm ™! > 4rg, which gives mL > cr/2 (the bounds on ¢, and on Cy,
Lemma 4.21).

(f) Section 2. B> n~2 (Lemma 2.6); (2.5), that is 8 > $1(K); and § < 1, used in Step (1.4)
(0’ = 6 in Proposition 2.9), which (2.4) gives for all large 3.

In addition, the range of Remark 8.2 (an empty Phase 2) is nonempty once v/3(ro(£+3) +1) <
RnF, a condition that Theorem 1.2 does not use and that holds for all large 7 because rof ~ m!
is exponential and Rnp doubly exponential in 7.

All these thresholds are finite but very large (Section 8.2).

S1.2 Constants of Section 3 and Subsections 4.1 and 4.2

We group the constants by the main-text statement in which they enter.

Definition 3.1: the scales. The screening mass satisfies mp/2 < m < 2mp, so that
log(1/m) = m2vcp(0) 7 + O(log ) with m2vcy,(0) = 2.49435509. .., and ! is the Debye
length. The scales are those of Definition 3.1. Their place in the order of constants is item 11
of Section S1.1.1. Since ¢, < 1/308, £ > m~1/rg > L./cy, gives (3.1). The conditions L. > 4
and cpm ™! > 4rg are those of Section S1.1.4(e). The first gives ¢} := ¢y(1+1/Lc)™ > 2cq.
The second gives L > cpm ™~ — 2rg > cpm~1/2, that is, mL > cp /2.

Definition 3.4: windows. A window is the union of the blocks at block distance at most
75 from a block. It therefore has at most 151 blocks per direction, each of coarse side at
most 2L. — 1, and its sides are at most 151(2L, — 1) < 302L. < kp. A block lies in the
windows of the at most 1513 = 3.44 - 10 blocks at block distance at most 75 from it, and
1513 < 273043 = 7.6 - 10% = 27(kp/L.)3, the overlap bound of (R6).

Definition 3.11, Lemma 4.9, Theorem 4.17: the cost of a fill. A block @ has |0Q| <
6(2L, — 1)? < 24L2 and |Q| < 8L2. Hence, with \y = 2¢s/f, cs < 10 and ¢ > 308L., we
have \y|Q| < 16¢sL3/¢ < 0.52L2 and [0Q| + A\y|Q| < 24.6L2 < upL? = 25L2. Also \y =
2¢5/0 < 20/(308L;) < A = 12/L.. A removal cell A with sides a,b,c € [¢,3() has |A|/|0A| =
abe/(2(ab 4 be 4 ca)) < (abe)'/3/6 < £/2 by the arithmetic-geometric mean inequality, so
Au|A| < es|0A| and [OA|+ Ay|A| < w,. The number of forced blocks is at most 27|M|/(9L?),
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since a mark lies in at most 27 sets 3Q). Hence filling them costs at most 27-24.6/9 = 664.2/9
per mark.

Lemma 4.4: constants that depend on the hull weight. Frozen bonds have the hull
weight 2 — n,, (Definition 3.8). The hull weight enters in two ways. Through Lemma 4.4
it gives (ay,by) = (1 +1/(1 —nyw),1/(1 — nw)) and the factor 1/(1 — n,,) in the bound on
No(W). In the cell analysis it enters as the deficit 7, of a short segment through a frozen
bond (Lemma 4.8(b)), which gives the factor 120 = 12/n,, of Proposition 4.15. Through this
factor n,, enters Cyeq) = 726, the 134 of Theorem 4.16(b) and the 158 of the expansion bound
behind A, in Theorem 4.16(c) (Section S1.2), and hence the constants built from them, such
as C}, Chee and Chesp, and the constraint on the weak-link constant y (items 9 and 10 of
Section S1.1.1). Table S1.1 lists the constants that depend on 7, through Lemma 4.4, with
their formula in 7, and their value at n,, = 1/10. No other constant depends on 7,, through
Lemma 4.4. In particular, the constant ¢y of the density bound, the bound on cr, Ky, o(f)
and R;(f) do not.

Table S1.1: Constants depending on the hull weight; values at 7, = 1/10, ¢ = 223 py =

L./12.
quantity formula value at 1, = 1/10 enters
(ay, by) T+ /(1 — 1), 1/@ — (19/9,10/9) Lemma 44,
Tho)) (R2)
isoperimetry for  (cr/(2an))|W|*/3 (9¢1/38)|W)?/3 = Theorem 4.5(i)
[W| < V. 0.376|W|?/*
Vi (1 —1nw)3p3/2 0.3645p5 Definition 3.1,
(R2)
volume growth con-  (cr/(48ay))? 3.844-107° Theorem 4.5(iii)
stant
saturation radius of  24a,(1 — nw)pa 45.6px Theorem 4.5(iii)
(iii)
Faber-Krahn con- ¢7/(48a}) c3/213.93 Theorem 4.5(iv)
stant
Ny (W) factor 1/(1 - nw) 10/9 Lemmas 4.4,
6.13
c1 (second entry) (1 — nw)cr /24)? 2.109-107* (R5)
Cu (1 = nw)ermL/24)3 (0.0595mL)3 (R7)
Ruk, Ko (1 = nw)erpa/3, Ko = mRux = 0.0397mL € Theorem 6.8
(1 —’r]w)C[CpCL/6 [Ko,QKo], Ko =
0.01984cy,
cr (fine isoperime- (cr/(2ay))/152.4 2.467-1073 Proposition 6.9
try)
Cuy Nnear, A2 through 1/ci; and 1/c., factor at most 1.372 (R7), Section 7
at most the factor (1 —
o) ~°
Csh c1/216 9.77-107" Lemma 5.15

Aty = 1/10, ¢1 equals its second entry, with the factor (1—n,,)® = 0.729, when ¢, > 4.22-1074,
and ¢; = ¢4/2 otherwise. Hence the factor (1 —n,,)™3 = 1.372 in the table is an upper bound.
The Nash constant 768/0% of Appendix D does not depend on 7,, although in its proof we
need 2 - 2%/3 - 4842 /c?, which is 679.2/c7 < 768/c? at 1, = 1/10.
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Theorem 4.5. We have Vi = (crpa/(2by))3, since (c;/2)? = 3. Hence bn)\V*l/3 =c;/2. In
(iii), o == ¢r/(12a,) = 0.0626... < 1, and the two expressions in the minimum are equal at
r = 24(ay/by)px = 45.6p).

Lemma 4.21.
Cu =8V3(2+6/cg)/(c1c}),

which bounds 2v/3(2 + 6/c,)/(c1(mL)?) when mL > cr,/2.

Proposition 4.26: the constant ¢y. The fine plaquettes dual to the insulating bonds with
an end in a removal cell A, those of frozen bonds counted twice, number at most 7#¢(3+cs)[0A|,
since a coarse bond is dual to at most 7¢ fine plaquettes. Hence they number at most co/(27)
with ¢g := 27 7¢ (3+¢5) maxa |OA[, where z is the monopole activity of Section 6, m%, = 28amz
and z7 = mQD/(87r2). By 7o < 279, rol = {p < m '+ L < (1+cp)m™t, mp < 2m, |0A| < 542
(G3) and ¢f, < 3,

4rm? __o 243
<55 4-54(34c)(1+ecr)?m 2 < ?(3 +cs) < 25(3 4 ¢s),
independently of 8. On a grid without exceptional layers and with cubic removal cells, ¢y =

6(3 + cs)(mplp)?/(872).

Lemma 4.10, Proposition 4.12, Lemmas 4.13, 4.14, Proposition 4.15, Theorem 4.16:
the cell analysis. With ¢ = 3-107° and ¢, = 0.008:

e Giant. 12+ 6.4-9-2 = 127.2 < 128, and (1 — 39)L? > 3849L3 = 3 - 128JL2 since
38419 = 0.01152.

e Thin sets. 2y, + 129 = 0.01636 < 0.0164 < %, and 2/1/0.0164 = 15.62 > 15.6 > 14.
Non-giant components are thin since 1289 = 0.00384 < &yy,.

e Seal. Lemma 4.8(b) with supp < 6(mqg + m¢) and n, = 1/10 gives 120(mq + m¢)

lines, plus mq + mg lines with a mark, in total 121 per unit of mg + mqs, and Ceeal =
6-121 = 726.

e Interfaces. 1+ 121+ 12 = 134 non-good lines per unit of mq +me < YL2, so good(I) >
(1 — 1349)|F'| = 0.99598|F'| > c,4|F'|.

e Expansion. For two large sides, ey, — 127.20 = 0.004184 > £4,/2, so cut > e, L2 /25.6 =
3.125-107%L2. For adjacent in/out blocks, (1—1589—2¢¢y,)/3 = 0.32642. Both are at least
3.1-107%L2, and |A| < k3/2 = 1.4047 - 10" L3. Hence h, > 3.1-107%/(1.4047 - 10"L,.) =
2.207-1071 /L. > 2.2-1071/L.. Then 3kph, = 912-2.2- 107 = 2.006 - 1078 > y =
2.0-107%, and yn3 = x/3 = 6.67-107° < kph, = 6.69 - 1077,

The construction gives ¢;-type volume (1 — 319)L2 per cell, one interface per block face and six
neighbouring cells per cell (Theorem 4.16). We keep the constants c1, 1/¢, and 6/¢4 of (R5),
(R8), which these imply.
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S1.3 Constants of Sections 4.3 and 4.4

We first list the sizes on the loop-adapted grid and then the constants, grouped by main-text
statement.

Sizes on the loop-adapted grid. Table S1.2 lists the sizes on &(C), with the values on
the uniform grid (all coarse cells of side rg, all block spacings L.) for orientation only. The
constant ¢ is that of item 6 of Section S1.1.1. The opacity property (S-face) is normalized per
face (threshold c4|F'(I)|, Definition 3.17). Hence the good fraction and the cell degree do not
change with the face area.

Table S1.2: Sizes on the loop-adapted grid &(C), in coarse units unless stated, with the values
on the uniform grid for orientation and the statements in which each size enters.

quantity on &(C) uniform grid enters

block side [Le,2L. — 1] L. (G1)

block and cell volume < 8L2 L3 (R5); Lemma 4.21
(L < 1)

face area |F”| [L2,4L2) L2 (S-face),
Lemma 4.9

block diameter < 2v/3L, V3L, Cor. 4.7

window side; win- < kp; <1513 151L¢; 1513 (G4), (R6)

dows per site

removal cell side [¢,30) L Lemma 5.21

|OA| [6£2,546%) 602 (R9), co of Sec-
tion S1.2

reach R. Theorem 4.23 same Theorem 3.21

kp 304L. same (G4), (R6)

c1; good fraction; cell  2.109-107%; ¢4; 6/c,  same (R5), (R8)

degree

fine good fraction cg(1+1/L.)72 Cg Lemma 4.19

Gm 3(70 + 1)%6Y2 < 3(ro +1)%6Y/? Lemma 5.7

247351/

fine area of a coarse < 7 < 4rg ré Section 5 (73 in 1)

face

cr for [W| < Vi 22/3 22/3 Theorem 4.5

Lemma 4.22(c) and Theorem 4.23: the reach. In Lemma 4.22(c), \™' +\;;! = L./12+
0/(2¢5) < £/cs because ¢, < 10 < 6¢/L,, and w > 120¢/c; gives the factor 30¢/(c,w) < 1.
In Theorem 4.23, w' < 1214/cs + 2L, < 1220/c¢s (as 2L, < {/cs), and for p > 4L, g(p) <
540% +54csp® /0. Therefore g((J+1)w') < 108(J+1)3(¢/cs)?, and J is at most the least integer
with 57 > 108(J + 1)3(¢/cs)?, that is J = 2logs(¢/cs) + O(loglog(¢/cs)). Hence

Ry = (J+ 1w + 6L, <122(J + 1)l/cs + 6L, = O((€/cs)log(€/cs));
with logl = 2.4944 7 4+ O(logT) this is R, ~ 3807 {¢/cs, and log R, = log(1/m) + O(log ),
which is the only property of R, that the threshold K, uses (Lemma 5.12). In the clearing-out

step, each site of X! weighs at least Ay in f (as A > A\p), |Buw ()] > £3 since w’ > £ and each
side of A° is at least ¢, and \pf3 = 2¢40% > 1.
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Proposition 4.24: the area per part. The competitor costs at most (6 + A\)N(P) for
the marks, 24.6 L2 for each of at most 27N (P)/(9L?) forced blocks, and 2 for each of at most
Cseal N (P) = 726N (P) seal bonds. We therefore set

Ch:=T74+27-24.6/9 = 74+664.2/9 = 2.214-107, Cl = C14+2Csn = C1+1452 = 2.2141-107

at ¥ = 3-107°, and Cpee := CL(2 +1/(2¢s) +1/3696) = 5.536 - 107 at ¢ = 1, where 1/(\) =
L./(12¢) < 1/3696 by (3.1). The marks of a set 3Q) are within distance 3(2L. — 1) < 6L, of
each other, and a bond of S' has both ends within 4L. — 3 of a mark of its two blocks, so
Ry +4L. <71 =2R, + 2.

