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Abstract

We prove that three-dimensional U(1) lattice gauge theory with the Wilson action
confines static charges at every coupling. More precisely, for each β > 0 there are σ(β) > 0
and R1(β) <∞ such that rectangular Wilson loops of sides R, T ≥ R1(β) satisfy ⟨cos θC⟩ ≤
exp(−σ(β)RT + c(R + T )), uniformly in the finite box, with an absolute constant c and
an explicit lower bound on σ(β). For the Villain action this is the theorem of Göpfert and
Mack. For the Wilson action it is cited as known but has remained open. The proof rests on
a comparison. The Wilson plaquette weight is a mixture of Villain weights whose coupling
has a very light upper tail. Hence, by Ginibre’s inequality, the Wilson loop at coupling β is
at most an average, over a sparse Bernoulli set of frozen plaquettes, of the Villain loop at
coupling Kβ, and frozen plaquettes are insulating walls for the monopole gas. A variational
regularization (built on the smallest minimizer of a cut functional) freezes more plaquettes,
which only increases the loop, and produces slit domains on which the multiscale analysis
of Göpfert and Mack runs with uniform constants, with wall fields graded by their periods
around the handles. On these domains the loop decays like the exponential of the minimal
spanning area with frozen plaquettes free. A Peierls estimate shows that this area is at
least (1 − η)RT outside an event of probability at most e−RT+O(R+T ), with η → 0 as
K → ∞. We carry over the steps cited from Brydges–Federbush and Göpfert–Mack with
explicit changes, and we prove in full a tree-graph counting step of Brydges whose printed
deduction is incomplete. As corollaries, we obtain the area law at every coupling for all
closed subgroups of U(n) containing the scalars, also with a Higgs field blind to the centre
(as for U(2) with an adjoint Higgs field), and for the Georgi–Glashow model at infinite
Higgs coupling.

Keywords lattice gauge theory, confinement, Wilson loop, area law, Coulomb gas, Debye
screening, Villain action
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1 Introduction

1.1 The model and the main result

Three-dimensional U(1) lattice gauge theory is the simplest gauge theory in which static charges
are expected to be confined at every coupling. By Polyakov’s mechanism [Pol77, BMK77],
magnetic monopoles form a plasma that screens the magnetic field at the Debye length and
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squeezes the electric flux between two static charges into a tube of finite tension. Göpfert
and Mack proved this for the Villain action [GM82]. In this paper we prove it for the Wilson
action.

Definition 1.1 (Wilson and Villain measures; Wilson loop). A finite box Λ ⊂ Z3 is a cell
complex with vertex set Λ, bonds (oriented edges) e and plaquettes p (free boundary conditions
throughout); for θ ∈ (R/2πZ)E(Λ) and an oriented plaquette p, θp is the sum of θe around ∂p.

1. The Wilson measure at inverse coupling β > 0 and the Villain weight at coupling τ > 0
are

µWΛ,β(dθ) =
1

ZWΛ,β

∏
p

eβ cos θp
∏
e

dθe, ṽτ (θ) ∝
∑
m∈Z

e−τ(θ−2πm)2/2; (1.1)

the Villain measure µVΛ,τ is µWΛ,β with eβ cos θp replaced by ṽτ (θp).

2. For a rectangle C = CR,T of sides R, T ∈ N in a coordinate plane, an oriented closed
lattice path, θC :=

∑
e∈C θe, and the Wilson loop expectation is ⟨cos θC⟩WΛ,β.

3. The model has an area law at coupling β if there are σ > 0, c < ∞ and R1 < ∞ such
that ⟨cos θC⟩WΛ,β ≤ exp(−σRT + c(R + T )) for every rectangle C with min(R, T ) ≥ R1

and every finite box Λ ⊇ C.

This area law, uniform in the box and with an explicit perimeter term, is stronger than
positivity of the iterated-limit string tension α of [GM82, (1.7)], whose finite-loop estimate
carries the loss term PF of [GM82, (7.7)]. The area law passes to the infinite-volume limit,
which exists (Theorem 2.1(c)).

Theorem 1.2 (Main theorem). For every β > 0 there are σ(β) > 0 and R1(β) <∞ such that
for every rectangle C of sides R, T with min(R, T ) ≥ R1(β) and every finite box Λ ⊇ C,

⟨cos θC⟩WΛ,β ≤ exp
(
−σ(β)RT + c(R+ T )

)
, (1.2)

where c is an absolute constant. Moreover, for every K > K∗ := 377.38 there is β0(K) < ∞
such that, for every β ≥ β0(K), σ(β) and R1(β) can be chosen, depending on K, so that (1.2)
holds and

σ(β) ≥ 1.35 · 10−4 cgcL (Kβ)
−1/2e−2.49436Kβ , (1.3)

where cg, cL are the fixed regularization constants of Section 8.2; for β < β0(K), (1.2) then
holds with σ(β) and R1(β) equal to the values so chosen at β0(K).

The first assertion follows from the second with one fixed K > K∗. With cg = 1/4 and cL =
1.6 ·10−19 (Section S1.1.1), (1.3) reads σ(β) ≥ 5.4 ·10−24(Kβ)−1/2e−2.49436Kβ (Section S1.1.3).

Corollary 1.3 (Groups containing the scalars; Higgs fields blind to the centre). Let G ⊆ U(n)
be a closed subgroup with {zI : |z| = 1} ⊆ G, in d = 3 with the Wilson action βReTrUp (free
boundary conditions), with or without a Higgs field coupled through any action that depends
on the links only through ρ(Ue), ρ a representation of G trivial on the scalars. At every β > 0
and all Higgs couplings, for every rectangle C with min(R, T ) ≥ R1(2nβ) and every finite box
Λ ⊇ C,

∣∣⟨Tr∏e∈C Ue⟩G,β
∣∣ ≤ 2n exp

(
−σ(2nβ)RT + c(R + T )

)
; in particular for U(2) with an

adjoint Higgs field.

Corollary 1.4 (Georgi–Glashow model at infinite Higgs coupling). The SU(2) lattice gauge
theory with the Wilson action β · 1

2 TrUp and a unit adjoint Higgs field at hopping coupling
κ = ∞, defined in each finite box as the limit κ→ ∞, is the U(1) Wilson model at coupling β,
and it obeys the area law (1.2) at every β > 0.
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1.2 Background

The Villain action. Göpfert and Mack [GM82] made Polyakov’s mechanism rigorous for the
Villain action. By duality the model is a Coulomb gas of monopoles, which they control by an
iterated Mayer expansion down to the Debye scale [GM81a] and a single-scale expansion built
on the analysis of Debye screening of Brydges and Federbush [BF80, Bry78]. Their Theorem 1
is the large-β bound α ≥ cmDβ

−1 [GM82, (1.9)], and all couplings follow [GM82, Corollary 2]
by “the 3-dimensional version of Guth’s inequality” [Gut80, Lemma 4.1]. The expansions use
the Gaussian form of the dual weight, a choice made explicit in [GM82, Appendix A]: “Instead
of this action [the Wilson action (A.4)] we choose the Villain action”.

The Wilson action. In three dimensions the rigorous results are the area law at strong cou-
pling [OS78], for all compact groups, and logarithmic bounds at all couplings, for U(1) [GJ77]
and for closed G ⊆ U(n) containing the scalars [Cha26]. Fröhlich’s comparison [Frö79] bounds
the Wilson loop of such a group by a U(1) loop with the Wilson action, “A′ = −β′

∑
p cos(θ∂p)”

[Frö79, (6)], at coupling 2nβ [Frö79, (23), (24)]. Thus an area law at every coupling for groups
with a central U(1) requires the Wilson case of U(1), not the Villain case. This case is stated as
known in [CNS25, For26] (and a mass gap for all β in [Nis25]). Cao, Park and Sheffield write,
for the Wilson action [CPS25, open problem (b)]: “When d = 3 and N = 1, the area law holds
for all β, see [GM81]. Because U(1) is the center of U(N) for general N , this implies that the
U(N) area law holds for all β and all N ≥ 1, see [Frö79].” (There [GM81] denotes [GM82].)
Chatterjee [Cha26, v2] leaves open whether Fröhlich’s comparison can be combined with the
Villain result of [GM82] to give an area law for U(n) with the Wilson action, “since doing so
carefully would require additional technology and a careful comparison between formulations
and limits.”

Related work. The mixture of Lemma 2.2 is used to prove lower bounds for the XY model
[AHPS21, Lemma 9.6] and the annealed Villain model [DvEG26]. Here we use it for an upper
bound. The same Bessel dual weights and their Gaussian mixture enter recent work on the
critical planar XY model [Ope26, §2.1]. In four dimensions a Coulomb phase is proved for the
Villain [Gut80, FS82] and the Wilson action [Kin86].

1.3 Strategy

The proof has four steps.
(i) Comparison (Section 2). By a theorem of Hartman and Watson [HW74], eβ cos θ/I0(β)

is a mixture of Villain weights ṽ1/u (Lemma 2.2), and Villain loops are nondecreasing in each
coupling (Lemma 2.3). Raising the couplings below τ = Kβ to τ and the others to ∞, and
dominating the set of the latter by a Bernoulli set of density δ = e−cδ(K)β, cδ(K)/K → ∞
(Lemmas 2.4 and 2.6), we bound the Wilson loop at β by the average over a Bernoulli set D
of the Villain loop at τ with D frozen (Theorem 2.5), in one box Λ◦ of the size of the loop
(Proposition 2.9), where frozen plaquettes are insulating walls (Proposition 2.10).

(ii) Regularization (Sections 3 and 4). A deterministic construction maps each D to a
hole set and frozen sheets. Freezing more plaquettes only increases the loop. The hole set
of its first phase is the smallest minimizer of a cut functional that penalizes blocks crowded
with marks. Thus each cost bound is a comparison with an explicit competitor. A local seal
removes thin pieces of blocks, and a second phase enforces non-fragmentation, which is not
local. The output, a slit domain G′(D), has uniform isoperimetry, cells of controlled size and
shape with a Poincaré inequality, and non-fragmentation, with constants independent of β, K,
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C, D (Theorems 3.20, 3.21).
(iii) Deterministic area law (Sections 6 and 7, Appendices A to C and D). On each output

G′(D) we run the analysis of [GM82, GM81a, BF80] with uniform constants, grading the outer
partition functions by the periods of their walls around the handles of the insulating set. On
each output the loop decays like the exponential of the min-cut area AG′(C), in which frozen
plaquettes are free (Theorem 7.57). We carry over the steps used with explicit changes, and in
Appendix A we prove in full a tree-graph counting step of [Bry78], whose printed deduction is
incomplete.

(iv) Min-cut lower tail (Section 5). A Peierls estimate, which is the only place where the
condition K > K∗ enters (Lemma 2.6), shows that AG′(C) ≥ (1− ηT )RT outside an event of
probability at most 24|C|+5e−RT , with ηT → 0 as K → ∞ (Theorem 5.1).

In Section 8 we combine the four steps into the following chain: for β ≥ β0(K), with
D ∼ Ber(δ) on the interior plaquettes of Λ◦,

⟨cos θC⟩WΛ,β ≤ ED gfixΛ◦,τ (C;D) (1.4)

≤ EDWG′(D)(C) (1.5)

≤ ED exp
(
−σVAG′(D)(C) + σV ηSRT + cN (R+ T )

)
(1.6)

= exp
(
−σVRT + σV ηSRT + cN (R+ T )

)
ED exp

(
σV (RT −AG′(D)(C))

)
(1.7)

≤ exp
(
−σV (1− ηT − ηS)RT + cN (R+ T ) + 4|C|+ 4

)
, (1.8)

and Theorem 2.1 extends it to all β.
Two natural routes fail. First, the Wilson dual weight In(β)/I0(β), of order

e−|n| log|n|(1+o(1)), is dominated by no Villain dual weight e−n
2/(2t). Second, on the car-

pet graphs of [CG25], where the Villain action is a limit of Wilson actions, the Wilson model
is the limit with the auxiliary plaquettes frozen, and hence Ginibre’s inequality bounds the
Wilson loop from below, not from above.

1.4 Conventions

Interfaces. In Sections 2 and 8 we use the construction only through Theorem 3.20, namely
through the fact that the output is a deterministic function of D with D ⊆ F of (2.9). In
Sections 6 and 7 we use the construction only through AG′(C) and through the inputs listed
in Theorem 7.57, namely (R2), (R5) to (R10), (N3), Lemma 4.4, the frame of Section 3.1 and
the coarse alignment of the output. In Section 5 we use the construction of Section 3 and the
history bounds of Theorem 3.21.

Couplings. We write β for the Wilson coupling, τ = Kβ for the Villain coupling of the
comparison, and βGM = 4π2τ for the coupling in the normalization of [GM82] (Sections 6, 7,
Appendices A to C).

Constants and units. We fix the constants once, in the order of Section 8.2. Those fixed
before K do not depend on β, τ , K, C or D, and c, C with or without indices denote such
constants, except where a dependence is shown or stated (as for cδ(K), which also depends on
β, for c′g and cu, which depend on β through the rounding of Lc, and for cdep). The letter C
also denotes the loop. One site is one coarse cell of the loop-adapted grid in Sections 3 to 5,
unless “fine” is written, and the lattice spacing is one in Sections 6 and 7 (Section 2.5).

Supplement and editions. Sections S1, S2, S3 of the supplementary material give the values
of the constants with their arithmetic, full proofs of steps sketched here, and numerical checks,
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on which no proof depends. Equation, section and page numbers of [GM82] and [GM81a] refer
to the preprints [GM81c] (DESY 81-036) and [GM81b] (DESY 81-014). Equation numbers
of [Frö79] refer to its preprint IHES/P/79/02, and lemma numbers of [Gut80] to its preprint
CLNS 79/439.

2 From the Wilson action to a diluted Villain model

In this section we bound the Wilson loop by an average of Villain loops over a Bernoulli set of
frozen plaquettes, and we show that frozen plaquettes are insulating walls.

Complexes and fields. Let X be a finite 2-dimensional cell complex with oriented edges
E(X), oriented plaquettes P (X) and incidence numbers [p : e]. For θ ∈ TE(X), T = R/2πZ,
we set θp :=

∑
e[p : e]θe, and for n ∈ ZP (X), (∂n)e :=

∑
p np[p : e]. An integer 1-cycle

is a C ∈ ZE(X) with zero boundary, θC :=
∑

eCeθe, and Z2(X) := ker ∂. The Villain

weight of Definition 1.1, normalized by
∫
ṽt dθ/2π = 1, is ṽt(θ) =

∑
n∈Z e

−n2/(2t)einθ =

(2πt)1/2
∑

m∈Z e
−t(θ−2πm)2/2 > 0 (Poisson summation), and ṽt → 1 uniformly as t → 0. Let

µVX,t ∝
∏
p ṽtp(θp)

∏
e dθe for t ∈ (0,∞)P (X), and µWX,β ∝

∏
p e

β cos θp
∏
e dθe. For τ > 0,

D ⊆ P (X) and s > 0 let tτ,D,sp be τ off D and s on D. Then the frozen expectation
gX,τ (C;D) := lims→∞⟨cos θC⟩VX,tτ,D,s exists by Lemma 2.3, and the plaquettes of D are frozen.

Ginibre’s inequality. Let µ ∝ exp(
∑

A JA cos(A · ϕ)) dϕ on a torus Tm, where A runs over
a finite family of integer vectors and JA ≥ 0. Then for all integer vectors B,B′

⟨cos(B · ϕ)⟩µ ≥ 0, ⟨cos(B · ϕ) cos(B′ · ϕ)⟩µ − ⟨cos(B · ϕ)⟩µ⟨cos(B′ · ϕ)⟩µ ≥ 0, (2.1)

by [Gin70, Propositions 2 and 3] applied to [Gin70, Example 4] (the torus, with S the set of
functions cos(m · ϕ)). In particular, ∂⟨cos(B · ϕ)⟩µ/∂JA ≥ 0 for all integer vectors B.

2.1 Monotonicity

Theorem 2.1 (Monotonicity for the Wilson action). Let C be an integer 1-cycle supported
in a box Λ ⊂ Z3, in the U(1) Wilson model with free boundary conditions. (a) ⟨eiθC ⟩WΛ,β =

⟨cos θC⟩WΛ,β ∈ [0, 1]. (b) ⟨cos θC⟩WΛ,β is nondecreasing in β, and nondecreasing in Λ under

inclusion. (c) Along every increasing sequence of boxes Λk exhausting Z3 the limit ⟨cos θC⟩Wβ :=

limk⟨cos θC⟩WΛk,β
exists, equals the supremum of ⟨cos θC⟩WΛ,β over all boxes Λ containing the

support of C, and is nondecreasing in β.

Proof. (a) and the monotonicity in β are (2.1) with Jp = β (and θ 7→ −θ). For boxes Λ ⊆ Λ′

the expectation on Λ′ with coupling s ∈ [0, β] on the plaquettes not in Λ is nondecreasing in s
and equals the one on Λ at s = 0, where the edges outside Λ interact with nothing. (c) follows,
since each box lies in Λk for large k.
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2.2 The Hartman–Watson mixture and the annealed coupling field

Lemma 2.2 (Hartman–Watson mixture). For every β > 0 there is a probability measure ωβ
on (0,∞) such that, for all ν ≥ 0 and θ ∈ T,∫

(0,∞)
e−ν

2u/2 ωβ(du) =
Iν(β)

I0(β)
,

eβ cos θ

I0(β)
=

∫
(0,∞)

ṽ1/u(θ)ωβ(du), (2.2)

and ωβ((0, ε)) ≤ eν
2ε/2Iν(β)/I0(β) for all ε > 0 and ν ≥ 0.

Proof. By [HW74, Theorem 1.3], Iν(β)/I0(β) =
∫∞
0 e−ν

2tW (dt, β) (0 ≤ ν <∞) with a distri-
bution function W (·, β) on [0,∞). We let ωβ be its image under u = 2t, which has no atom at

0 because Iν(β) ≤ (β/2)νeβ
2/4/Γ(ν + 1) → 0 as ν → ∞. The second identity follows from the

first by Fourier inversion and Fubini, as
∑

n I|n|(β)/I0(β) = eβ/I0(β) <∞ (for the XY model

it is [AHPS21, Lemma 9.6]). The tail bound is the Chernoff bound 1u<ε ≤ eν
2(ε−u)/2.

Lemma 2.3 (Villain monotonicity). Let X be a finite 2-complex and C an integer 1-cycle.
(a) For t ∈ (0,∞)P (X), ⟨sin θC⟩VX,t = 0 and ⟨cos θC⟩VX,t ≥ 0. (b) ⟨cos θC⟩VX,t is nondecreasing in
each tp. (c) (a) and (b) hold when some plaquettes are removed (weight 1, the limit tp → 0);
a removed plaquette gives a value no larger than any tp > 0. (d) For fixed couplings off D ⊆
P (X), the limit as the couplings on D tend to ∞ exists, lies in [0, 1], and is nondecreasing in
each remaining coupling and in D; in particular gX,τ (C;D) ∈ [0, 1] exists and is nondecreasing
in D (for inclusion) and in τ .

Proof. On a cube of Z3 with couplings in (0,∞), (b) is [CG25, Corollary 1.6] (and [Gut80,
Lemma C.1], for plaquette-dependent couplings). We use the lemma only on boxes, and we
adapt the cited results as follows. Removal, tp → 0, is dominated convergence in (2.6), whose
terms decrease as tp ↓ 0 to those of the complex without p, which gives (c). A box is a cube
with the outside plaquettes removed, and an integer 1-cycle C has θC = θℓ for one closed
path ℓ. Freezing, tp → ∞, is a monotone limit in [0, 1], which gives (d), as tτ,D,s ≤ tτ,D

′,s

for D ⊆ D′, s ≥ τ . For (a) we use θ 7→ −θ, and the value with all plaquettes removed is∫
cos θC dθ/(2π)

|E| ≥ 0. In Section S2.1 we prove the lemma on all finite 2-complexes.

The annealed coupling field. Fix X and β > 0. Let Z(t) :=
∫ ∏

p ṽtp(θp) dθ/(2π)
|E(X)| >

0 for t ∈ (0,∞)P (X), and let µann be the probability measure on (0,∞)P (X) with density

proportional to Z(1/u), 1/u := (1/up)p, with respect to ω
⊗P (X)
β (the normalization is finite

and positive by (2.2) and Fubini). Put ϑJ(u) :=
∑

n∈Z e
−n2u/2 and δβ(ε) :=

∫
(0,ε) ϑJ(u)ωβ(du).

Lemma 2.4 (Annealed coupling field). Let X be a finite 2-complex, β > 0 and ε > 0. (i)
For every bounded measurable F on TE(X), ⟨F ⟩WX,β =

∫
⟨F ⟩VX,1/u µann(du). (ii) (Tilt bound.)

For every p ∈ P (X) and every u−p := (uq)q ̸=p, µann(up < ε | u−p) ≤ δβ(ε). (iii) Under µann
the random set Dε(u) := {p : up < ε} is stochastically dominated by Ber(δ′)⊗P (X) for every
δ′ ∈ [min(δβ(ε), 1), 1]:

∫
F (Dε(u))µann(du) ≤ ED∼Ber(δ′)⊗P (X)F (D) for every nondecreasing

function F on the subsets of P (X). (iv) δβ(ε) ≤ infν≥0 e
ν2ε/2

∑
n∈Z I

√
n2+ν2(β)/I0(β).

Proof. (i) We multiply the second identity of (2.2) over p, integrate against F and against 1,
and use Fubini.
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(ii) The tilt is bounded because, as a function of one coupling, Z is a combination of
the functions e−n

2up/2 with nonnegative coefficients, each at most the constant coefficient.
We fix p and u−p. As µann has density proportional to Z(1/u) with respect to a product
measure, the conditional law of up given u−p has density proportional to up 7→ Z(1/u) with

respect to ωβ. Expanding ṽ1/up(θp) =
∑

n e
−n2up/2einθp (absolutely convergent), we obtain

Z(1/u) =
∑

n∈Z e
−n2up/2An, An :=

∫
einθp

∏
q ̸=p ṽ1/uq(θq) dθ/(2π)

|E|, with A0 > 0 indepen-

dent of up. Here An/A0 = ⟨einθp⟩ in the system with p removed. Since nθp = θC′ for
the integer 1-cycle C ′ = n∂p, Lemma 2.3(a),(c) shows that An is real and 0 ≤ An ≤ A0.
Hence 1 ≤ Z(1/u)/A0 ≤ ϑJ(up) (the lower bound from n = 0), and µann(up < ε | u−p) =∫
(0,ε)(Z/A0) dωβ

/ ∫
(0,∞)(Z/A0) dωβ ≤

∫
(0,ε) ϑJ dωβ = δβ(ε).

(iii) Let Yp := 1[up ≥ ε] and fix an order s1, s2, . . . of P (X). Since Ys1 , . . . , Ysj are functions
of u−sj+1 , (ii) and the tower property give P(Ysj+1 = 1 | Ys1 , . . . , Ysj ) ≥ 1 −min(δβ(ε), 1). By
[LSS97, Lemma 1.1] this yields the domination for δ′ = min(δβ(ε), 1), and EF (D) is nonde-

creasing in δ′ (monotone coupling). (iv) is the Chernoff bound 1u<ε ≤ eν
2(ε−u)/2 integrated

against ϑJ(u)ωβ(du), with (2.2).

Theorem 2.5 (Wilson below diluted Villain). For every finite 2-complex X, integer 1-cycle
C, β > 0, ε > 0 and δ′ ∈ [min(δβ(ε), 1), 1],

0 ≤ ⟨cos θC⟩WX,β ≤ ED∼Ber(δ′)⊗P (X) gX,1/ε(C;D). (2.3)

Proof. The Wilson model is a Villain model with random couplings 1/up (Lemma 2.4(i)),
and by monotonicity we round all couplings up, the weak ones to 1/ε and the strong
ones to ∞. Positivity is (2.1). For fixed u and D = Dε(u) we have 1/up ≤ 1/ε off D,
and hence Lemma 2.3(b),(d) give ⟨cos θC⟩VX,1/u ≤ gX,1/ε(C;Dε(u)). We integrate against

µann(du) (Lemma 2.4(i)) and apply Lemma 2.4(iii) to the nondecreasing function gX,1/ε(C; ·)
(Lemma 2.3(d)).

2.3 The density of frozen plaquettes

From now on we take ε = 1/(Kβ), so that the Villain coupling is τ = Kβ, and set δ :=
δβ(1/(Kβ)) and cδ(K) := |log δ|/β, a function of K and β (the notation shows only K). For
K > e/2 let a∗ = a∗(K) > e/2 be the solution of a∗ = K log(2a∗) (unique on (e/2,∞), where
a 7→ a/ log 2a increases), and put cspδ (K) := a∗

(
1
2 log 2a∗ − 1

)
+ 1.

Lemma 2.6 (Density of frozen plaquettes). Let K > e/2 and β ≥ π−2. Then

log δ ≤ −β
(
cspδ (K)− 1

4a∗

)
+ log

(
(2a∗β + 5)π

√
β
)
+

1

2
, (2.4)

so that cδ(K) ≥ cspδ (K)−1/(4a∗)−OK(log β/β). The function K 7→ cspδ (K)/(2K) is increasing
on (e/2,∞); it equals 14.9662 at K = 377.3635, and it is at least 14.9663 for K ≥ K∗ = 377.38.
Consequently, for every K > K∗ there are ϵK > 0 and β1(K) such that

cδ(K)

2K
≥ 14.9662 + ϵK (β ≥ β1(K)). (2.5)

The number 14.9662 is 6 · 2.4943551 = 14.96613 rounded up, where the Debye expo-
nent π2vCb(0) = 2.4943550872 . . . gives log(1/m̃) = π2vCb(0) τ + O(log τ) (Definition 3.1),
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with vCb(0) = (−∆Z3)−1(0, 0) = 0.2527310 . . ., half of Watson’s integral [Wat39] in the nor-
malization of [Zuc11], whose closed form is [Zuc11, (3.6)] (Section S1.1.1). Thus (2.5) says
δ1/2 ≤ m̃ 6e−ϵKτ+O(log τ): one mark, of probability at most δ1/2 (a plaquette marks at most
two sites), outweighs the entropy (m̃−1)6+o(1) of a root and a part in the Peierls count of
Lemma 5.12, which is the only place where we use K > K∗.

Proof. Roughly speaking, the heavy dual tail of the Wilson weight comes from ωβ near u = 0.
Applying Lemma 2.4(iv) at its saddle point ν = a∗β, with the series of Iµ, log-convexity
of Γ, Stirling’s inequality and I0(β) ≥ eβ−1/2/(π

√
β) for β ≥ π−2, we obtain (2.4). The

computation, the monotonicity and the two values are in Section S1.1.2. For K > K∗, ϵK :=
1
2

(
cspδ (K)/(2K)− 14.9662

)
≥ 9 · 10−5, since cspδ (K)/(2K) is increasing and equals 14.96639 at

K∗ (Section S1.1.2). For these K, the value 14.9663 of the statement gives ϵK ≥ 5 ·10−5, which
also suffices. Further, as 1/(8Ka∗) < 10−7 for K ≥ K∗, (2.4) gives (2.5) once the OK(log β/β)
term is below KϵK .

2.4 The dual representation and the frozen limit

Let Λ′ be a box, regarded as a closed cubical complex with cubes Λ′
3, plaquettes Λ′

2 and
boundary plaquettes ∂2Λ

′, and let ∂ : ZΛ′
3 → ZΛ′

2 be the boundary map, cubes oriented
outward. Since the complex is contractible, ∂ is injective, Z2(Λ

′) = ∂ZΛ′
3 , and each integer

1-cycle C in Λ′ bounds an integer 2-chain n0. Dually, cubes are sites, an interior plaquette is
a bond between its two cubes, and a boundary plaquette is a bond to an exterior ground site,
where k = 0.

Lemma 2.7 (Dual representation). Let t ∈ (0,∞)Λ
′
2, let C be an integer 1-cycle in Λ′, and

let n0 be any integer 2-chain of Λ′ with ∂n0 = C. Then

⟨cos θC⟩VΛ′,t =

∑
k∈ZΛ′

3

∏
p e

−(n0+∂k)2p/(2tp)∑
k∈ZΛ′

3

∏
p e

−(∂k)2p/(2tp)
. (2.6)

Proof. By the expansion
∏
p ṽtp(θp) =

∑
n∈ZΛ′

2

∏
p e

−n2
p/(2tp)ei(∂n)·θ (absolutely convergent,

even coefficients), ⟨eiθC ⟩ = ⟨cos θC⟩ is the ratio of the sums over ∂n = C and over ∂n = 0,
and n = n0 + ∂k, k ∈ ZΛ′

3 , parametrizes the first set bijectively for each n0 (Z2(Λ
′) = ∂ZΛ′

3 , ∂
injective). This matters when frozen plaquettes surround an edge of C.

We now fix τ > 0 and a set F ⊆ Λ′
2 of plaquettes to be frozen, and let tsp be τ for p /∈ F and

s for p ∈ F . Let KF be the set of components not containing the ground of the unfrozen graph
(with the cubes and the ground as vertices and the plaquettes not in F as bonds). A cube
with all faces in F is such a component. Fix cK ∈ K and put W := {

∑
K∈KF

aK1K : a ∈ ZKF }
and W ′ := {k ∈ ZΛ′

3 : k(cK) = 0 for all K ∈ KF }. Then ZΛ′
3 = W ⊕W ′, and (∂w)p = 0 for

w ∈W , p /∈ F .