Lemma 4.25: release. The comparison base is X' U Ry, not the base B = MU U U Ry:
a bond from a block of U! to hull material of X! lies in OU! but not in ins' = 9X!, and such
bonds are not bounded by the marks. Hence only the comparison with X' U R; gives a bound
by ins!.

S1.4 Constants of Section 5
Theorem 5.1. The constants of (5.2) are
dp = 1+log(64kp), Kpl := 12e, C5 = Chee+20(2C, +4Cesp+1)  (Proposition 5.24),

with C’, Cee of Proposition 4.24 and Chesp := 375C, + 125C,C", of Section 5.6. The quantity
¢” is defined in (5.8), with R’ = Ry + 2Ryesp = Ry + 200 and 1’ = 2R, + 2. At the illustrative
values (cg, cs,70) = (1/4,1,1) we have C., = 2.2141- 107, Cree = 5.536 - 107, Chesp = 8.307 - 10,
C3 = 6.655- 10! and Cn = 1.413-10'2. The conditions used in the proof are those of item (a)
of Section S1.1.4. They hold for large 7 because |loge”| > vp(K)7 — O(log T + log o) with
yr(K) > 0 for K > K, (Lemma 5.12); C5 and Oy are free of 8 and K; ep, M, and Ryp
are doubly exponentially small in 7; and logdy = O(log 7). The constants Cresp, Cp and Cs
are fixed before K and hence change By(K) and not K,. As for the order of ny, we have
Chee = O(CL(1 4 1/cs)), hence C3 = O((C, + Cresp)(1 + 1/c5)), and yp(K) is of the order of
log? K as K — oo (Lemma 2.6).

Lemma 5.12. Since R, > w' > 12¢ (Theorem 4.23), we have 2R, + 1 < 3R, and 2r' +1 =
4R, +5 < 5R,. With ¢,, < 247‘851/2 (Lemma 5.7) we obtain

loge. <log(8e) + 3log3 + 3logh + log 24 + 6log R, + 3logry — %|log5\
<1444 6log R. + 3logrg — %|log5|.

By Theorem 4.23, R, = O(({/cs)log(¢/cs)) (Section S1.3), and ¢ < £p = O(m ') (Defini-
tion 3.1). With log(1/m) = 7?vcy(0) 7 + O(log 7) and 72vcp(0) < 2.4943551 these bounds
give 6log R, < 14.96627 + O(log7), because 6 - 2.4943551 = 14.96613... < 14.9662. Also
2|logd| = ¢5(K)B/2 = 7cs(K)/(2K). This is the first inequality of (5.6). By Lemma 2.6,
cs(K) > ¢?(K) — 1/(4ay) — O(log 3/B). The function vp(K) := (¢’ (K) — 1/(4a.))/(2K) —
14.9662 is increasing in K and vanishes at K = 377.3635 (to the digits shown; Section S1.1.2,
which also gives the margins). Hence y7(K) > 0 for K > K. The O(log 5/3) term contributes
O(log 7) after multiplication by 7/(2K). For €” we use Ryesp = 10¢ (Lemma 5.21), L. < £ and
R, = O(41). Hence log(2R' + 4L. + 1) < log(1/m) + O(logT), and the same computation
applies.
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Lemma 5.17. In (c), with p = p(s): |zc — 2gleo < [p]/2 < p/2 + 1; in (ii) the ends of
the other cut bond are at distance more than 73p — 1 from z. by (U2), hence more than
73p—p/2—2 > 9p from z¢; in (iii) two bonds of Bu (2, 10p) have ends within coarse distance
20p, and v/37(20p + 1) < 1287yp = s, hence (U1) applies; for the last claim the two chosen
bonds have ends within coarse distance p 4+ 2, and v/37o(p + 3) < s. The range 27L. <
p < sidemin/24 holds. The lower bound follows from Rnp > 34567 L.. For the upper bound,
ps > 2 forces s below the lattice diameter of A°, which is at most V37 sidemax < 2v/370 sidemin
(Lemma 3.3(d)), and hence p < 2v/3 sidem;n/128.

Lemmas 5.20 and 5.21. In the proof of Lemma 5.20, summing 121(mq 4 mg ) over the six
faces of each block ¢ of Ay gives at most 121(6m(Ag) + 6m(U)) < 1452 m seal bonds with an
end in Ay, and over the blocks of U at most 121(6m(U) + 6m(Uz(Ap))) < 1452 m seal bonds
with both ends in U. With uz < ¢; (i +2904m + 2n) we obtain

Sigg)m <2+i>n+ (1+c2)z

since 1452 42904 + 6 = 4362 and 2 - 2904 = 5808. At ¢, = 1, (Cy, Cy, C) = (10170, 6, 3), and
the loads of Lemma 5.21 are 125C, = 1.27 - 10%, 125C, = 750 and 125C, = 375. Thus

units(Ag) < 1452m+ 2uz+i+2- 1452m +2n +6m < (4362+

Chresp := 375C, + 125C.C, = 3.81 - 10° + 375 - 2.2141 - 107 = 8.307 - 10°;

the term 125C.C, the load of the Phase-1 insulation owned by a part, dominates. The range
is Ryesp = 100 > 90 + 1.

Proposition 5.22. A touched YA costs at most 2|0A|+2[ins' N E(A)|+4.5/0A] = 6.5|0A |+
2lins! NE(A)|. A touched Y = Y/ costs 2|0Y |+ |Y'| /¢, which by the bound on |9Y| is at most
4 #{bonds of types (a) to (c¢) with an end in A’} + 13|Y|/¢, and 13]Y|/¢ < (26L./¢)m(A").
Since a bond has two ends, it is charged by at most two cells of the third kind, at most 4 each.
A unit (A,b) is charged at most 6.5 by Ya and at most 4 by the cell of the other end of b. A
bond of ins' inside a removed cell is charged at most 2 by Ya. All coefficients are at most 20.

Lemma 5.23 and Proposition 5.24. The constants are

Cig i= 30C". + 170Csesp + 30, My := 16ep(1 + 8Le)(C". + 3Chesp + 6),
C5 := Chee + 20(2C;, 4+ 4Cyesp + 1).
Cos. In the proof of Lemma 5.23(c), the bonds of ins! number at most C.Ng (as in (b)),
the cut bonds at most Ar, the units at most 2Cesp(No + AF) by (a), each charged by at most

two blocks, and the marks involved, at most Ng, belong to parts of Q,, each charged by at
most seven blocks. Summing, we obtain

IBr| < Q(CLNQ + Ar +2Cresp(No + A]:)) + 7Ng < (QCL + 4Chesp + 10)Ng
by Lemma 5.23(b), and 2C}, + 4Chesp + 10 < Ces.

M,,. By Lemma 5.23(d), (b), m < 2Ar < 16ep(1 4+ 8L.)(C}, + 3Chresp + 6)Ng = M,,, No.
The size of Cresp. We have Cresp > 125C.C; > 125C", in particular Cresp > C;, + 20.
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Cs. In the proof of Proposition 5.24, 20(usouch + Ctouch + ttouch) < 20(Cresp + C)Ng +
20(Cresp + 1)Ar and 26L./¢ < 26/308 < 1/11. With Ar < Ng/(48Chesp + 2), all terms with
Ar together are at most Ng, and

#(Z'NF)/75 < (Chree + 20C% 4 20Chesp + 2) Ng < C3Ng.

The binding condition. The first condition of (5.10) reads |loge”| > 3Cy In(230 - 26¢) =
75.16 Cg, that is |loge”| > 1.06 - 10 at the illustrative values; n7 < 1 needs |loge”| >

3¢/ 720 = 1.73- 10372, with ¢ = 8.644; and n{") < 1 needs |logee| > c772Chee = 3.63- 10372,
Each is a lower bound on 7, by Lemma 5.12.
S1.5 Constants of Section 6 and Appendix D
Masses (Section 6). The Coulomb kernel at the origin is
vep(0) = $We = (V6/(1927°))T(55) (2T ()T (33) = 0.2527310098 . . .,
where Wg = 773 f[o’ﬂg(?; — Y, cosz;)"ldr is Watson’s integral [Wat39], in the Gamma-

function form of [Zucll, (3.6)]. Numerically, m2vcy,(0) = 2.4943550872.... Since mp =
(8727)1/2¢=m0en (0T and 2(8x2)1/2 = 17.77153 .. ., it follows that
m < 2mp < 17.7716 71/2e7 2497 (mp /2 < < 2mp). (S1.2)

The exponent 2.494 is a lower bound for m2vcy,(0). This is why 2.494, and not 2.4944, stands
on the left of the hypothesis of Lemma 6.18.

Theorem 6.5: the Debye condition. In [GMS82, (4.24)], at A = (1 — §)M, [GM82] use

024 < 2(6M)~2 [GMS82, Lemma 5, (3.26)], and the Debye condition [GM82, p. 34] reads

1 < 162031 — €)%e=2" M?/m%, where k' = kg + 1 by the choice made on [GMS82, p. 35].

On G’ the bound |[vZ,||a < 3M;? (Proposition 6.10 on outputs for A < /3ky My, and

[v2,]jo < My? on all slit graphs) replaces 2(6M)~2, that is, 162 by % Hence 242 becomes %:
1 <1031 — O)e 25 MM /mT).

Since My > mp/(2Apv) on Iy, M2 /m3, > 1/(4A\%y,), and the condition holds for all My € Iy
once

My < C3(1—C)Be2ms1 /24, (S1.3)
In [GMS82, (4.23)] the bound |jvi|[4 < 3M; 2, with My = —47B5y,In(1 — O), is a power of
B, which efemMer absorbs for Ban > B%M, and neither condition depends on G’.
The scales of §6.3: the rounding of L. By Definition 3.1, L = rqL, with L. the largest
even integer < cm ! /rg, and cpm ! > 4rg. Hence
cr/(2m) < L <ecp/m. (S1.4)

In fine units ropy = L/12 = ¢,L (¢, = 1/12), ¢f = 223, Vi = (1 — 1,,)3p3 /2 (coarse) and
vl = 13Ve/2, so Ruk = (1 — nyw)crropa/3 and 4R§IK/V*f = 64/27 exactly. The constant

Ko := (1 —nw)crepcr /6 (=0.2381 cpcr, = 0.01984 ¢, at 1, = 0.1)

satisfies Ko < mRpk < 2K by (S1.4). We use Ky only through the lower bound mRuk > Ko,
in the following places.
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(a) Proposition 6.10: (i™)V/2My Ryx > (el™)V/2Ky/\pv, so the rate of (6.13) at M = My
is at least Ky My .

(b) Theorem 6.11, (H2): at the mass r/2 > 4 the rate of (6.13) is at least
rkwmmin(1, (e HK)I/ZmRHK) > ko, using ()12 Kq < 1.

(c) Theorem 6.11, (H1), (HI'): Rypr—' <m 2Ry < mK,? = A\pv K, > My

(d) Lemma 6.14: Ry + My 2Ry < mKy '+ MymK;? = ng.