Lemma 2.8 (Frozen limit and zero modes). In this setting, for every integer 1-cycle C in Λ′

and every integer 2-chain n0 of Λ′ with ∂n0 = C,

lim
s→∞

⟨cos θC⟩VΛ′,ts =

∑
k∈W ′ exp

(
− 1

2τ

∑
p/∈F (n0 + ∂k)2p

)∑
k∈W ′ exp

(
− 1

2τ

∑
p/∈F (∂k)

2
p

) . (2.7)
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The quadratic form k 7→
∑

p/∈F (∂k)
2
p is positive definite on W ′⊗R, so both sums converge; the

summands are invariant under W , so the sums run over ZΛ′
3/W (k modulo one constant on

each component in KF ) and do not depend on the choice of W ′. In particular every cube all
of whose faces are frozen drops out.

Proof. Freezing deletes dual bonds. The only issue is the soft directions W , one zero mode for
each component inKF (isolated cubes included, such as the cubes outside Λ′ in Proposition 2.9),
along which only the frozen weights act, at strength 1/s. Poisson summation over w ∈ W
(k = w′ +w; positive definite as ∂ is injective) gives a prefactor that cancels in the ratio times
a factor in [0, 2] tending to 1. A w′ with 1F c∂w′ = 0 is constant on components and vanishes
on that of the ground (positive definiteness), and dominated convergence gives (2.7) (details
in Section S2.1).

2.5 One box with insulating walls

For a box Λ′, D ⊆ Λ′
2 \ ∂2Λ′ and τ > 0, gfixΛ′,τ (C;D) := gΛ′,τ (C;D ∪ ∂2Λ

′) is the Villain
expectation on Λ′ with the plaquettes of D and the boundary plaquettes frozen. We write
C ⊂ Λ′ \ ∂Λ′ if all edges of C lie in Λ′ and none lies in the boundary of Λ′.

Proposition 2.9 (One box). Let C be an integer 1-cycle, Λ′ a box with C ⊂ Λ′\∂Λ′, K,β > 0,
τ = Kβ, δ as in Section 2.3 and δ′ := min(δ, 1). For every finite box Λ ⊇ C, ⟨cos θC⟩WΛ,β ≤
E
D∼Ber(δ′)⊗(Λ′

2\∂2Λ
′) g

fix
Λ′,τ (C;D).

Proof. We use volume monotonicity and then freeze everything outside Λ′. Let Λ′′ ⊇ Λ ∪ Λ′

be a box and Fout := Λ′′
2 \ (Λ′

2 \ ∂2Λ′). Then Theorem 2.1(b), Theorem 2.5 on X = Λ′′

(ε = 1/(Kβ)) and Lemma 2.3(d) give ⟨cos θC⟩WΛ,β ≤ ED′′ gΛ′′,τ (C;D ∪ Fout), D
′′ ∼ Ber(δ′)⊗Λ′′

2 ,

D := D′′∩ (Λ′
2 \∂2Λ′). By Lemma 2.8 on Λ′′ and on Λ′ (n0 in Λ′), the right side is gfixΛ′,τ (C;D),

as the unfrozen plaquettes are the same, the cubes outside Λ′ are isolated, and the ground is
not reached.

Slit graphs. Let Λ′ be a box, F ⊆ Λ′
2 with ∂2Λ

′ ⊆ F, and X ⊆ Λ′
3 a set of cubes all of whose

faces lie in F. The slit graph G′ = (V,E) has V := Λ′
3 \ X and E := E(V ) \ S, with E(V )

the nearest-neighbour pairs in V and S those whose common plaquette lies in F. Conversely,
each triple (Λ′,X, S), S a set of bonds with both ends in Λ′

3 \ X, arises in this way, with
F := F (X) ∪ FS ∪ ∂2Λ′ (F (X) the faces of the cubes of X, FS the plaquettes dual to S). The
phrase “every slit graph” means every such triple. As E omits the bonds of S, a slit graph is
in general not an induced subgraph of Z3. Its components are denoted K (an isolated vertex
is a component), its vertices have degree at most 6, and dG′(x, y) ≥ ∥x − y∥1, with dG′ = ∞
across components. We orient a bond b = (x, y) ∈ E and its plaquette pb compatibly (pb as in
∂x). For an integer 2-chain Ξ of Λ′ with ∂Ξ = C let ξb ∈ Z be the coefficient of pb in Ξ (for
the flat rectangle spanned by C, the signed crossing number, in {0,±1}), and for k ∈ Z put

ZG′(k,Ξ) :=
∑
[m]

exp
(
− 1

2τ

∑
b=(x,y)∈E

(
m(y)−m(x)− kξb

)2)
, WG′(C) :=

ZG′(1,Ξ)

ZG′(0,Ξ)
, (2.8)

where [m] runs over the classes of m ∈ ZV modulo functions constant on each component.
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Coarse and fine. In Sections 3 to 5 the hole set X is a set of coarse sites and the frozen set
S a set of coarse bonds (Definition 3.7), with the coarse slit graph (Λ◦ \ X, E(Λ◦ \ X) \ S). A
coarse face carries between r20 and r̄20 fine plaquettes (Definition 3.4). On the fine lattice the
hole cubes are the fine cubes in sites of X, F (X) is the set of their faces (Definition 3.6), FS
the set of fine plaquettes in the coarse faces dual to the bonds of S, and

F := F (X) ∪ FS ∪ ∂2Λ◦. (2.9)

For the output (X, S) = (X(D), S(D)) of Theorem 3.20 the fine slit graph of this F is the
output G′ = G′(D). Its vertices are the fine cubes of Λ◦ outside the holes, and a bond at a
vertex is missing from E exactly when it leads into a hole, is frozen (dual to FS), or leaves Λ

◦.

Proposition 2.10 (Frozen plaquettes are insulating walls). Let Λ′, F, X and G′ be as above,
τ > 0, and C an integer 1-cycle in Λ′. For every D ⊆ F\∂2Λ′, gfixΛ′,τ (C;D) ≤ gfixΛ′,τ (C;F\∂2Λ′) =
WG′(C), and WG′(C) depends neither on the choice of Ξ nor on the choice of X.

Proof. Freezing raises the loop (Lemma 2.3(d) gives the inequality) and deletes a dual bond.
Hence holes, sheets, cuts and box walls are admissible. For the identity we apply Lemma 2.8
with F = F, n0 = Ξ. Here no component reaches the ground, cubes with all faces in F
(those of X among them) are isolated and drop out, and (Ξ + ∂k)pb = ξb + k(x) − k(y) gives
ZG′(1,Ξ)/ZG′(0,Ξ) with m = k|V . A change Ξ′ = Ξ + ∂U is absorbed by m 7→ m− U |V . On
outputs, D ⊆ F(D) for all D (Theorem 3.20), and hence the inequality applies to every D.

Definition 2.11 (Min-cut area). For F as in (2.9), the min-cut area of C in G′ is AG′(C) :=
min{#(suppΣ \ F) : Σ an integer 2-chain of Λ◦ with ∂Σ = C}.

3 The regularization: construction and main properties

In this section we define a deterministic map D 7→ G′(D) from sets D of frozen plaquettes
to slit domains and state the results that later sections use, Theorems 3.20 (terminal state)
and 3.21 (history). We prove both in Section 4. Throughout Sections 3 to 5 we fix K > K∗,
β ≥ β0(K), τ = Kβ and the constants fixed before K (Section 8, with values in Section S1).
The loop C = ∂Ξ bounds the rectangle Ξ := [r1, r1+R]× [t1, t1+T ]×{z0} (r1, t1, z0 ∈ Z, fine
units), with min(R, T ) ≥ R1. We treat other planes by permuting the axes. All statements
hold for arbitrary D ⊆ Λ◦

2 \ ∂2Λ◦. Units are coarse (one site is one coarse cell of the grid) and
distances are coarse ℓ∞ distances unless “fine” or “Euclidean” is written. We write Q∞(u, r) :=
{x : |x− u|∞ ≤ r}.

The design. The Phase-1 hole set is the smallest minimizer of a cut functional (Defini-
tion 3.11). We pay its cost by comparison with competitors that replace a region, at a bounded
cost per mark (Section 4.3). Fills add whole blocks and are triggered by a count of marks.
Penalizing defective interfaces or weak links instead fails by cascades, since freezing the bonds
of one defect can create defects of the same kind in other blocks (cells are defined through
windows), whereas filling blocks changes no bond inside other blocks. We enforce (NF∗) by a
rule of Phase 2 (the cut rule), not by a term of the functional, since the deletion competitor
of the payment can create a fragmented split. A local seal fills the thin pieces of blocks that
minimality does not exclude (Definition 3.16).
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3.1 Scales, the box, the grid

Definition 3.1 (Scales and units). Let m̃ ∈ [mD/2, 2mD] be the screening mass of Section 6
(fine units). The scales are: the fine side r0 ≥ 1 of a coarse cell, which is at most r̄0 :=
2r0−1; the block scale Lc, the largest even integer ≤ cLm̃

−1/r0 (coarse), and L := r0Lc (fine);
ρλ := Lc/12 and the hull penalty λ := 1/ρλ = 12/Lc; V∗ := (1 − ηw)

3ρ3λ/2 with ηw := 1/10;
the window bound kP := 304Lc; the removal scale ℓ := ℓD/r0 with ℓD := L⌈m̃−1/L⌉; and
R1 := (2r□ + 5)L (fine) with r□ := (kP + 3)/Lc ≤ 305.

The lower bounds on τ used here (Lc ≥ 4, m̃L ≥ cL/2) are in Section S1.2. Since cL ≤
1/308, we have

ℓ ≥ kP + 4Lc = 308Lc, m̃L ≤ cL ≤ 1
2 . (3.1)

Definition 3.2 (The box Λ◦). Put m := max(R, T ), MΛ := max
(
3m, r0(ℓ + 3)

)
(fine), M ′

Λ

the even integer in {MΛ,MΛ + 1}, and o = (o1, o2, o3) := (r1 +R/2, t1 + T/2, z0), the centre
of Ξ. Then Λ◦ :=

∏3
µ=1[aµ, bµ] with aµ := ⌊oµ⌋−M ′

Λ/2 and bµ := aµ+M
′
Λ, a cube whose faces

are lattice planes; Λ◦
2 is its set of plaquettes and ∂2Λ

◦ the set of those contained in ∂Λ◦.

Lemma 3.3 (Properties of Λ◦). (a) Λ◦ and its grid G(C) depend only on C and the constants.
(b) Consecutive special planes are at fine distance ≥ L. (c) Every coarse side of Λ◦ is ≥ ℓ ≥
kP + 4Lc, and Λ◦ is a union of blocks and of removal cells. (d) The coarse sides nµ of Λ◦

satisfy maxµ nµ ≤ 2minµ nµ. (e) Λ◦ contains the fine ℓ∞-neighbourhood of radius m of Ξ, so
dist(C, ∂Λ◦) ≥ max(R, T ), C ⊂ Λ◦ \ ∂Λ◦, and the fine side of Λ◦ is ≥ 3max(R, T ).

Proof. Parts (a) to (d) are proved in Section S2.2. For (e) we use M ′
Λ ≥ 3m and oµ − 1

2 ≤
⌊oµ⌋ ≤ oµ. They give r1 − a1 ≥ (M ′

Λ − R)/2 ≥ m, and the integer b1 − (r1 + R) is at least
o1 − 1

2 +M ′
Λ/2− r1 −R = (M ′

Λ −R− 1)/2 ≥ m− 1
2 , hence at least m. Direction 2 is the same

with T , and z0 − a3 = b3 − z0 =M ′
Λ/2 ≥ m.

Definition 3.4 (The loop-adapted grid G(C)). The grid G(C) is a function of C and the
constants (construction in Section S2.2). Its special planes are the planes of C and the faces
of Λ◦. Its sites are boxes of fine sides in [r0, r̄0] forming, combinatorially, a box of Z3, with
nearest-neighbour bonds E; the coarse face dual to a bond is the common face of its two sites.
Blocks are the boxes between consecutive block planes of the three directions; a block face F ′

is the common face of two adjacent blocks, and |F ′| is the number of bonds across it; the block
distance of two blocks is the ℓ∞ distance of their indices. For a removal cell ∆, |∂∆| is the
number of bonds of Z3 with exactly one end in ∆, bonds leaving Λ◦ included. The window
Q̂(Q) of a block Q is the union of the blocks at block distance at most 75 from Q; Q is the set
of windows. For a block face F ′ between blocks Q, Q′, in the plane P ′, the tube zone Z(F ′) is
the set of sites of Q∪Q′ in the Lc/2 layers nearest to P ′ on each side, and the tube τb of a bond
b across F ′ is the segment of its line formed by its Lc sites in Z(F ′). Later proofs use only
the following properties (proof in Section S2.2; sizes in Table S1.2). (G1) Consecutive parallel
block planes are at coarse distance in [Lc, 2Lc−1]. Blocks have coarse sides in [Lc, 2Lc−1], fine
sides in [L, 2L− 1], volume in [L3

c , 8L
3
c), and |F ′| ∈ [L2

c , (2Lc − 1)2]. (G2) Every block is a box
with six faces, each a block face or contained in ∂Λ◦; a line in direction µ crosses only block
planes perpendicular to eµ; every special plane is a block plane; Λ◦ and every removal cell are
unions of blocks. (G3) Removal cells tile Λ◦, have coarse sides in [ℓ, 2ℓ+2Lc− 3] ⊆ [ℓ, 3ℓ), and
|∂∆| ∈ [6ℓ2, 54ℓ2). (G4) Every window Q̂(Q) is a box of coarse sides less than kP that contains
Q∞(u, 75Lc) ∩ Λ◦ for every site u ∈ Q; Q ∪Q′ ⊆ Q̂(Q) for every block Q′ adjacent to Q; and
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every site lies in at most 1513 windows. (G5) Z(F ′) ⊆ Q ∪Q′; tube zones of distinct parallel
block faces are disjoint; a tube crosses no block plane other than P ′.

Lemma 3.5 (Alignment). By (G2) the planes of C are block planes; so, with P := {x3 = z0}:
(A1) every plaquette of Ξ lies in the block plane P , and no bond with both ends in one block
crosses Ξ; (A2) every block face lies in Ξ or contains no plaquette of Ξ; (A3) every block lies
on one side of P , and C lies on lines of block planes. Every plaquette of Ξ is interior to Λ◦

(Lemma 3.3(e)).

Definition 3.6 (Marks). For a set Y of sites, F (Y ) is the set of fine plaquettes that are faces
of fine cubes contained in sites of Y . A site is marked iff one of its fine cubes has a face in D;
M = M(D) is the set of marked sites, and N(P ) := |P | for P ⊆ M. Then D ⊆ F (M), and a
plaquette of D marks at most two sites, since it is a face of at most two fine cubes.

3.2 States, functionals and steps

For a set Y of sites, we write E(Y ) for the set of bonds with both ends in Y , ∂Y for the set of
bonds of E = E(Λ◦) with exactly one end in Y , and V (A) for the set of endpoints of a bond
set A. A bond touches Y if it has an end in Y . Bonds leaving Λ◦ are not in E, that is, the
faces of the box are free.

Definition 3.7 (States). A state is a triple σ = (X,U, S): the holes X ⊆ Λ◦, the filled
blocks U ⊆ X, a union of blocks, and the frozen bonds S ⊆ E(Λ◦ \ X), each crossing a
block face and each of one kind : S = S1 ⊔ Scut, seal bonds and cut bonds (Definitions 3.16
and 3.18). A block is surviving if it is not contained in U. A frozen bond that X grows to
touch leaves S; it is converted, and from then on it is an ordinary hole face. The slit graph is
G′(σ) :=

(
Λ◦ \ X, E(Λ◦ \ X) \ S

)
, and R(σ) := S ∪ {b ∈ E : b touches X} is the set of bonds

missing from it. Along a history (a finite sequence of states produced by the steps below;
Definition 4.1), the base is Bt := M ∪ Ut, and the ever-frozen set S̄t is the set of bonds frozen
at some time ≤ t that do not touch Bt, converted bonds included, each keeping its kind.

Definition 3.8 (Hull functional). Let S ⊆ E carry weights wb ∈ [0, 2]; for X ′ ⊆ Λ◦,

FSλ (X
′) := |∂X ′|+

∑
b∈S∩E(Λ◦\X′)

wb + λ|X ′|. (3.2)

Every frozen bond has the hull weight wb := 2− ηw = 19
10 .

Lemma 3.9 (Min-cut structure of the hull). Let S ⊆ E carry weights wb ∈ [0, 2]. (a) FSλ
is the sum of the cut function of a graph on Λ◦ with nonnegative capacities and of a modular
function; in particular it is submodular. (b) For every Y ⊆ Λ◦, the minimizers of FSλ over
{X ′ : Y ⊆ X ′ ⊆ Λ◦} are closed under union and intersection; the smallest, HS

λ (Y ), is the
source side of a minimum s–t cut in a network with nonnegative capacities. Bonds of S that
touch Y may be added to S or removed from it, with any weights, without changing HS

λ (Y ). (c)
HS
λ is extensive and idempotent: Y ⊆ HS

λ (Y ) = HS
λ (H

S
λ (Y )). (d) Let S, S′ carry weights that

agree on S ∩ S′. If Y ⊆ Y ′ and R(Y, S) ⊆ R(Y ′, S′), where R(Y, S) := S ∪ {b : b touches Y },
then HS

λ (Y ) ⊆ HS′
λ (Y ′). In particular HS

λ is a closure operator for fixed S and monotone in
S.
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Proof. For (a), we write a frozen bond of weight w ≤ 2 as a modular term plus a cut term of
capacity 2−w

2 ≥ 0. Weights above 2 would give negative capacities, which is why frozen bonds
weigh at most 2. Indeed, with cb(X

′) := 1[exactly one end of b = {u, v} in X ′], the three cases
give wb1[u, v /∈ X ′] + cb(X

′) = wb − wb
2 (1[u ∈ X ′] + 1[v ∈ X ′]) + 2−wb

2 cb(X
′) for b ∈ S, hence

FSλ (X
′) =

∑
b∈E

κb cb(X
′) +

∑
x∈X′

µ(x) +
∑
b∈S

wb, (3.3)

with κb := 1 for b /∈ S, κb := (2−wb)/2 for b ∈ S, and µ(x) := λ− 1
2

∑
b∈S, b∋xwb. This proves

(a). Parts (b) and (c) are the lattice and closure properties of the minimizers of a submodular
function on {X ′ ⊇ Y }. The network has capacities κb on the bonds, µ(x)± to the sink or from
the source, and ∞ from the source to Y . On {X ′ ⊇ Y }, a bond of S touching Y contributes
1 or 0 whatever its weight. (d) By (b) we may add the bonds of S \ S′, which touch Y ′, to S′

with their S-weights, so that S ⊆ S′. Then g := FS
′

λ −FSλ =
∑

b∈S′\S wb1[no end of b in X ′] is

non-increasing. With M := HS
λ (Y ) and M ′ := HS′

λ (Y ′), submodularity gives FSλ (M ∩M ′) +
FS

′
λ (M ∪M ′) ≤ FSλ (M)+FSλ (M

′)+ g(M ∪M ′) ≤ FSλ (M)+FS
′

λ (M ′). Each term on the left is
at least the corresponding one on the right. Hence M ∩M ′ ⊇ Y is a minimizer, and M ⊆M ′.

Definition 3.10 (Hull step). In a history, the hull step at time t replaces the hole set by

H S̄t
λ (Bt), the hull from the base computed with the ever-frozen set and the hull weight, and

converts the frozen bonds that touch it. A time t (or its state) is hull-closed if Xt = H S̄t
λ (Bt).

Definition 3.11 (Forced blocks; the regularization functional). For a block Q let 3Q be the
union of the at most 27 blocks at block distance at most 1 from Q, and N(3Q) := |M∩3Q|. The
block Q is forced if N(3Q) ≥ ϑL2

c , where ϑ := 3 ·10−5 is the forcing threshold ; BF = BF (D) is
the set of forced blocks. Put λU := 2cs/ℓ and µB := 25. For a set S̄ of bonds that cross block
faces, each with the hull weight, and for pairs (X,U) with M ⊆ X ⊆ Λ◦ and U ⊆ X a union of
blocks,

E S̄(X,U) := F S̄λ (X)− (λ− λU )|U|+ µBL
2
c #{Q ∈ BF : Q ̸⊆ U}. (3.4)

Filling a block Q costs at most |∂Q| + λU |Q| < 24.6L2
c < µBL

2
c . Hence forced blocks are

filled (Lemma 4.9), at a cost of at most 27 · 24.6/ϑ per mark. Filling a removal cell ∆ costs at
most w∗, and therefore a minimizer fills each cell whose insulation exceeds w∗ (Theorem 4.17).
The arithmetic behind these bounds is in Section S1.2.

Lemma 3.12 (Min-cut structure of the regularization functional). Let S̄ be as in Defini-
tion 3.11. (a) E S̄ is, up to a constant, the cut function of an s–t network with nonnegative
capacities; its minimizers are closed under componentwise union and intersection, and the
smallest one, (X∗,U∗), is the source side of a minimum cut, a deterministic function of M and
S̄. (b) X∗ = H S̄

λ (M ∪ U∗). (c) The smallest minimizer is componentwise nondecreasing in S̄.

Proof. (a) We add to the network of Lemma 3.9(b) for F S̄λ (with ∞ from the source to the
marks) a node uQ per block Q, with capacity ∞ from uQ to each site of Q and (λ− λU )|Q|+
µBL

2
c1[Q ∈ BF ] from the source to uQ. Putting uQ on the source side means Q ⊆ U. A finite

cut hasM∪U ⊆ X, and since the blocks tile Λ◦ (G2), its capacity is E S̄(X,U)+(λ−λU )|Λ◦| up to
the constant of (3.3). The capacities are nonnegative (λU < λ). Hence the minimum cuts form
a lattice, and the smallest source side is the set reachable from the source in the residual network
of a maximum flow. (b) For fixed U∗, E S̄(·,U∗)−F S̄λ is constant on {X ⊇ M∪U∗}, and a smaller
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minimizer there would give a smaller joint minimizer. (c) Let S̄ ⊆ S̄′, and m, m′ the smallest
minimizers of E := E S̄ and E ′ := E S̄′

= E + g, g(X,U) :=
∑

b∈S̄′\S̄ wb1[no end of b in X], which
does not increase when the pair grows. Minimality of m′ for E ′ and g(m ∪m′) ≤ g(m′) give
E(m′) ≤ E(m ∪ m′). Combined with submodularity, this yields E(m ∩ m′) ≤ E(m). Thus
m ∩m′ is a minimizer of E , and m ⊆ m′.

For a state (X,U, S) and a bond set A, we define the two-sided insulation by A2(A) :=
#{b ∈ A : b has exactly one end in X} + 2#(S ∩ A). Here a frozen bond counts 2 whatever
its weight.

Definition 3.13 (Removal). Let σ be a hull-closed state with base B. For a removal cell
∆ ̸⊆ B put w(∆) := A2(E(∆)), with E(∆) the set of bonds with both ends in ∆ and S the
current frozen set. The removal step removes, all at once, every removal cell ∆ ̸⊆ B with
w(∆) > w∗ := (1 + cs)|∂∆|, where cs ∈ (0, 10] is the removal slack: X := X ∪∆, U := U ∪∆,
and the frozen bonds touching ∆ are converted. A hull step follows every removal step.

Definition 3.14 (Cells, interfaces). Let σ be a state, G′ = G′(σ), and for Q̂ ∈ Q let G′ ∩ Q̂
be the subgraph of G′ induced on Q̂ \ X, with components K̂. For a block Q ̸⊆ X, the cells of
Q are the sets ΩQ,K̂ := Q ∩ K̂ for the components K̂ of G′ ∩ Q̂(Q) that meet Q. For a block

face F ′ between blocks Q,Q′ ̸⊆ X, an interface I is a nonempty set consisting of all G′-bonds
across F ′ that join a given cell of Q to a given cell of Q′, and F (I) := F ′; frozen bonds and
hole faces belong to no interface. A bond b ∈ I is good if its tube τb is a G

′-path (its sites lie
in Λ◦ \ X and its bonds are G′-bonds), and good(I) is the number of good bonds of I.

Definition 3.15 (Weak links). Let Q̂ ∈ Q, K̂ a component of G′ ∩ Q̂, and fG′(A,A′) the
number of G′-bonds between disjoint site sets A, A′. For χ′ > 0, A ⊆ K̂ is a χ′-weak link of K̂
if 0 < |A| ≤ |K̂|/2 and fG′(A, K̂ \ A) < χ′|A|/kP . The weak-link constants are χ := 2.0 · 10−8

and χN3 := χ/3.

Weak links are excluded by Theorem 4.16(c).

Definition 3.16 (Auxiliary material; the seal). Let σ = (X,U, S) be a hull-closed state with
ever-frozen set S̄, and j a surviving block; put Vj := j \ X. The auxiliary functional F aux

j is

F S̄∪∂jλ , every bond of ∂j counted as frozen with the hull weight, on the sets Y with X ⊆ Y ⊆
X ∪ Vj . Its minimizers are closed under union and intersection (Lemma 3.9(a)); the smallest
one is Mj , and Aj :=Mj \X is the auxiliary material of j. The seal step freezes every G′-bond
that crosses a face between two surviving blocks and has an end in

⋃
j Aj ; these bonds form

S1, with the hull weight. A hull step follows every seal step.

The set Mj is obtained from one maximum flow inside j. A block with a thin piece,
attached to the rest of the block by few bonds however large its contacts across the faces of
j, has auxiliary material (Lemma 4.13). After the seal, the next hull step fills the auxiliary
material (Lemma 4.14).

3.3 Phase 1 and Phase 2

Definition 3.17 (Phase 1; the terminal properties). Phase 1 starts from the state (M, ∅, ∅)
with S̄ := ∅ and repeats the following outer step until an outer step changes neither U nor S̄,
that is, until both loops are at rest: (1) (X,U) := the smallest minimizer of E S̄ (Lemma 3.12);
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(2) with U fixed, as long as some surviving block has auxiliary material, perform a seal step,
add its bonds to S̄, and perform the hull step X := H S̄

λ (M∪U). Its final state (X1,U1, S1), with
S1 := S̄ ∩ E(Λ◦ \ X1), base B1 := M ∪ U1 and ever-frozen set S̄1 := S̄, is the Phase-1 output.
The terminal properties of a hull-closed state with base B, frozen set S and ever-frozen set S̄
are: (S-hull) X = H S̄

λ (B) = HS
λ (X); (S-rem) no removal cell ∆ ̸⊆ B has w(∆) > w∗; (S-face)

every interface I has good(I) ≥ cg|F (I)|; (S-plug) no component of any G′ ∩ Q̂, Q̂ ∈ Q, has a
χN3-weak link.

We will show in Theorem 4.17 that Phase 1 terminates and that its output is the smallest
minimizer of E S̄1

, has no auxiliary material and no frozen bond, and has the four terminal
properties. Since S̄ does not change in the last outer step, the output is the pair returned by
its step (1), and step (2) finds no auxiliary material. Smallest minimizers are canonical, and
therefore no tie-break enters Phase 1.

Definition 3.18 (Scale cost, fragmented splits, the cut rule, Phase 2). Let σ be a state with
slit graph G′ and cells as in Definition 3.14; every site of Λ◦\X lies in exactly one cell, and every
cell in one component of G′. A cell set is a union U of cells; its cut ∂G′U is the set of G′-bonds
with exactly one end in U , and |∂G′U | is its number of (coarse) bonds. U is c-connected if it is
connected in the graph on U whose edges are the G′-bonds inside U and the pairs of sites in a
common cell. The distance of two interfaces is the least Euclidean distance (fine units) between
the coarse faces dual to their bonds; for a finite set B of interfaces and s > 0, φs(B) is the
number of classes of the equivalence relation generated by “distance ≤ s”. Since ∂G′U is a union
of whole interfaces (Lemma 4.27(a)), the scale cost J(U) :=

∑
j≥0: 2jL≥RNF

(φ2jL(∂G′U) − 1)

is defined, where RNF := Lec
NF
3 Funit (fine), Funit := σFL

2 with σF the wall tension (7.15), and
θNF, c

NF
3 > 0 are the cut-rule constants (values in Section S1.1.1). A pair (K, U) is fragmented

if K is a component of G′, U ⊊ K is a nonempty c-connected cell set, K \U is c-connected, and
J(U) > θNFFunit|∂G′U |/L2

c . The cut rule acts at a hull-closed state at which no removal cell
is over threshold and no surviving block has auxiliary material: a firing freezes ∂G′U for the
first fragmented pair (K, U) in a fixed lexicographic order that depends only on C; these bonds
form Scut, have the hull weight and count 2 in A2 and in w(∆); nothing is filled. Phase 2
starts from the Phase-1 output, with base B1 and ever-frozen set S̄1, and repeats the following
pass until a full pass changes nothing: (1) a hull step; (2) a removal step, then a hull step; (3)
a seal step, then a hull step; (4) if (1) to (3) changed nothing, one firing of the cut rule, then
a hull step. Its terminal state (X,U, S) is the output of the construction.

The coarse trigger implies the lattice form. Since a coarse face carries at least r20 fine
plaquettes, we have |∂G′U |fine/L2 ≥ |∂G′U |/L2

c , and hence a split fragmented with the fine cut
size is fragmented.

Proposition 3.19 (Termination, joint fixed point, (NF∗)). Phase 2 terminates. Its terminal
state has (S-hull), (S-rem), (S-face), (S-plug) on the global slit graph and (S-NF): for every
component K of the final G′ and every nonempty c-connected cell set U ⊊ K with K \ U c-
connected,

J(U) ≤ θNF Funit |∂G′U |/L2
c . (NF∗)

If the Euclidean diameter of Λ◦ (fine units) is at most RNF, then Phase 2 makes no firing and
the output is the Phase-1 output.
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3.4 The output and the regularization theorem

The output. The output (X,U, S), with base B = M ∪ U and S = S1 ⊔ Scut ⊆ E(Λ◦ \ X),
defines the slit domain G′ = G′(D) := G′(X, S), the free set F of (2.9) and the min-cut area
AG′(C) of Definition 2.11. The fine slit graph is that of Section 2.5, and cells and interfaces are
those of Definition 3.14. The cell graph of a component K of G′ has the cells in K as vertices
and the interfaces as edges. The weight of a cell Ω is |Ω|fine, its number of fine cubes. The
U-cells are the parts of a partition of each cell graph given by Lemma 4.21 with V = VU := m̃−3

(one fixed choice for each G′). A component of weight < VU is a single U-cell.