By A4), Myropx = c,My L € [cpcr,/(2Xpv), cocr/Apv]. We will use the lower bound in (f)

)
)
(e) Appendix D: m < Ko(2CH)~/3 gives Ryk > (2CH)'/3.
(S1
o (h) below

Theorem 6.8. We set cy = ¢%/(24 - 24/3) = 1.006 - 1077, Cp := (en/3)73/% = 1.628 - 101
and el¥ := (log 2)?/512 = 9.38-10~%. In the proof (Appendix D), the constant of Lemma D.1
is Ay = 24-22/3/c%, so that cy = 1/(22/3Ay), and (HKO) uses 6(cosh — 1) = 0.1885 <
1 — &= = 0.1912. The constants Cpo > 1 of the moment bound, cex := min((log2)/(241), %)
with A; = 512C2,/(log2)? (so el = C2 /A1), Cgs = SCHECE"/2 Cgs = Cex/8 and Cly,
which contains the factor e!/(2¢x) depend only on Cy. Hence sy = min(1,1/(2Cy)) of
Proposition 6.10 is extremely small, but it is fixed before Sgn, and only its independence of
7, K, C'and D is used.

Proposition 6.9. The box inequalities of the sketch in §D.1 are as follows. For a box graph
B with sides in [nmin, Pmax)s @ := Nmax/Mmin, and U C B, |0gU| > 4|U||B \ U|/(nmax|B]|) >
2min(|U|,|B\U|)/Nmax (canonical paths) and |0pU| > 3|U|*/3 —3|U|/Nmin (Loomis-Whitney),
hence [0pU| > cpox(0)|U|?/? for |U| < |B|/2, with cpox(0) := 6/(30 + 2) (by minimizing
over |U|Y3 = tnpyin). In the face count, for a heavy cell ¢ and a light neighbour ¢, the set
D := B, U By has nyax(D) < 4rg and |U||D \ U|/|D| > r§/4 for U := AN D, so D carries at
least yprg bonds of A, yp = %. Summing over OpH (I' = (V, E.) the coarse slit graph of §6.3)
counts the bonds inside a coarse cell at most six times. Hence |[0A| > (ypr3/6)|0rH|. With
a := 9¢r/38 (the constant of (R2)), cpex(0) > 2 for 0 < 2 and vp = 1, the two cases of (i) give
|0A] > 272Bcpoy| A3 > 0.47|A]?/3 and |0A| > (ypa/6)16~2/3|A]?/? = (a/152.39...)|A]*/3,
so cp = a/152.4 = 2.467 - 1073. The constant Cpj := 384 comes from ypry/(120max) >
1/384 with vpax < 8r3. Further, C’{:V = 1080%1/)(2, ko = ro(kp + 3), o= x/(3Chikn),
12/(hf) = Cf k% and N, < 27(kp/Lc)?. For (v), (L8-2) reads Cf;,r2 Noy (mL)? < /8 and
clrg(mL)? = 12m?/(h1)?, so 1/hf < 9671/2m~1 < 0.103m~! (ny < 1 < No). Moreover
log ko < log(1/m) < 2.4944 1 = 0.0632 Bam. Hence the diameter bound 2+ (24/h/)-31og ko <
2+24-0.103 - 3-0.0632 Bam/m < 2Bam/m = L' holds.

Theorem 6.11. Let w := (1 —4\2,,)"Y/2 € [1,1.16] and ry == s M2(1 £ (1 — 4)\2,)"/?), so
that r_ = 2/m?/(1+ (1 — 4)\3y,)/2) € [m?,1.087m?] for Apy < 1. The constants, which depend
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only on (cr, ¢y, cr, Apv), are

Ki:=3+20h(1+w)+wCripvKy®,  Ks:=3wm?/r_ <35,
K| := max{eKi, w(313 + Cys(27/cgs)"/* + 4CH (M) 32 Npy K7%) },
K := max(eK, K1).

The number 313 comes from the bound de=3%/68 < My d%e=34/68 < (136/3)%e~2My < 279 My
for d > My!, and 279 < 313.

Section 6.4: the depletion constants. Both AOAD and Cp := Cg,C} are upper-bound
constants, taken > 1. Put gg := 0y/(27%7), e := £0/(4CF),

Ly :=3+1logg (8 \pv/(cper)),  Cr:=256m2AFPCrLy,  Cg:= CASP(1+ Apv/(cper)),

so that 3244PL,/ep = CrT/0 and Rqep = [Cr7/0p]. Moreover, 2/ep = 1672Cp7 /0 and
Rdep < 2037‘/90.

(f) Theorem 6.15: the shells 28 < r(y) < 2FF! with 2¥*!1 < rgpy contribute at most

8A{P each to Sa(z) (Lemma 6.13), hence CA}Plog(2/My) up to r < M,*,
the shells beyond M;l are summed with e ™v7/2 and the growth term gives

S (164D /(rgpy))2keMy25 /2 < CABD /(Myropy) < 2CANPApy/(cocr).  Since
log(2/My) > 1, Sa(z) < Cglog(2/My).

(g) Theorem 6.16, step (ii): with R < rgpy the far pairs contribute at most 16A4P /R +
(16457 /(ropa)) (2 + logz (4/(My7opy))) < (1645°/R)(3 + logy (8Apv/(cper))) =
16A5P L,/ R, which is at most ep/2 for R = Rgep. (The second sum: the shells with

21 R > ropy give >.i>0 e~ with a > Myropy/4, which is at most 2 + logy (1/a).)
(h) Lemma 6.18: see below.
The number N, of Proposition 6.17 depends on Rgep only through Rgep, < £p, hence not on
fp. It is very large but fixed, and it raises B%M only through the condition of Theorem 7.40.

Proof of Lemma 6.18. The hypothesis says COP75/2¢724947 < g, We use (S1.2).

We first prove Rqep, < ropy. Since AOAD, Cr>1land Ly > 3,Cr > 76872 > 7.5-103. Hence
y:= Cgr7/0p > 1.5- 10 and Raep = [y] < (1 +107%)y. By (S1.4), ropx = c,L > cper/(2m),
so it suffices that 2(1 + 107%)Cr7m < c,cpp. Using 7 > 2,

2(1 4+ 1079 Crrm < 2(1 4+ 107%) 17.7716 Crr3/2e 2497 < 17.8 Oprd/2e=24%7
< cchCfepT5/26_2'494T < cperbp.

Next, Rqep < £p because ropy = c,L < L < Ip.

Finally, for (F), log(2/My) = In(2XApy/m) < In(1/mp) = m?vcp(0)7 — 2 In(87%7) <
2.4944 7, using Apy < 1 and m > mp/2. With ng = m(Ky ' + A3y Ky ?),

CrnaCslog(2/My) < CrCs(Kyt + My Ky ) - 17.7716 71/2e 72497 . 2 4944 7,
and this is at most g0/4 = 0y/(87%7) because 872 - 17.7716 - 2.4944 = 3500.2 < 3.6 - 103 and
CIP > 3.6-103CrCs(Ky ™t + A2y Ky ).

123



S1.6 Constants of Subsections 7.0 to 7.5 and Appendix C

Proposition 7.5. Off ®, (S4') gives |p1(£1,z) — pf(1)] < pef(1)(1 — e=% + Ce™H),
and 33 so(lor(m, @) + [P (m))m?® < 20e™*Smi/Bon.  Since 2Bamp™(1) =

m? — Bam 2| >2 m?2p(m) < (1 + Ce=2%s)m? and mp < 2, we obtain, after enlarging C,

Y lpi(myz) = P (m)|m® < 0" /Ban (x ¢ D),

with @ of (7.7). On ® the same tails, |py(£1,2)| < p™ (1)(1 + Ce™"), p1(£1,2) — p™f(1) <
Ce "p™f (1) (since e™® < 1) and 2Bamp™ (1) < 2/m? give the constants of part (b). At
o = 0.01 we have 1 —e~% = 0.00995. .., and hence the standing hypothesis (7.8) holds once

g, + Ce ™M+ e72rs) < 0.1329.

The partial fractions (7.16) and Lemma 7.15. If A\py < 1, then w = (1 —4)3,,)" /2 ¢
[1,1.155], ¢t < w, c— < 1.26 A3y, m? < r_ < 1.08m?% and r. > 0.932 MZ. In part (b),
with & = m/3, the bound coshz — 1 < g—Zcoshm < 0.5281 22 for z < % gives 6(cosha —
1) < 0.3521m2. With this «, part (a) gives ||e’R,. e ?|| < (r— — 0.3521m%)~1 < 1.544m 2
and [|e’R,, e7?|| < (ry — 0.3521m%)7F < 1.1M,? = 1.1)3,m 2, and hence ||e’Ge™?| <
(1.155 - 1.544 4+ 1.26 - 1.1 by )m~2 < 1.807m 2. The matrix e”V*e ™ has entries +eP(@)—r()
with |p(z) — p(b)| < %, at most 6 per row and 2 per column. Hence its norm is at most
V12el/3 < 4.835, and 1.80 - 4.835 < 8.71. In part (c), [|[[A,x]]| < 6A, and |A| < 12, so

ICo Xl < My2-2-12-6 A, + 6A, = A\ (144My% + 6) < 150 A, M2, by My < 1.

Theorem 7.16. The constant is C. := 3.8 - 10°. With d(4",Vp) > L'/2 — 2,
Ay = 4/L, Myt = Mym™* and m < 1, Lemma 7.15(b), (c) give [|Fj 4> < (150 -
M2 (8.71m2)2e 3= B3 ||lwg|2 < 1.71 - 100 - 16 €/3 m2(m L) ~2Xhyim~Se /3 |wg||2.
Theorem 7.13 and c’g > %cg give

S gl < 18 FS(X) /(e L2) < 32 FI(X) (et L2).
B:SgCX

The product of the numerical factors is 1.71 - 10° - 16 - 32 et <34.10° < Cs..

Corollary 7.18. The Holder exponents and the constant of Subsection 7.6 are ps = 20,
ps = 1.2,p =13, ¢ = 15.6 and ¢y = 51, so eo = min{(1 — 5 — 5;)/40, 2(1.3/15.6)%*} =
min{0.003125, 0.0139} = 0.003125. Dropping (mL')~2 < 1 in (7.17), we obtain e(L) < &g as
soon as

mL' > 27log(1/m) + 3log(CeAby /(cge0 ML/2)).

The second term is bounded, since cr,/2 < mL < ¢, (Definition 3.1). By Definition 3.1 and
m > mp/2, log(1/m) < 2.4944 1 = (2.4944/47%)Bc for T > 79, so the right side is at most
1.706 Sam + O(1), while mL' = Kcofam = 2Bam-
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Proposition 7.19. The constant of part (c) is

TCyCy (mL)3
24 (mPam)(mL)*(11/10)%

(I)u =

el cu

Dividing (a) by (b) gives the share —%=(mL)3/((mBam)(mL’)*(1 + neot)?), which is at least
@y because ¢, > %cg > %cg and ¢ < % for Sam > By (L and Dg are O(m™1), while
L' = 2Bemm™1). With mL > cp/2 and ML’ = 2Bam, Pu > megeuct /(24 - 64 - 1.331mBy,),
and m By — 0 because log(1/m) = m2vcy,(0)7 + O(log 7) and Bam = 4n2T.