Theorem 3.20 (Regularization theorem: terminal form). For every D ⊆ Λ◦
2 \ ∂2Λ◦:

(R1) (Termination, determinism.) Phase 1 and Phase 2 terminate; the output (X, S) is a
deterministic function of D; and M ⊆ X, so that D ⊆ F (M) ⊆ F (X) ⊆ F.

The output satisfies the hull identity and the terminal properties, read on its slit graph: (N1)
(S-hull), (N2) (S-face), (N3) (S-plug) and (N4) (S-rem) of Definition 3.17, and (N5) (S-NF)
of Proposition 3.19. Consequently the following hold, with constants that depend only on the
constants fixed before K and on none of β, τ , K, C, D, except c′g and cu, which see β only
through the rounding of Lc and lie between two such constants (Section S1.1.1).

(R2) (Geometry.) For every W ⊆ Λ◦ \ X, |∂Λ◦W | ≤ aη|∂G′W | + bηλ|W | with (aη, bη) =
(19/9, 10/9), where ∂Λ◦W is the set of bonds of E with exactly one end in W and ∂G′W
the set of G′-bonds with exactly one end in W ; with cI := 22/3, |∂G′W | ≥ (9cI/38)|W |2/3
whenever |W | ≤ V∗; and no component of G′ has at most V∗ sites.

(R5) (Cell volume.) Every cell satisfies c1L
3
c ≤ |Ω| < 8L3

c , with c1 := min
(
cg/2, ((1 −

ηw)cI/24)
3
)
.

(R6) (Poincaré inequality on cells.) For every cell Ω of a block Q there is a connected set
K♭(Ω) with Ω ⊆ K♭(Ω) ⊆ Q̂(Q) such that every A ⊆ K♭(Ω) with 0 < |A| ≤ |K♭(Ω)|/2 has
fG′(A,K♭(Ω) \A) ≥ χ|A|/(3kP ) (expansion form), and, for every f : Λ◦ \ X → R,∑

x∈Ω
|f(x)− f̄Ω|2 ≤

108

χ2
k2P

∑
{x,y}∈EG′ (K♭(Ω))

(f(x)− f(y))2,

where f̄Ω is the average of f over Ω and EG′(·) the set of G′-bonds with both ends in the
set; each G′-bond lies in EG′(K♭(Ω)) for at most Nov ≤ 27(kP /Lc)

3 cells Ω.

(R7) (Cells and U -cells.) Every cell lies in one block and in one component of G′; every
interface lies in one block face, and that face lies in Ξ or contains no plaquette of Ξ. Every
U-cell is a union of cells, connected in the cell graph, of weight in [VU , (2+6/cg)VU ), or a
whole component of G′ of weight in (cuVU , VU ), with cu := r30V∗m̃

3 = ((1−ηw)cIm̃L/24)3;
and every U-cell has Euclidean diameter at most CUm̃

−1.

(R8) ( Interfaces.) Every interface I has good(I) ≥ cg|F (I)| ≥ cgmax(|I|, L2
c); good bonds on

one line are at distance ≥ Lc; the tube of a good bond of I lies in Q∪Q′ ⊆ Q̂(Q)∩ Q̂(Q′),
with one half in each cell of I; a block face carries at most 1/cg interfaces, and a cell
has at most 6/cg neighbouring cells. In fine units, goodfine(I) ≥ c′gmax(|I|fine, L2) with
c′g = cg(1 + 1/Lc)

−2.
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(R9) (Density bound.) Every removal cell ∆ satisfies A2(E(∆)) ≤ w∗ and, counting every
bond of E with an end in ∆, A2(E(∆) ∪ (∂∆ ∩ E)) ≤ w∗ + 2|∂∆| = (3 + cs)|∂∆|.

(R10) (Non-fragmentation.) (NF∗) holds in the split form (S-NF) of Proposition 3.19.

Item (R1) and the terminal properties (N1) to (N5) come from the construction: we prove
them in Section 4 from Propositions 4.3(b), (d) and 3.19. Items (R2) and (R5) to (R10) then
follow from the terminal state alone, through (N1) to (N5), (R10) being (N5). We prove them
in Section 4. The construction gives more, namely one cell per surviving block, of volume
above (1−3ϑ)L3

c , and one interface per block face (Theorem 4.16), but of the cell and interface
properties later sections use only (R5) to (R8).

Below we write P+R := {x : dist(x, P ) ≤ R} and r′ := 2R∗+2, where R∗ is the clearing-out
radius of Theorem 4.23. We let P be the partition of M into the components of the graph
joining two marks at distance at most r′. The constants C ′

⋆, Cfree are those of Proposition 4.24
(values in Section S1.1.1).

Theorem 3.21 (Regularization theorem: history form). (R3) (Block-local hull.) At every
hull-closed time of the full history (Definition 4.1), in particular at the output, for every
block q, |(X \ B) ∩ q| < 2Lcmq unless it vanishes, where mq is the number of marks in
q. So hull material lies only in blocks containing a mark: frozen bonds, filled blocks,
removal cells and box faces support no hull material, alone or jointly.

(a) (Area per part.) The Phase-1 output (X1,U1, S1) has S1 = ∅. For P ∈ P put YP :=
X1 ∩P+R∗. Then X1 =

⊔
P∈P YP , no bond joins YP to YP ′ for P ̸= P ′, every block of U1

lies in one YP , and

|∂YP |+ λ|YP \ U1|+ λU |YP ∩ U1| ≤ C ′
⋆N(P ), 2|∂YP |+ |YP |/ℓ ≤ CfreeN(P ).

(b) (Uniform reach.) Every site of X1 lies within distance R∗ of M, uniformly in |M|, Λ◦,
C and D; so YP ⊆ P+R∗.

The constants C ′
⋆, Cfree and the ratio R∗/(ℓ log ℓ) are bounded independently of β, τ , K, C

and D.

(R3) is Corollary 4.7, (a) is Proposition 4.24 and (b) is Theorem 4.23.

4 The regularization: proofs

In this section we prove Theorems 3.20 and 3.21 and Proposition 3.19. We first fix the class
of histories to which the arguments apply.

Definition 4.1 (Admissible history). An admissible history is a finite sequence of states σt =
(Xt,Ut, St), 0 ≤ t ≤ T , such that (H1) σ0 = (M, ∅, ∅) and the first step is a hull step; (H2) every
other step is a hull step or, at a hull-closed state, a fill, which adds a union U′ of blocks to U
and to X and converts the frozen bonds touching U′, or a freeze, which adds to S a nonempty
set of G′-bonds crossing block faces, each with its kind; (H3) every fill and every freeze is
followed by a hull step. Phase 1 is admissible: its first outer step is a hull step, the fill of U∗

and a hull step, every later outer step that changes U is a fill and a hull step (Lemmas 3.12(b),
(c) and 4.2), and a seal step is a freeze. So is the full history, Phase 1 followed by Phase 2:
removal steps are fills, seal steps and cut firings freezes.
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4.1 The hull

We first show that the hull steps of an admissible history only enlarge the hole set (Lemma 4.2),
and then derive the geometric consequences of the minimality of the hull.

Lemma 4.2 (One hull from the base). Let (σt) satisfy (H1) to (H3) of Definition 4.1. At

every hull-closed time t, Xt = H S̄t
λ (Bt) = HSt

λ (Xt) and St ⊆ S̄t ⊆ E(Λ◦ \ Bt), and every bond

of S̄t \ St touches Xt. Every hull step t→ t+ 1 satisfies Xt+1 = HSt
λ (Xt) ⊇ Xt.

Proof. We use that H is a closure operator, jointly monotone in the base and in the set of
missing bonds (Lemma 3.9(d)). We argue by induction over the steps. By (H1) to (H3), each
time is 0, or hull-closed, or follows a fill or a freeze at a hull-closed time t and is followed by
a hull step. A hull step at a hull-closed time changes nothing, and the first hull step gives
H∅
λ(B0) ⊇ B0 = X0. A freeze at t of a set A of G′-bonds, which do not touch Xt ⊇ Bt, keeps

B and X and gives S̄t+1 = S̄t ∪A. Hence Xt = H S̄t
λ (Bt) ⊆ H

S̄t+1

λ (Bt) = Xt+2. A fill of U′ gives
Bt+1 = Bt∪U′ and drops from S̄ only bonds touching Bt+1. Hence R(Bt, S̄t) ⊆ R(Bt+1, S̄t+1)
and Xt ⊆ Xt+2. In this case, moreover, U′ ⊆ Bt+1 ⊆ Xt+2. In both cases Bt+1 ⊆ Xt+1 ⊆ Xt+2,

and monotonicity and idempotence give H
S̄t+1

λ (Xt+1) = Xt+2. We now pass from S̄ to S. Since
a bond of St′ does not touch Xt′ ⊇ Bt′ , we have St′ ⊆ S̄t′ . A bond of S̄t′ \ St′ was converted,
so it touches an earlier hole set and hence Xt′ , and by Lemma 3.9(b) it may be dropped:

H
S̄t′
λ (Xt′) = H

St′
λ (Xt′). With t′ = t + 1 this is the claim on hull steps. At a hull-closed time,

with Bt ⊆ Xt = H S̄t
λ (Bt) and idempotence, the same identity gives Xt = HSt

λ (Xt). Finally
S̄t ⊆ E(Λ◦ \Bt) by definition.

Proof of (R1) and (N1) to (N5). These properties follow from Propositions 4.3(b), (d)
and 3.19.

Proposition 4.3 (Termination, determinism, terminal state). (a) Order states by σ ≤ σ′ iff
X ⊆ X′, U ⊆ U′ and R(σ) ⊆ R(σ′). Under (H1) to (H3), every step that changes the state
strictly increases it; in particular (H4) Xt ⊆ Xt+1 and R(σt) ⊆ R(σt+1) for every t, so that
G′ only shrinks, and a bond is frozen at most once along an admissible history. (b) Phase 1
and Phase 2 terminate, and their outputs are deterministic functions of D. (c) The terminal
state of Phase 2 satisfies (S-hull), (S-rem) and (S-NF), and no surviving block has auxiliary
material there. (d) M ⊆ Bt ⊆ Xt at every time; hence, for the output, D ⊆ F (M) ⊆ F (X) ⊆ F.

Sketch. Hull steps do not shrink X (Lemma 4.2), a fill adds blocks to U, a freeze adds G′-bonds
to S, and converted bonds stay missing. This gives (a). Phase 1 terminates (Theorem 4.17),
and Phase 2 terminates because each effective step strictly increases the state in a finite box.
Smallest minimizers are canonical and the cut rule uses a fixed order, which gives determinism.
A terminal pass of Phase 2 changes nothing, which together with Lemmas 4.2 and 4.14(a) gives
(c). Finally, (d) holds because the base stays in X.

Below, we denote by f(A,A′) the number of bonds of E between disjoint site sets A, A′ (fG′

counts G′-bonds, Definition 3.15), by s(A,A′) and s(E(A)) the numbers of bonds of S between
A and A′ and with both ends in A, and we put N := |M|. A state is closed if X = HS

λ (X) for
the hull weight. By Lemma 4.2, each hull-closed state of an admissible history is closed, and
so is the output.
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Proof of (R2). We apply Lemma 4.4 and Theorem 4.5(i), (ii) at the output, which is closed
by (N1).

Lemma 4.4 (Two-sided minimality inequality). Let (X,U, S) be closed, V := Λ◦ \ X and
W ⊆ V . Then

f(W,X) +
∑

b∈S, |b∩W |=1

(wb − 1) +
∑

b∈S, b⊆W
wb ≤ |∂G′W |+ λ|W |. (4.1)

Consequently, with (aη, bη) = (1 + 1
1−ηw ,

1
1−ηw ) = (199 ,

10
9 ), |∂Λ◦W | ≤ aη|∂G′W | + bηλ|W |, and

N2(W ) := f(W,X) + s(W,V \W ) + 2s(E(W )) ≤ (|∂G′W |+ λ|W |)/(1− ηw).

Proof. Filling W does not lower the functional: FSλ (X ∪ W ) ≥ FSλ (X). Since bonds of S
do not touch X, passing from X to X ∪W changes a bond between W and X from 1 to 0,
a G′-bond between W and V \ W from 0 to 1, a bond of S between W and V \ W from
wb to 1 and a bond of S inside W from wb to 0, and adds λ|W |. This is (4.1). The hull
weight has wb − 1 = 1 − ηw and wb ≥ 2(1 − ηw), which gives the bound on N2(W ). Finally,
|∂Λ◦W | = f(W,X) + s(W,V \W ) + |∂G′W | ≤ |∂G′W |+N2(W ).

Theorem 4.5 (Geometry of the slit domain). Let (X,U, S) be closed and cI := 22/3. For W ⊆
Λ◦ \ X: (i) |∂G′W | ≥ (9cI/38)|W |2/3 whenever |W | ≤ V∗ = (1 − ηw)

3ρ3λ/2; (ii) no component
of G′ has at most V∗ sites; (iii) |BG′(x, r)| ≥ min{(cIr/(48aη))3, V∗} for all x ∈ Λ◦ \ X and
integers r ≥ 0; (iv) λD1 (Ω) ≥ (c2I/(48a

2
η))|Ω|−2/3 for Ω ⊆ Λ◦ \ X with |Ω| ≤ V∗.

Proof. (i) In a box
∏3
i=1{1, . . . , ni}, a line parallel to ei that meets W carries a bond of the

box with exactly one end in W unless its ni sites lie in W , which happens for at most |W |/ni
lines, and the lines meeting W number at least 3|W |2/3 by the discrete Loomis–Whitney
inequality [LW49, Theorem 2] and the arithmetic-geometric mean inequality. Hence, in this
box, such bonds number at least 3|W |2/3 − |W |

∑
i n

−1
i ≥ cI |W |2/3 if |W |1/3 ≤ 0.47mini ni

(as 1 − 22/3/3 = 0.4708 . . .). Lemma 4.4 controls the boundary in the box up to bηλ|W |,
which is small below V∗ = (cIρλ/(2bη))

3 (as (cI/2)
3 = 1

2). Since |W |1/3 ≤ V
1/3
∗ < ρλ =

Lc/12 and each side of Λ◦ is at least ℓ ≥ 308Lc (Lemma 3.3(c)), this and Lemma 4.4 give
cI |W |2/3 ≤ |∂Λ◦W | ≤ aη|∂G′W | + bηλ|W |1/3|W |2/3 ≤ aη|∂G′W | + cI

2 |W |2/3. Hence |∂G′W | ≥
(cI/(2aη))|W |2/3 = (9cI/38)|W |2/3. (ii) A component K of G′ has ∂G′K = ∅, so (i) excludes
0 < |K| ≤ V∗. (iii) (Sketch.) We put v(r) := |BG′(x, r)|. Each G′-bond leaving BG′(x, r)
ends at distance r + 1. Thus |∂G′BG′(x, r)| ≤ 6(v(r + 1) − v(r)), and (i) gives v(r + 1) ≥
v(r) + αv(r)2/3 with α := cI/(12aη) ≤ 1

4 while v(r) ≤ V∗. Hence v(r + 1)1/3 > v(r)1/3 + α/4,

and v(r)1/3 ≥ 1 + αr/4 ≥ cIr/(48aη) until v exceeds V∗. (iv) By (i), each nonempty A ⊆ Ω
has |∂G′A| ≥ h|A| with h := (9cI/38)|Ω|−1/3, and the Cheeger argument (the coarea formula
for f2 and the Cauchy–Schwarz inequality, in a graph of maximal degree 6) gives λD1 (Ω) ≥
h2/12 ≥ (c2I/(48a

2
η))|Ω|−2/3.

Segment accounting. In Lemma 4.6 and Corollary 4.7, B = M′ ∪ U with M′ a set of
sites and U a union of blocks, S ⊆ E(Λ◦ \ B) carries weights wb ∈ [0, 2], X := HS

λ (B) and
W ⊆ X \ B. At a hull-closed time of an admissible history, this setting holds with M′ = M,
U = Ut and S = S̄t with the hull weight (Lemma 4.2). A segment R of W is a maximal set
of consecutive sites of W on an axis-parallel line, and m(R) := |R|. It has m(R) − 1 interior
bonds and two ends, the positions just beyond its extremities. An end is an X-end, a frozen
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end, an open end or a box end according as it is a bond to X \W , a bond of S to Λ◦ \ X, a
bond of E \S to Λ◦ \X, or on ∂Λ◦. With x(R), o(R) the numbers of X-ends and open ends, we
put cW (R) := x(R) +

∑
frozen ends b(wb − 1) +

∑
interior b∈S wb − o(R)− λm(R)/3. A grid bond

has its ends in different blocks. Such a bond lies on a block plane. The grid-type terms of R
are its X-ends, frozen ends and interior frozen bonds that are grid bonds, and its box ends.
The number xng(R) counts the X-ends, frozen ends and interior frozen bonds that are not grid
bonds. Similarly, Sn is the set of bonds of S that are not grid bonds, and fng(A,A

′) counts
the bonds between A and A′ that are not grid bonds. Frozen bonds cross block faces and are
therefore grid bonds. Hence Sn = ∅ at each hull-closed time of an admissible history.

Lemma 4.6 (Plane count). Let λ ≥ 12/Lc. Every segment R of W satisfies cW (R) ≤
2xng(R)− 2m(R)/Lc.

Proof. Insulation on block planes, which are at least Lc apart, contributes at most 2 per plane
met, while the volume term is λm/3 ≥ 4m/Lc. Indeed, since o = 2− x− efr − eb, with efr, eb
the numbers of frozen and box ends, we have

cW (R) = 2x+
∑

frozen ends

wb +
∑

interior frozen

wb + eb − 2− λm/3. (4.2)

The terms that are not grid bonds contribute at most 2xng(R), since wb ≤ 2. Each grid-type
term has coefficient at most 2 and sits at its own bond position on a block plane perpendicular
to the line. The m+1 bond positions of R lie in an interval of length m, which meets at most
m/Lc + 1 block planes by (G1). Therefore cW (R) ≤ 2xng(R) + 2(m/Lc + 1)− 2− 4m/Lc.

Corollary 4.7 (Block-local hull). For every union N of blocks, W := (X \ B) ∩ N is empty
or satisfies |W | < Lc

3

(
fng(W,B) +

∑
v∈W degSn(v)

)
, and every bond counted in fng(W,B)

ends in M′ \ U . Consequently, for every block q, |(X \ B) ∩ q| < (Lc/3)(6mq + sq) unless
it vanishes, with mq := |M′ ∩ q| and sq the number of endpoints in q of bonds of Sn, and
X ⊆ B ∪

⋃
{q : q ∩ (M′ ∪ V (Sn)) ̸= ∅}: grid bonds of S of any weight in [0, 2], filled blocks

and box faces support no hull material, alone or jointly. At a hull-closed time of an admissible
history mq is the number of marks in q and Sn = ∅, which gives (R3).

Proof. Let W ⊆ X \ B be nonempty. Then the set X \W ⊇ B is strictly smaller than the
smallest minimizer X. Passing from X to X\W changes the contribution of an X-end, a frozen
end, an open end and an interior frozen bond by +1, wb − 1, −1 and +wb, and the volume
term by −λ|W | (bonds of S do not touch B, and each site of W lies in three segments), so
that

FSλ (X \W )− FSλ (X) =
∑
R

cW (R) > 0, (4.3)

over the segments of W in the three directions. For W = (X \ B) ∩ N , an X-end that is not
a grid bond has both ends in one block q ⊆ N , so it ends in X ∩ N \W ⊆ B but not in U
(otherwise q ⊆ U), and it is not frozen: it is counted in fng(W,B). A frozen end that is not a
grid bond is counted once in the degree sum, an interior bond of Sn twice. Combining (4.3),
Lemma 4.6 and

∑
Rm(R) = 3|W |, we obtain 0 <

∑
R cW (R) ≤ 2

∑
R xng(R) − 6|W |/Lc ≤

2(fng(W,B) +
∑

v∈W degSn(v))− 6|W |/Lc. For N = q, fng(W,B) ≤ 6mq and the degree sum
is at most sq. At a hull-closed time, such as the output, Sn = ∅.
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For a hull-closed time t and a block face F ′ between surviving blocks Q,Q′, in the plane
P ′, we put Wt := (Xt \ Bt) ∩ (Q ∪ Q′) and suppt(F

′) := fng(Wt, Bt). For a line ℓ ⊥ F ′, bℓ
denotes its bond across F ′. As Bt ∩ (Q ∪Q′) consists of marks, suppt(F

′) ≤ 6(mQ +mQ′).

Lemma 4.8 (Local opacity). At every hull-closed time t of an admissible history and for every
such face F ′: (a) the lines ℓ ⊥ F ′ such that bℓ /∈ S̄t and ℓ ∩ Z(F ′) contains a site of Wt and
no mark, number fewer than 2 suppt(F

′) unless there is none; (b) without the condition on bℓ,
these lines number fewer than 2 suppt(F

′)/ηw unless there is none. A frozen bond is a grid
bond, so by (G5) it lies on the tube of a line ℓ ⊥ F ′ only if it is bℓ: frozen bonds block no tube
of another line.

Proof. In outline, a line on which hull material meets the tube zone carries a segment that is
either long, and pays through the plane count, or short, and then has no grid-type term except
bℓ and has deficit at least ηw. We put d(R) := 2xng(R) − cW (R) for the segments of Wt. By
Lemma 4.6, d(R) ≥ 2m(R)/Lc ≥ 0, and (4.3) gives

∑
R d(R) < 2

∑
R xng(R) ≤ 2 suppt(F

′),
as in the proof of Corollary 4.7. For a counted line ℓ let Rℓ be the segment of Wt along ℓ
through a site of ℓ ∩ Z(F ′) ∩ Wt. Distinct lines give distinct segments. If m(Rℓ) ≥ Lc/2,
then d(Rℓ) ≥ 1. Otherwise all bond positions of Rℓ are at distance < Lc from P ′, so by (G1)
the only possible grid-type term is bℓ, which is not an X-end, since its other end would lie in
Xt ∩ (Q∪Q′) \Wt ⊆ Bt, a mark of ℓ∩Z(F ′). Thus, in this case, d(Rℓ) = 2+ λm/3− βℓ, with
βℓ = 2− ηw if bℓ ∈ S̄t and βℓ = 0 otherwise. Hence d(Rℓ) ≥ 1 for each line counted in (a) and
d(Rℓ) ≥ ηw for each line counted in (b). Summing these bounds, we obtain (a) and (b). For
the last claim, a tube consists of bℓ and of bonds interior to Q or to Q′, which are not grid
bonds.

4.2 Cells, giants and the seal

In this subsection we control the cells by sparseness. Since forced blocks are filled, a surviving
block has fewer than ϑL2

c marks near it, its hole sites lie on few lines (Corollary 4.7), and one
component of its free sites, the giant, contains all but a small volume. The seal excludes thin
sets, at a cost of at most 726 frozen bonds per mark (Theorem 4.16).

Lemma 4.9 (Forced blocks are filled). Let S̄ be as in Definition 3.11. The smallest minimizer
(X∗,U∗) of E S̄ has

⋃
BF ⊆ U∗. Hence at every hull-closed time of the full history other than

the first every forced block lies in U, and every surviving block q has mq ≤ N(3q) < ϑL2
c .

Proof. Suppose that Q ∈ BF and Q ̸⊆ U∗. Then Q ∩ U∗ = ∅, and we compare with (X∗ ∪
Q,U∗ ∪ Q). Only the at most |∂Q| bonds leaving Q gain weight, at most 1 each, the volume
terms change by λU |Q| − λ|Q ∩ X∗| ≤ λU |Q|, and the penalty drops by µBL

2
c > |∂Q|+ λU |Q|

(Section S1.2), a contradiction. Along the full history U never decreases (Proposition 4.3(a)),
and the second hull-closed time follows the first outer step of Phase 1 (if that step fills nothing,
BF = ∅).

Lemma 4.10 (Sparse blocks). At every hull-closed time of an admissible history, every sur-
viving block q satisfies: (a) |X ∩ q| < 3Lcmq unless X ∩ q = ∅; (b) unless there is none, fewer
than 9mq maximal runs of X in the three directions lie inside q and are joined by both end
bonds to sites of Vq := q \ X.
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Proof. (a) The set X ∩ q consists of the mq marks of q and fewer than 2Lcmq sites of hull
material (Corollary 4.7). (b) At most 3mq runs contain a mark. A run without marks is a
segment R of W := (X\B)∩q with two open ends inside q (in-block bonds are not frozen) and
no grid-type term. For such a segment, (4.2) gives d(R) := 2xng(R)− cW (R) = 2 + λm(R)/3.
As in Lemma 4.8, d ≥ 0 for each segment of W and

∑
R d(R) < 2fng(W,B) ≤ 12mq. Hence

fewer than 6mq runs have no mark.

Lemma 4.11 (Two isoperimetric inequalities). (a) Let Q be a box with sides L1, L2, L3, Z ⊆ Q,
Q \ Z = A ⊔ B, and nµ the number of lines of Q in direction µ meeting both A and B. Then
min(|A|, |B|) ≤ 4|Z| + 6.4maxµ(nµLµ). (b) Let R be a rectangle of Z2 with sides s1, s2 ≥ s,
and σ ⊆ R with |σ| ≤ s2/4. At least 2|σ|1/2 bonds of R have exactly one end in σ.

Proof. (a) Let aµ be the number of lines in direction µ meeting A but not B. Then |A| ≤
Lµ(aµ+nµ), and the lines meeting B are among the other |Q|/Lµ−aµ. Hence, by the discrete
Loomis–Whitney inequality [LW49, Theorem 2], |B|2 ≤

∏
µ(|Q|/Lµ − aµ) ≤

∏
µ(|Q| − |A| +

nµLµ)/Lµ. With α := |A|/|Q|, β := 1 − α, ζ := |Z|/|Q| and ν := maxµ nµLµ/|Q| this reads
(β − ζ)2 ≤ (β + ν)3. If ν > 0.1, then min(|A|, |B|) ≤ |Q|/2 < 6.4ν|Q|. If ν ≤ 0.1, then
(β + ν)3/2 ≤ β3/2 + 1.6ν, so β(1 −

√
β) ≤ ζ + 1.6ν. Since 1 −

√
β ≥ (1 − β)/2, in this case

α(1−α) ≤ 2ζ+3.2ν, and min(|A|, |B|) ≤ 2|Q|α(1−α) ≤ 4|Z|+6.4ν|Q|. (b) Each row and each
column that meets σ without lying in it carries such a bond, a different one for each. If no row
or column lies in σ, the r rows and c columns meeting σ give r+ c ≥ 2(rc)1/2 ≥ 2|σ|1/2 bonds.
If a row lies in σ (a column is symmetric), all columns meet σ, and if moreover a column lies
in σ, at most |σ|/s2 + |σ|/s1 ≤ s/2 rows and columns lie in σ; either way there are at least
s ≥ 2|σ|1/2 bonds.

Proposition 4.12 (The giant). At every hull-closed time of the full history other than the
first, every surviving block q has |Vq| > (1− 3ϑ)L3

c , and the graph G′
q of the G

′-bonds with both
ends in q has a unique component Cq, the giant, with |Vq \ Cq| < 128Lcmq unless Vq = Cq.

Proof. Since bonds inside a block are never frozen, on a line of q that meets two disjoint unions
A, B of components of G′

q, two consecutive sites of Vq in A and in B are separated by a run of
Lemma 4.10(b), a different run for each line. If A ⊔ B = Vq, Lemma 4.11(a) with Z = X ∩ q,
|Z| < 3Lcmq and Lµ < 2Lc gives min(|A|, |B|) < 12Lcmq + 6.4 · 9mq · 2Lc < 128Lcmq. By
Lemma 4.9, mq < ϑL2

c , and hence |Vq| > (1 − 3ϑ)L3
c > 3 · 128Lcmq. If each component had

fewer than |Vq|/3 sites, a union A of components with |Vq|/3 ≤ |A| < 2|Vq|/3 would violate the
bound. Hence the largest component Cq has at least |Vq|/3 sites, and the bound with A = Cq
gives |Vq \ Cq| < 128Lcmq.

A thin set of a surviving block j is a nonempty A ⊆ Vj with |A| < εthL
3
c := 0.008L3

c and
cutj(A) < |A|/Lc, cutj(A) being the number of G′-bonds inside j between A and Vj \A.

Lemma 4.13 (Thin sets). At every hull-closed time of the full history other than the first,
every thin set A of a surviving block j satisfies F aux

j (X ∪ A) < F aux
j (X). Hence a surviving

block without auxiliary material has no thin set, and Vj = Cj is connected in G′
j.

Proof. A thin set is enclosed by in-block insulation in each planar slice, and planar isoperimetry
makes this insulation exceed the volume penalty. We fix a direction ν. A line of j in direction
ν that meets A either meets Vj \ A, and then carries a bond counted in cutj(A) or a run of
Lemma 4.10(b), or lies in A ∪ (X ∩ j), which happens for at most (|A| + 3Lcmj)/Lc lines. A
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slice σ of A perpendicular to ν meets each line once. Hence, with mj < ϑL2
c (Lemma 4.9),

|σ| ≤ a := cutj(A)+9mj+(|A|+3Lcmj)/Lc < (2εth+12ϑ)L2
c ≤ 0.0164L2

c ≤ L2
c/4. The bonds

of the cross-section of j (sides at least Lc) with exactly one end in σ end in X or in Vj \A, and
there are at least 2|σ|1/2 ≥ 2|σ|/a1/2 of them (Lemma 4.11(b)). Summing over the slices, we
obtain fj(A,X)+cutj(A) ≥ 2|A|/a1/2 ≥ 15.6|A|/Lc, with fj(A,X) the number of bonds inside
j from A to X. Passing from X to X∪A changes F aux

j by −fj(A,X) on these hole faces, by at
most 0 on the bonds of ∂j at A (from wb to 1, or from 1 to 0), by +cutj(A) on the in-block bonds
to Vj \A, and by +λ|A|. In total the change is at most −15.6|A|/Lc+2 cutj(A)+12|A|/Lc < 0.
If j has no auxiliary material, X minimizes F aux

j , so j has no thin set. Moreover, a component

of G′
j other than Cj has cutj = 0 and fewer than 128Lcmj < εthL

3
c sites (Proposition 4.12), so

it would be thin.

Lemma 4.14 (The seal). Let t be a hull-closed time of an admissible history and j a surviving
block with Aj ̸= ∅. (a) Some G′-bond that crosses a face between j and a surviving block has
an end in Aj. (b) If a seal step at t is followed by a hull step with the same U, then Aj ⊆ Xt+2.

Proof. On the sets between X := Xt and X ∪ Aj , the functionals F := F S̄t
λ and F aux

j differ by
a constant unless a G′-bond leaves Aj across a face of j. Indeed, the other bonds of ∂j at Aj
touch X or are frozen (a block adjacent to j that is not surviving lies in X), and those at Vj \Aj
keep their values. (a) Otherwise F (X ∪Aj)− F (X) = F aux

j (Mj)− F aux
j (X) < 0, since Mj ̸= X

is the smallest minimizer, against X = H S̄t
λ (Bt) and X ∪ Aj ⊇ Bt. (b) Let X ′ := Xt+2 ⊇ X

(Lemma 4.2), F ′ := F
S̄t+2

λ , A′ := Aj \X ′ and C := X∪ (Aj ∩X ′) ⊆ X ′. On the sets between C
and Mj = C ∪A′ only the sites of A′ vary. The bonds inside j at these sites count alike in F ′

and F aux
j , and after the seal each bond of ∂j at them is frozen or touches X, in both. Hence

F ′ − F aux
j is constant on these sets. If A′ ̸= ∅, then C ⊊ Mj , and submodularity of F ′ gives

F ′(X ′∪A′)−F ′(X ′) ≤ F ′(C ∪A′)−F ′(C) = F aux
j (Mj)−F aux

j (C) < 0, against the minimality

of X ′ = H
S̄t+2

λ (Bt).

Proposition 4.15 (Cost of the seal). Along the full history, a block face F ′ between blocks Q,
Q′ carries at most 121(mQ +mQ′) bonds frozen by seal steps, converted ones included; so seal
steps freeze at most CsealN bonds (Cseal := 6 · 121 = 726), all on faces F ′ with mQ +mQ′ > 0.

Proof. Each seal bond on F ′ has an end in auxiliary material, which the next hull step fills while
Q and Q′ still survive (Lemma 4.14(b), since in Phase 1 U is fixed during the inner loop, and in
Phase 2 the hull step follows the seal before any removal). Consequently, at the last hull-closed
time T at which Q and Q′ both survive, each seal bond on F ′ has an end in WT in the layer
next to F ′, hence in Z(F ′), and distinct bonds lie on distinct lines ℓ ⊥ F ′. At most mQ+mQ′

of these lines carry a mark in Z(F ′), and fewer than 2 suppT (F
′)/ηw ≤ 120(mQ +mQ′) of the

others meet WT in Z(F ′) (Lemma 4.8(b)). A block has six faces.

Theorem 4.16 (Cells at rest). Let t be a hull-closed time of the full history other than the first
at which no surviving block has auxiliary material. Then: (a) every surviving block q carries
exactly one cell, Ωq = Vq, connected in q, with (1 − 3ϑ)L3

c < |Ωq| < 8L3
c , and every other

block lies in X; (b) every block face F ′ between surviving blocks contains no G′-bond, or carries
exactly one interface I; then F ′ contains no cut bond and good(I) ≥ (1−134ϑ)|F ′|; in particular
(S-face) holds; (c) every component K of G′ ∩ Q̂, Q̂ ∈ Q, satisfies fG′(A,K \ A) ≥ h⋆|A| for
0 < |A| ≤ |K|/2, with h⋆ := 2.2 · 10−11/Lc; since 3kPh⋆ ≥ χ, (S-plug) holds.
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Proof. (a) By Lemma 4.13, Vq = Cq is connected in q, and therefore lies in one component of
G′ ∩ Q̂(q) and is the only cell of q. The volume bounds follow from Proposition 4.12 and (G1).
A block that is not surviving lies in U ⊆ X. (b) By (a), the G′-bonds across F ′, if any, join the
cell of Q to the cell of Q′ and form one interface. Cuts fire only at such times, where by (a) a
cut, a union of whole interfaces (Lemma 4.27(a)), freezes all G′-bonds of each face its bonds
cross. As G′ only shrinks, a face with a G′-bond carries no cut bond. A line ℓ ⊥ F ′ is good
unless ℓ∩Z(F ′) contains a mark, or bℓ is a seal bond, or else bℓ /∈ S̄t and ℓ∩Z(F ′) contains a site
of Wt. Indeed, on each remaining line the tube has no hole site, and its bonds are G′-bonds,
since bonds inside a block are never frozen. The first case holds for at most mQ +mQ′ lines,
the second for at most 121(mQ +mQ′) lines (Proposition 4.15), and the third for fewer than
2 suppt(F

′) ≤ 12(mQ +mQ′) lines (Lemma 4.8(a)). With mQ +mQ′ ≤ N(3Q) < ϑL2
c ≤ ϑ|F ′|,

we obtain good(I) ≥ (1 − 134ϑ)|F ′| ≥ cg|F ′|. (c) Expansion can fail only through a thin set,
and there is none (Lemma 4.13). Let A ⊆ K, 0 < |A| ≤ |K|/2, and cut := fG′(A,K \ A).
Since windows are unions of blocks, by (a) K is a union of sets Vj of surviving blocks j ⊆ Q̂,
connected through faces that contain G′-bonds. We put Aj := A ∩ Vj and Bj := Vj \ Aj .
A line of j meeting Aj and Bj carries a bond counted in cut or a run of Lemma 4.10(b). If
min(|Aj |, |Bj |) ≥ εthL

3
c for some j, Lemma 4.11(a) gives εthL

3
c ≤ 12Lcmj +12.8Lc(cut+9mj),

so cut ≥ (εth − 127.2ϑ)L2
c/12.8 ≥ εthL

2
c/25.6. Otherwise each block of K is in (|Bj | < εthL

3
c)

or out (|Aj | < εthL
3
c), not both, since |Vj | > 2εthL

3
c . If an in-block and an out-block share a

face F ′ that contains G′-bonds, we follow each line ⊥ F ′ from the face into either block until
it reaches the majority side of that block through a bond counted in cut or a run, or stays in
the minority side and X for the whole block. In this case the minority side of each block meets
the face layer in at most cut + 9ϑL2

c + (εth + 3ϑ)L2
c sites, all other bonds among the at least

(1 − 134ϑ)L2
c G

′-bonds across F ′ (by (b)) join A to K \ A, and 3 cut ≥ (1 − 158ϑ − 2εth)L
2
c .

Otherwise all blocks are in, which is impossible since then |A| ≥
∑

j(|Vj | − εthL
3
c) > |K|/2,

or all are out. In the latter case each nonempty Aj has fewer than εthL
3
c sites and is not

thin, so cut ≥
∑

j cutj(Aj) ≥ |A|/Lc. In all cases cut ≥ min(3.1 · 10−4L2
c , |A|/Lc) ≥ h⋆|A|, as

|A| < k3P /2 by (G4) (Section S1.2). Finally, χN3/kP = χ/(3kP ) ≤ h⋆.

Theorem 4.17 (The Phase-1 output). Phase 1 terminates. Its output (X1,U1, S1) is the
smallest minimizer of E S̄1

, no surviving block has auxiliary material there, and: (i) every bond
of S̄1 touches X1, so S1 = ∅, and crosses a face between two blocks that together contain a
mark; (ii) the four terminal properties (S-hull), (S-rem), (S-face), (S-plug) hold.

Proof. Each outer step returns U∗ ⊇ U (Lemma 3.12(c), since S̄ only grows), and each inner
round freezes at least one bond (Lemma 4.14(a)). Each outer step except the last enlarges U or
S̄, which only grow in a finite box. Hence Phase 1 terminates. In the last outer step the inner
loop performs no seal step, so S̄ = S̄1 throughout that step. Thus step (1) of the last outer
step returns the smallest minimizer of E S̄1

, with hole set H S̄1

λ (M∪U1) (Lemma 3.12(b)). This
pair is the output, and step (2) finds no auxiliary material at it. (i) Each bond of S̄1 has an
end in auxiliary material, filled by the next hull step (Lemma 4.14(b)). For the faces crossed
by these bonds we use Proposition 4.15. (ii) Property (S-hull) follows from Lemma 4.2, and
(S-face), (S-plug) follow from Theorem 4.16. For (S-rem), let ∆ ̸⊆ B1 be a removal cell with
∆ ̸⊆ X1 (otherwise w(∆) = 0). We compare with (X1 ∪ ∆,U1 ∪ ∆), admissible since ∆ is a
union of blocks. The bonds of E(∆) with one end in X1 lose their weight 1 (no bond is frozen,
by (i)), at most |∂∆| bonds gain at most 1, the volume terms grow by at most λU |∆|, and the

24



penalty does not grow. Hence w(∆) ≤ |∂∆|+λU |∆| ≤ (1+cs)|∂∆| = w∗, since |∆|/|∂∆| < ℓ/2
for a box with sides in [ℓ, 3ℓ) (Section S1.2).

Lemma 4.18 (Expansion and Poincaré inequality on windows). Let the state satisfy (S-plug),
Q̂ ∈ Q, and K a component of G′ ∩ Q̂. Then fG′(A,K \ A) ≥ χ|A|/(3kP ) for A ⊆ K with
0 < |A| ≤ |K|/2, and

∑
x∈K |f(x)− f̄K|2 ≤ (108/χ2)k2P

∑
{x,y}∈EG′ (K)(f(x)−f(y))

2 for every f .

Proof. The first claim is (S-plug), since χN3/kP = χ/(3kP ). The Poincaré inequality follows
from the Cheeger argument and a median. Let µ be a median of f on K. Since each of (f−µ)±
is supported on at most |K|/2 sites, the argument of Theorem 4.5(iv) in the graph (K, EG′(K)),
with h := χ/(3kP ), bounds

∑
(f − µ)2± by 12h−2 = 108k2P /χ

2 times the Dirichlet form of
(f − µ)±. We add the two bounds, using (a− b)2 ≥ (a+ − b+)

2 + (a− − b−)
2, and replace µ by

the mean.

Lemma 4.19 (Good bonds). At every state satisfying (S-face), (R8) holds, a fine bond across
F (I) being good if the segment of L fine sites of its line centred at it is a path of the fine slit
graph.

Proof. (Sketch.) (S-face) and (G1) give the first claim, and bonds across block faces lie on
block planes, at least Lc apart. A good tube is a G′-path in Z(F ′) ⊆ Q ∪Q′ ⊆ Q̂(Q) ∩ Q̂(Q′),
by (G5) and (G4). Hence its half in Q lies in the component of G′ ∩ Q̂(Q) of its end, the cell
of I in Q. The interfaces of one face are disjoint with at least cg|F ′| bonds each, and a block
has six faces. In fine units, a block face meets at most one exceptional layer on each side, so
|F ′|fine < r20|F ′|(1 + 1/Lc)

2, while each coarse good bond carries at least r20 fine good bonds.

Theorem 4.20 (Cells). At every closed state with (S-face) and (S-plug), such as the output,
(R5), (R6) and the cell part of (R7) hold, with K♭(Ω) := K̂ for the cell Ω = Q∩ K̂ of a block Q.

Proof. For (R5), |Ω| ≤ |Q| < 8L3
c by (G1). An interface on a face F ′ of Q gives, by Lemma 4.19,

at least cgL
2
c good half-tubes of Lc/2 sites in Ω, on distinct lines. Without an interface no G′-

bond leaves Ω (inside Q a G′-bond joins two sites of one cell, and across a face it belongs to an
interface), so Ω is a union of components of G′, each with more than V∗ = ((1− ηw)cI/24)

3L3
c

sites (Theorem 4.5(ii)). For (R6), we apply Lemma 4.18 in K̂ ⊇ Ω and use that the mean
minimizes the sum of squares. A bond lies in at most 1513 ≤ 27(kP /Lc)

3 windows (G4),
and the components K̂ of distinct cells of one block are distinct. For (R7), we use that K̂ is
connected in G′, together with Lemma 3.5(A2).

Lemma 4.21 (U-cells). Let T be a connected graph of maximal degree at most D, with vertex
weights w(v) ∈ (0, V ) and total weight at least V . Then the vertex set of T splits into parts,
each connected in T , of weight in [V, (2 +D)V ). Applied to the cell graphs of the output with
D = 6/cg, cell weights |Ω|fine and V = VU = m̃−3, it gives the U-cell part of (R7), with CU of
Section S1.2, provided m̃L ≥ cL/2 (a lower bound on τ).

Proof. We cut a rooted spanning tree from the leaves upward, cutting off a vertex with its uncut
descendants once their weight reaches V . A cut part weighs less than w(v)+DV < (1+D)V ,
and the light remainder at the root joins an adjacent cut part. In the application, the cell
graph is connected (G′-bonds between cells are interface bonds) and has degree at most 6/cg
(Lemma 4.19). A cell weighs less than 8L3 ≤ m̃−3 by (3.1). A light component has more than
V∗ sites (Theorem 4.5(ii)), and hence weight more than r30V∗ = cuVU . Finally, a U-cell holds
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fewer than (2+ 6/cg)m̃
−3/(c1L

3) connected cells by (R5), in blocks of Euclidean diameter less
than 2

√
3L.

4.3 Payment and reach of the Phase-1 output

In this subsection we obtain the payment of the Phase-1 output from three comparisons
(Lemma 4.22). Filling everything near a point bounds the cost of a ball, deleting a region
without marks bounds its cost by the bonds of a sphere around it, and a good sphere, chosen
by averaging over the radii, makes the cost decay geometrically away from the marks. Con-
sequently, no hole lies far from a mark (Theorem 4.23), and we pay for the pieces near the
clusters of marks by comparison with the cheapest state that covers the marks and fills the
forced blocks of the cluster (Proposition 4.24).

Throughout, (X1,U1) is the Phase-1 output and E := E S̄1
. By Theorem 4.17, (X1,U1)

minimizes E , and each bond of S̄1 touches X1 and has both ends within distance 4Lc of a
mark. Hence, at (X1,U1), the frozen bonds count as ordinary bonds and the penalty vanishes
(Lemma 4.9). For a set A of sites we put EA := #{b ∈ ∂X1 : b ⊆ A} + λ|(X1 \ U1) ∩ A| +
λU |U1 ∩A|, let Br(x) := Q∞(x, r)∩Λ◦, and for a fixed site x let f(r) := EBr(x), nondecreasing
in r. Each competitor (X′,U′) below has M ⊆ X′ and U′ ⊆ X′ a union of blocks, and hence
satisfies E(X′,U′) ≥ E(X1,U1).

Lemma 4.22 (Density, deletion, decay). (a) (Upper density bound.) For every site x and
every r ≥ 0, f(r) ≤ g(r) := 6(2r + 4Lc)

2 + λU (2r + 4Lc)
3. (b) (Deletion.) Let B be a set of

sites with dist(B,M) ≥ 6Lc, and B̂ the union of the blocks meeting B. Then EB ≤ sl(B) :=
f(B,X1 \ B) + λ|U1 ∩ (B̂ \ B)|. (c) (Decay.) Put w := ⌈120ℓ/cs⌉ and w′ := w + 2Lc. If
dist(Br+w′(x),M) ≥ 6Lc, then f(r) ≤ f(r + w′)/5.

Proof. (a) Let B̂ be the union of the blocks meeting Br(x), a box of sides less than 2r + 4Lc.
We compare with (X1 ∪ B̂,U1 ∪ B̂): the bonds of ∂X1 with both ends in B̂ disappear, at most
|∂B̂| ≤ 6(2r+4Lc)

2 bonds appear, the frozen bonds still touch the hole set, each site of B̂ ends
with the weight λU , and the penalty does not grow. Hence f(r) ≤ EB̂ ≤ |∂B̂|+ λU |B̂|. (b) A
forced block has a mark within distance 4Lc of each of its sites. Hence no block meeting B is
forced, and no bond of S̄1 has an end in B. We compare with (X1\B,U′), where U′ is the union
of the blocks of U1 that do not meet B. This competitor contains the marks and all forced
blocks. In passing to it, the bonds of ∂X1 with both ends in B disappear, at most f(B,X1 \B)
bonds appear, the frozen bonds still touch the hole set, the sites of B ∩ X1 lose their weights,
and those of U1 ∩ (B̂ \B) change from λU to λ. (c) We put A := Br+w′(x) \Br(x) and apply
(b) to Bs := Bs(x) for r ≤ s < r + w. Since a site of X1 at distance exactly s+ 1 from x has
at most six bonds into Bs, we have

∑
s f(Bs,X1 \ Bs) ≤ 6|X1 ∩ A|. A site of U1 outside Bs

lies in a block meeting Bs for fewer than 2Lc values of s, and therefore
∑

s λ|U1 ∩ (B̂s \Bs)| ≤
2λLc|U1 ∩ A| = 24|U1 ∩ A|. Hence

∑
s sl(Bs) ≤ 30|X1 ∩ A| ≤ 30(λ−1 + λ−1

U )EA ≤ (30ℓ/cs)EA,
using λ−1 + λ−1

U = Lc/12 + ℓ/(2cs) ≤ ℓ/cs. Thus some s has sl(Bs) ≤ EA/4. The bonds
and sites counted in EA are not counted in f(r). Therefore EA ≤ f(r + w′) − f(r), and
f(r) ≤ f(s) ≤ sl(Bs) ≤ (f(r + w′)− f(r))/4.

Theorem 4.23 (Clearing-out; uniform reach). Let J be the least integer with 5J > g((J+1)w′),
and R∗ := (J + 1)w′ + 6Lc. Every site of X1 lies within distance R∗ of a mark, and R∗ =
O((ℓ/cs) log(ℓ/cs)), uniformly in |M|, Λ◦, C and D. This proves Theorem 3.21(b).
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Proof. Let dist(x,M) > R∗. Then dist(B(J+1)w′(x),M) > 6Lc, and applying Lemma 4.22(c)

J times from r = w′, together with Lemma 4.22(a), we obtain f(w′) ≤ 5−Jf((J + 1)w′) ≤
5−Jg((J +1)w′) < 1. Hence no bond of ∂X1 has both ends in the box Bw′(x), which therefore
lies in X1 or misses it. In the first case f(w′) ≥ λU |Bw′(x)| > 1. Therefore x /∈ X1. The
arithmetic is in Section S1.3.

Proposition 4.24 (Cluster replacement; area per part). Theorem 3.21(a) holds with C ′
⋆ :=

C1 + 2Cseal, C1 := 7 + 27 · 24.6/ϑ, and Cfree := C ′
⋆(2 + 1/(2cs) + 1/3696).

Proof. By Theorem 4.17(i), S1 = ∅. We compare with the competitor that replaces YP by the
marks and the forced blocks of P . By Theorem 4.23 the sets YP cover X1. Marks of distinct
parts are more than 2R∗+2 apart, and hence no bond joins P+R∗ to P ′+R∗ . Moreover, a block of
U1 is connected and lies in X1. The marks of a set 3Q are within distance 6Lc ≤ r′ of each other,
and hence those of a forced block lie in one part. The union UF (P ) of the forced blocks with
marks in P lies in YP (by Lemma 4.9, and because a forced block lies within 4Lc of its marks)
and has at most 27N(P )/(ϑL2

c) blocks, since a mark lies in at most 27 sets 3Q. The competitor
X′ := (X1\YP )∪P ∪UF (P ), U′ := (U1\YP )∪UF (P ) contains the marks, U′ is a union of blocks
containing all forced blocks, and the change is confined to YP , which no bond joins to the rest of
X1. A bond of S̄1 that loses contact with the hole set touches YP , and therefore the marks of its
two blocks lie within R∗+4Lc < r′ of P , hence in P . There are at most CsealN(P ) such bonds
(Proposition 4.15), each costing at most 2. Since |∂Q|+λU |Q| < 24.6L2

c and λ ≤ 1, minimality
gives |∂YP |+λ|YP \U1|+λU |YP ∩U1| ≤ (6+λ)N(P )+24.6·27N(P )/ϑ+2CsealN(P ) ≤ C ′

⋆N(P ).
The second inequality follows from |YP |/ℓ ≤ (λℓ)−1λ|YP \ U1| + (λUℓ)

−1λU |YP ∩ U1|, with
(λℓ)−1 ≤ 1/3696 and (λUℓ)

−1 = 1/(2cs).

4.4 Phase 2: release, density bound and cuts

In this subsection we bound the insulation in Phase 2 (Lemma 4.25) and prove the density
bound (R9), the elementary properties of cuts and Proposition 3.19. Each hole site added in
Phase 2 outside the removed cells is hull material, whose removal does not lower the hull func-
tional, and the Phase-1 insulation ins1 := ∂X1 is a fixed budget (Theorem 3.21(a)). Through-
out, Rt is the union of the cells removed in Phase 2 before time t. A cell ∆ removed in Phase 2
is removed at a hull-closed time t∆, at which w(∆) is evaluated. We denote by s∆ the number
of bonds of E(∆) frozen in Phase 2 before t∆, converted ones included, with no end in X1.

Lemma 4.25 (Local insulation; release). (a) Let t be a hull-closed time of Phase 2, N ′ a box,
W ′ := (Xt \ (X1 ∪ Rt)) ∩ N ′, InsN ′(Y ) := #{b ∈ E(N ′) : exactly one end in Y } + 2#{b ∈
S̄t ∩ E(N ′) : no end in Y }, and cutN ′ the number of bonds across ∂N ′ with inner end in W ′

whose outer end lies in Xt or which are frozen. Then

A2(E(N ′); t) ≤ InsN ′(X1 ∪Rt) + cutN ′ . (4.4)

(b) Every cell ∆ removed in Phase 2 satisfies w(∆) ≤ |ins1 ∩ E(∆)| + 2s∆ + |∂∆|, hence
cs|∂∆| < |ins1 ∩ E(∆)|+ 2s∆.

Proof. (a) We put X := Xt and V := Λ◦ \ X. Since Bt = M ∪ U1 ∪ Rt ⊆ X1 ∪ Rt ⊆ X
(Proposition 4.3(a)), W ′ misses Bt and InsN ′(X \ W ′) = InsN ′(X1 ∪ Rt), while InsN ′(X) =
A2(E(N ′); t), since the bonds of S̄t with no end in X are those of St (Lemma 4.2). This proves
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(a) if W ′ = ∅. Otherwise F S̄t
λ (X\W ′) > F S̄t

λ (X), because X = H S̄t
λ (Bt). Written bond by bond

as in (4.3), this inequality reads fE\S̄t
(W ′, V )+λ|W ′| < f(W ′,X\W ′)+

∑
b∈S̄t between W ′,V (wb−

1)+
∑

b∈S̄t, b⊆W ′ wb, with fE\S̄t
counting unfrozen bonds. When we pass from InsN ′(X\W ′) to

InsN ′(X), a bond of E(N ′) betweenW ′ and X\W ′ gives −1, a bond of S̄t insideW
′ gives −2, a

bond between W ′ and V gives +1 if unfrozen and −1 if frozen, and the others give 0. Inserting
the inequality, we see that the bonds between W ′ and X \W ′ inside N ′ cancel, frozen bonds
inside N ′ with an end in W ′ get the coefficient wb − 2 ≤ 0, and the bonds counted in cutN ′

remain, each with coefficient at most 1. Hence A2(E(N ′); t) < InsN ′(X1 ∪Rt)+ cutN ′ −λ|W ′|.
(b) We take N ′ := ∆ and t := t∆. Since ∆ ∩ Rt = ∅ and each bond of S̄1 touches X1

(Theorem 4.17), Ins∆(X1 ∪ Rt) = |∂X1 ∩ E(∆)| + 2#{b ∈ S̄t ∩ E(∆) : no end in X1} ≤
|ins1 ∩ E(∆)|+ 2s∆, and cut∆ ≤ |∂∆|. The trigger gives the last claim.

Proposition 4.26 (Density bound; proof of (R9)). At every state satisfying (S-rem), in par-
ticular at the output, (R9) holds, and (3 + cs)|∂∆| < 54(3 + cs)ℓ

2.

Proof. Since a frozen bond is a missing pair of neighbours counted at both ends, the density
count of Section 6 is two-sided, namely the hull’s own count A2. If ∆ ̸⊆ B, (S-rem) gives
A2(E(∆)) = w(∆) ≤ w∗. If ∆ ⊆ B ⊆ X, this count is 0. A bond of ∂∆ ∩ E weighs at
most 2, and |∂∆| < 54ℓ2 by (G3). The constant c0 of the conversion into fine plaquettes is in
Section S1.2.

Phase 2 fills only by removal and freezes by the seal and the cut rule. By (H4), G′ only
shrinks and each bond is frozen at most once. The cut rule fires only at hull-closed states
without auxiliary material, where Theorem 4.16 holds.

Lemma 4.27 (Elementary properties of cuts). Let the firings j = 1, 2, . . . of the cut rule have
times tj, components Kj and sides Uj, Kj \ Uj. (a) Every bond of ∂G′U joins two different
cells, so it crosses a block face; ∂G′U is a union of whole interfaces. (b) After the cut j no
G′-bond joins Uj to Kj \ Uj; every later component of G′ lies in Uj, in Kj \ Uj, or outside Kj.
The sides of the cuts form a laminar family. (c) |∂G′Uj | ≥ cgL

2
c for every cut. (d) Cut bonds,

alone or with seal bonds, filled blocks and box faces, support no hull material, and block no tube
of another interface. (e) If J(U) > 0, then ∂G′U contains two interfaces at distance > RNF.

Proof. (a) A G′-bond with both ends in a block Q lies in G′ ∩ Q̂(Q), and hence its ends lie
in one cell. Therefore a bond of ∂G′U joins cells of different blocks, and all bonds across F ′

between a cell of U and a cell outside U lie in ∂G′U . (b) The cut consists of all G′-bonds
between Uj and Kj \ Uj , where Kj is a component of G′ at time tj , and G

′ only shrinks (H4).
Consequently, each later component lies in Uj , in Kj \ Uj , or outside Kj . If ja fires before jb,
the sides of jb lie in Kjb , a component at time tjb , and hence each of them lies in a side of ja
or misses both. As the two sides of one cut are disjoint, any two sides are disjoint or nested.
(c) By (a) the cut contains a whole interface I, and (S-face) holds at tj (Theorem 4.16(b)).
Thus |∂G′Uj | ≥ good(I) ≥ cgL

2
c (Lemma 4.19). (d) Cut bonds are grid bonds with the hull

weight, and they therefore enter Corollary 4.7 and Lemma 4.8 as grid-type terms, as seal bonds
do. A tube crosses no other block plane (G5). (e) If J(U) > 0, then φs(∂G′U) ≥ 2 for some
s = 2jL ≥ RNF, and interfaces in different s-clusters are more than s apart.

Proof of Proposition 3.19. Termination is Proposition 4.3(b). At the terminal state a full pass
changes nothing: the state is hull-closed, which with Lemma 4.2 is (S-hull); no removal cell is
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over threshold, which is (S-rem); no surviving block has auxiliary material (Lemma 4.14(a)),
and hence (S-face) and (S-plug) hold (Theorem 4.16); and the cut rule has no candidate,
which is (S-NF) and contains the form used in Section 7.8. We now assume that the Euclidean
diameter of Λ◦ is at most RNF. Then no pair is fragmented, since the right side of (NF∗) is
positive and J(U) > 0 would give two interfaces more than RNF apart (Lemma 4.27(e)). Since,
moreover, the Phase-1 output is hull-closed, satisfies (S-rem) and has no auxiliary material
(Theorem 4.17), Phase 2 changes nothing in this case.

5 The min-cut lower tail

In this section we show that the frozen set of the construction of Section 3 lowers the min-
cut area of Definition 2.11 by at most ηTRT , except with probability e−RT . The proof has
two ingredients. As Λ◦ is acyclic, a minimizer can be taken constant on each piece of the
hole set (Section 5.2), and each part of the marks pays with its own marks for the frozen
plaquettes it attaches (Sections 5.3 to 5.7). The units, Ξ, Λ◦

2, ∂2Λ
◦, F (Y ), FS , F, G

′(D), X
and S = S1 ⊔ Scut are those of Sections 2.5, 3 and 3.4. A coarse face carries at most r̄20 fine
plaquettes, r̄0 = 2r0 − 1, and Ξ is a union of coarse faces (the plane of C is a special plane of
G(C)). We write PD := Ber(δ)⊗(Λ◦

2\∂2Λ◦) for the law of D and ED for its expectation.

5.1 Statement

Theorem 5.1 (Min-cut lower tail). Fix K > K∗ and β ≥ β0(K). For every rectangle C with
min(R, T ) ≥ R1(β) and every σ ∈ (0, 1],

PD
(
AG′(D)(C) ≤ (1− ηT )RT

)
≤ 24|C|+5e−RT , (5.1)

ED exp
(
σ(RT −AG′(D)(C))

)
≤ exp

(
σηTRT + 4|C|+ 4

)
,

where

ηT :=
3c′′T r̄

2
0C3

| log ε′′|
, (5.2)

with ε′′ of (5.8) and the constants c′′T and C3 of Section S1.4. Moreover ηT = O
(
r̄20(C

′
⋆ +

Cresp)(1 + 1/cs)/(τ log
2K)

)
, so ηT → 0 as K → ∞, and as β → ∞ at fixed K > K∗.