Structural facts of the expansion (Appendix C). The bounds on the activities (Sub-
sections 7.6 and 7.7, Appendices A and B) use the expansion of Proposition 7.22 only through
the facts of Table S1.3, and none of them uses translation invariance, an infinite lattice, or the

shape of the atoms.

fact used in proof
S1 Ci(z,x) = C(z,2), |Cs(z,y)| <|C(x,y)|, weighted Lemma 7.29, Prop. 7.22,
norms and ||Cgl/2—2 bounded by those of C App. B change 6
S2 C, =) . AC., C. block diagonal with admissible Lemma 7.33 Prop. 7.22,
blocks change 6
S3  log [ duc e> ¥ +PME+D)) s convex in C for M >0  Lemma 7.33 [BF0,  (9.67)
to (9.611)];
Lemma 7.33,
Step 3
S4 the integrand of Ky depends on v|x (5 only; covari- Lemma 7.37, Prop. 7.22
ance derivatives have both ends in X () Thm. 7.27(b), (¢)
S5 each Y;11 is a union of elements, each meeting the Lemma 7.37 selection rule
support of its link (App. A) (C.6)
S6 link ¢ carries H;:T(Hl) sk (covariance link from Lemma 7.37 (C.1), (C.5)
Yrit1)) or H;;ljmn sk (E-term link); all other s- (App. A)
dependence is through weights in [0, 1] and through
C
S7 five types of terms per link App. A (C.5)
S8 link ends = € Yj11, ¥y € Yp(i41), counted in U-cells  App. A selection rule
(C.6)
S9 sequences of disjoint admissible sets; finitely many  Lemma 7.37, Prop. 7.22,
Prop. 7.47 change 2
S10  Z(Y) > 0; one-set activities are positive Lemmas 7.41, Prop. 7.22
7.42, Prop. 7.53
S11  the first set may depend on h Thm. 7.27, Prop. 7.22,
Lemma 7.48 change 3
S12  the first set may be disconnected Thm. 7.27(c), Prop. 7.22,
Lemma 7.48 change 3
S13  expansion on U = X§ with 1y Cly; activities inde- Thm. 7.27(Db) Prop. 7.22,
pendent of U change 4
S14  absolute convergence of every term all Lemmas C.2, C.3

Table S1.3: Structural facts of the expansion used in Section 7.
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S1.7 Section 7.6 and Appendix B
S1.7.1 The Holder exponents and (L8-1)

Section S1.1.1 fixes ng = 0.62, py = py = 20, p3 = 1.2, p4 = 15, p’ = 1.3 and ¢ = 15.6.
These values satisfy . 1/p; =1 and 1/p' +1/¢' = 1/p3. With ap < 7/6 (Lemma 7.29(c)),
= app'ng < % -1.3-0.62 = 0.94033 ... < 0.941, so (L8-1) holds. Moreover, 1, < 1 —4/72 +
Cse2rs < (.62 for kg large, since 1 —4/72 = 0.5947... ..

S1.7.2 Lemma 7.32(c): the shell constant Cg, = 92

With 7, = 3+ ?, fl%(r—kr*)%_?’dr <log(2D)+4r,+2r and (r+r,)/r <1+2r, forr > 3,
the shell count of the proof gives, for D > 1,

Y d(b.0)? < 6r[C] [1og(2D) Ar 22+ 11+ 7“*)2] + 167 (14 74)? + 2(1 + 2.)%] D.
d(b,C)<D

The first bracket is at most log(2D) + 12, since 4r, + 2r? + $(1 4+ r.)? = 11.9951..., and
167[(1+74)% +2(1+2r,)%] = 16m-117.207... = 5891.4... < 5892. At D = Dyy = 3kp+1<
2kg and |C| > 8kp > 4Dy the sum is at most 67|C|(log kg + log4 + 12 + 1473/(6m)) <
67|C|(log ko+92), since log 4+12+1473/(67) = 91.53 . ... Multiplying by (27)? gives S(Dyr) <
2473|C|(log ko + 92).

S1.7.3 Lemma 7.33: the constants cg and cyear
(1 + 4/n ) K1Cy 20pCr(logkn + Csn) 1024727 (2ro +5)2%c2
= ) Cnear ‘= + .
2Xpv (1 —1p) Bam nHC1 Bam

Uniformity of cpear- Since ko = roL < rgep/m, logkn < log(rocr) + log(1/m) with
log(rocr) < 0. With m > mp/2, mp = (8727)1/2e=™0ep (07 7240 (0) < 2.4943551 and
/BGM = 47T27-)

log(1/rm) _ 2.4943551 +log(8727) — log 2
Bom — 4n? 42T

<0.0632  (r>1).

Hence 20pCRlog ko /Bam < 0.1264 0pCr, which gives the bound on c¢pear in Lemma 7.33. The
coefficient fp in that bound satisfies 6p < (47/nm)Cpc? < 1 by (L8-2), a bound that does not
depend on Bgwm-

S1.7.4 Lemma 7.34: the condition (7.30)

At py =15, p3 = 1.2 (so ¢\ = %(1 —1/p3) = i), O[lSD 7§6% and cg < %, we have 2appscg <
2585 =1 and piapch /(1 — 2appice) + cp < gt + 75 = 0.00714... +0.01428 ... =

0.02142... < &;. In Proposition 7.35(d), ¢y = 3(1 — 1/ps —cx) = (3 — 54) = &.

S1.7.5 Theorem 7.40: the threshold 7,

With 72vcp(0) = 2.49435509. .. and pg = %, the lone-cell condition (proof of Theorem 7.40)
reads
0.4157 7 > Co AP log(C'7/6) + a + O(log 1),
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where cqep = A + AP log(C'7/60y) (Proposition 6.17). The threshold 7, of which we use
only the existence, is explicit but large, because A{D is large (fy is small and the covering
number of Proposition 6.17 is large). For the wall-polymer cells, Proposition 7.19 gives &y, >

(megeuct /24) (64883, (11/10)3bp).

S1.7.6 Lemma 7.38 and Proposition 7.39: constants and fractions

Constants on class-A cells. They depend only on the following quantities:
e c7,c4, ¢ of Lemma 7.31 (through vy, np, kg, that is, on the grid scale L);
o Cy, 0, cqep of Lemma B.1(d);
e 1, Kkg,0aM,C and the Mayer decay;
e K Ks3,apKi, \py,rc of the lines;
e C,(cp) and c(gpin, ¢p, Ky, Cy) of the count and the pinning;
e cp of the Wick bound;
e c13 and Cpcyep of the Holder split;
e the geometry constants c,, Cy, Ciy, Dy, v+, Ky.

The constants Cg, Cg of Proposition B.10 are built from the same list, and none depends on
L.

Fractions of Fi°°. They are those of Table S1.4 (Section S1.8). Proposition 7.39 uses the
entries for the numerical factors (¢//16 on X \ Z, Lemma B.8; ¢//32 on Z) and for the wall
polymers (¢//8 on X \ Z).

Cells. Put Kp := KF(2K/(1 + v+/v_)/)\pv)2. Each cell carries the per-cell con-
stants € +e13 and at most the share (2K7(1 + vy/v_)/Apv)? of the line constants.
Since C, > 1, ¢k + ¢13 > 0 and a > 0, it follows that efiteas < paplcft+en)Cu  With
Ko = Kpgelcz+es)Cu max(l,)\ll;./\?) and b}:)/(j = )\;/\?(bp/)\pv)l/‘a, Proposition B.7 gives the
following bounds: a non-seed lone cell carries at most Kee®TCo%er (b / )\pv)l/ 6. a non-seed
cell of a wall polymer at most Kgoe®TCocderten®n)o=(¢'/8)2u/(1+Du). 4 geed cell at most
Koone®tCocder  times eB(0) if it is of class B.

S1.8 Constants of Sections 7.7 to 7.9 and Appendix A

Lemma 7.44 (cell diameter). Since t; < 2+ (36kp/xn3)Inkp, we have Doy < 3519 +
504rokpInkp/xns. In fine units rokp = 304L < 304cp/m and kp < 1/m, and therefore
Inkp < In(1/m) < 0.0632 Scm (as in the proof of Lemma 7.33). Hence Deey < 3579 + 504 -
304 - 0.0632 (c1,/xn3) Bam/m < 357 + 1.927 Bam/m for ¢, < 1.99 - 10~*yn3, which is less
than L' = 2Bgm/m for Bom > 5(0}1\/17 since 3519 < L (L. > 35). The choice of ¢z (through
Clhe? < (1 —4/7?)/8) places it far below the threshold 1.99 - 10~ %yxs.
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Constants of the seeded sums (before Lemma 7.48). The constant Cy exists because
blocks have side at least L, a block has fewer than 8/c; cells and a cell at most 6/c, interfaces.

cs :=1log Keenl + o+ Cocaep + 1 + ¢ + log 2, Nsced ‘= 6D167(Cl/4)F“““.

The summand 1 + ¢ + log 2 is already contained in log Keyj. Indeed, in the proof of Proposi-
tion A.7 the factor e(1+€4t1082)IZ| is hounded by e?!, which enters c} = a+a and hence K.
Counting it again in cg only enlarges cg, which is harmless. Since the constants log K.cn, Dy
and « are fixed numbers and cqep = O(log 7) (Proposition 6.17), we have cg = O(log7) and
¢ =cg+2=0(logT). Since g/L = O(7), log D; = O(log 7), while Fyy;; is exponentially large
in 7. Hence 7)eeq is doubly exponentially small.

Proposition 7.52 (the count), Step 4. By Definition 3.18, c3NF/-£NF = ¢,/16 and Onp =
ch¢q/(90(cq +4)), and hence

8Inl6 ¢4
90 ¢4 +4

<

oo | S

C3 KNF = 463NFI£NF = %}, 89NF In16 =

With n < v, ng < (4/c)v and j, = O(In fgm), the terms C(n +mng +v) and (14 j,)inrr In 16
of Steps 2 and 3 are at most C’(1+1n Sgm)v with C’ depending only on Cy, ¢, and rnp. Hence
In# < %chunitV +C'(14+1InBem)v < %Funitl/ as soon as Fynit > (8C"/c())(1 + In Bgm), which
holds for Sam > By because Funiy = (w2c,/18)(mL)?/(mfam) > (72, /144)c} /(mPBam)
(mL > cr,/2) is exponentially large. In addition, ¢’ > ¢,.

Lemma 7.56 and Theorem 7.57. Under the weight 2 — n,, of the hull functional the
constant ¢, of (R7) is the value fixed in Section S1.1.1, and only the value of Cx = 3Cy/cy
depends on it. Since small components of G’ are U-cells of Debye volume at least ¢,, they are
counted in Lemma 7.56. In Theorem 7.57, with op = (7%¢],/18)(inL)m/Bcm (Definition 3.18)
and Bgy = 42T,

2 /.~ = ~ I ~ ~2
7 cgmL mo_ . cgmL m cgmL m 1 e ns = coCxm
18  BawMm 72 T ’

oy =¢ = — atep= %
VTR 9216 T E—1s ™3 ov

which is the displayed expression, O(mfgm log 7) because co = O(log 7).

Remark 7.58 (the perimeter constant). By Lemma 7.33, chear < 0.12640pCpr +
O(1/Bam) with Cr = 24n3, uniformly for Bam > BYy. The coefficient 0.12640pCp
decreases as cp, decreases, as 0p x c2. Since c; = O(logT), M = e~ 249435517 (1+0(1) 4p(
Ri(B) = (2ro + 5)L > (2ro + 5)cr/(27m), the terms 3coCx Cyrn and 9c2CxCE /Ry (B) of en

tend to 0.
Lemma A.6 and the order of cig, cfy, u. We fix cjo first, independently of J, with

c1o < %rc. Then ¢, which depends only on ¢19 and on the growth constants Cyy, ¢, is fixed,
with e“lo > 16e max(1, Ceyo/2); and finally the Mayer parameter i, with > 1+ 2¢f,.
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Proposition A.7 (the constant cf). The constant ¢} = a+a, a = log(2eDy) +4+c,;+a”
with e?" > 4C,, is built from Dy, ¢y, C, and . Here ¢ depends on 7 but is doubly
exponentially small and decreasing in 7. Hence it is bounded uniformly for 7 > 7. With
this reading, c% is uniform in L', Bgy and 7. The threshold 79 of Lemma S1.2 grows with c% ,
but it is finite, and only its existence is used.

Proposition A.8: the conditions on ﬂ%M. The conditions on ,B%M used in Proposition A.8
are

(B1) &Py > (1+ Dy)(cs + cp(bp)), (S1.5)
(83) 3eDye~(@/HFmie <10 (g4) B <1. '
Proposition A.8: the booking of F[°°. In the proof of the core estimate (A.10), we book
the factor e~ (3¢/4=)F1*(X) Jeft, by Proposition 7.35 and the extraction as follows (Table S1.4).

e Type-iii factors, per region. The factors |D| and |Fy| at derivatives in a region involve
D and F on that region only, because supp Dg lies in the element of Sg. For a wall
component with N factors |D|, na of them in the cell A, let aa := || D[ 2(a), so that
S aak < 2F°¢/m2. The weighted arithmetic-geometric mean inequality and the iden-
tity suppeo(2F/(m2N))V/2e70F = (esm?)~N/2 give, for every § > 0,

HQZA 6_6F%0C < (5m2)—N/2 H(nA!)1/2a
A A

and Fj is handled in the same way. These constants enter Ko and the pinning factor
(Proposition B.7, Lemma B.8). We take 6 =¢/16 on X \ Z and 6 = ¢//32 on Z.

e (M-X) on X\ Z. We use ¢//8 of FI°°(X\ Z). A wall polymer S is the union of the closures
of its components, |cl(Sg)| < (1 + Dy)|Sg|, and F1(Sg) > $y|Ss| (Proposition 7.19(c)).
Hence F[°¢(S) > ®y|S|/(1 + Dy), and each U-cell of a wall polymer of X \ Z receives
the factor e~ (¢'/8)%u/(1+Du) of ¢ 5 in Proposition 7.39. Lone cells of X \ Z carry ep =
Kcelleo”rc@cdep(bD//\pV)l/6. The remaining fraction 9¢//16 — e > ¢//16 of Fi°°(X \ Z) is
bounded by 1.

e Seed. We use ¢//32 of F|°°(Z,Nz) for the U-cells of Z*. FEach carries at most
Kene®tCocaepten(dn) < eestenbp) (Proposition 7.39), and FI°°(Z%) > &y Z%|/(1+ Dy)
pays it under (51). Lone seed cells carry at most Keene®tCocer < s What remains is

o= (/= [A—e—c' /32— [32) FI°°(Z,N) 11¢//16—¢) Flo¢(Z,N )

— e .
Each non-seed cell carries at most e < 2c¢l% < 1 by (84). In (a) and (b) of Lemma 7.48 the
retained fraction 11¢//16 — € pays ¢/ /8 for the entropy of the first set, and at least ¢//16 is left

unused. In (¢’) of that lemma the retained fraction pays ¢ < ¢/8 and ¢,, = ¢//16 and leaves at
least ¢ /2.

Remark S1.1 (The Fy ledger). Table S1.4 lists, for the proofs of Lemma 7.48 and Propo-
sition 7.39, the fractions of F}°® spent on the non-seed elements (X \ Z) and on the seed
elements (Z). In each column the entries add up to 1, and no fraction is used twice. The entry
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for the h-entropy on Z is not needed: the walls on Z are fixed on N,(X) and no wall lies on
an interface between Z and X \ Z, so the weight 17" 1”“(X\?) suffices in the sum over N in
the proof of Proposition A.7; omitting it leaves ¢’/4 of slack on the seed. It is kept so that

Lemma 7.37 can be stated with e1Fi°(X:Nx),

item X\ Z (non-seed) Z (seed) where
Holder split and [GM82, Lemma 13] 1—¢ 1-¢ Prop. 7.35
(T», T3, T4)
h-entropy, ¢} c /4 ¢’ /4 (optional) Prop. A.7
extraction € (¢ < ¢'/2; the chain ¢ € Lemma 7.48
uses € < e£p)
type-iii factors | D], |F3| /16 c'/32 Prop. A.8
(M-X): cells of wall polymers /8 none Prop. 7.39
seed cells of Z* none /32 (81)
left over 9¢/16 — ¢ > /16 11d/16 — & (re-

(discarded) tained)

Table S1.4: The F; ledger: fractions of FlloC per region.

Lemma S1.2 (Constant check). There is 19 such that for T > 1y the conditions (S1.5) hold
and cige? < %.

Proof. Each condition compares an energy that is exponentially large in 7 with a cost
that is logarithmic in 7 or of smaller exponential order. Since m < 2mp and mp =
(8727) /20O og(1/bp) > m2vep(0) T — 3logT — C, with 72vep(0) = 2.49435509. . ..
As the constants log Keen, Dy and o are fixed numbers and cqep = O(logT) (Propo-
sition 6.17), ¢s = O(log7) and ¢ = c¢g + 2 = O(logr). By Proposition 7.19,
Dy > cbp'Bay With ¢ > 0 fixed, while cp(bp) < C’b,;l/2 (Lemma 7.38). Moreover,
Funie = (72¢,/18)(mL)*(mBam) ™" > (n2c,/144)c} (mBam) ™" (since mL > cr/2), while
log D; = O(log7) because g/L = O(7). Hence (f1) and (83) hold for 7 > 79, and (54) is
Theorem 7.40. For the product, the first branch of c{% gives

log (2K cene® e (b /Apy) /%) = O(log 7) — F7°0cp(0) 7,

and the second gives O(log7) + cp(bp) — (¢//8)®y /(1 + Dyy), which tends to —oo faster.
Consequently; che? = exp(O(log 7) — 2.494po7(1 + o(1))) with pg = 1/6. Also 7eeqe®? =
6D ecs T2~ (/9 it js doubly exponentially small. Both are at most 1—16 for 7 > 9.

S2 Full proofs of steps sketched in the main text

S2.1 Full proofs for Section 2

Proof of Lemma 2.3. The Villain weight is the limit of N-fold convolution powers of
Wilson weights at coupling Nt, and a convolution power is the marginal of a chain of Wilson
interactions, to which Ginibre’s inequality applies. Positivity and monotonicity pass to the
limit by dominated convergence in the dual representation.

Step 1 (approzimants). For b > 0 let wy(6) := <9 /I,(b), whose Fourier coefficients are
cn(b) == 11 (b)/1o(b) € (0,1]. The N-fold convolution wiN (on T with df/27) has coefficients
cn(B)N.
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Step 2 (convergence and a uniform magjorant). Write ri(x) = Ix41(z)/Ix(z). By [Amo74,
(16)], for z > 0 and k > 0,

T T
<rplz) < .
3T G M S T Gy P

Using = < (22 + a®)/? < x4+ a?/(2z) and y — y?/2 < log(1 + y) < y, we obtain |logry(x) +
. nl—1 nl—1
(k+ 1) /x| < (k+ £)2/(202). Since cq(2) = TIN5  re(e) and S0k + ) = n2)2,

(Il +1)°

<
2

2
n
log ¢ () + 2*’

, hence lim cn(Nt)N — /(2
T N—o0

for all n and ¢ > 0. The upper bound also gives ry(z) < z/(z + 1), s0 ¢ (z) < (1 +1/(2z)) 1"
and, by log(1 +y) > y/(1 +y),

1 \—Ninl
cn (NN < (1 + 7) <e /@D (N > ), (S2.1)
2Nt

Step 3 (extended system and Ginibre). We give each plaquette p auxiliary angles
Gp1y--r Pp N—1, PUt ¢p o := 0, and ¢, y := 0, and take the weight Hp H@]L exp(th cos(¢p,i—1—
qbp,i)). Integrating out the auxiliary angles gives Hp Io(Nt,)N w*NJXP(Hp). Each argument
®p,i—1 — ¢p is an integer combination of the variables, and the couplings Nt, are nonnegative,
so (2.1) applies (removed plaquettes enter with coupling 0). Hence the expectation (cosfc)n
under the density o Hp w}"ngp(é?p) is nonnegative, and it is nondecreasing in each t,, because
raising ¢, raises the N couplings of p.

Step 4 (dual form and the limit). Let f, be even functions on T with absolutely summable
Fourier coefficients f,. Expanding [, fo(6p) = >_,czreo 1, fp(ny)e?@)0 and integrating over
0 gives

f elfe Hp fp(ep) do _ Zn: on=C Hp fp(np)
f Hp fp(ep) df Zn: on=0 Hp fp(np) ’

where we used fp(—m) = f,(m). The numerator runs over ng + Za(X) if C' = dng. For

(S2.2)

fp(m) = ¢, (Nt,)N, the majorant (S2.1) is summable over Z”(X) | and the denominators are at
least 1 (the term n = 0). By dominated convergence, (S2.2) for the approximants converges to
its value for fp(m) = ¢~™*/(2t) which is (cos Hc)y(’t. Nonnegativity and monotonicity pass to
the limit, and (sin f¢) = 0 by the symmetry 6 — —6. This proves (a) and (b), and (c) follows in
the same way, the limit ¢, — 0 being dominated convergence with fp(m) = e~m*/(2p) 1,—0.

Step 5 (frozen limits). For fixed couplings off D, the expectation is a nondecreasing function
of the couplings on D with values in [0,1], and therefore has a limit. This limit inherits
monotonicity in the other couplings. If D C D’ and s > 7, then t7P»5 < ¢7P"s coordinatewise,
so (cosfc)).p., < (cos 9(;>¥,D,’S < gx-(C; D), and gx,(C; D) < gx,(C;D’). Monotonicity
in 7 passes to the limit in the same way.

Proof of Lemma 2.8. Write Qs(k) := 5=|1pe(ng + 0k)|? + £|1p(ng + Ok)|?, so that by
Lemma 2.7 the left side of (2.7) at finite s is Ni/Dy with Ny := >, e"@() and D the same
sum for ng = 0. Write k = v’ + w with w’' € W/, w =)"saglg € W. Since 1p.0w =0,

Ny = Z e*%\l]:c(no+8w/)|2ss(w/)7 SS(U)/) — Z efzfls‘bJrBaP’

w' eW’ a€ZXF
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with b := 1p(ng+0w') € R and Ba := 0(3_zaagls) € R, The matrix M := BT B is positive
definite because 0 is injective. Completing the square, we get |b+ Ba|* = (a —ag) - M (a —ag) +
|Pb|? with ag := —M~'BTb and P := 1 — BM~'BT the orthogonal projection onto (im B)*.
Poisson summation in a gives

Ss(w') = (2ms)CFI2(det M) =V/2 7P/ 29 (1 4y (),

rs(w')] < ps = Z 672#25‘7”‘2/“]\4”’
0£meZrF

uniformly in w’, and ps — 0 exponentially. The prefactor is the same in Ng and Ds and cancels.
In the remaining sums the factor e*‘PbP/(QS)(l + r¢) tends to 1, is bounded by 2 for large s,
and differs from 1 by at most |15 (ng + 0w’)|?/(2s) + ps. If 1pcOw’ = 0 for some w’ € W’ @ R,
then w’ is constant on each component of the unfrozen graph and vanishes on the component
of the ground, so w’ € (W @R)N(W'®R) = {0}. Hence |1pc(ng+0w')|* > clw'|> — C for some
¢ > 0, and e~ a7l Lre(notdu)? gipeq any polynomial in w’ is summable over W’. Dominated
convergence gives (2.7), and the bound on the factor gives the rate O(1/s). Since the summands
of (2.7) are W-invariant functions of k € ZA/S, the sums do not depend on the complement.

S2.2 Section 3: the loop-adapted grid

Construction of &(C) (Definition 3.4). With A° =[] [a,,b,] as in Definition 3.2, we
construct the objects in the following order.

1. Special planes. In direction p the special planes are the lattice planes {z, = s}, s € Sy,
with &1 = {a1, 71,11+ R, b1}, S2 = {ag, t1,t1 +T, b2}, S3 = {as, z0,b3}. A special interval
is the fine interval between two consecutive special planes of one direction.

2. Sites. A special interval of fine length D’ is divided into |D’/rq| consecutive intervals:
| D' /ro] —1 of length r¢, followed, at the end with the larger coordinate, by one of length
ro + (D' mod ro) € [ro,To]. The sites (coarse cells) are the boxes [, I, with I, such
intervals. Their fine sides lie in [rg, 7], and equal ry outside at most one exceptional
layer per special interval. The sites form, combinatorially, a box of Z3. We denote by E
its nearest-neighbour bonds, and the coarse face dual to a bond is the common face of
its two sites.