The conditions defining β0(K) (item (a) of Section S1.1.4) are lower bounds on τ , which
persist for larger τ , while the constants c′′T , C3, Cfree, C

′
⋆, Cresp are free of β, τ , K, C, D.

5.2 The deterministic side

In this subsection we let (X, S) be any state with S ⊆ E(Λ◦ \X) and compute AG′(D)(C) with
F = F (X) ∪ FS ∪ ∂2Λ◦. Then FS ∩ F (X) = ∅.

Lemma 5.2 (Unfrozen area). Every integer 2-chain Σ in Λ◦ with ∂Σ = C satisfies #(suppΣ\
∂2Λ

◦) ≥ RT . Moreover AG′(D)(C) ≤ RT .

Proof. There are RT disjoint closed dual paths that link C, namely nested closed paths of fine
cubes in the planes perpendicular to Ξ through its plaquette rows. They lie inside Λ◦ off ∂2Λ

◦

(Lemma 3.3(e)), and each of them crosses Ξ once (Section S2.3). As Λ◦ is acyclic, Σ− Ξ is a
boundary. Hence each path meets suppΣ (intersection number ±1) in a plaquette of its own.
Finally AG′(D)(C) ≤ | suppΞ| = RT .
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Pieces. A piece partition is a partition Y of the sites of X (pieces need not be connected).
For a site set Y , let ∂Y be the set of coarse bonds with exactly one end in Y , intF (Y ) the set
of fine plaquettes whose two fine cubes lie in sites of Y , and ∂fY the set of those with one fine
cube in a site of Y and the other in a site of Λ◦ \ Y . Then

F (Y ) = intF (Y ) ⊔ ∂fY ⊔
(
F (Y ) ∩ ∂2Λ◦), |∂fY | ≤ r̄20|∂Y |. (5.3)

Lemma 5.3 (Constant height on pieces). There is a minimizer Σ̃ of Definition 2.11 (∂Σ̃ = C,
#(supp Σ̃\F) = AG′(D)(C)), determined by (X, S), such that for every Y of every piece partition

supp Σ̃ ∩ F (Y ) ⊆ ∂fY ∪
(
suppΞ ∩ intF (Y )

)
∪ ∂2Λ◦. (5.4)

Proof. By acyclicity a minimizer is the flat rectangle plus a boundary, and we may change the
boundary freely on hole cubes, where all plaquettes are free. Let Σ be the first minimizer in a
fixed order and Σ− Ξ = ∂k, k an integer function on the fine cubes of Λ◦ (as in Lemma 5.2).
Put k̃ := k on the fine cubes of sites of Λ◦ \X, k̃ := 0 on those of sites of X, and Σ̃ := Ξ+ ∂k̃.
Then ∂Σ̃ = C, and Σ̃, Σ differ only on faces of fine cubes of sites of X, which lie in F (X) ⊆ F.
Hence #(supp Σ̃\F) = AG′(D)(C). For p ∈ intF (Y ) both cubes of p carry k̃ = 0, and therefore

Σ̃p = Ξp. Together with (5.3), this is (5.4), and Σ̃ does not involve Y.

Lemma 5.4 (C-rooted minimizer). There is a minimizer Σ◦, determined by (X, S) alone,
such that, with suppΣ◦ its support in Λ◦

2 \∂2Λ◦ and aΣ := | suppΣ◦|: suppΣ◦ ⊆ supp Σ̃; every
component of suppΣ◦ (plaquettes sharing an edge are adjacent) contains a plaquette incident
to an edge of C; (5.4) holds for Σ◦ for every piece partition; and aΣ ≥ RT .

Proof. In a fixed order, we replace each component of supp Σ̃ \ ∂2Λ◦ with no plaquette at an
edge of C by a free 2-chain on ∂2Λ

◦ with the same boundary, which lies on the sphere ∂Λ◦

(the plaquettes of supp Σ̃ at an edge off C ∪ ∂Λ◦ are pairwise adjacent). Then (5.4) passes to
subsets, aΣ ≥ RT is Lemma 5.2, and Σ◦ is a function of D, as (X, S) is (Theorem 3.20(R1)).

Proposition 5.5 (Free count with frozen sheets). For a piece partition Y, call Y ∈ Y touched
if suppΣ◦ ∩ F (Y ) ̸= ∅, and b ∈ S touched if suppΣ◦ meets the coarse face dual to b. Then

aΣ −AG′(D)(C) = #(suppΣ◦ ∩ F) ≤ r̄20

[ ∑
Y touched

(
2|∂Y |+ |Y |/ℓ

)
+#{b ∈ S touched}

]
. (5.5)

So if AG′(D)(C) ≤ (1−η)RT , η ∈ (0, 1], the right side of (5.5) is at least aΣ−(1−η)RT ≥ ηRT .

Proof. The identity holds as ∂2Λ
◦ ⊆ F and Σ◦ is a minimizer, and aΣ ≥ RT (Lemma 5.4).

Off ∂2Λ
◦ the free set is F (X) ⊔ FS . A touched bond of S contributes at most r̄20. A face of Ξ

carrying a plaquette of intF (Y ) has both its sites in Y . Its coarse column perpendicular to
the plane of C (disjoint from those of the other faces) therefore either lies in Y , with n3 ≥ ℓ
sites (Lemma 3.3(c)), or contains a bond of ∂Y . Hence | suppΞ∩ intF (Y )| ≤ r̄20(|∂Y |+ |Y |/ℓ),
and by (5.4), (5.3) a touched Y contributes at most r̄20(2|∂Y |+ |Y |/ℓ).
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5.3 The Phase-1 Peierls estimate

In this subsection we work with the Phase-1 output (X1,U1) (no frozen bond), take P, r′ =
2R∗+2 and the pieces YP , P ∈ P, from Theorem 3.21, and compute F1, A1 := AG′(D)(C) and
Σ◦ for (X1, ∅). For a plaquette set Ξ′, let Z(Ξ′) be the set of sites with a fine cube having a
face in Ξ′. Then |Z(Ξ′)| ≤ 2|Ξ′|, as a plaquette is a face of at most two fine cubes. We also
write Z(Σ◦) := Z(suppΣ◦). A part P is touched if YP is.

Lemma 5.6 (Charge and rooting). #(suppΣ◦ ∩ F1) ≤ r̄20
∑

P touched(2|∂YP | + |YP |/ℓ) ≤
r̄20Cfree

∑
P touchedN(P ), and every touched part satisfies dist(P,Z(Σ◦)) ≤ R∗.

Proof. The idea is that each part pays for its own free plaquettes out of its own cost. We apply
Proposition 5.5 to Y1 := {YP } together with Theorem 3.21(a). A touched plaquette is a face
of a fine cube of a site of YP . Thus Z(Σ

◦) meets YP ⊆ P+R∗ (Theorem 3.21(b)).

Lemma 5.7 (Marks). Put qm := 3(r̄0 + 1)3δ1/2 ≤ 24r30δ
1/2. For every finite set W of sites,

PD(W ⊆ M) ≤ q
|W |
m .

Proof. A plaquette marks at most two sites, and a site has at most 3(r̄0 + 1)r̄20 ≤ 3(r̄0 + 1)3

plaquettes on its fine cubes. If W ⊆ M, a choice for each x ∈W of such a plaquette in D takes
at least |W |/2 distinct values, and there are at most (3(r̄0 + 1)3)|W | choices.

Lemma 5.8 (Animals). In a graph of maximal degree Dmax, the number of connected vertex
sets of size n containing a given vertex is at most (eDmax)

n−1. The number of plaquette sets
Ξ′ ⊆ Λ◦

2 with |Ξ′| = a each of whose components (for edge adjacency) contains a plaquette
incident to an edge of C is at most 24|C|(2κpl)

a, with κpl := 12e.

Proof. By [GK04, Lemma 2.1 and the sentence after it, p. 141] the first number is at most(
Dn
n−1

)
/n ≤ (eD)n−1, D := Dmax. For the second, we choose the first plaquette at an edge of C

of each component, the sizes and the components. There are 24|C| choices for the first plaquettes
and 2a for the sizes, and the components are counted by the first count with Dmax = 12. The
details are in Section S2.3.

Put εc := 8e (2R∗ + 1)3(2r′ + 1)3qm.

Proposition 5.9 (Peierls bound for parts). Assume εc ≤ 1
2 . For every finite set Z of sites

and every u0 > 0, PD
(∑

P∈P: dist(P,Z)≤R∗
N(P ) ≥ u0

)
≤ 2|Z|+1εu0c .

Proof. Since the partition is random, we take the union bound over all candidate families of
mark sets, not over the partition, and we use only that parts are pairwise disjoint subsets of
M, r′-connected by definition (the graph on P joining sites at distance at most r′ is connected,
see Theorem 3.21). Thus the event lies in the union, over u ≥ u0 and all families (P1, . . . , Pm)
of pairwise disjoint r′-connected site sets with dist(Pi, Z) ≤ R∗ and

∑
i |Pi| = u, of the deter-

ministic events {P1 ∪ · · · ∪ Pm ⊆ M}, each of probability at most qum (Lemma 5.7). A family
is fixed by the multiset of roots zi ∈ Z within R∗ of Pi, the sizes, marks yi ∈ Pi within R∗
of zi, and the sets Pi ∋ yi, connected in a graph of degree less than (2r′ + 1)3 (Lemma 5.8).
There are 2|Z|+m values for the multiset of roots, 2u for the sizes and (2R∗+1)3 for each mark.
Summing over m ≤ u, we bound the probability by 2|Z|

∑
u≥u0 ε

u
c ≤ 2|Z|+1εu0c .
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Lemma 5.10 (Surface sum). Let k ≥ 1 and j ∈ {1, 2, 3} be integers, cT (k) := 1+log(2k+1κpl)
and cT := cT (2) = 2 + log 96, η ∈ (0, 1], ε ∈ (0, 12 ], F∗ ≥ 1, and E an event with E ⊆⋃

Ξ′ EΞ′, the union over the plaquette sets Ξ′ of Lemma 5.8 with |Ξ′| ≥ RT , where PD(EΞ′) ≤
2k|Ξ

′|+jε(|Ξ
′|−(1−η)RT )/F∗. If η| log ε|/F∗ ≥ cT (k), then PD(E) ≤ 24|C|+j+2e−RT , and every X

with 0 ≤ X ≤ RT and X < ηRT off E satisfies EDeσX ≤ eσηRT+4|C|+4 for every σ ∈ (0, 1].

Proof. With λ := log(2k+1κpl) and ω := | log ε|/F∗, Lemma 5.8 bounds PD(E) by 24|C|+j times
a geometric series in a ≥ RT of ratio e−(ω−λ) ≤ e−1, and ηω ≥ 1 + λ. The moment bound
follows from 0 ≤ X ≤ RT (Section S2.3).

Proposition 5.11 (Phase-1 output). Assume εc ≤ 1
2 and η

(1)
T := cT r̄

2
0Cfree/| log εc| ≤ 1. Then

for every rectangle C with min(R, T ) ≥ R1(β) and every σ ∈ (0, 1], the two bounds of (5.1)

hold with A1, η
(1)
T and 24|C|+3 in place of AG′(D)(C), ηT and 24|C|+5.

Proof. We argue as in the proof of Theorem 5.1, without block families. On E := {A1 ≤
(1 − η

(1)
T )RT}, Proposition 5.5 with Y1 and Lemma 5.6 give

∑
N(P ) ≥ u0(|Ξ′|) := (|Ξ′| −

(1 − η
(1)
T )RT )/(r̄20Cfree) over the parts within R∗ of Z(Ξ′), where Ξ′ := suppΣ◦ is a function

of D (Lemma 5.4). Proposition 5.9 bounds the probability of this event for each deterministic

Ξ′ by 22|Ξ
′|+1ε

u0(|Ξ′|)
c . Finally, Lemma 5.10 with k = 2, j = 1, ε = εc, F∗ = r̄20Cfree and

X := RT −A1 ∈ [0, RT ] (Lemma 5.2) gives both bounds.

Lemma 5.12 (Threshold K∗). For K > K∗ = 377.38 there is a β-independent γT (K) > 0
with

| log εc| ≥ τ
(cδ(K)

2K
− 14.9662

)
−O(log τ + log r0) ≥ γT (K) τ −O(log τ + log r0), (5.6)

and (5.6) holds with ε′′ of (5.8) in place of εc.

Proof. One mark costs δ1/2 = e−τcδ(K)/(2K), and the root and part entropies of Proposition 5.9
cost e6 logR∗+O(log r0) ≤ e14.9662 τ+O(log τ+log r0), since 6π2vCb(0) < 14.9662. For the second
inequality we use the lower bound on cδ(K) of Lemma 2.6, not its asymptotic form, and take
γT (K) := (cspδ (K)− 1/(4a∗))/(2K)− 14.9662, which vanishes at K = 377.3635 (Section S1.4).

5.4 Phase 2: separators and leaves

In Sections 5.4 to 5.6 we bound the Phase-2 cut bonds by the insulation around them. As a
bond can lie next to many cuts, the key is the Leaf Lemma: at one place and scale, n cuts
have n+ 1 disjoint sides, each crossing an annulus with its own insulation.

Setting. The cuts j, their times tj , components Kj and sides Uj are those of Section 4.4.
We put U ′

j := Kj \ Uj , cutj := ∂G′
tj
Uj and Aj := |cutj |. At a cut time the state is hull-closed

without auxiliary material, so (S-face) and (S-plug) hold (Theorem 4.16) and each cell at time
tj lies in one block and has at least c1L

3
c sites (Theorem 4.20). A c-path is a sequence of sites,

consecutive ones joined by a G′-bond or lying in a common cell (a step moves less than 2Lc
in each coordinate). The box graph is Λ◦ with all coarse nearest-neighbour bonds (holes and
frozen bonds ignored), with box-components and box paths, and ∂(Y,W ) denotes the set of
box bonds from Y toW . Bonds are square-adjacent if they are edges of a common unit square.
The distance of two bonds is the least ℓ∞ distance of their ends, and a family of bond sets is
kP -linked if the graph joining members with bonds at distance at most kP is connected.
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Definition 5.13 (Separators). Fix a cut j and write U := Uj , U
′ := U ′

j . Let Uα be the
box-components of U , and W(α) the set of box-components W of Λ◦ \ Uα with W ∩ U ′ ̸= ∅.
Put S∗

j :=
⋃
α

⋃
W∈W(α) ∂(U

α,W ), and call each ∂(Uα,W ) a piece of S∗
j . Define S∗∗

j and its

pieces in the same way with U and U ′ exchanged, and put Sj := S∗
j ∪S∗∗

j .

Lemma 5.14 (Separators). For every cut j: (a) every bond of S∗
j joins a site of U to a site

outside U and is a cut bond of j or insulating at time tj (a bond of ∂Xtj or of Stj ); the same
holds for S∗∗

j with U ′; (b) every piece is square-connected; (c) every piece contains a cut bond
of j; distinct pieces of S∗

j are disjoint, so S∗
j has at most Aj pieces, and the same holds for

S∗∗
j ; (d) every cut bond of j lies in a piece of S∗

j and in a piece of S∗∗
j ; (e) every box path

from U to U ′ contains a bond of S∗
j and a bond of S∗∗

j ; (f) the pieces of Sj are kP -linked.

Proof. The separators are box-graph objects, and we use Timár’s lemma only in the box graph
(in the slit graph its conclusion fails), whereas the slit graph enters only through (a) and the
paths of (f). Items (a), (c) to (e) are elementary (Section S2.3).

(b) The set Π := ∂(Uα,W ) is a minimal set of box bonds separating a site y ∈ Uα from
a site x ∈ W . It separates, because each box neighbour of W outside W lies in Uα. It is
minimal, because for e = (u, v) ∈ Π, u ∈ Uα, v ∈ W , a box path inside Uα from y to u, then
e, then a box path inside W from v to x, meets Π only in e. The unit squares generate the
cycle space of the box graph over Z2, since the cubical complex of a box is contractible. By
[Tim13, Lemma 1], for a minimal separating edge set Π and a generating set C of the cycle
space, each partition (Π1,Π2) of Π admits a cycle of C meeting both Π1 and Π2. Taking for C
the unit squares, we obtain the square-connectedness of Π.

(f) A cell is Ω = Q ∩ K̂ with K̂ a component of G′
tj ∩ Q̂(Q). In particular, two sites of

one cell are joined by a G′-path inside Q̂(Q), a box of sides less than kP (G4), lying in Kj if
the cell does. Bonds with all ends in Q̂(Q) are at distance at most kP − 1. A G′

tj -path in Kj
enters or leaves Uα only through cut bonds, and such a bond with outer end v lies in the piece
∂(Uα,W ), where W ∋ v is a box-component of Λ◦ \ Uα. Here v ∈ Kj \ U = U ′, as a site of U
box-adjacent to Uα lies in Uα.

Same α, differentW . A G′-bond inside U ′ joins box-adjacent sites outside Uα and therefore
stays in one box-component of Λ◦ \ Uα. For W1 ̸= W2 in W(α) we take a c-path in U ′ from
W1∩U ′ toW2∩U ′ (U ′ is c-connected). Along it the box-component of Λ◦ \Uα changes only at
same-cell steps, between two sites of a cell Ω′ ⊆ U ′ lying in components W ̸= W̃ . The G′-path
inside Q̂ joining them is a box path from W to W̃ and hence meets Uα. Its first entry crosses
a cut bond of ∂(Uα,W ) and its last exit one of ∂(Uα, W̃ ), since before the entry (after the
exit) the path stays in W (in W̃ ). As both bonds lie in Q̂, these two pieces contain bonds at
distance at most kP . Following the c-path, we conclude that all pieces ∂(Uα,W ), W ∈ W(α),
are linked.

Different α. A G′-bond inside U stays in one Uα. Thus, along a c-path in U , the box-
component changes only at same-cell steps between sites of a cell Ω ⊆ U lying in Uα1 ̸= Uα2 .
The G′-path inside Q̂ joining them leaves Uα1 and enters Uα2 through cut bonds of pieces of
α1 and of α2, both in Q̂. Each α has a piece, since the box-component of Λ◦ \ Uα containing
a site of U ′ lies in W(α). Combining this with the first case, we find that all pieces of S∗

j are
linked. The same holds for the pieces of S∗∗

j (U and U ′ exchanged), and by (d) a cut bond
lies in a piece of each. Hence all pieces of Sj are linked.

For a site x and r > 0, B∞(x, r) is the set of bonds with both ends within ℓ∞ distance r
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of x. Put csh := c1/216, and let sidemin be the least coarse side of Λ◦.

Lemma 5.15 (Admissible cuts). For a site x and 27Lc ≤ ρ ≤ sidemin/24, a cut j is admissible
at (x, ρ) if (i) a cut bond of j has both ends within distance ρ/2 + 2 of x; (ii) Uj and U ′

j (at
time tj) each contain a site farther than 9ρ from x; (iii) |cutj ∩B∞(x, 9ρ)| ≤ cshρLc/2. If j is
admissible at (x, ρ), then B∞(x, 9ρ) contains at least cshρLc bonds of each of S∗

j and S∗∗
j .

Proof. Both sides of the cut cross about ρ/(9Lc) disjoint shells around x, and in each shell
the separator, which contains all box bonds between the sides it separates (Lemma 5.14(e)), is
large by a box Cheeger inequality. In a box B = [n1]× [n2]× [n3] ⊂ Z3 (shell boxes need not be
cubes), with n := maxi ni, each A ⊆ B with |A| ≤ |B|/2 has at least |A|/(2n) bonds to B \A.
To see this, we route all ordered pairs along coordinate-ordered paths. At most n|B| of them
use a given bond, and at least |A| |B|/2 join A to B \A. The shell boxes form a tensor-product
partition of Λ◦ with sides in [6Lc, 12Lc), and the shell Shi is the union of the boxes at index
distance 3i, 3i+1 or 3i+2 from the box of x. A c-path moves less than 2Lc per step and cells
lie in one block. It follows that each of the at least ρ/(9Lc) disjoint, face-connected shells Shi
with ρ/(36Lc)+1 ≤ i ≤ ρ/(4Lc)−1 lies within 9ρ of x and contains a whole cell of Uj and one
of U ′

j , by (i) and (ii). In each shell, the Cheeger inequality in one shell box or in the union of

two adjacent ones gives (c1/24)L
2
c bonds of S∗

j and as many of S∗∗
j . Summing over the shells,

we obtain (ρ/(9Lc))(c1/24)L
2
c = cshρLc bonds of each. The full argument is in Section S2.3.

Lemma 5.16 (Leaf Lemma). Let j1, . . . , jn be distinct cuts admissible at (x, ρ). Let I be the
set of bonds b ∈ B∞(x, 9ρ) such that for some i, b ∈ Sji, b is not a cut bond of ji, and b is
insulating at time tji. Then |I| ≥ (n+ 1) cshρLc/4.

Proof. The 2n sides Uji , U ′
ji

(at the respective times) are pairwise disjoint or nested
(Lemma 4.27(b)) and distinct, since the component of a later cut lies in one side of an earlier
cut or outside its component. Hence the minimal sides, the leaves, are pairwise disjoint. We
show that there are at least n + 1 of them by adding the cuts in firing order. When a cut j
is added, its two sides are leaves, since an earlier side contains Kj or is disjoint from it. An
earlier leaf stops being one only if it contains Kj , while the earlier sides containing Kj form a
chain, with at most one minimal element. Thus each cut adds two leaves and removes at most
one. For a leaf L = Uj (resp. U ′

j), Lemma 5.15 gives at least cshρLc bonds of S∗
j (resp. S∗∗

j )
in B∞(x, 9ρ), at most cshρLc/2 of them are cut bonds of j (Lemma 5.15(iii)), and the others
are insulating at tj and have an end in L (Lemma 5.14(a)), so they lie in I. Since a bond has
two ends and the leaves are disjoint, a bond of I is counted for at most two leaves.

5.5 Phase 2: charges and domination

A cut fires only on a fragmented split, whose scale cost exceeds its area. We spread the area
over thin clusters and charge each to its own insulation (Leaf Lemma), which gives the doubly
exponentially small rate εD.

Scales. For the scales s = 2jL ≥ RNF of Definition 3.18 (lattice lengths) put ρ(s) :=
s/(128r̄0) (coarse units). Points of two sites at coarse distance d are at lattice Euclidean
distance at most

√
3 r̄0(d + 1). Consequently, (U1) two cut bonds whose ends are pairwise

within coarse distance d lie in one s-cluster if
√
3 r̄0(d+1) ≤ s, and (U2) cut bonds of different

s-clusters have all their ends at coarse distance greater than s/(
√
3r̄0)− 1 > 73ρ(s)− 1. The

charge boxes at scale s partition the coarse lattice into cubes Q of side ⌈ρ(s)⌉ with centres xQ.
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Thin clusters, good scales. Fix a cut j and a scale s. An s-cluster c of cutj is thin if it
contains a bond with an end xc such that |c∩B∞(xc, 10ρ(s))| ≤ cshρ(s)Lc/2, and fat otherwise.
For a thin cluster we fix such a bond and end xc. The scale s is good for j if φs ≥ 2 and at
least half of the s-clusters are thin. Let φthin

s be the number of thin s-clusters.

Lemma 5.17 (Charges). Assume RNF ≥ max
(
3456r̄0Lc, 2048r̄0Lc/(cshθNFFunit)

)
. For every

cut j: (a) J ′
j :=

∑
s good(φs − 1) ≥ J(Uj)/2; (b) with qj(s, c) := Aj(φs − 1)/(J ′

jφ
thin
s ) (s good,

c a thin s-cluster),
∑

s good

∑
c thin qj(s, c) = Aj and qj(s, c) < 4L2

c/(θNFFunit); (c) for good
s and thin c, with Q ∋ xc the charge box, j is admissible at (xQ, ρ(s)) and xc′ /∈ Q for every
other thin s-cluster c′.

Proof. (a) A fat cluster has more than cshρLc/2 bonds, ρ = ρ(s), and clusters are dis-
joint subsets of cutj . Consequently, at a scale with φs ≥ 2 that is not good, φs − 1 <
2φfat

s < 4Aj/(cshρLc) = 512r̄0Aj/(cshsLc). Summing over dyadic s ≥ RNF gives less than
1024r̄0Aj/(cshRNFLc) ≤ J(Uj)/2, by the assumption on RNF and J(Uj) > θNFFunitAj/L

2
c (the

split is fragmented).
(b)

∑
c qj(s, c) = Aj(φs − 1)/J ′

j , and these sum to Aj over good s. At a good scale

φs − 1 < φs ≤ 2φthin
s , so qj(s, c) < 2Aj/J

′
j ≤ 4Aj/J(Uj) < 4L2

c/(θNFFunit).
(c) Take for xQ a central site of Q, so that |xc − xQ|∞ ≤ ρ/2 + 1, ρ = ρ(s). (i) The chosen

bond of c has both ends within ρ/2+2 of xQ. (ii) Since φs ≥ 2, there is a cut bond in another
s-cluster, with one end in Uj and one in U ′

j . By (U2) its ends are farther than 9ρ from xQ.
(iii) B∞(xQ, 9ρ) ⊆ B∞(xc, 10ρ), and by (U1) all cut bonds of j in B∞(xc, 10ρ) lie in c, which
is thin. If xc, xc′ ∈ Q, the two chosen bonds lie in one cluster by (U1). The numerical checks
and the range 27Lc ≤ ρ ≤ sidemin/24 of Lemma 5.15 are in Section S1.4.

Classes. For a bond set Y , B(Y ) is the set of blocks containing an end of a bond of Y . The
classes J are the connected components of the graph on cuts with j ∼ j′ ifB(Sj)∩B(Sj′) ̸= ∅.
We put X(J ) :=

⋃
j∈J Sj , B(J ) := B(X(J )) and A(J ) :=

∑
j∈J Aj . Let Scut be the set of

all bonds frozen by the cut rule and S
(2)
1 the set of bonds frozen by seal steps in Phase 2, and

put ins1 := ∂X1. The payable bonds form Bpay := ins1 ∪ Scut ∪ S(2)
1 ∪ ∂Xfinal ∪

⋃
∆ ∂∆, the last

union over the cells removed in Phase 2. We denote by mq the number of marks of a block
q, and by h(B) the number of sites in the blocks of B that are hull material at some time of
Phase 2. As a bond is frozen at most once (Proposition 4.3), each cut bond belongs to exactly
one cut.

Lemma 5.18 (Classes). (a) Distinct classes have disjoint X’s and disjoint B’s. (b) The cut
bonds of every j ∈ J lie in X(J ), and every cut bond lying in X(J ) belongs to a cut of J ; so
|X(J )∩Scut| = A(J ). (c) B(J ) is a union of at most 2A(J ) sets, each ∗-connected in the block
lattice (26-adjacency), which are linked at block distance at most kb := ⌈kP /Lc⌉+2. (d) Every
bond of X(J )\Bpay is, at some time of Phase 2, a hole face of a site y /∈ X1 that is hull material
at that time and lies in a block of B(J ). So |X(J ) \Bpay| ≤ 6h(B(J )) ≤ 12Lc

∑
q∈B(J )mq.

Proof. (a) A common bond or block relates two cuts. (b) The first claim is Lemma 5.14(d). For
the second, a cut bond of j′′ in Sj lies in Sj′′ , so j

′′ ∼ j. (c) The set Sj has at most 2Aj pieces
(Lemma 5.14(c)), which are square-connected, hence with ∗-connected blocks, and kP -linked
(Lemma 5.14(b), (f)). Bonds at distance ≤ kP have blocks at block distance ≤ kP /Lc+1 ≤ kb,
and related cuts share a block.
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(d) Let b ∈ Sj \ Bpay, j ∈ J . Cut bonds and bonds frozen at tj lie in Scut ∪ S(2)
1 ⊆ Bpay

(the bonds frozen in Phase 1 are converted, Theorem 4.17). It follows by Lemma 5.14(a) that
b = (y, u) is a hole face at tj , with y ∈ Xtj and u ∈ Kj ⊆ G′

tj . If y ∈ X1, then b ∈ ∂X1 = ins1,
as u ∈ G′

tj ⊆ G′
X1 (G′ only shrinks). If y lies in a cell ∆ removed in Phase 2 before tj , then

b ∈ ∂∆, as u /∈ ∆ ⊆ Xtj . Otherwise y /∈ X1 ∪ Rtj ⊇ M ∪ U1 ∪ Rtj = Btj (Phase 2 fills only by
removal, and Rt is as in Section 4.4), so y is hull material at tj , also if it lies in a cell removed
after tj . Its block contains an end of b and hence lies in B(J ). A site carries six bonds. For
the last bound, let q ̸⊆ U1 be a block. If its removal cell is never removed, the hull material
(Xt \Bt)∩q = (Xt∩q)\M only grows in t. If the cell is removed at time t∆, all hull material of
q before t∆ is hull material just before t∆ (removal cells are unions of blocks, Lemma 3.3(c)).
Corollary 4.7 at the final time, or just before the removal, gives fewer than 2Lcmq sites per
block.

The hole faces of (d) whose other end is absorbed later (transient faces) can number Lc
times the local sources. We absorb them into εD and attach them to the contour only through
blocks.