3. Blocks. In coarse index units, a special interval of coarse length n is divided into p :=
n/L.| consecutive intervals, and with r := n — pL. the first (r mod p) of them have
length L. + [r/p] and the others L. + |r/p]. Their endpoints are the block planes.
Blocks are the boxes between consecutive block planes of all three directions, and a block
face is the common face of two adjacent blocks.

4. Remowal cells. In each direction the block intervals, in increasing order, are grouped
greedily into consecutive groups of total coarse length > /¢, and a final remainder of
length < ¢ is merged into the last group. Removalfcells A are the boxes [] u Ju with Jy,
such groups, and |0A| is the number of bonds of Z3 (in coarse index units) with exactly
one end in A, bonds leaving A° included.
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5. Windows. We index the blocks by their position in each direction. The block distance is
the ¢°° distance of these indices. For each block @, Q(Q) is the union of the blocks at
block distance at most 75 from @, a block-aligned box, and Q is the set of windows.

6. Tube zones and tubes. Let F’ be a block face between blocks @, @', in the plane P’. Its
tube zone Z(F") is the set of sites of QU Q' among the L./2 layers nearest to P’ on each
side. For a bond b across F’, its tube 7, is the segment of the line of b formed by the L.
sites of that line in Z(F’). We write |F’| for the number of coarse bonds across F’.

The choices left open by the rules (the exceptional coarse layer at the end with the larger
coordinate, and the longer block intervals first) depend only on C' and the constants, and the
proofs hold for any such choice.

Proof of Lemma 3.3(a) to (d). (a) The quantity My uses only R, T', 79 and ¢, the centre
uses only C, and the grid is built from A° and the planes of C' by rules that use only the
constants.

(b) By (e) and m > min(R,T) > Ry > L, the special planes a,, b, are at fine distance > L
from the planes of C, and R,T > Ry > L.

(c) Step 2 cuts a special interval of fine length D’ into |D’/r¢] coarse intervals. Hence a
side of A° made of at most three special intervals has at least M) /ro — 3 > £ coarse cells.
Step 4 tiles each side of coarse length > ¢ by groups of block intervals, so A° is a union of
removal cells. Removal cells are unions of blocks by construction. The bound ¢ > kp + 4L, is
(3.1).

(d) Each n, lies in [M} /ro — 3, M} /ro], and M} /ro > ¢+ 3 > 6. Hence max,n, <
M} [ro < 2(M)/ro —3) < 2min, ny,.

Proof of (G1) to (G5). (Gl) By Lemma 3.3(b), a special interval has fine length D" >
L = rgL,, hence coarse length n = |D’/rg| > L. and p > 1. Since r < L., each block interval
has length in [L.,2L. — 1]. A block lies in one special interval in each direction, so it meets at
most one exceptional layer per direction, and its fine side lies in [roL., (2L, — 1)ro+ (ro —1)] =
[L,2L —1].

(G2) The construction is a tensor product, and the endpoints of special intervals are block
planes.

(G3) A greedy group closes as soon as its length reaches ¢, and a block interval has length
at most 2L, — 1. Hence a group has length in [¢,{ 4+ 2L, — 2]. Adding a final remainder of
length at most ¢ — 1 keeps it at most 2¢ + 2L, — 3 < 3¢, by (3.1). Every side of A° is > ¢ by
Lemma 3.3(c), so there is at least one group per direction. Then |0A| = 2(s152 + s253 + $351)
with s, € [¢,3().

(G4) A window has at most 151 blocks per direction, each of coarse side at most 2L, — 1 by
(G1), so its sides are at most 151(2L., — 1) < kp. If u € Q and |y — u|e < 75L,, the segment
from u to y in each direction crosses at most 1 + |(75L. — 1)/L.| = 75 block planes, since
consecutive parallel block planes are at least L. apart; so the block of y is at block distance at
most 75 from @, and Qs (u, 75L.) N A° C Q(Q) An adjacent block is at block distance 1. A
block lies in Q(Q) only for the at most 1512 blocks @ at block distance at most 75 from it.

(G5) Blocks have at least L, layers, and parallel block planes are at least L. apart.
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S2.3 Section 5

The dual paths of Lemma 5.2. In fine coordinates with Z = [0, R] x [0, 7] x {0}, the dual
paths are the closed paths of fine cubes in the planes y = j + % around the rectangles of cube
centres [i + ,2R—i— 3| x[i— R+ 4, R—i—1]in (2,2),0 < j <T, 0 <i< R. These paths
are disjoint, and in these coordinates the path of (i, j) crosses = once, at © =7 + %

Proof of Lemma 5.8. By [GK04, Lemma 2.1 and the sentence after it, p. 141], the first
number is at most the number (%”)/((D —n+1)= (5_"1) /n of n-vertex subtrees containing
the root of the infinite rooted D-ary tree, D := Dy, and (7?_”1)/71 < D Inn=l/pl < (eD)" !
as n! > e(n/e)”. For the second, we choose the first plaquette at an edge of C' of each
component among at most 4|C| plaquettes (24€! choices), the sizes of the components in the
order of these roots (2%), and each component by the first count with D = 12.

Proof of Lemma 5.10. We put A := log(2¥1x,)) and w := |loge|/F\ > er(k)/n > cr(k) =
1+ A. By Lemma 5.8, PD(E) < 94|C+j Za>RT efa(wf/\)er(lfn)RT < 24|C|+ji€RT()\fnw) <
- ) <

24CIHI+2e=RT a5 y— X\ > 1. Since j < 3, Epe?™ < @M 40 RTP (E) < 71T (1 424C1+5
cONBRT+4|C|+4

Proof of Lemma 5.14(a), (c) to (e). We fix the cut j and write U := Uj, U" := Uj, with
U® and W(a) as in Definition 5.13.

(a) Let (u,v) be a bond of &} with u € U* and v € W. If v € U, then v is box-adjacent
to u and lies in U®, which is impossible. Hence v ¢ U. If (u,v) is a G} -bond, then v € &;
because K; is a component, so v € U’ and the bond is a cut bond. Otherwise v € X (a hole
face) or the bond is frozen.

(c) Let W € W(a) and z € WNU’. We take a G} -path in &; from z to U and let y be
the site just before its first entry into U%. The segment from z to y is a box path avoiding
U* soy € W. Also y € R, and y ¢ U because a site of U box-adjacent to U® lies in U®.
Thus y € U’, and the bond from y into U* is a cut bond in 9(U*, W). A bond (u,v) with
u € U, v ¢ U determines a (the box-component of w in U) and W (the box-component of v in
A°\ U?), so distinct pieces are disjoint. Each piece contains one of the A; cut bonds.

(d) For a cut bond (u, z) with uw € U®, 2z € U’, the box-component of z in A°\ U% belongs
to W(«). The same argument with U and U’ exchanged gives the piece of ()

(e) Let u* be the last site of U on the path, u* € U®". The rest of the path lies in
A°\ U C A°\ U and is box-connected. Hence it lies in one box-component W* of A°\ U",
and W* € W(a*) because the path ends in U’. The bond leaving u* lies in O(U*", W*).

Proof of Lemma 5.15. Shells. We partition A° into shell bozes as a tensor product, cutting
each coordinate axis of A° into intervals of lengths in [6L., 12L.) (possible since every coarse
side of A° is at least £ > 308L., Lemma 3.3(c)). We index the boxes by ¢ € [] [0, nzh) and put
§(b,b') := [t — t'|oo and Ny := min, 75" For a box by and i > 1 the shell Sh;(by) is the union
of the boxes b with §(b,bg) € {34,3i + 1, 3i + 2}.

Shell claim: if Sh = Sh;(by) with 3i + 2 < (nmin — 1)/2 contains a whole cell of U; and a
whole cell of U} (cells at time t;), then each of & and &;* has at least (c1/24)L? bonds with
both ends in Sh. We write U := U;. Let A’ be the set of sites joined to U by a box path
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with no bond of &}, and B’ := A°\ A’. Then U; C B’ by Lemma 5.14(e), and every box
bond between A’ and B’ lies in &}. We put W := A’ N Sh. The sets W and Sh\ W contain a
cell each, hence at least ¢; L3 sites each, and it suffices to find (c1/24)L? box bonds inside Sh
between them. The boxes of Sh form a face-connected family: since 3i+2 < (nmin —1)/2, each
index sphere of radius 3i, 37 + 1, 37 + 2 around by keeps, in each direction, at least one of its
two faces inside the index box, so its clipped faces form a connected surface, and consecutive
spheres are face-adjacent. Put fj, := |W N b|/|b|.

Case 1: fp < % for all boxes b of Sh. The box Cheeger inequality of the proof of Lemma 5.15
in each box (sides less than 12L,) gives at least |W|/(24L.) > ¢;L2/24 bonds.

Case 2: fp > % for all b. The same argument applies to Sh \ W.

Case 3: otherwise. There are face-adjacent boxes by, by with f;, > % > fp,. In the box
by U by (sides less than 24L.) both W and its complement have at least %(6L0)3 = 108L3 sites,
and the same inequality gives at least 108L2/(48L.) > 2L? > (c1/24)L? bonds.

The same argument with U and U ]’ exchanged gives the bound for 6;*.

Counting shells. Let by be the shell box of . A c-path in U; from the Uj-end of the cut
bond of Lemma 5.15(i) (within p/2 + 2 of z, so at index distance less than p/(12L.) + 2 from
bo) to the far site of (ii) (at index distance more than 3p/(4L.) — 1) changes the index distance
by at most 1 per step, and cells lie in one block, of side less than the box sides. Hence each
shell Sh;(by), i € I(p) :={it € Z:p/(36L.)+1 <1i < p/(4L.) — 1}, contains a whole cell of Uj;,
and likewise of UJ. These shells are disjoint, lie within 9p of =, satisfy 3i + 2 < (nmin — 1)/2,
and number |I(p)| > p/(9L.) for p > 27L.. In this range the shell claim in each shell gives
(p/(9L.))(c1/24)L? = cqupL. bonds of &7, and as many of &".

Proof of Lemma 5.26(b). Along the breadth-first spanning tree from o (fixed orders) of
the graph defining anchoring, the block set is fixed by:

e the sizes of the components (2b choices);

e the anchors of the children of o in Z(Z'), |Z(Z')| < 2a, and of the children of each
component C' among its blocks (22¢+%e and 2!¢ITkc choices, k, + 3 ke = m);

e the positions of the root blocks relative to their anchors ((2dy + 1)3 choices each);

e the components, %-connected sets of given sizes containing their root blocks ((26e)¢!

choices, Lemma 5.8 with Dy, = 26).

With 3", |C| = b the product is 2° - 22a+0Fm (24, + 1)3™(26¢)°.

S2.4 Full proofs for Section 6 and Appendix D

We use the conventions of Appendix D.

Proof of Proposition 6.10. In outline, diffusive displacement is needed only up to the
time 77 = min(M 2, E{{KR%{K). Beyond this time the walk is controlled by blocks of length

T1, each of which moves it ballistically at speed of order T} 1/ 2, and the mass term outweighs
the resulting growth. We write >, ’U(GJ‘,/[) (z,y)eld®y) = I e MR =X g TIf Ty = M2
then Oy = kM = HwT1_1/2. If1 = slfKRIz{K < M~2 then 0y = /QWMQTII/Q. In both cases
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Oar < min(Ty 2, cex/2) (as M < myy) and Car0u T/ < Crrrw M2Ty < LM2T) < L. Hence
(HK4) gives sup,, E,efmdw.Xs) < g .= 1 4 CMé?MTll/2 < % for s < Tj. For t = kT + s with

0<s<Th,d®Xs) <) cp d(X—1yr, Xiry) + d(Xgry, Xt), and the Markov property gives
EmeeMd(C&Xt) < qk:-i-l < lep(CMeMt/Tll/Q) < quQt/Q_

Hence the integral is at most 2¢/M? < 3M 2, which is (6.13). At M = My, (e1")Y2My Ryx >
(Y12 /Apy by (6.12), which gives (6.14). The bound for v2, follows from 0 < v2, <
v (Lemma 6.2(iii)), and the bound for v}, from (6.13) at M = Mj, since M +— 6y is
nondecreasing. Finally, k9 < skw because (EIfK)l/QKO < 1. If (611{K)1/2K0 > Apvy, then
ky My = Iiwm/Apv > Hoﬁl/APv. Otherwise ky My = Iioﬁl/A%V. In both cases ky My >
4kgm, because Apy < %.