Proposition 5.19 (Domination). For every set J of cuts, A(J ) ≤ εD|X(J )| with εD :=
3.2768 · 107r̄0Lc/(cshθNFFunitRNF), and if J is a class and εD ≤ 1

2 ,

A(J ) ≤ 2εD

(
|X(J ) ∩Bpay \ Scut|+ 12Lc

∑
q∈B(J )

mq

)
. (5.7)

Proof. We assign the charge qj(s, c) of Lemma 5.17 to the pair (Q, s) with Q ∋ xc. Fix (Q, s)
and let j1, . . . , jn be the cuts of J with a charge at (Q, s). Each has exactly one, of size
less than 4L2

c/(θNFFunit), and is admissible at (xQ, ρ(s)) (Lemma 5.17(b), (c)). The Leaf
Lemma gives IQ ⊆ B∞(xQ, 9ρ(s)) ∩ X(J ) with |IQ| ≥ (n + 1)cshρ(s)Lc/4. Hence the charge
at (Q, s) is at most 4nL2

c/(θNFFunit) ≤ 16Lc |X(J ) ∩ B∞(xQ, 9ρ(s))|/(cshθNFFunitρ(s)).
A bond lies in B∞(xQ, 9ρ(s)) for at most 203 charge boxes Q of one scale, and∑

s 1/ρ(s) ≤ 256r̄0/RNF over dyadic s ≥ RNF. Summing over (Q, s), we obtain
A(J ) ≤ 203 · 16 · 256 r̄0Lc|X(J )|/(cshθNFFunitRNF) = εD|X(J )|. For (5.7), X(J ) is the
disjoint union of X ∩ Scut, X ∩Bpay \ Scut and X \Bpay. The first has A(J ) elements and the
last is bounded by Lemma 5.18(b), (d). Thus A ≤ εD(A + R) with R the bracket of (5.7),
and A ≤ εDR/(1− εD) ≤ 2εDR.

5.6 Phase 2: responses

A cut changes G′ only on its own bonds, which cross block faces and carry the hull weight
2− ηw. The hull, the removal and the seal therefore respond to it as to marks, and we pay for
the responses locally with the marks, the cut bonds and the bonds of ins1 = ∂X1. Each frozen
bond is a grid bond and supports no hull material (Corollary 4.7). Hence a response creates
no new source, so paying for the responses involves no recursion. Let m(Z) be the number of
marks in Z, and let ncut(Z) and nseal(Z) be the numbers of cut bonds and of bonds frozen by
seal steps in Phase 2 (converted ones included) with both ends in Z. For a removal cell ∆0,
N (∆0) is the set of the at most 27 removal cells within index distance 1 of ∆0, with union
U(∆0), and N2(∆0) is the set of the at most 125 removal cells within index distance 2 of ∆0,
with union U2(∆0).
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Response units. These are (1) the bonds of S
(2)
1 , (2) the bonds of ∂Xfinal \ ins1 (hole faces

created in Phase 2 and present at the end), and (3) the pairs (∆, b) with ∆ a cell removed in
Phase 2 and b ∈ ∂∆. A unit is located at its bond, and units(Z) denotes the number of units
with an end in Z. We assign each unit to the removal cell of the first of its ends in a fixed
order. Transient hole faces are not units. Each bond of Bpay \ Scut lies in ins1 or is the bond
of a unit.

Lemma 5.20 (Units). For every removal cell ∆0, units(∆0) ≤ Cam(U2(∆0)) +
Cb ncut(U2(∆0)) + Cc |ins1 ∩ E(U2(∆0))|, with Ca := 4362 + 5808/cs, Cb := 2 + 4/cs
and Cc := 1 + 2/cs.

Proof. We bound the units near ∆0 by the seal count or by comparison with the Phase-1 output
(Lemma 4.25). Write U := U(∆0), m := m(U2(∆0)), n := ncut(U) and i := |ins1 ∩ E(U)|.
A seal bond with an end in a block q lies on one of the six faces of q, and the face shared
with q′ carries at most 121(mq +mq′) of them (Proposition 4.15). Summing over the blocks
of ∆0, resp. of U , we find that at most 1452m units of type (1) have an end in ∆0 and that
nseal(U) ≤ 1452m. A unit (∆, b) with an end in ∆0 has ∆ ∈ N (∆0), and by Lemma 4.25(b)
the units of type (3) of the cells of N (∆0) number less than u3 := c−1

s (i+2nseal(U) + 2n). We
turn to the units of type (2). For 1 ≤ r ≤ Lc the boxes Nr := {x : dist(x,∆0) ≤ r} lie in U and
have disjoint outer layers. A final hole face with an end in ∆0 lies in E(Nr) and has exactly one
end in X∞, so it is counted in A2(E(Nr);∞), which (4.4) bounds by InsNr(X1 ∪R∞) + cutNr .
A bond of E(Nr) with exactly one end in X1 ∪ R∞ is a bond of ins1 or the bond of a unit
of type (3) of a cell of N (∆0), and a bond of S̄∞ ∩ E(Nr) with no end in X1 was frozen in
Phase 2. Hence InsNr(X1 ∪R∞) ≤ i+ u3 +2nseal(U)+ 2n. The sites counted in cutNr are hull
material in the outer layer of Nr, each with at most three bonds leaving Nr, and the blocks of
U hold fewer than 2Lcm sites of hull material (Corollary 4.7). Consequently, cutNr ≤ 6m for
some r. Adding these bounds, we obtain units(∆0) ≤ 1452m+ 2u3 + i+ 2nseal(U) + 2n+ 6m,
which gives the claim (Section S1.4).

Lemma 5.21 (Charging map). There are weights ϖ(u, z) ≥ 0, for u a response unit and z a
source (a mark, a cut bond or a bond of ins1), with ϖ(u, z) = 0 if dist(u, z) > Rresp := 10ℓ
and

∑
zϖ(u, z) ≥ 1 for every u, such that every mark receives

∑
uϖ(u, z) ≤ 125Ca, every cut

bond at most 125Cb, and every bond of ins1 at most 125Cc.

Proof. Since Lemma 5.20 bounds the units of a cell by the sources around it, we spread each
unit over those sources. For a unit u assigned to ∆0 put ϖ(u, z) := cz/D(∆0) for the sources
z of U2(∆0), that is, the marks in U2(∆0), the cut bonds and the bonds of ins1 in E(U2(∆0)).
Here cz = Ca, Cb or Cc according to the kind of z, and D(∆0) is the right side of Lemma 5.20.
Then

∑
zϖ(u, z) = 1, and D(∆0) ≥ units(∆0) > 0 if a unit is assigned to ∆0. A source lies

in U2(∆) for at most 125 cells ∆ and therefore receives at most 125cz. A unit assigned to ∆0

has an end in ∆0, a source of U2(∆0) lies in a cell at index distance at most 2, and cells have
sides less than 3ℓ. Hence dist(u, z) ≤ 9ℓ+ 1 ≤ Rresp.

Put Cresp := 375Ca+125CcC
′
⋆ (fixed before K, see Section S1.4). A part P owns the bonds

of ∂YP , at most C ′
⋆N(P ) bonds of ins1 (Theorem 3.21(a)). The marks and the ins1 bonds of

P therefore receive at most (125Ca+125CcC
′
⋆)N(P ) ≤ CrespN(P ), and a cut bond receives at

most 125Cb ≤ Cresp.
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5.7 Counting and the proof of Theorem 5.1

In this subsection (X, S) is the Phase-2 output, with F and the minimizer Σ◦ of Lemma 5.4
computed for it, and we write Ξ′ := suppΣ◦ and a := aΣ = |Ξ′| ≥ RT . Put R′ := R∗ + 2Rresp

and
ε′′ := 8e (2R′ + 4Lc + 1)3 (2r′ + 1)3 qm. (5.8)

The hole set only grows (Proposition 4.3). Hence X1 ⊆ X.
Pieces. The sets YP , P ∈ P (Theorem 3.21(a)), the sets Y∆ := ∆ \ X1 for the cells ∆

removed in Phase 2 (a removed cell lies in X), and the sets Y∆′ := (X\X1)∩∆′ for the removal
cells ∆′ not removed in Phase 2 partition X. A piece is touched if Ξ′ meets its F (·), and a
part P is touched if YP is. The cell of a touched Y∆ or Y∆′ is a touched cell. Let utouch be
the number of response units that have an end in a touched cell or are of type (1) with a
coarse face containing a plaquette of Ξ′ (each unit counted once), ctouch the number of bonds
of S ∩Scut whose coarse face contains a plaquette of Ξ′, and itouch the number of bonds of ins1

with an end in a touched cell.

Proposition 5.22 (Phase-2 free count). #(Ξ′ ∩ F) ≤ r̄20
[
Cfree

∑
P touchedN(P ) + 20(utouch +

ctouch + itouch) + (26Lc/ℓ)
∑

∆′ touchedm(∆′)
]
, the last sum over the touched cells ∆′.

Proof. Roughly speaking, the removal cells cut Phase-2 hole material into pieces of diameter
less than 9ℓ, bounded by Phase-1 insulation or response units, whose volume enters divided
by ℓ. We apply Proposition 5.5 to these pieces. A touched part costs at most CfreeN(P )
(Lemma 5.6). A touched Y∆ costs 2|∂Y∆|+ |Y∆|/ℓ, with |Y∆|/ℓ < 27ℓ2 ≤ 4.5|∂∆|. A bond of
∂Y∆ either lies in ∂∆, in which case it is the bond of a unit (∆, b) of type (3), or joins X1 ∩∆
to ∆ \ X1, in which case it is a bond of ins1 with both ends in ∆.

A touched Y := Y∆′ costs 2|∂Y | + |Y |/ℓ. A bond (y, v) of ∂Y , y ∈ Y , is of one of four
types: (a) v ∈ G′: a final hole face with no end in X1, the bond of a unit of type (2); (b)
v ∈ X1, so the bond lies in ins1; (c) v lies in a cell ∆ removed in Phase 2, so (∆, (y, v)) is a
unit of type (3); (d) v ∈ (X \X1)∩∆′′ for another cell ∆′′ not removed in Phase 2. For a bond
of type (d), we walk from y along its coordinate line into ∆′. If the walk leaves Y inside ∆′, it
leaves through a bond from Y to ∆′ \Y ⊆ G′∪X1, of type (a) or (b) with both ends in ∆′, and
distinct walks end at distinct bonds. Otherwise the walk crosses ∆′ inside Y , through at least
ℓ sites, and we charge 1/ℓ to each of them. Since a site lies on three lines, each with at most
two type-(d) bonds at its ends, it receives at most 6/ℓ. Hence |∂Y | is at most the number of
bonds of types (a) to (c) with an end in Y , plus those of types (a), (b) inside ∆′, plus 6|Y |/ℓ.
Moreover, |Y | < 2Lcm(∆′) by Corollary 4.7 at the final time, as Y is hull material (Phase 2
fills only by removal).

Since the Phase-1 output has no frozen bond, a touched bond of S lies in S
(2)
1 or in S∩Scut.

In the first case it is a unit of type (1), counted in utouch, and in the second it is counted in
ctouch. Each unit or bond of ins1 charged above has an end in the touched cell charging it, so
it is counted in utouch or itouch, with coefficients adding up to at most 20 (Section S1.4).

The attached family. Let T be the set of classes with a cut bond counted in ctouch, and
F the smallest set of classes containing T with the closure property: if ϖ(u, z) > 0 for a cut
bond z of a class J ′, where (i) u is a unit counted in utouch, or (ii) the bond of the unit u lies
in X(J ) for some J ∈ F , then J ′ ∈ F . Put BF :=

⊔
J∈F B(J ) and AF :=

∑
J∈F A(J ). Let

ZF be the set of sites of the blocks of B+1
F (the blocks at block distance at most 1 from BF )
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and Qatt the set of parts P with dist(P,Z(Ξ′) ∪ ZF ) ≤ R′, and put NQ :=
∑

P∈Qatt
N(P ).

Consider the condition

8εD(1 + 8Lc)(C
′
⋆ + 3Cresp + 6)(48Cresp + 2) ≤ 1, (5.9)

which holds for β ≥ β0(K), as εD is doubly exponentially small. We assume it in Lemma 5.23
and Proposition 5.24.

Lemma 5.23 (Attached family). (a) the units counted in utouch and the units whose bond
lies in

⋃
F X(J ) number together at most 2Cresp(NQ + AF ); (b) AF ≤ 8εD(1 + 8Lc)(C

′
⋆ +

3Cresp + 6)NQ ≤ NQ/(48Cresp + 2); (c) ctouch ≤ AF , itouch ≤ C ′
⋆NQ and |BF | ≤ CBNQ (CB

of Section S1.4); (d) BF has m ≤ 2AF ∗-components.

Proof. (a) A unit of the first family has an end within 3ℓ of Z(Ξ′), since a touched cell meets
Z(Ξ′) and has sides less than 3ℓ, and since a unit of type (1) whose face meets Ξ′ has both
ends in Z(Ξ′). A unit of the second family has an end in ZF . Thus a source z with ϖ(u, z) > 0
lies within Rresp +3ℓ+1 of Z(Ξ′)∪ZF (Lemma 5.21). If such a source is a mark, it is a mark
of a part of Qatt. If it is a cut bond, it belongs to a class of F (closure property), and there
are at most AF of these (Lemma 5.18(b)). If it is a bond of ins1 =

⊔
P ∂YP , its owner P has

a site of YP ⊆ P+R∗ within Rresp + 3ℓ + 2 of Z(Ξ′) ∪ ZF and so lies in Qatt. As each unit
has total weight at least 1, the loads after Lemma 5.21 imply that each family has at most
CrespNQ + 125CbAF ≤ Cresp(NQ +AF ) elements.

(b) We sum (5.7) over J ∈ F . The bonds of X(J ) ∩ Bpay \ Scut are bonds of ins1 or of
units. A bond of ins1 lies in ∂YP for one part P , which has an end of it in YP ⊆ P+R∗ , so
P lies within R∗ + 1 of ZF and belongs to Qatt. A part owns at most C ′

⋆N(P ) such bonds
(Theorem 3.21(a)). The units are bounded by (a), and the marks in blocks of BF belong to
parts of Qatt. Therefore

AF ≤ 2εD
[
C ′
⋆NQ + 2Cresp(NQ +AF ) + 12LcNQ

]
.

The coefficient of AF on the right is 4εDCresp ≤ 1
2 by (5.9). Hence AF ≤ 4εD(C

′
⋆ + 2Cresp +

12Lc)NQ, which gives the first inequality. The second inequality is (5.9).
(c) A touched cut bond belongs to a cut of a class in T (Lemma 5.18(b)). Thus ctouch ≤ AF .

A bond counted in itouch has an end within 3ℓ of Z(Ξ′), so its owner lies within R∗+3ℓ+1 ≤ R′

of Z(Ξ′), in Qatt, and itouch ≤ C ′
⋆NQ (Theorem 3.21(a)). For |BF |, we charge each block of

B(J ) to a bond of X(J ) with an end in it if that bond lies in Bpay (at most two blocks per
bond). Otherwise (Lemma 5.18(d)) the block is that of a site y of hull material or one of its
six face neighbours, and it is charged to the first mark of the block of y (Corollary 4.7), with
at most seven blocks per mark. Counting as in (a) and (b) gives |BF | ≤ CBNQ (Section S1.4).

(d) By Lemma 5.18(c), B(J ) is a union of at most 2A(J ) ∗-connected sets.

Proposition 5.24 (Contour inequality). #(Ξ′ ∩ F) ≤ r̄20C3NQ, |BF | ≤ CBNQ and m ≤
MmNQ, with C3, CB free of β, τ , K, C, D and Mm = O(εDLcCresp) (Section S1.4).

Proof. We insert Lemma 5.23 into Proposition 5.22. Touched parts lie inQatt (Lemma 5.6). By
Lemma 5.23(c) and the proof of (a), utouch+ctouch+itouch ≤ (Cresp+C

′
⋆)NQ+(Cresp+1)AF . The

marks of the touched cells belong to parts of Qatt, so
∑

∆′ m(∆′) ≤ NQ, and 26Lc/ℓ ≤ 26/308.
Finally, AF ≤ NQ/(48Cresp + 2) (Lemma 5.23(b)). This gives the first bound (Section S1.4),
and the others are Lemma 5.23(c), (b), (d).
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Lemma 5.25 (Counting parts). Assume ε′′ ≤ 1
2 . For a fixed set Z of sites, a fixed set B′ of

blocks and u0 > 0, PD
(∑

P∈P: dist(P,Z∪
⋃

B′)≤R′ N(P ) ≥ u0
)
≤ 2|Z|+|B′|+1(ε′′)u0.

Proof. The argument is that of Proposition 5.9, with roots in Z ∪ B′ (at most 2|Z|+|B′|+m

multisets) and the mark yi within R
′ of its root ((2R′ + 4Lc + 1)3 choices, as block sides are

less than 2Lc).

Anchored block sets. Put d0 := ⌈R′/Lc⌉+2. The block distance is the ℓ∞ distance of block
indices, and q(x) is the block of a site x. Since block sides are at least Lc, sites at distance r
lie in blocks at block distance at most r/Lc + 1. A block set B′ is anchored to a plaquette set
Ξ′ if the graph on {o} ∪ {∗-components of B′}, in which o is joined to a component C when
C has a block within block distance d0 of q(x) for some x ∈ Z(Ξ′), and two components are
joined when they have blocks within block distance d0, is connected.

Lemma 5.26 (Counting block families). (a) BF is anchored to Ξ′ = suppΣ◦. (b) For every
plaquette set Ξ′ with |Ξ′| = a, the number of block sets anchored to Ξ′ with b blocks and m
∗-components is at most 22a+2b+m(2d0 + 1)3m(26e)b.

Proof. (a) We build F by the closure. Put F0 := T , and let Ft+1 be Ft with the classes forced
by Ft. A class of T has a touched cut bond, whose ends lie in Z(Ξ′) and whose blocks lie in
its B. A class J ′ ∈ Ft+1 \ Ft has a cut bond z with ϖ(u, z) > 0, hence dist(u, z) ≤ Rresp,
for a unit u of type (i) or (ii) relative to Ft. In case (i), u has an end within 3ℓ of Z(Ξ′), so
the block of an end of z is within block distance (Rresp + 3ℓ+ 1)/Lc + 1 ≤ d0 of q(x) for some
x ∈ Z(Ξ′). In case (ii), the block of an end of z is within block distance (Rresp+1)/Lc+2 ≤ d0
of B(J ), J ∈ Ft, as u has an end in a block of B(J ). In both cases this block lies in B(J ′),
as z ∈ X(J ′), and B(J ′) is a union of ∗-connected sets linked at block distance kb ≤ d0
(Lemma 5.18(c)), each lying in one component of BF . By induction on t, each component
meeting B(J ), J ∈ Ft, is connected to o, and each component of BF meets some B(J ).

(b) Along a breadth-first spanning tree from o (fixed orders), the block set is fixed by the
following data:

• the component sizes, with 2b choices;

• the anchors of the children of o in Z(Ξ′), where |Z(Ξ′)| ≤ 2a, and of each component
among its blocks, with 22a+b+m choices in all;

• the root positions relative to the anchors, with (2d0 + 1)3m choices;

• the components, for which Lemma 5.8 with Dmax = 26 gives (26e)b choices (see Sec-
tion S2.3).

Proof of Theorem 5.1. The conditions of item (a) of Section S1.1.4 include (5.9) and

229 · 26e · (ε′′)1/(3CB) ≤ 1
2 , 2(2d0 + 1)3(ε′′)1/(3Mm) ≤ 1

2 . (5.10)

On E := {AG′(D)(C) ≤ (1− ηT )RT}, as a = AG′(D)(C)+#(Ξ′ ∩F), Proposition 5.24 gives

NQ ≥ 1
3(u1(a) + b/CB +m/Mm) with b := |BF | and u1(a) := (a− (1− ηT )RT )/(r̄

2
0C3).

Reduction to deterministic pairs. The minimizer Σ◦ and the block family BF are functions
of D, defined through fixed orders: the output (X, S) (Theorem 3.20(R1)), the minimizer
(Lemma 5.4), the classes, the weights ϖ (Lemma 5.21) and the smallest closed family F . Thus
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on E the pair (suppΣ◦,BF ) takes one deterministic value (Ξ′,B′), with Ξ′ a plaquette set
as in Lemma 5.8 and B′ anchored to Ξ′ (Lemma 5.26(a)). Hence E ⊆

⋃
(Ξ′,B′)E(Ξ′,B′), the

union over all such deterministic pairs, where E(Ξ′,B′) is the event that the parts P within
R′ of Z(Ξ′) ∪

⋃
B′+1 have

∑
N(P ) ≥ 1

3(u1(|Ξ
′|) + |B′|/CB +m(B′)/Mm). In E(Ξ′,B′) the

random partition enters only as a family of disjoint r′-connected mark sets (Theorem 3.21),
over all of which Lemma 5.25 sums.

The sum. By Lemma 5.25 with Z = Z(Ξ′) (|Z| ≤ 2a) and the block set B′+1 (at most 27b
blocks), PD(E(Ξ′,B′)) ≤ 22a+27b+1(ε′′)(u1+b/CB+m/Mm)/3. Summing over the anchoredB′ with
Lemma 5.26(b), we obtain the factors (229 · 26e (ε′′)1/(3CB))b and (2(2d0 + 1)3(ε′′)1/(3Mm))m,
each at most 2−b, resp. 2−m, by (5.10). Hence the union over B′ has probability at most
24a+3(ε′′)u1(a)/3. Finally, Lemma 5.10 with k = 4, j = 3, ε = ε′′, F∗ = 3r̄20C3 and X :=
RT − AG′(D)(C), for which ηT | log ε′′|/F∗ = c′′T ≥ cT (4) and 0 ≤ X ≤ RT (Lemma 5.2), gives
both bounds of (5.1).

The order of ηT follows from C3 = O((C ′
⋆+Cresp)(1+1/cs)) and Lemma 5.12 (Section S1.4).

6 Stage 1: the Mayer expansion to the Debye scale on slit
domains

In this section we prove [GM82, Prop. 3], with the iterated Mayer expansion of [GM81a],
for the gas whose kernel is the Neumann Green function of a slit graph (Theorem 6.5), and
we derive heat-kernel, covariance and depletion bounds on outputs. Since the Neumann field
of a distant source is enhanced near a free edge of a frozen sheet, in Sections 6 and 7 we
use no pointwise bound on a Neumann kernel or its gradient near such an edge other than
the diagonal lower bounds and heat-kernel bounds listed next. We use only diagonal lower
bounds (Lemma 6.1), exact L1 sums (Lemma 6.2), heat-kernel decay from the isoperimetry
(R2) (Theorem 6.8, Lemma 6.14) and, in Lemma 7.32, the free-space solid angle.

Conventions. The lattice is the fine lattice (spacing 1), βGM = 4π2τ , and distances are
Euclidean unless dG′ is written. Slit graphs G′ = (V,E), V = Λ′ \ X, E = E(V ) \ S, their
components K, the bound dG′(x, y) ≥ ∥x − y∥1 and the outputs G′ = G′(D) are those of
§2.5. We define (−∆G′f)(y) :=

∑
y′∼y(f(y) − f(y′)) over the G′-neighbours of y. For m > 0,

v
(m)
G′ := (−∆G′ +m2)−1, vG′ := v

(MY )
G′ , v := v

(MY )
Z3 , vΛ′ is v(MY ) of the box Λ′ with all its bonds,

and vCb is the Coulomb kernel of Z3. On RV0 := {φ :
∑

x∈K φ(x) = 0 for all K}, GN := (−∆G′)+

is the inverse of −∆G′ . The image energies are Φ(x) = ΦG′(x) := 1
2βGM(vG′(x, x)− v(0)) and

IG′(x) := vG′(x, x)− vΛ′(x, x), and the depleted set is D := {x ∈ V : ΦG′(x) > θ0}, θ0 = 0.01.
For a matrix K on V and r ≥ 0, ∥K∥r is the larger of supx

∑
y |K(x, y)|er dG′ (x,y) and the

same expression with x and y exchanged. This norm is submultiplicative, and ∥K∥2→2 ≤
∥K∥0 ≤ ∥K∥r for all such K and r. The activity of a unit monopole is z := e−βGMvCb(0)/2,
and m2

D := 2βGMz [GM82, (1.8a)]. Hence mD = (8π2τ)1/2e−π
2vCb(0)τ (numerical values are

in §S1.5). The mass m̃ ∈ [mD/2, 2mD] and the Pauli–Villars mass MY = m̃/λPV are fixed
in (6.11). Until then MY is any mass in IY := [mD/(2λPV), 2mD/λPV], and all statements
hold uniformly in that range. Besides the loop, the letter C denotes the parameter C ∈ (0, 1)
of Theorem 6.5 (the notation of [GM82]), a generic constant, such as those of (S5), (6.7) and
Proposition 6.6, and, in Theorem 6.11 and Appendix C, the covariance (C−1

0 + ν)−1. The
context fixes the meaning.
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6.1 Kernel facts on every slit graph

Lemma 6.1 (Thomson monotonicity). Let H ⊆ H ′ be graphs with V (H) ⊆ V (H ′), E(H) ⊆
E(H ′) and V (H) finite; H ′ = Z3 is allowed. Let f be supported on V (H). (i) For every

m > 0,
(
f, v

(m)
H f

)
≥

(
f, v

(m)
H′ f

)
. (ii) If f has zero sum on every component of H, then it has

zero sum on every component of H ′, and
(
f, (−∆H)

+f
)
≥

(
f, (−∆H′)+f

)
; for H ′ = Z3 the

right side is (f, vCbf). (iii) For every slit graph G′ ⊆ Λ′ and x ∈ V : v
(m)
G′ (x, x) ≥ v

(m)
Z3 (0) and

vG′(x, x) ≥ vΛ′(x, x). Hence ΦG′ ≥ 0 and IG′ ≥ 0.

Proof. In the variational formula (f, v
(m)
H f) = supφ[2(f, φ) −

∑
{y,y′}∈E(H)(φ(y) − φ(y′))2 −

m2
∑

y∈V (H) φ(y)
2], restricting φ from V (H ′) to V (H) keeps (f, φ) and does not raise the

energy, which is (i). In (ii), f is orthogonal to the kernels of both Laplacians, and the formula
holds at m = 0. We obtain (iii) by taking f = δx in (i).

Lemma 6.2 (Neumann resolvent). Let G′ be a slit graph and 0 < m < m′. Then: (i) v
(m)
G′ is

symmetric and entrywise nonnegative, and v
(m)
G′ (x, y) = 0 when x and y lie in different compo-

nents; (ii)
∑

y∈V v
(m)
G′ (x, y) = m−2 for every x ∈ V ; (iii) v

(m)
G′ − v

(m′)
G′ = (m′2 −m2) v

(m)
G′ v

(m′)
G′ ,

and this matrix is entrywise nonnegative and positive semidefinite, with row sums m−2−m′−2;
(iv) spec(−∆G′) ⊆ [0, 12].

Proof. Since degG′ ≤ 6, the matrix P := I− (−∆G′)/6 is symmetric, nonnegative and stochas-

tic, with no entry across components, and the series v
(m)
G′ = (6+m2)−1

∑
n≥0(6/(6+m2))nPn

gives (i) and (ii). Part (iii) is the resolvent identity, and (iv) is Gershgorin’s theorem.

Proposition 6.3 (Representation; one zero mode per component). Let G′ be a slit graph,
βGM > 0, k ∈ R and f : V → R. Put Z̃(k, f) :=

∑
[n] exp

(
− 1

2βGM

∑
b∈E(∇b(n − kf))2

)
,

where n runs over (2πZ)V modulo the addition of a constant in 2πZ on each component. Let
u := GN − vG′ on RV0 and let dµu be the centred Gaussian measure on RV0 with covariance
u. Then: (a) u = M2

Y (−∆G′)+(−∆G′ + M2
Y )

−1 on RV0 , and u is positive definite there.
(b) Z̃(k, f) = N0

∑
q e

ik(q,f)e−βGM(q,GN q)/2, the sum over q ∈ ZV with zero sum on every
component, where N0 =

∏
KNK > 0 depends only on G′ and βGM. An isolated vertex carries

only q = 0 and has NK = 1. (c) With θ :=
∑

K θK1K,∑
q neutral

eik(q,f)e−βGM(q,GN q)/2 =

∫
[0,2π)K

∏
K

dθK
2π

∫
dµu(φ)Z

Y
(
φ+ kβ

−1/2
GM f + β

−1/2
GM θ

)
, (6.1)

where ZY (ψ) :=
∑

q∈ZV eiβ
1/2
GM(q,ψ)e−βGM(q,vG′q)/2 is the Yukawa gas on G′, with no neutrality

constraint. (d) ZY (ψ) > 0 for real ψ, and ZY =
∏

K Z
Y
K (ψ|K). Consequently the coefficients ρs

of the expansion of lnZY in Theorem 6.5 vanish unless all their points lie in one component.

Proof. We carry out the argument of [GM82, (2.4) to (2.12)], written there for a measure on
Z3 with charges confined to Λ and no zero mode (p. 20), on each component K. On K, rooting
at x0 ∈ K and Poisson summation over (2πZ)|K|−1 give the neutral charges q̂ = (q,−

∑
q),

with ⟨q, A−1q⟩ = ⟨q̂, GN q̂⟩ for the restriction A of −∆K to K \ {x0}. One θK per component
imposes neutrality, whatever their number and sizes. Finally, GN = vG′ + u, with (a) from
(−∆G′ +M2

Y )
−11K = M−2

Y 1K (Lemma 6.2(ii)). To prove ZY > 0 (cited in [GM82, p. 21]),
we use Poisson summation over ZV , which writes ZY (ψ) as a sum of positive Gaussians in
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n− β
1/2
GMψ, n ∈ (2πZ)V , with covariance βGMvG′ . The factorization and (d) hold because vG′

and the potentials vℓG′ ([GM81a, (2.5), p. 6, and (4.1), p. 17]), from which [GM82, §3] builds
ρs through the tree formula [GM81a, (3.7)], vanish across components (Lemma 6.2(i)).

Proposition 6.4 (Stability on G′). Let M1 ≥MY be the mass of [GM82, (3.20)], and on a slit

graph G′ let v1G′ := v
(M1)
G′ , with the coincident-site rule [GM81a, (5.1a)], and v2G′ := vG′ − v1G′.

Then the stability bounds [GM81a, (4.2)] hold on G′ with γ1 = 1
2v

1
Z3(0), with the same ε1 > 0

as on Z3 [GM81a, Prop. 8], and with ε2 = δ2 = 0. Moreover vℓG′(x, y) ≥ 0, and

ṽ1 := sup
y

∑
x

v1G′(x, y) =M−2
1 , ṽ2 := sup

y

∑
x

v2G′(x, y) =M−2
Y −M−2

1 (6.2)

exactly, as on Z3 [GM81a, (5.3)].

Proof. By Lemma 6.1 each Yukawa energy on G′ is at least its Z3 value for the same configu-
ration. Hence the margins of [GM81a, Prop. 8] transfer. At level one, with the rule (5.1a) and
m(x) :=

∑
imiδxix, EG′ = 1

2(m, v
1
G′m) + 1

2

∑
xi=xj , signmi=−signmj

|mimj | v1G′(xi, xi) ≥ EZ3 by

Lemma 6.1(i), (iii), and EZ3 ≥ γ1 + ε1(−1 +
∑

im
2
i ), coincident positions included. At level

two, 1
2(m, v

2
G′m) ≥ 0 by Lemma 6.2(iii), that is (4.2) with ε2 = δ2 = 0. Positivity and (6.2)

are Lemma 6.2(i) to (iii).

6.2 The Stage 1 theorem

Theorem 6.5 (Stage 1 on slit domains). Fix κS , µ < ∞ and C, δGM ∈ (0, 1). There are
λ0 = λ0(κS , µ, C, δGM) > 0 and, for λPV ≤ λ0, β

0
GM = β0GM(λPV, κS , µ, C, δGM) such that for

βGM ≥ β0GM and every MY ∈ IY the following hold on every slit graph G′, with constants
independent of G′ and MY . Write ξ = (m,x) with m ∈ Z \ {0} and x ∈ V , −ξ := (−m,x),
and

∫
dξ :=

∑
m

∑
x∈V .

(S1) Expansion. For real ψ on V , ZY (ψ) = exp(−Veff(ψ)) with

−Veff(ψ) = ρ0 +
∑
s≥1

1

s!

∫
dξ1 · · · dξs ρs(ξ1, . . . , ξs) ε(ξ1) · · · ε(ξs), (6.3)

where ε(ξ) := eimβ
1/2
GMψ(x)−1, the coefficients ρs = ρG

′
s are real and symmetric, ρ0 is a constant,

and the series converges absolutely, uniformly in real ψ. With Proposition 6.3, for every k and
f ,

Z̃(k, f) = N0

∫ ∏
K

dθK
2π

∫
dµu(φ) exp

[
−Veff

(
φ+ kβ

−1/2
GM f + β

−1/2
GM θ

)]
. (6.4)

(S2) Coefficient bounds. For s ≥ 1 and every a1 ⊆ V ,∫
x1∈a1

dξ1

∫
dξ2 · · ·

∫
dξs |ρs(ξ1, . . . , ξs)| e2κS(−1+

∑
i |mi|) e(1−δGM)ALG′ (x1,...,xs)

≤ s! |a1|
m2
D

βGM
e−µ(s−1)(1− C)−s−10 (6.5)

with A = 0, where LG′(a1, . . . , an) is the tree length of [GM82, (1.11a), (1.11b)] computed
with the distance 3−1/2dG′ and auxiliary points in V , LG′(x1, . . . , xs) := LG′({x1}, . . . , {xs}),
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and 0 · ∞ := 0 (by Proposition 6.3(d), ρs = 0 unless x1, . . . , xs lie in one component). Since
LG′(a1, . . . , as) ≤ LG′(x1, . . . , xs) whenever xi ∈ ai, for all a1, . . . , as ⊆ V∫

x1∈a1
dξ1 · · ·

∫
xs∈as

dξs |ρs(ξ1, . . . , ξs)| e2κS(−1+
∑

i |mi|)

≤ s! |a1|
m2
D

βGM
e−(1−δGM)ALG′ (a1,...,as)−µ(s−1)(1− C)−s−10. (6.6)

(S3) Symmetries. ρs(−ξ1, . . . ,−ξs) = ρs(ξ1, . . . , ξs); in particular
∑

mmρ1(m,x) = 0 at

every x ∈ V . Moreover Veff(ψ + 2πβ
−1/2
GM I) = Veff(ψ) for every I ∈ ZV .

(S4) One-body term. The bounds of Proposition 6.6 hold.
(S5) Dipole kernel. ν(x1, x2) := βGM

∑
m1,m2

m1m2 ρ2((m1, x1), (m2, x2)) is real and sym-

metric, and ∥ν∥2→2 ≤ ∥ν∥0 ≤ Ce−µm2
D, which is at most 1

2m̃
2 once Ce−µ ≤ 1

8 .

With MY fixed in (6.11), on every output (S2) holds also with A =
√
3κYMY (Proposi-

tion 6.10), and, if δGM ≤ 1
2 , (S5) in the form ∥ν∥rcov ≤ Ce−µm2

D (rcov of Theorem 6.11).

Proof of Theorem 6.5. Removing bonds raises all quadratic energies (Lemma 6.1) and con-
serves the mass of the walk (Lemma 6.2), so the stability margins of [GM81a] and the pinned
L1 norms of the links are those of Z3, and no image factor enters. The proof of [GM82, Prop. 3],
with the results of [GM81a] that it uses, therefore runs on G′ with the changes (a) to (h) of
Table 6.1. For the same reason we use all other steps verbatim. They are the following.

• In [GM81a]: §2, (2.5) to (2.25), Prop. 2, (2.26) (its finite pieces “remain arbitrary until
we come to doing estimates”, p. 6), Prop. 3, (2.30), App. A (only (2.27) is used), Prop. 4,
(3.7), App. B, (B.4) (stated for any real symmetric pair array w(ij), p. 32, and used here
for the vℓG′ , ℓ ≥ 1), (3.8) to (3.12), (4.3) ((4.2) for all subconfigurations: Proposition 6.4),
Lemma 5, (4.8), App. C (combinatorial), Prop. 6, Cor. 7, Lemma 9 (through the pinned
norms of (a) only).

• In [GM82]: (3.1) to (3.18) (for real ψ, (3.14) uses only |1 + ε(ξ)| = 1, p. 25), (4.1) to
(4.11), Lemma 6 (any metric), (4.14) to (4.22), Prop. 7, Cor. 8 (through ∥vℓ∥A only),
(4.25) (γ1 is the Z3 constant), Prop. 9, (4.26) to (4.30), (4.32) (through the above, with
LG′ and the rate (1− δGM)A).

Numbers refer to the DESY preprints (§1.4), read with the evident corrections ε(ξ) = −1 +

exp[imβ
1/2
GMφ(x)] in the statement of [GM82, Prop. 3] (as in its (3.4)) and 2βGMm

−2
D ρ1(±1, x) →

1 at its end. The constants depend only on (λPV, κS , µ, C, δGM) and, on outputs, on those of
Theorem 6.8.

(a) Pinned norms. [GM81a, p. 18] uses translation invariance and a preparatory ma-
jorization by functions of differences of the arguments, and [GM82, p. 32] uses translation
invariance. Instead, we take the norms in the max form [GM81a, (4.5b)], ∥σα∥(mα) :=
maxi∈α supx∈V

∑
xα∈V n:xi=x

|σα(ξα)|, with the weights of [GM82, (4.12)] inserted in the same

way, and ṽℓ := supy
∑

x |vℓG′(x, y)|. We sum the positions (“trimming the tree”, [GM81a,
p. 18]) after re-rooting the tree at the vertex containing the pinned constituent, in order of
decreasing tree distance from it. Each summed vertex is then a leaf attached by one link
(j, k), and

∑
xj

|vℓG′(xj , xk)| ≤ ṽℓ uniformly in xk. The s-integrals and tree sums are bounded

by [GM81a, Lemma 5] independently of the positions. Hence [GM81a, (4.7), (4.10), (4.13),
(4.16), (4.17)] hold as printed, and

∫
dξα|σα| ≤ |V | ∥σα∥.
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Table 6.1: Changes to [GM82, Prop. 3] and the results of [GM81a] it uses, on a slit graph G′.

change steps use of Z3 → on G′

(a) pinning [GM81a, (4.5a), (4.6), pp. 18 to
20]; [GM82, (4.12), (4.13), p. 32]

translation invariance → pinned norms in max form, re-
rooted sums

(b) stability [GM81a, Prop. 8, (5.1a) to (5.13),
App. D]; [GM82, Lemma 5, (3.25)]

Fourier analysis → Proposition 6.4: same γ1, ε1; ε2 = δ2 =
0

(c) Gaussian [GM82, (2.4) to (2.12), pp. 20, 21] measure on Z3, no zero mode, ZΛ(ϕ) > 0 cited → Propo-
sition 6.3: one zero mode per component, ZY > 0 proved

(d) resolvents [GM82, (3.19) to (3.22)] resolvents of Z3 → of G′; rule (3.19) (= [GM81a, (5.1a)]),
same M1 (3.20)

(e) metric [GM82, (3.23), (3.24)] 3−1/2∥x− y∥1 → ∥x− y∥G′ := 3−1/2dG′(x, y), in ∥ · ∥A and
LG′

(f) link norms [GM82, Lemma 5, (3.26); (4.23),
(4.24), p. 34]

momentum space → (6.2), Proposition 6.10; Debye condi-
tion λ2

PV ≤ C3(1− C)8e−2κS−µ/24
(g) σR [GM82, (4.33), (4.34), p. 36] v(0) → vG′(x, x) in σR = exp[−βGMm

2v(0)/2]
(h) tree length [GM82, (4.30) to (4.32), pp. 35, 36;

(4.12), p. 32]
L(a1, . . . , as) on the right of (4.31) → LG′(x1, . . . , xs) in-
side the sum over all positions

(f) Link norms. For A ≥ 0 put ∥vℓG′∥A := supy
∑

x |vℓG′(x, y)| eA∥x−y∥G′ . At A = 0 the values

are (6.2), on all slit graphs. On an output, Proposition 6.10 gives ∥vG′∥A, ∥v2G′∥A ≤ 3M−2
Y and

∥v1G′∥A ≤ 3M−2
1 for A ≤

√
3κYMY , since ∥x − y∥G′ = 3−1/2dG′(x, y), the rate of (6.13) is

nondecreasing in the mass, and MY ≤ M1 ≤ mW . These bounds replace [GM82, (3.26)] in
[GM82, (4.23)] and in [GM82, (4.24)]. In [GM82, (4.23)], 3M−2

1 is a power of βGM, absorbed
by eβGMε1 . In [GM82, (4.24)], 3M−2

Y replaces 2(δM)−2 at A = (1 − δ)M , so the factor 1
4δ

2

of the Debye condition [GM82, p. 34] becomes 1
6 . The condition then holds on IY once

λ2PV ≤ C3(1 − C)8e−2κS−µ/24 (§S1.5), which is the only changed threshold and does not
depend on G′.

(g) The leading one-body term. For a single constituent the recursion [GM82, (3.12)] gives
σℓ+1 = σℓ exp[−βGMm

2vℓG′(x, x)/2], hence σR(m,x) = exp[−βGMm
2vG′(x, x)/2] in place of

[GM82, (4.33)]. The remainder in [GM82, (4.34)] is bounded as on [GM82, p. 36] by e−µ(1−
e−µ)−2m2

Dβ
−1
GM(1 − C)−9, uniformly in x, through the pinned norm of [GM82, Prop. 9]. It is

bounded in the same way, up to a constant factor, with the weights e2κS(|m|−1), since we use
the pinned norm with weight e(2κS+µ)

∑
j |mj | and

∑
j≥2 |mj | ≥ t − 1. Thus, with A = 0 and

uniformly in x and G′,

ρ1(m,x) = e−βGMm
2vG′ (x,x)/2 +R(m,x),

∑
m

|R(m,x)| e2κS(|m|−1) ≤ Ce−µm2
D/βGM. (6.7)

It replaces the final assertion of [GM82, Prop. 3], whose error at fixed µ is of order e−µ.
(h) The tree length inside the sum. We state the bound (S2) with the tree length of the

points inside the integral, which is what the chain [GM82, (4.30) to (4.32)] gives. By [GM82,
(4.30)], |ρs(ξ1, . . . , ξs)| ≤ s!

∑
t≥s

(
t
s

)∑
[α]:C(α)={1,...,t}

∫
dξs+1 · · · dξt |σRα (ξα)|. By [GM82, (4.9)]

for the sets {xi}, LG′(x1, . . . , xs) ≤ L̃(x1, . . . , xt) for all t ≥ s and xs+1, . . . , xt ∈ V , where L̃
is the least length of a tree on exactly the vertices x1, . . . , xt [GM82, (4.8)], computed with
3−1/2dG′ . In [GM82, (4.31)] the restriction xi ∈ ai (i ≥ 2) enters only through L(a1, . . . , as) ≤
L̃(x1, . . . , xt), since the pinned norm [GM82, (4.12)], taken in the max form of change (a),

sums all positions with the weight eAL̃(xα). Hence (4.31) holds with x2, . . . , xs summed over
V and the factor e(1−δGM)ALG′ (x1,...,xs) on the left in place of e−(1−δGM)AL(a1,...,as) on the right.
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Combining this with (4.32), [GM82, Prop. 9] and the sum over x1 ∈ a1, we obtain (6.5). The
bound (6.6), the form of [GM82, (1.18)], follows from it as stated.

With these changes the proof of [GM82, Prop. 3] gives (S1) and (S2), uniformly inMY ∈ IY ,
since the Debye condition is the only threshold involving MY . Together with Proposition 6.3,
(S1) gives (6.4). For (S3), the activities are equal, the potentials depend on the charges through

mimj and the rule (3.19), both invariant under m 7→ −m, and ε(ξ) is 2πβ
−1/2
GM -periodic in

ψ(x). (S4) is Proposition 6.6. For (S5), ν is real and symmetric because ρ2 is, and it vanishes
across components (Proposition 6.3(d)). By |m1m2| ≤ Ce2κS(|m1|+|m2|−1), (6.6) at s = 2 with
a1 = {x1} and any a2 ⊆ V gives

∑
x2∈a2 |ν(x1, x2)| ≤ Ce−µm2

De
−(1−δGM)ALG′ ({x1},a2). With

A = 0 and a2 = V this is ∥ν∥0 ≤ Ce−µm2
D, at most 1

8m
2
D ≤ 1

2m̃
2 once Ce−µ ≤ 1

8 . On

outputs we take A =
√
3κYMY and, for an integer k ≥ 0, a2 = {x2 : dG′(x1, x2) ≥ k}, whose

tree length with {x1} is at least 3−1/2k. With these choices and γν := (1 − δGM)κYMY , the
tail sums Tk :=

∑
x2: dG′ (x1,x2)≥k |ν(x1, x2)| satisfy Tk ≤ Ce−µm2

De
−γνk. Summation by parts,

erd = 1 +
∑

1≤k≤d(e
rk − er(k−1)), gives for 0 ≤ r < γν∑

x2

|ν(x1, x2)| er dG′ (x1,x2) = T0 +
∑
k≥1

(erk − er(k−1))Tk

≤
(
1 +

1− e−r

eγν−r − 1

)
Ce−µm2

D ≤
(
1 +

r

γν − r

)
Ce−µm2

D,

which is at most 2Ce−µm2
D for r ≤ γν/2. For δGM ≤ 1

2 , γν ≥ 1
2κYMY ≥ 2κ0m̃ ≥ 2rcov

(Proposition 6.10), so ∥ν∥rcov ≤ 2Ce−µm2
D: this is (S5) on outputs, with the constant C

doubled.

Proposition 6.6 (Additive one-body bound). Let ρref(m) := ρZ
3

1 (m), the one-point coefficient
of the Yukawa gas on Z3, and Φ = ΦG′. Uniformly in x ∈ V and G′,∣∣ρ1(±1, x)− ρref(1)e−Φ(x)

∣∣ ≤ Ce−µρref(1), (6.8)

ρ1(±1, x) ≤ ρref(1)
(
1 + Ce−µ

)
, (6.9)∑

|m|≥2

|ρ1(m,x)|m2e2κS(|m|−1) ≤ Cm2
D/βGM. (6.10)

Consequently |ρ1(±1, x)− ρref(1)| ≤ ρref(1)
(
1− e−Φ(x) + Ce−µ

)
.

Proof. The coefficient ρref(1) carries the same self-energy factor as ρ1 up to the image term e−Φ,
so no error of order βGMMY arises. Subtracting from (6.7) its form ρref(1) = e−βGMv(0)/2+R∞,
|R∞| ≤ Ce−µm2

D/βGM, on Z3 gives (6.8) and (6.9), since e−βGMvG′ (x,x)/2 = e−βGMv(0)/2e−Φ(x),
Φ ≥ 0 (Lemma 6.1), and m2

D/βGM ≤ 2ρref(1)(1−2Ce−µ)−1 (as e−βGMv(0)/2 ≥ z). In (6.10) the
leading terms are at most e−2βGMv(0) ≤ e−µm2

D/βGM, and in the remainders m2 is absorbed

by the µ-part of the weight e(2κS+µ)
∑

j |mj | of change (g), since m2e−µ|m| ≤ 4e−2µ for |m| ≥ 2
and µ ≥ 1. Hence the Debye condition of change (f) suffices at the same κS .

Remark 6.7. The multiplicative form ρ1(±1, x) = ρref(1)e−Φ(x)(1+O(e−µ)) fails at a first-layer
corner site of a box: a tight neutral pair, which feels only its dipole image, makes the one-site
density exponentially larger in βGM (§S3.1.5). So Proposition 6.6 is additive only.
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The masses m̃ and MY . For M ∈ IY let ρrefM be the one-point coefficient of the Yukawa gas
on Z3 with kernel (−∆Z3 +M2)−1, and m̃(M)2 := βGM

∑
mm

2ρrefM (m). By (6.7) and (6.10) on

Z3 (whose terms |m| ≥ 2 carry the weight e2κS(|m|−1) ≥ e2κS ), m̃(M)2 = 2βGMe
−βGMv

(M)

Z3
(0)/2+

O(e−µ+ e−2κS )m2
D = m2

D(1+O(βGMM))+O(e−µ+ e−2κS )m2
D, as v

(M)
Z3 (0) = vCb(0)−O(M).

Since βGMmD → 0, m̃(M) ∈ [mD/2, 2mD] once µ and κS exceed a threshold depending on
C (the remainder of (6.7) carries (1 − C)−9 [GM82, p. 36]) and βGM ≥ β0GM. Since M1 and
the rule (3.19) do not depend on M , the mass M enters only through v2M = v(M) − v(M1), so
each term of the expansion of ρrefM is continuous in M . The t-th term is O(te−µ(t−1)) uniformly
in M ∈ IY [GM82, p. 36]. With M− := mD/(2λPV), we have 0 ≤ v2M ≤ v2M−

entrywise by

the resolvent identity, so at fixed t the terms are dominated by those with v2M−
in place of

v2M , whose bound in [GM82] needs exactly the Debye condition of change (f) at M = M−.
By dominated convergence, M 7→ m̃(M)/λPV is a continuous map of IY into itself. Its fixed
points form a nonempty closed set. We let MY be the smallest fixed point and put

m̃ := m̃(MY ) = λPVMY ∈ [mD/2, 2mD], ρref := ρrefMY
, m̃2 = βGM

∑
m

m2ρref(m).

(6.11)
The inverse mass m̃−1, which like ρref is determined by the gas on Z3 alone, before any
construction, is the unit of length of Sections 3 to 5, and ρref is the reference density of
Proposition 6.6 and of Section 7.

6.3 Heat kernel and covariance on outputs of the construction

We prove the statements of this subsection in Appendix D (with full proofs of Proposition 6.10
and Theorem 6.11 in Section S2.4), from (R2) and, for Proposition 6.9, from (R5) and (R6),
without any Poincaré inequality or volume-growth hypothesis. The coarse slit graph of an
output is Γ = (Vc, Ec), Vc := Λ◦ \ X, Ec := E(Vc) \ S, the graph G′ of Sections 3 to 5 (§2.5).
For W ⊆ Vc, ∂ΓW is the set of bonds of Ec with exactly one end in W . A coarse cell is a site
of the grid (Definition 3.4), a box of fine sides in [r0, r̄0], not a cell of Definition 3.14. In fine
units put

V f
∗ := r30V∗/2, RHK := (1− ηw)cIcρL/3, K0 := (1− ηw)cIcρcL/6 ≤ m̃RHK ≤ 2K0,

(6.12)
with cI = 22/3, cρ = 1/12, V∗ = (1 − ηw)

3ρ3λ/2 (coarse units). The bounds on m̃RHK follow
from Definition 3.1 (§S1.5). Let pt(x, y) be the kernel of et∆G′ , the transition probability of the
walk Xt that jumps across each bond of G′ at rate 1, and let τ(x, ρ) := inf{t : dG′(x,Xt) > ρ}.

Theorem 6.8 (Heat kernel at scale RHK). Let G
′ be an output, and let CH (a function of cF of

Proposition 6.9) and εHK
1 be the absolute constants of §S1.5. There are Cmo, cex, Cgs, cgs, CM >

0, depending only on CH , such that for βGM ≥ β0GM, x, y ∈ V and d := dG′(x, y): (HK0)
pt(x, y) ≤ exp(−αd + 6(coshα − 1)t) for all α, t ≥ 0; in particular pt(x, y) ≤ e−d/17 for

t ≤ d; (HK1) pt(x, y) ≤ max
(
CHt

−3/2, 4/V f
∗
)
≤ CH max

(
t−3/2, R−3

HK

)
for all t > 0; (HK1′)

ExdG′(x,Xt) ≤ Cmot
1/2 for 0 ≤ t ≤ R2

HK; (HK2) Px(τ(x, ρ) < t) ≤
√
2 exp(−cexmin(ρ2/t, ρ))

for ρ ≥ 1 and 0 < t ≤ εHK
1 R2

HK; (HK3) pt(x, y) ≤ Cgst
−3/2 exp(−cgsmin(d2/t, d)) for 1 ≤

t ≤ 2εHK
1 R2

HK; (HK4) ExeθdG′ (x,Xs) ≤ 1 + CMθs
1/2 for 0 < s ≤ εHK

1 R2
HK and 0 ≤ θ ≤

min(s−1/2, cex/2).
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Proposition 6.9 (Coarse-to-fine transfer). Let G′ be an output, read on the fine lattice. (i)

Isoperimetry. |∂G′A| ≥ cF |A|2/3 for every A ⊆ V with |A| ≤ V f
∗ , where the absolute constant

cF (§S1.5) does not depend on r0. (ii) Faber–Krahn, components. For Ω ⊆ V with |Ω| ≤
V f
∗ , λD1 (Ω) ≥ (c2F /12)|Ω|−2/3, where λD1 (Ω) is the smallest eigenvalue of −∆G′ on functions

vanishing off Ω; and every component of G′ has more than 2V f
∗ vertices. (iii) Cheeger transfer.

If a set K of coarse cells satisfies |∂KW | ≥ hcmin(|W |, |K \W |) for every W ⊆ K, then its
blow-up Kf satisfies |∂KfA| ≥ r−1

0 min{1
2 , hc/Cbl}min(|A|, |Kf \ A|) for every A ⊆ Kf , with

the absolute constant Cbl of §S1.5. (iv) Cell Poincaré inequality. For every fine cell Ω of a
block Q there is a connected set K♭ with Ω ⊆ K♭ ⊆ V ∩ Q̂(Q) such that

∑
x∈Ω |φ(x) − φ̄Ω|2 ≤

CfWk
2
□

∑
b∈E(K♭)(∇bφ)

2 for every φ : V → R, with CfW := 108C2
bl/χ

2 and k□ := r0(kP + 3);

every fine site and every fine bond lies in at most Nov ≤ 27(kP /Lc)
3 of the sets K♭, resp. E(K♭);

and |Ω| ≥ c1L
3. (v) Diameter. Under (L8-2) of §7.6, every K♭ has dG′-diameter less than L′.

Proposition 6.10 (Resolvent decay at RHK). Let G′ be an output, κW := min(1, 1/(2CM ))
and mW := min(1, cex/2). For every mass 0 < M ≤ mW ,

sup
x

∑
y

v
(M)
G′ (x, y)eθMdG′ (x,y) ≤ 3M−2, θM := κWM min

(
1, (εHK

1 )1/2MRHK

)
. (6.13)

In particular, if MY ≤ mW ,

sup
x

∑
y

vG′(x, y)eκYMY dG′ (x,y) ≤ 3M−2
Y , κY := κW min

(
1, (εHK

1 )1/2K0/λPV
)
, (6.14)

and the same bound holds for v2G′ (since 0 ≤ v2G′ ≤ vG′ entrywise) and for v1G′ at mass M1 ≤
mW . Moreover κYMY ≥ 4κ0m̃, where κ0 := κW (εHK

1 )1/2K0.

Since CM depends only on the absolute constant CH (Theorem 6.8), the constant κW does
not depend on τ , K, C or D, and this is the only property of κW that we use.

Theorem 6.11 (Covariance bounds). Let G′ be an output and C0 := (M−2
Y ∆2

G′ −∆G′ +m̃2)−1

on RV . Assume λPV ≤ 1
4 , MY ≤ mW and m̃ ≤ min(1/68,mW /2) (all true for βGM ≥ β0GM).

Put κ′0 := min(κ0/2, (2cgs)
1/2) and rcov := min(κ0, κ

′
0)m̃, and let K1,K

′
1,K

′′
1 and K3 ≤ 3.5 be

the constants of §S1.5, which depend only on (cF , cρ, cL, λPV). Then for all x, y ∈ V : (H1)
C0(x, x) ≤ K1MY (the zero modes included); (H1′) 0 ≤ C0(x, y) ≤ K ′

1MY e
−κ′0m̃dG′ (x,y); (H2)

∥C0∥κ0m̃ ≤ K3m̃
−2; (HC) if ν is symmetric with ∥ν∥rcov ≤ ενm̃

2 and 2K3εν ≤ 1, then C :=
(C−1

0 +ν)−1 exists and is positive definite, C(x, x) ≤ 2K1MY , |C(x, y)| ≤ 2K ′′
1MY e

−rcovdG′ (x,y)

and ∥C∥rcov ≤ 2K3m̃
−2; the same bounds hold for every matrix Cs with |Cs(x, y)| ≤ |C(x, y)|

entrywise and Cs(x, x) ≤ C(x, x), such as the interpolated covariances of Appendix C.

6.4 Depletion

In this subsection we bound the number of depleted sites per cell. The face kernel of Theo-
rem 6.15 contains all collective effects of the walls. Chebyshev’s inequality turns (R9) into a
site count, and sparse insulation costs one logarithm, which Section 7 absorbs. Throughout,
Λ′ = Λ◦, M := MY , and ux := vΛ′(·, x) is the kernel of the box without holes. The miss-
ing pairs are the (y, y′) with y ∈ V , |y − y′| = 1, and y′ ∈ X (the set MX) or {y, y′} ∈ S
(the set MS). Their union is M := MX ∪ MS . A frozen bond gives one pair at each end
(frozen bonds are two-sided), and N2(U) := #{(y, y′) ∈ M : y ∈ U}. For x, y ∈ V put
gx(y) :=

∑
y′: (y,y′)∈M(ux(y)− ux(y

′)).
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Lemma 6.12 (Boundary identities, frozen bonds two-sided). For every slit graph G′ ⊆ Λ′ and
x ∈ V : (a) for y ∈ V , (

(−∆G′ +M2)ux|V
)
(y) = δx(y)− gx(y);

(b) IG′(x) =
∑

(y,y′)∈M vG′(x, y)
[
ux(y)− ux(y

′)
]
.

Proof. For (a), at y ∈ V the operator −∆Λ′ +M2 is −∆G′ +M2 plus the terms of the pairs
of M at y, and (−∆Λ′ +M2)ux = δx. For (b) we apply vG′ to (a) at x.

Lemma 6.13 (Insulation density). There is an absolute constant AAD
0 such that on every

output, for every z and every r ≥ 1 (fine units), N2(V ∩B(z, r)) ≤ AAD
0 r2 +AAD

0 r3/(r0ρλ).

Proof. Informally, the two-sided count is forced, and it reduces the density bound to the
minimality of the hull on a ball. At the final state Lemma 4.4 applies to all sets W ⊆ Vc of
coarse cells, with ∂ΓW as the coarse cut ∂G′W . In the two-sided minimality inequality (4.1) a
frozen bond with one end inW carries wb−1 = 1−ηw and one insideW carries wb ≥ 2(1−ηw)
(wb = 2−ηw, the hull weight). Hence the coarse count N c

2(W ) of missing pairs with first entry
in W is at most (|∂ΓW | + λ|W |)/(1 − ηw). We first consider r ≥ r0, and let W be the set of
coarse cells of Vc that meet B(z, r). Then |W | ≤ C(r/r0)

3, and each bond of ∂ΓW joins a coarse
cell meeting B(z, r) to a coarse cell of Vc that does not, so |∂ΓW | ≤ C(r/r0)

2. Since a coarse
missing pair carries fewer than 4r20 fine ones, N2(V ∩B(z, r)) ≤ 4r20 · 109

(
C(r/r0)

2+C(r/r0)
3/ρλ

)
.

For 1 ≤ r < r0, the fine missing pairs with first entry in B(z, r) cross at most six coarse grid
planes, each in at most Cr2 bonds, counted with both orientations.

Lemma 6.14 (Green bound). On every output, for all x, y ∈ V , vG′(x, y) ≤ CGr

[
(1 + |x −

y|)−1 + ηG
]
with ηG := m̃(K−1

0 + λ2PVK
−3
0 ) and CGr depending only on the constants of Theo-

rem 6.8; and vG′(x, y) = 0 when x and y lie in different components.