Proof of Theorem 6.11. Since () is a difference of two resolvents, and hence a positive
mixture of heat kernels, every bound on it reduces to the heat kernel. With ry := %Mf,(l +

(1 —422)"/?), the roots of s? + MZs + MZm? are —r4, and partial fractions give

Co=F(-Ac), Fs) = (s+r-)(s+r4) _w<s+r_ a S+7”+>7

(r1/2) (r1/2) %)
Co=w(vg ' —vgt )= / k(t) P, dt,
0

with k(t) = w(e™! — e7™!) and 0 < k(¢) < min(M2t, w)e "t Since F(0) = m~2, Colg
m~21g, that is, the zero modes are part of Cy. Put R := Rpk, so that R3r~1 < m 2R3
mKy? = ApvKy > My by (6.12).

(H1). With p; <1 on [0,1] and p; < Cyt=3/2 + Cyx R~ on [1,00) (HK1),

IA I

1 0 -
Co(z,2) < / Mgt dt + CH/ min(MEt, w)t =3/ 2dt + C’HR_?’/ e -tdt
0 1 0
< IMy +2CH(1 + @w)My + wCppy K, * My,

splitting the middle integral at ¢ = M§72, whatever the order of My, 2 and R2.
1/2 P1/2

(H2). Entrywise, Cp < veT,’ , because U(G,/+ ) > 0 (Lemma 6.2). Since m < myy /2, the
mass /2 < 1.047n is at most myy, and (6.13) at this mass has 8 > ky7n min(1, (5)/2mR) >
kgm, since mR > Ky and (611{K)1/2K0 < 1. Hence the row sums of Cpe™? are at most
3w/r_ = K3m 2, and Cp is symmetric.

(H1"). First, Co(x,y) > 0 because k > 0 and p; > 0. If d := d(z,y) < M;l, then
Co(z,y) < (Co(z,z)Co(y,y))/? < KMy < eK1 Mye fo™md  gince komd < Apy < 1. If
d > My, we use Cy(z,y) < @ [o° e "'p(x,y) dt and split the time axis. (i/)~t < d: by
(HKO) the contribution is at most wde= /17 < 313wMye*d/68 < 313@Mye*”0md, because
de34/68 < My d?e=34/%8 < 279 My for d > My!, and ki < 1/68. (ii) d <t < Ty := 2e1KR2:
by (HK3) (here t > d > 1) and r_t + cgsd?/(2t) > (2cgs7—)"/?d, the contribution is at most

w0g56_(28gs7’7)1/2d /‘X’ t_3/26—cgsd2/(2t)dt _ wC'gs(27r/cgs)1/2d_1e_(20g5“)1/2d
0

< ngs(27r/cgs)1/2Mye_“6md.
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(iii) t > Ty: as in the proof of (HK3), pi(z,y) < 2suppy/s - supy, Py /(d(w, Xy/2) > d/2). Here
suppy/p < C (e"K)=3/2 R=3 by (HK1), and Markov’s inequality with the blocking bound of the

proof of Proposition 6.10 (§52.4) at the mass 7"1_/2, with its rate 6 > ko, gives Py, (d(w, X;/9) >
d/2) < qe 9%2¢7-t/4 Thus the contribution is at most 4wC(e!®)=3/2R=3p"1e=romd/2 <
4wCH(5IfK)_3/2ApVKa3Mye_"6md. The three parts give K.

(He). By the Schur test, [[v]2s2 < |lvflo < &M% and C;' > M2 Hence
Cot+v > (1 —¢,)C;' > 0, C exists, is positive definite, and C < (1 — ¢,)7'Cp,
which gives C(z,z) < 2K1My (e, < 1/(2K3) < 3). Since reoy < ko, |Collre, < Kzm ™2,
and the Neumann series C' = > -, (—1)"Co(vCp)" converges in || - |lroo, With [|C|lre,, <
Ksm ™2 Do (Kzey)™ < 2K3m~2. For the pointwise bound we write C = Cy — CorC and
use ereovd@y) < ereovd(®,2) greovd(z,w) greovd(wy) and sup, Cy(x, z)emeovd®2) < K7My (by (H1),
(HU') and 7eoy < mhm). This gives |C(x,y)|e"v@Y) < KIMy (1 + |[V]lreoe|Cllree) <
K{My(1 + 2K3e,) < 2K/My. A matrix Cs dominated entrywise by |C|, with
Cs(x,z) < C(z,z), inherits the three bounds.

Proof of Lemma D.2. The heat kernel of Z3 factorizes into three one-dimensional kernels,
and an exponential tilt of each turns the Gaussian bound into a bound with exponential decay.
The time integral then produces the factor (1 + |z|)~! from times of order |z|? and the decay
from the mass. Let q;(k) := e~2!1;(2t) be the transition probability of the continuous-time walk
on Z that jumps to each neighbour at rate 1, so that the kernel of e/®z? is p;(z) = I1, a(zy)
and vM) () = I e M*tp,(z)dt. For A > 0, ¢ (k) := qu(k)eM—2t(oshA=1) ig the law at time ¢
of Ny — N_ with independent Poisson variables of means te* and te™*. Conditioning on N_,
supy, ¢ (k) < sup; P(Ny = j) < V2(1 + t)~1/2, by Stirling’s formula. The law of N, — N_ is
log-concave, hence unimodal, so >, |g;' (k+ 1) — ¢} (k)| = 2supy, ¢ (k). Writing ¢ = qt)‘/2 * qg\/Q,
we obtain supy, |¢ (k + 1) — ¢ (k)| < 8(1 +t)~!. Hence, for k > 0,

Qt(k) < \/5(1 _i_t)fl/Qef)\kJer(cosh)\71)7
lqe(k + 1) — qi(k)| < (8L + )71+ V2A(L + 1)~ 1/2) e At2tlcoshA=D)
the second because q;(k + 1) — g, (k) = e MF2tcoshA-D =AM (L 4 1) — gM(k)] and 1 — e < .

Negative k follow by symmetry, at the cost of a factor e* in the difference bound.

We let r := |z| > 1, choose A, := s|z,|/r with s € [0, 3], and use >, 2(cosh Ay, — 1) <

> Az cosh A, < s*coshs and > Aulzul = sr. Then py(x) < 23/2(1 + )73/ 2 exp(—sr +
ts?coshs). For t < r the choice s = % makes the exponent at most —r/2 + rcosh(3)/4 <
—0.2187. For t > r the choice s = r/(2t) < 3 makes the exponent at most —r?/(4t) (2 —
cosh 3) < —0.218 72/, and

Mt +0.2187%/t > (M*t+ &r?/t) + 0.077r%/t > 3Mr + 0.077 1% /¢.
Hence

’U(M) («T) < 23/2670'21874 /T(l 4 t)*S/th 4 23/26*3]\/[1“/4 /OO t73/2670.077r2/tdt
0 0

< 95/2,0218r | 23/2\/77 o—3Mr/4

V0.077 r ’
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and e 0218 < o=3Mr/4=0.068" hocause 3M < 0.15. This gives the first bound in (D.1). For
the difference in direction e = +e,, only the factor ¢;(z,) changes, and the same choices of A
give [pi(z + ) — pr(z)| < C(L+)"2((1 + t)7/2 + s) exp(—sr + ts’cosh s). For ¢t < r this
is bounded as before. For t > r, s = r/(2t), and [;°(t7% + rt=3/2)e=007T?/tqy < Cp=2. For
r < 1 both bounds are trivial.

For the box, the reflections in the six face planes (at half-integer positions) generate a group
G that acts coordinatewise, and v/(\])/[) (¥, %) = > 4eq vM)(y — gx). Indeed, the right side is G-
invariant, so across each face its two values agree and the Neumann condition holds, and the
orbit of z meets A’ only at z. Coordinatewise |y, —(gz).| > |y, —x,| for z,,y, € [1,n,], so |y—
gz| > 1y = ly—x|, and #{g : ly—gz| < p} < 8(pM +1)3 because n, > M L. For a decreasing
f, summation by parts gives Zg f(y—gzx|) <8 [(1+Mryw)3f(ryz)+frz 3M(1+Mp)?f(p) dp].
With f(p) = Cp(14p) T 3Mr/4 j € {1,2}, thisis at most C(1+Mry, )3 (14r,,) Te 3Mrve/4 <
C"(1 + ryy)TeMrve/2. Since the differences ug (y + €) — u,(y) are the sums of the differences
of the images, (L1) and (L2) follow.

S2.5 Full proofs for Subsection 7.5

Proof of Lemma 7.24. The integrand of Proposition 7.7 depends on the configuration only
through the field ¢ + g + kﬁ&{/{/ 2 f, read modulo PZ at each site and in each cell average, and
through the walls. We write ¢ := ¢ + D.

(a) Let h € H and k € {0,1}. By (7.10), g + kﬁéiﬁf = h+ D. Since h takes values in
PZ = 2776511/[/22, emBehh(@) — 1, so each phase em(Behy (b+9)(@)+kf (@) of E' e, Goo and Ga3
equals imB?(@) Ty G1 =) olnro(Aq) the function rq of (7.4) depends on Ag only through
Ao + kﬁé;/[ﬂfg and is P-periodic in it. This quantity is avgg ¥ + hlg, as h is constant on €.
Hence rq(Agq) is rq at k = 0 evaluated at avgg . Likewise 5= (Vv+g+ kﬂéi/l/gf) —avgq (¥ +
g+ kzﬂé;ff) = ¥ —avgy ¥ on . The terms added in G* (Lemma 7.29) are functions of 9 and
1) through the same phases. The term F;(Sg) is given by (7.13) and F»(Y') = (1y¢, Fj) with
Fy=3pF 5 Fyg= —[Cyt, x5]Coss (Proposition 7.8 (e)), both functions of w alone. Hence
the two definitions of Qn(Y') and of E(Y, s) agree.

(b) After the replacement, the action is a sum of three kinds of terms: cell terms
Inrq(avgg ¥); site terms, which are the terms of Ga 1, G222, G2 3, of G% and of E, functions of
¥ and ¥ at the sites of their support (the E-terms with weights ws(7)); and wall-component
terms Fi(Sg) and (¢, I 5), supported in Sg (Proposition 7.8(e)). On a union Y of wall
components and of U-cells outside 3, Dy = > S5CY Dgly depends on N only through
N|gy) (Proposition 7.8 (f)). These are the only facts used in the proof of Lemma 7.21. An
admissible set contains each cell and each wall component entirely or not at all, which gives the
factorization and the locality for every wall field. Definition 7.20 and the proof of Lemma 7.23
use only the wall sites, the wall components and Proposition 7.8 (a), all of which are defined
from N. On U # V we take closures in U, which is consistent because the wall polymers of N
have their closures in U. Proposition 7.22 is proved in Appendix C from the factorization, the
admissibility of the sets of a sequence and absolute convergence. Absolute convergence rests
on Lemma C.1, whose bounds are pointwise in (¢,%), and on the Poincaré inequality on cells
(Lemma C.2), which does not involve the configuration. Here Lemma C.1(b) is a bound on
G2 by ||1y Py9||2. In Theorem 7.13, the bound (7.14) of Corollary 7.10 (c) with g — H = D
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and Vg + kfqy Ry = w+ VD reads FI*°(Y) > 1in?|| D|| + L|lw + VD), which follows
from (7.13) by dropping the term with M. ~2_ the supports of different 8 being disjoint. In the
same theorem, the tube argument uses only that w vanishes on the bonds inside cells and is
constant on interfaces (Lemma 7.12). The proof of Proposition 7.5 bounds cos(mu) — 1 at
each site, with the real number u = ﬁ1/2 (¢ + k:BGl/Qf — h)(z), which after the translation

p =1 + g equals ﬂéﬁﬂ(x), and that proof never uses that u comes from a height.

S2.6 Full proofs for Subsections 7.7 to 7.9

Proof of Proposition 7.46. The bounds of Subsection 7.6 and Appendices A, B are stated
for the configurations N'(X), N,(X) produced by labels. We check that each step uses the
label only in ways that survive for long wall fields. To this end we fix £ = 0 and a configuration
Ny € Nng( X)) (or Ni"8(X)), with the integrand of Lemma 7.24.

(i) Sums over configurations. They enter only through the following. Lemma 7.30 (b)
maps Ny to its interface values (Nj)icx € Z™ (X) and drops the realizability constraints.
A wall field is constant on interfaces and vanishes off them. Hence the map is injective on
Nrg(X), and the bound holds verbatim. In the proof of Proposition A.8, step (2) splits by
the first set saty, (Sp) through Lemma 7.23, valid in wall form (Lemma 7.24 (b)), and the
seed configuration it produces is long (Lemma 7.26 (a)). Step (3) of that proof counts wall
polymers with their walls through their wall interfaces and values at the Euclidean link scale
g (Lemma 5.8), again a count of integer functions on interfaces, with F}°°(S) > 2F it >y N?
(Lemma 7.30 (a)). The sum over link data and sets in Propositions A.4 and A.7 does not
involve the configuration beyond these.

(ii) Bounds at a fized configuration. Each is a bound on a Gaussian integral whose integrand
is a function of ¢, D, w and Fj, that is, of ) and Nx (Lemma 7.24). The label enters these
proofs only in the following places.

e Appendix B uses the label in the phases of class-A cells, through eimﬁéﬁh(w) = 1. Under

Lemma 7.24 the phase is eimﬁé/l\iﬁ(x) by definition. The same holds for the cell function
R, of Lemma 7.31, evaluated at avgq (¢ + D), and for Lemma 7.41, where D = 0 on the
wall-free cell A.

e Theorem 7.13, used through Lemma 7.30 (a): valid for every wall field (Lemma 7.24 (b)).

e Lemma 7.33, Step 1: the identity (7.28) is stated in terms of Dy, wy and sy for unions
of elements and involves no extension of h. At k£ = 0 the near-cell term vanishes.

e Lemma 7.29 and the functions G%: functions of ¥ = ¢ + D and v, bounded pointwise.

e Lemma 7.32 (a), used in Step 2 of Lemma 7.33. Its proof first shows w = wy on E(£2),
using (L8-4) and Proposition 7.8 only, and then puts ag := h on ﬁ Q, using Poh = 0
and Vh = w on E(ﬁb ). For a long configuration, the field Nx1gyy) on the union Y of
elements is long (Lemma 7.26 (a)), and Lemma 7.45 gives h' : &%, — PZ, constant on 2,
with VA’ = wy on E(8}). We apply Proposition 6.9 (iv) to ¥ + &’. Since V(9 + k') =
Vi +wy on E(RY) and Po(¥ + h') = Pod, we obtain || Pod||2 < Cl k2| VI + wy |2
which is (a) at k = 0. Step 2 of Lemma 7.33 then runs verbatim.

E(82)’
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Absolute convergence at a fixed configuration (Proposition 7.22) rests on Lemma C.1 and the
Poincaré inequality on cells, which are pointwise in (¢, D). Lemma 7.32 (a) is the only place
where the bounds use that the configuration is long: for a wall field with a nonzero period on a
short cycle of fi?z, or on a same-cell closure through 2, no primitive of wy constant on € exists.
With (i) and (ii), the proofs of Propositions 7.35, 7.39, Lemmas 7.37, 7.38 and Proposition A.8

hold with the same constants, and so does Lemma 7.48.

S2.7 Full proofs for Appendix A

Proof of Proposition A.8, step (3). The notation is that of Lemma 7.48 and Proposi-
tion A.8. Since Z° C Sy and 11¢//16 — ¢ > ¢//8, we put w(S) := e~ (/BF(SNs) and by
steps (1) and (2) the left side of Lemma 7.48(a) is at most P'e®sI%l 3 T]sw(S), the sum
over 0 € Ygt(So) and the product over the wall polymers S of 0. Assigning the disjoint wall
polymers of o to their first cells in Sy bounds the sum by [Jacg, (1+ Y s34 w(S)), and

Z w(S) S 6-DI€7(C,/4)FHmt = Tseed
S>5A

under (43). Indeed, a wall polymer with its walls is determined by its wall interfaces and their
values (Lemmas 7.6(a), 7.23), a set connected at Euclidean scale g containing one of the Dy
interfaces within distance g of A, so the lattice-animal count of Lemma 5.8 and FJ°¢(S) >
2F it > N7 (Lemma 7.30(a)) give S, -, Dr(eDr)" (3~ (¢/HFumi)  This gives (a). In (b),
the terms with o = (Sp,0) and X # Sy gain ¢, and those whose o contains a wall polymer
contribute (1 + nseed)wo‘ —1< nseedez‘st)', so the sum without the term X = Sy, Nx = 0 is at
most (¢} 4 Nseed)P'elesT2N%0] = ¢1gP 215l n ('), P = 1, Z° = (), and (A.10) with ¢ < ¢//8

and ¢, = ¢/ /16 leaves e (¢ /2)F1°(Z,Nz)

S3 Numerical checks

S3.1 Numerical checks for Sections 2, 6, 7, 8 and Appendix A

In this subsection we report computations that illustrate statements of the paper, and no
proof depends on them. Each number comes from a script of the archive released with the
paper (file names in brackets), in multiprecision arithmetic (30 to 60 significant digits) for the
Bessel-function checks, in exact rational arithmetic for the tree-graph integrals, and in double
precision for the lattice computations.

S3.1.1 Bessel functions and the Hartman—Watson law

Complete monotonicity (Lemma 2.2) [hw_tail.py]. For g(\) := I 55(8)/Io(B) and the step
h = B2, the forward differences satisfy (—l)kAﬁg(O) > 0 for all orders k¥ < 21, at 8 =2, 10
and 40, as [HW74, Theorem 1.3] requires.

The ratio bound (proof of Lemma 2.3) [bessel_turan.py]. The inequality I1(z)/lo(x) <
z/(x + 1), a consequence of [Amo74, (16)], holds at the twelve points = = 10°,
ee{-3,-2,-1,-%,0,%, ..., I}.

The Villain coupling matched to the Wilson weight [dual_weights.py|. With ¢y (8) :=
1/(21og(Io(8)/11(8))), the Villain weight e~*/(2v) has the same ratio at n = 1 as I,(8) /Io(B).

140



One finds g — ty(8) = 0.6106, 0.5650, 0.5246, 0.5112, 0.5054 at g = 2, 5, 10, 20, 40, in line
with ty = 8 — 1 4+ O(1/8). At each of these 3 the Wilson weight exceeds the matched Villain
weight already at n = 2, the first sign of its heavier tail. At the matched coupling the bound
of [GMS82] is of order e~24947 against the exponent 2.49436K 3 with K > K, of (1.3): the
constants of Theorem 1.2 are far from sharp.

S3.1.2 Villain monotonicity

Monotonicity in each coupling [guth_check.py]. We test Lemma 2.3(b) on the complex of two
adjacent unit cubes (eleven plaquettes), with C' the boundary of an outer face, using the dual
representation (2.6) truncated at |k| < 40. For 400 random choices of the eleven couplings in
[0.2, 6], raising any one coupling by 30% never lowered (cosf¢) (0 decreases in 4400 trials).

S3.1.3 The density of frozen plaquettes

The exponent of § (Lemma 2.6) [delta table.py]. Table S3.1 compares —3~! log of the bound
of Lemma 2.4(iv), minimized over v without restriction (golden-section search on [%a* B, %a* B]),
with the lower bound ¢§°(K) — 1/(4as) of Lemma 2.6. The minimizer is v = a. to the
displayed precision, and the finite-3 values approach ¢§’(K) — 1/(4ay) from below at the rate
of the O(log 8/3) term of (2.4). The threshold values of Lemma 2.6 [kstar.py| are recorded
in Section S1.1.2.

Table S3.1: The exponent —3~ ! log(min, ev’e/? Son Lz (8)/10(B)) at e = 1/(Kf).

K a. f(K)—g- B=10 B=20 [=40

5 17.886 15.090 14.948  15.002  15.037
10 44.998 57.236  57.105 57.153  57.186
15 75.199 114.295 114.170 114.215 114.247
20 107.393 181.935 181.814 181.857 181.887

The Debye erponent [watson.py]. The closed form of vcy,(0) = (—Ays)~1(0,0) given
in item 0 of Section S1.1.1 and the integral [;* e %I(2¢)? dt agree. Both give vcp(0) =
0.2527310098587, hence m2vcy,(0) = 2.4943550872 and (872)1/2 /216 = 1.35586 - 10~*, the num-
bers used in (8.1).

S3.1.4 The free-space field of the near-loop estimate

The solid-angle primitive (Lemma 7.32) [lemmaN_rectangle.py, slit nearcell.py|. For the
square loop C' = 9([0,64]? x {0}) and the flat surface = it bounds, we evaluate the free-space
solid angle f¢ = %QE on the dual lattice of a box with margin 24 around C' (602,112 dual sites).
Its largest modulus is 3.0974 < 7. The residual R® satisfies the bound |R® (b)| < 27/d(b, C) of
Lemma 7.32(b), with exact segment-to-segment distances, on all 1,031,184 dual bonds within
distance 21 of C. Over these bonds the largest ratio |R® (b)| d(b, C)/(2r) is 0.3415. The bound
|RC(b)| < 137, d(b,e)~2, summed over the unit edges e of C, holds on the same bonds with
largest ratio 0.8645. In a near box of side 32 centred on a side of C, we build eighteen slit
geometries (cracks parallel and perpendicular to =, holes, windows, frozen pieces of = and
combs of frozen sheets) by deleting dual bonds and sites. On the eighteen slit geometries and
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the free box this bound holds with largest ratio 0.8303, and on each slit geometry the energy
of f¢ on the remaining bonds, as well as the minimum of 3, (Va(b) — 5(b))? over fields a on
the slit graph, is at most the energy of f© on the free box. Since freezing only removes terms
from sums of fixed free-space quantities, slit edges do not enter the near-loop estimate.

S3.1.5 Further checks

The tree-graph s-integral (Lemmas A.2 and A.3) [s_integral/tree_s_integral check.py].
In exact rational arithmetic, with the s-integrals evaluated as exact polynomial integrals, for
n=2,...,7 S pw(T)=n""2/(n—1)!; for random rational y > 0 the left side of (A.4) equals
the volume of the polytope {0 <ty < ypm + Um—1, 1 <m <n —1} (up := 0) and is at most
e¥1ttn—1: Lemma A.3 holds for random y; and b; € [0,0.9]; and w(T) = 1/(n — 2)! for the
tree with 7'(2) = 1 and T'(j) = 2 for j > 3.

Corner sites (Remark 6.7) [corner_pair.py, corner pair hp.py]. With v(z) =
J et [1, 12, (2t) dt (30 digits), we obtain v(1,1,0) = 0.0551914336877 and v(1,1,1) =
0.0435783543977. The corner image sum is 0.4673457, which gives & = 9.22503 7, and
Epair = 0.52927 < wver(z,z) = 0.72008 in the limit My — 0 (0.52919 < 0.70782 at
My = 0.02).

The field near the loop (Lemma 7.32) [biot_savart_shell.py]. On five rectangles (10°
sample points), J(y) = § |dl|/|y—1|? satisfies J(y) d(y,C)/(4m) < 0.495. On a 64 x 64 rectangle
the dual-bond shell sums of d(b,C)~2 are at most 0.19 times the bound of Lemma 7.32(c) at
D =4, 8, 16.

Kruskal’s identity (Lemma 7.51) [kruskal_check.py|]. On 9000 random point sets the
identity holds without exception.
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