Proof. We split the time integral in vG′ =
∫∞
0 e−M

2tpt dt, with R := RHK. On [0, 1] we use
pt ≤ 1 and (HK0). On [1, 2εHK

1 R2], (HK3), split at t = dG′(x, y), gives C/(1+ |x−y|). Beyond
this interval, (HK1) gives C(R−1 +M−2R−3) ≤ CηG, since R ≥ K0/m̃ and M = m̃/λPV.
Across components vG′ = 0 by Lemma 6.2(i). The zero mode of a component K contributes

M−2/|K| ≤ 1/(2M2V f
∗ ) (Proposition 6.9(ii)), which lies inside M−2R−3.

Theorem 6.15 (Face-kernel bound). On every output, for every x ∈ V , with r(y) := |x− y|,
IG′(x) ≤ CFS3(x) + CF ηGS2(x), where S3(x) :=

∑
(y,y′)∈M(1 + r(y))−3e−MY r(y)/2, S2(x) :=∑

(y,y′)∈M(1 + r(y))−2e−MY r(y)/2, CF := CGrC
′
L with C ′

L the constant of Lemma D.2, and

S2(x) ≤ CS log(2/MY ) with CS := CAAD
0 (1 + λPV/(cρcL)) (§S1.5).

Proof. We take absolute values in Lemma 6.12(b), so no cancellation across a sheet is used.
For each pair, 0 ≤ vG′(x, y) ≤ CGr[(1 + r(y))−1 + ηG] by Lemma 6.14, and |ux(y)− ux(y

′)| ≤
C ′
L(1+r(y))

−2e−MY r(y)/2 by (L2) of Lemma D.2, which applies withM =MY since |y−y′| = 1,
the sides of Λ◦ are at least ℓD ≥ 1

2m̃
−1 ≥M−1

Y (Lemma 3.3(c)), and MY ≤ 1
5 for βGM ≥ β0GM.

A frozen bond appears twice, each time with its own first entry, and the Neumann kernel
appears only through its values. For the bound on S2 we sum Lemma 6.13 over dyadic shells
2k ≤ r < 2k+1. Each shell inside r0ρλ gives at most 8AAD

0 , which up to r ≤ M−1
Y yields

the logarithm, for the shells beyond we use e−MY r/2, and the growth term gives at most
CAAD

0 /(MY r0ρλ) ≤ 2CAAD
0 λPV/(cρcL) (§S1.5(f)).
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We put ε0 := θ0/(2π
2τ), so that Φ(x) > θ0 if and only if vG′(x, x) − v(0) > ε0, and

εF := ε0/(4CF ). With the constants Lg, CR of §S1.5, let Rdep := ⌈32AAD
0 Lg/εF ⌉ = ⌈CRτ/θ0⌉,

and let (F) be the condition CF ηGCS log(2/MY ) ≤ ε0/4. The constant c0 := zτ r̄ 20 (w∗+2|∂∆|),
maximized over removal cells ∆, comes from the two-sided bound (R9) (Proposition 4.26). It
satisfies c0 < 25(3 + cs) (§S1.2).

Theorem 6.16 (Depletion per removal cell). Let G′ be an output and assume Rdep ≤ r0ρλ,
Rdep ≤ ℓD and (F). Then for every removal cell Q, #(D ∩ Q) ≤ C(zθ0)

−1[c0 + Cbox +
csp0 log(C ′τ/θ0)], where csp0 ≤ c0 is the part of the insulation lying in sparse blocks (defined
in the proof), Cbox is the box-face term, and C,C ′ are absolute up to CR and CF .

Proof. (i) Reduction to S3. Since vG′(x, x) − v(0) = IG′(x) + [vΛ′(x, x) − v(0)], we have
D ⊆ {IG′ > ε0/2} ∪ {ΦΛ′ > θ0/2}, where ΦΛ′(x) := 1

2βGM(vΛ′(x, x) − v(0)). On the first set
Theorem 6.15 and (F) give S3(x) > εF . (ii) Far insulation. The pairs at distance more than

R := Rdep from x contribute to S3(x) at most
∑

k≥0(2
kR)−3N2(V ∩ B(x, 2k+1R))e−MY 2kR/2.

By Lemma 6.13, with R ≤ r0ρλ and MY r0ρλ ≥ cρcL/(2λPV), this is at most 16AAD
0 Lg/R ≤

εF /2 (§S1.5(g)). There the shells with 2k+1R ≤ r0ρλ give 16AAD
0 /R, and the others a loga-

rithm. Hence each x ∈ D outside the box set has Snear
3 (x) > εF /2, where S

near
3 counts the

pairs with first entry within R of x. (iii) Blocks. We cover Q by grid cubes q of side R.
Let 3q be the block of 3 × 3 × 3 such cubes centred at q, put N3q := N2(V ∩ 3q), and call q
dense if N3q ≥ R2, sparse otherwise. A dense q has #(D ∩ q) ≤ R3 ≤ RN3q. For a sparse q,
Chebyshev’s inequality gives #(D ∩ q) ≤ (2/εF )

∑
x∈q S

near
3 (x) ≤ (2/εF )N3q(4π log(4R) + C3)

plus the box set. Each pair lies in at most 27 blocks 3q, and the pairs counted for q∩Q ̸= ∅ lie
within 2R ≤ 2r0ρλ < ℓD of Q, hence in the 27 removal cells Q′ around Q, as the removal cells
form a product grid with sides at least ℓD. Each of these cells has N2(Q

′) ≤ 4r20(w∗+2|∂∆|) ≤
4c0/(zτ) by (R9), since a coarse pair carries fewer than 4r20 fine ones and removed cells con-
tain no site of V . Hence Adense + Asparse ≤ 4 · 272c0/(zτ), where A• :=

∑
q •N3q. We put

csp0 := zτAsparse/(4 · 272) ≤ c0 and substitute R ≤ 2CRτ/θ0 and 2/εF = 16π2CF τ/θ0. (iv)
Box faces. By the image representation of the box kernel (proof of Lemma D.2) and (L1),
vΛ′(x, x) − v(0) ≤ C

∑
F dF (x)

−1 + CMY , the sum over the faces F of Λ′, dF (x) the layer
distance of x from F . Hence the set {ΦΛ′ > θ0/2} lies within distance Cτ/θ0 of ∂Λ′ and
meets a removal cell, of side at most 3ℓD, in at most Cℓ2Dτ/θ0 ≤ Cbox/(zθ0) sites, since
ℓ2Dτ ≤ Cτ/m̃2 ≤ C/z.

Proposition 6.17 (Depletion per U-cell). Under the hypotheses of Theorem 6.16, for every
U-cell ∆U of the output, (m̃2/βGM)#(D ∩∆U ) ≤ cdep := AD0 + AD1 log(C ′τ/θ0), with A

D
0 :=

CNcov(c0 + Cbox)/θ0, A
D
1 := CNcovc

sp
0 /θ0 and Ncov ≤ (CUm̃

−1/ℓD + 6)3.

Proof. Steps (i) to (iv) of the proof of Theorem 6.16 apply to any region U in place of Q, the
pairs being counted in the union of the blocks 3q over the cubes q meeting U . By (R7) the
cell ∆U has diameter at most CUm̃

−1. Hence that union lies in a cube of side CUm̃
−1 + 4R,

which meets at most Ncov removal cells (sides ≥ ℓD ≥ R), each with N2 ≤ 4c0/(zτ). Finally
m̃2/βGM ≤ 4m2

D/βGM = 8z. Since a U-cell lies in one component and depletion is counted site
by site, the number of components plays no role.

Lemma 6.18 (The coupling condition for depletion). Let θ0 = 0.01 and

Cdep
∗ := max{17.8CR/(cρcL), 3.6 · 103CFCS(K−1

0 + λ2PVK
−3
0 )}.
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If τ ≥ 2, 2.494 τ ≥ ln(Cdep
∗ /θ0)+2.5 ln τ and mD/2 ≤ m̃ ≤ 2mD, then Rdep ≤ r0ρλ, Rdep ≤ ℓD

and (F) hold.

Proof. By hypothesis, Cdep
∗ τ5/2e−2.494τ ≤ θ0. With m̃ ≤ 2mD, r0ρλ = cρL ≥ cρcL/(2m̃) and

log(2/MY ) ≤ ln(1/mD) ≤ 2.4944 τ , the three conclusions are arithmetic (§S1.5).

The value θ0 = 0.01 is dictated by Section 7, which needs εν + θ′ ≤ 1/7 with θ′ ≥ 1− e−θ0 .
The condition of Lemma 6.18 is a lower bound on τ that persists.

7 Stage 2: the single-scale expansion and the deterministic
area law

In this section we prove Theorem 7.57: for each output G′ = G′(D) of the construction and each
rectangle C with min(R, T ) ≥ R1(β), WG′(C) ≤ exp(−σV [AG′(C)− ηSRT ] + cN (R+ T )). We
carry out the single-scale analysis of [GM82, Section 6, Appendices C to E], with the lemmas of
[BF80, Section 9] that it uses, on G′. The structural changes are the following. First, the outer
partition functions are graded by the class of their walls (their periods around the handles of
the insulating set), and the Kirkwood–Salsburg system of [BF80, Appendix 4] is solved for all
classes at once in a weighted ℓ1 algebra. Second, the area weight of a class comes from one
bound at fixed class (Proposition 7.53), the only place where the handles enter the bounds. In
Subsections 7.1 to 7.5 we derive the class-graded polymer expansion (Corollary 7.28), and in
Subsections 7.6 to 7.9 we bound it.

7.0 Standing conventions

We use the following conventions in Section 7 and Appendices A to C: cells (Definition 3.14)
may be disconnected; interfaces, walls and tubes are defined on cells, and polymers, seeds and
the Kirkwood–Salsburg system on U-cells (Theorem 3.20 (R7)); |X| is the number of U-cells
of X, never a Debye volume, and the constants of Appendix B are per U-cell. We work in fine
lattice units, a = 1. Sums over sites and bonds are plain sums, each bond counted once. The
collar scale L′ is fixed by m̃L′ = KcolβGM, Kcol = 2, where βGM = 4π2τ . The min-cut area
AG′(C) of Definition 2.11 (a support count) and the forced wall content A(p) of Lemma 7.43
(an ℓ1 quantity) are related by Theorem 7.14 and Lemma 7.55. Constants C, c are absolute
or depend only on the constants fixed before K (Section 8), and change from line to line. We
write ⟨·, ·⟩ and ∥ · ∥ for the ℓ2 inner product and norm on V or E, and ∥φ∥2Y :=

∑
x∈Y φ(x)

2.

7.1 Representation

Throughout, G′ = (V,E) is the fine slit graph of Subsection 2.5 for the set (2.9), with set of
components Comp(G′) ∋ K. From Subsection 7.2 on, G′ will be an output of the construction.

Definition 7.1 (Operators and the loop onG′). (a) For an oriented bond b = (x, y) ∈ E and φ :
V → R, ∇φ(b) := φ(y)−φ(x), and ∆ := −∇∗∇ is the Neumann Laplacian of G′. (b) On RV ,
u−1 :=M−2

Y (−∆)(−∆+M2
Y ) and C0 := (u−1+ m̃2)−1 = F (−∆), F (t) := (M−2

Y t2+ t+ m̃2)−1.
(c) For an integer 2-chain Ξ in Λ◦ with ∂Ξ = C and b = (x, y) ∈ E, ξb is the coefficient in Ξ of
the plaquette pb dual to b, oriented as ∂cy (cy the cube of y), and j(b) := 2πξb (the opposite
orientation of Subsection 2.5 amounts to Ξ 7→ −Ξ and leaves (2.8) unchanged, m 7→ −m).
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With n = 2πm, (2.8) reads Z(k,Ξ) := ZG′(k,Ξ) =
∑

[n] exp(−
1

2βGM

∑
b∈E(∇n(b)−kj(b))2), [n]

running over (2πZ)V modulo functions constant on each component;WG′(C) = Z(1,Ξ)/Z(0,Ξ)
does not depend on Ξ (Proposition 2.10). (d) The Neumann solid angle f = fG′ solves
−∆f = ∇∗j; Rf := ∇f − j and EG′ := ∥Rf∥2.

The operator C0 is positive definite, since u−1 ≥ 0. As C0 and u−1 are both functions of
−∆ and ∆1K = 0, we have

C01K = m̃−21K (K ∈ Comp(G′)), m̃2C0 − 1 = −C0u
−1 = −u−1C0. (7.1)

Since both ends of each bond lie in one component, ∇∗j ⊥ ker∆. Hence f exists, unique up
to one constant per component, and Rf , EG′ do not depend on the choice.

Lemma 7.2 (Solid angle; completing the square). Let Π be the orthogonal projection of ℓ2(E)
onto ran∇. Then ∇f = Πj and Rf = −(1 − Π)j; hence ∇∗Rf = 0, ⟨∇φ,Rf ⟩ = 0 for
every φ : V → R, ⟨j, Rf ⟩ = −EG′, and EG′ = minφ ∥∇φ − j∥2. For every n : V → R and

k ∈ Z,
∑

E(∇n − kj)2 =
∑

E(∇(n − kf))2 + k2EG′, so Z(k,Ξ) = e−k
2EG′/2βGM Z̃(k,Ξ) with

Z̃(k,Ξ) :=
∑

[n] exp
(
− 1

2βGM

∑
E(∇(n− kf))2

)
.

Proof. The solid angle is the gradient part of the loop current, since f solves the
Euler–Lagrange equation ∇∗(∇φ − j) = 0 of ∥∇φ − j∥2. Hence ∇f = Πj and
Rf ∈ ran(1 − Π) = ker∇∗, and the identities follow. For the last one we write
∇n− kj = ∇(n− kf) + kRf and use Rf ⊥ ran∇.

The input from Stage 1. We use (S1) to (S5) of Theorem 6.5, with ξ = (m,x) and
∫
dξ

as there, u and dµu of Proposition 6.3 (on RV0 , where u inverts u−1), and P := 2πβ
−1/2
GM . By

(6.4) with θK = β
1/2
GMcK there is N0 > 0, independent of k and Ξ, such that

Z̃(k,Ξ) = N0

∫
[0,P )Comp(G′)

∏
K

dcK
P

∫
dµu(φ) e

−Veff(φ+c|kΞ), c :=
∑
K

cK1K, (7.2)

−Veff(φ | kΞ) = ρ0 +
∑
s≥1

1

s!

∫
dξ1 · · · dξs ρs(ξ1, . . . , ξs) εk(ξ1) · · · εk(ξs), (7.3)

with εk(ξ) := eim(β
1/2
GMφ(x)+kf(x)) − 1 and the real coefficients ρs = ρG

′
s of (S1), and the series

converges absolutely, uniformly in real φ. By (S3), Veff(φ+PI | kΞ) = Veff(φ | kΞ) for I ∈ ZV .
On outputs the dipole kernel ν of (S5) has ∥ν∥rcov ≤ ενm̃

2, with 2K3εν ≤ 1. The space RV0 ,
the norms ∥ · ∥r, the image energy Φ = ΦG′ ≥ 0 and the depleted set D are those of the
conventions of Section 6. The quantities ρref , m̃ and MY = m̃/λPV are as in (6.11), and (S4′)
denotes Proposition 6.6 together with (6.10) for ρref in place of ρ1(·, x).
Proposition 7.3 ([GM82, (6.1) to (6.4)] on G′). Assume (S1) to (S3). (a) Z(k,Ξ) =
e−k

2EG′/2βGMZ̃(k,Ξ), with Z̃ given by (7.2): one zero-mode variable cK ∈ [0, P ) per compo-
nent of G′. (b) The integrand of (7.2) is P -periodic in each cK; hence (a) does not change
when f is changed by a constant on each component. (c) ρ0 cancels in WG′(C). From now on
ρ0 = 0.

This is [GM82, (6.1) to (6.4)], by Lemma 7.2 and (7.2), except that there is one zero mode
per component (GM’s Gaussian measure is defined on (aZ)3 and has none), the loop entering
only through the phases εk, and that e−k

2EG′/2βGM replaces e−k
2(J,vCbJ)/2β. Part (b) is (S3)

with I = 1K, and part (c) is [GM82, (6.5)]: ρ0 gives the same factor in Z(1,Ξ) and Z(0,Ξ).
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Cells, cell averages and block spins. We write −Veff(φ | kΞ) =
∫
dξ ρ1(ξ)εk(ξ) + E′(φ),

where E′ collects the terms s ≥ 2 of (7.3). The cells Ω = ΩQ,K̂ of Definition 3.14 partition V ,

each in one component. For a cell Ω and x ∈ Ω let A(x) = AΩ and f̄(x) = f̄Ω be the averages

of φ and f over Ω, δ := φ − A, δf := f − f̄ and δ̃ := δ + kβ
−1/2
GM δf . Then

∑
x∈Ω δ̃(x) = 0

for each cell, and β
1/2
GMφ + kf = (β

1/2
GMA + kf̄) + β

1/2
GMδ̃. The block spins are the elements of

H := {h : V → PZ constant on every cell}.

Proposition 7.4 (Peierls identity per cell). Assume (S3) and
∑

mm
2|ρref(m)| < ∞. (a)

For every real φ on V , e
∫
dξ ρ1(ξ)εk(ξ) = Θ(φ) eG(φ) with Θ(φ) :=

∑
h∈H e

− 1
2
m̃2∥φ+kβ−1/2

GM f−h∥2,
G = G1 +G2, e

G1 =
∏

Ω rΩ(AΩ), G2 = G2,1 +G2,2 +G2,3,

rΩ(A) :=
exp

{
|Ω|

∑
m ρ

ref(m)
[
eim(β

1/2
GMA+kf̄Ω) − 1

]}∑
n∈Z exp

{
−1

2m̃
2|Ω| (A+ kβ

−1/2
GM f̄Ω − nP )2

} , (7.4)

G2,1 :=

∫
dξ ρref(m)

[
eimβ

1/2
GMδ̃(x) − 1− imβ

1/2
GMδ̃(x) +

1
2m

2βGMδ̃(x)
2
]
,

G2,2 :=

∫
dξ ρref(m)

[
eim(β

1/2
GMA(x)+kf̄(x)) − 1

][
eimβ

1/2
GMδ̃(x) − 1− imβ

1/2
GMδ̃(x)

]
, (7.5)

G2,3 :=

∫
dξ

(
ρ1(m,x)− ρref(m)

)[
eim(β

1/2
GMφ(x)+kf(x)) − 1

]
.

Θ, rΩ, G1 and the G2,i are real, Θ > 0, rΩ > 0, and eG does not depend on h. The identity
holds for every partition of V in place of the cells. (b) Under (S1) to (S3),

Z̃(k,Ξ) = N0

∑
h∈H

∫ ∏
K

dcK
P

∫
dµu(φ) e

− 1
2
m̃2∥φ+c+kβ−1/2

GM f−h∥2 eG(φ+c) eE
′(φ+c). (7.6)

Part (a) is [GM82, (6.6), (6.8) to (6.11)] and (b) is [GM82, (6.12)], with cells in place of
blocks, |Ω| in place of L3 and ρref(m) in place of ρ1(m, 0) in [GM82, (6.7), (6.9), (6.10)], since
on G′ the one-body coefficient depends on the site (the difference is G2,3). Also, (6.12) needs
the evident sign correction. In (b) we move the sum over h out of the integrals by Tonelli’s
theorem, as the moduli of the h-terms sum to e

∫
ρ1εk |eE′ |.

The deficit term. Since eimβ
1/2
GMh = 1 for h ∈ H, (S3) for ρ1 and ρref gives, for each h ∈ H

and with uh := β
1/2
GM(φ+kβ

−1/2
GM f−h), G2,3 =

∑
m

∑
x∈V (ρ1(m,x)−ρref(m))(cos(muh(x))−1),

and G2,3(Y ) is the same sum over x ∈ Y . For a union Y of U-cells, ND(Y ) denotes the number
of its U-cells that meet the depleted set D = {Φ > θ0}, θ0 = 0.01.

Proposition 7.5 (Deficit on the depleted set). Assume (S3) and (S4′), and put

θ′ := 1− e−θ0 + C
(
e−µ + e−2κS

)
. (7.7)

Uniformly in real φ, in h ∈ H and in G′: (a) |G2,3(V \D)| ≤ θ′ · 1
2m̃

2∥φ+ kβ
−1/2
GM f − h∥2V \D;

(b) for every Y ⊆ V , −C(e−µ + e−2κS ) m̃2

βGM
#(D ∩ Y ) ≤ G2,3(D ∩ Y ) ≤ C m̃2

βGM
#(D ∩ Y ); (c)

if G′ is an output of the construction, then e−CcdepND(Y ) ≤ eG2,3(D∩Y ) ≤ eCcdepND(Y ) for every
union Y of U-cells, with cdep the constant of Proposition 6.17.
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Sketch. Off D, Φ ≤ θ0 and (S4′) give
∑

m |ρ1(m,x)− ρref(m)|m2 ≤ θ′m̃2/βGM (Section S1.6),
and | cos(mu) − 1| ≤ 1

2m
2u2 gives (a). On D the deviation is at most the density, and its

negative part is at most Ce−µρref(1) plus the tails, as e−Φ ≤ 1. This proves (b). Part (c)
follows from (b) and Proposition 6.17, which gives (m̃2/βGM)#(D∩∆U ) ≤ cdep for each U-cell
∆U .

In Lemma 7.29 we will move the quadratic part of G2,3(V \D) into the covariance. Through-
out Section 7 we assume the standing hypothesis

εν + θ′ ≤ 1
7 , (7.8)

which holds for θ0 = 0.01, µ and κS large, and βGM ≥ β0GM (Lemma 6.18 and Section 8).

Walls. For h ∈ H we put n := (β
1/2
GM/2π)h ∈ ZV , define the wall field w := ∇h − kβ

−1/2
GM j

on E, and put N := (β
1/2
GM/2π)w, that is, N(b) = n(y) − n(x) − kξb ∈ Z for b = (x, y).

The wall bonds are ΣE := {b ∈ E : N(b) ̸= 0}, the wall sites ΣV their endpoints, and
N∨ :=

∑
b∈E N(b)pb (pb oriented as in Definition 7.1 (c)).

Lemma 7.6 (Walls). Let h ∈ H and k ∈ Z. (a) N(b) ̸= 0 only on interface bonds, and
N is constant on each interface I; we write NI . (b) Frozen bonds, bonds into X and bonds
leaving Λ◦ are not in E; they carry no wall. (c) ∂N∨ = −kC + ∂Y for an integer 2-chain
Y supported in F = F (X) ∪ FS ∪ ∂2Λ

◦: the wall spans C relative to the insulating set, and
may end on faces of hole cubes, on frozen faces and on ∂Λ◦. (d) For every cycle γ of G′,∑

b∈γ N(b) = −k lk(γ,C). Moreover N(h) = N(h′) if and only if h − h′ is constant on every
component of G′; so N determines the class [h] of h modulo CP := {

∑
K PnK1K : nK ∈ Z}.

(e) (Relatively closed walls.) For an integer field M : E → Z with M∨ :=
∑

b∈EM(b)pb,
the following are equivalent: (i) M is relatively closed: ∂M∨ = ∂Y for an integer 2-chain Y
supported in F; (ii) M has zero periods:

∑
b∈γM(b) = 0 for every cycle γ of G′; (iii) M = ∇n′

for some n′ : V → Z.

Proof. In outline, a wall is where the cell-constant field fails to absorb the jump of the loop
current, which is constant on interfaces because they are aligned with Ξ. (a) ∇h = 0 on
bonds inside a cell, which do not cross Ξ (Lemma 3.5 (A1)). Other bonds join two blocks,
and an interface lies in one block face, which lies in Ξ or misses it (Theorem 3.20 (R7)). (b)
is the definition of E. (c) Extend n by 0 to X and let U :=

∑
x∈V n(x)cx. A plaquette of

a cube of V not dual to a bond of E is a face of a hole cube, a frozen face or in ∂2Λ
◦, so

∂U =
∑

b∈E ∇n(b)pb + Y1 with suppY1 ⊆ F. Likewise,
∑

b∈E ξbpb = Ξ − Y2, with Y2 the part
of Ξ in F (Ξ is interior to Λ◦ by Lemma 3.5, and F (X) contains all faces of hole cubes). So
N∨ = ∂U − Y1 − kΞ+ kY2 and ∂N∨ = −kC + ∂(kY2 − Y1). (d)

∑
b∈γ ∇n(b) = 0, and

∑
b∈γ ξb

counts the crossings of γ with Ξ, that is, lk(γ, C). If N(h) = N(h′), then ∇(n − n′) = 0. (e)
Since the box is acyclic, the relative cycle M∨ − Y is a boundary ∂W , which a cycle of G′

crosses as often inwards as outwards (plaquettes dual to bonds of E are not in F). This proves
(i)⇒(ii). Integrating along paths, we obtain (ii)⇔(iii), and the computation of (c) with k = 0
gives (iii)⇒(i).

Handles. In Z3 the period condition of Lemma 7.6 (d) is local, and walls with zero periods
are removed by h 7→ h−Pn′ (Lemma 7.6 (e)). In G′ a cycle γ around a handle of the insulating
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set with lk(γ, C) = 0 may be crossed once each, with opposite signs, by two separated wall
pieces. We therefore write the shift in source form (Proposition 7.8) and grade the outer
partition functions by the class of their walls (Definition 7.25).

Proposition 7.7 (Unfolding and translation). Assume (S1) to (S3) and (S5). For each h ∈ H
let g = gh : V → R be equivariant: gh+c = gh + c for c ∈ CP . Put H := h − kβ

−1/2
GM f ,

C−1 := C−1
0 +ν, E(ψ) := E′(ψ+g)+ 1

2⟨ψ, νψ⟩, gc := m̃2C0H, F1 :=
1
2m̃

2∥g−H∥2+ 1
2⟨g, u

−1g⟩
and F2 := ⟨ψ,C−1

0 (g − gc)⟩. Then C−1 ≥ 1
2C

−1
0 > 0, and with dµC the centred Gaussian

measure on RV with covariance C,

Z̃(k,Ξ) =
∑

[h]∈H/CP

N
∫
dµC(ψ) e

E(ψ) eG(ψ+g) e−F1 e−F2 , (7.9)

where N > 0 depends on G′, MY , m̃ and ν, and not on k, Ξ or h. Each term of (7.9) does
not depend on the representative of [h].

This is [GM82, (6.13) to (6.20)] with χΛ ≡ 1 on V and E the E of [GM82, (6.14c)], except
that the sum over h is unfolded over H/CP and the mass acts at every site. The integrand
of (7.6) is invariant under (φ + c, h) 7→ (φ + c + c′, h + c′), c′ ∈ CP , since each cell lies in one
component, rΩ is P -periodic, and the phases of E′ shift by multiples of 2π. Hence the sum
over c′ turns the zero-mode integrals into Lebesgue measure on RComp(G′). As u−11K = 0, the
measure becomes e−

1
2
⟨φ̂,u−1φ̂⟩dφ̂ on RV , and C0 = (u−1 + m̃2)−1 is one operator on RV (in

[GM82, (6.15)] the mass term is m̃2χΛ). By (S5), C−1 ≥ 1
2C

−1
0 , and equivariance with (7.1)

gives the independence of the representative.

7.2 The shift and the localized F1

From now on G′ is an output of the construction and βGM ≥ β0GM, so that L′ ≥ 16 and
L/2 < L′. We write d = dG′ for the graph distance of G′ (d(x, y) = ∞ for sites in different
components) and Nr(A) := {x ∈ V : d(x,A) ≤ r}. Each cell lies in one U -cell and each U-cell
in one component (Theorem 3.20 (R7)). A good tube of an interface bond b (Subsection 7.3)
is a straight path of G′ of L sites with middle bond b.

The wall neighbourhood. The set Σ̂ is the union of the U -cells ∆ with d(∆,ΣV ) < L′,
as on [GM82, p. 47] with U-cells for unit cubes and d for GM’s distance 3−1/2∥x − y∥1 of
[GM82, (1.11a), (3.23)]. The wall components Sβ are the unions of the U-cells of the connected
components of the graph on the U-cells in Σ̂, two being adjacent when a bond of G′ joins them.
Put Σβ := ΣV ∩Sβ, let E(Sβ) be the set of bonds of E with both ends in Sβ, and wβ := w1E(Sβ).

The wall sources and the standard cutoff are sβ :=M−2
Y (−∆+M2

Y )∇∗wβ and χβ := ζ(d(·,Σβ)),
with ζ = 1 on [0, L′/2], ζ(t) = 3−4t/L′ on [L′/2, 3L′/4] and ζ = 0 on [3L′/4,∞). The transition
set Aβ is the set of endpoints of bonds {x, y} ∈ E with χβ(x) ̸= χβ(y). The shift is

g := H −
∑
β

χβC0sβ, D := g −H =
∑
β

Dβ, Dβ := −χβC0sβ. (7.10)

Proposition 7.8 (Source-form shift). For every h ∈ H and k ∈ {0, 1}: (a) every wall bond lies
in E(Sβ) for exactly one β, so w =

∑
β wβ with disjoint supports; {x : d(x,Σβ) < L′} ⊆ Sβ;
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every interface carrying a wall lies in one E(Sβ), and the good tubes of its bonds lie in Sβ;
(b) χβ = 0 off Sβ, χβ = 1 on Σβ, d(Aβ,Σβ) ≥ L′/2 − 1 ≥ 7, N1(Aβ) ⊆ Sβ, and χβ is
(4/L′)-Lipschitz for d; (c) u−1H =

∑
β sβ and supp sβ ⊆ N1(Σβ); (d) g = H off

⋃
β suppχβ,

in particular g + kβ
−1/2
GM f = h on V \ Σ̂; on Sβ, g = H − χβC0sβ; and g is equivariant; (e)

F ′
2 := C−1

0 (g − gc) satisfies

F ′
2 =

∑
β

F ′
2,β, F ′

2,β := −[C−1
0 , χβ]C0sβ, suppF ′

2,β ⊆ N1(Aβ) ⊆ Sβ, (7.11)

and on N1(Aβ) one has sβ = 0 and F ′
2 = −C−1

0 χβC0sβ; (f) given Sβ, the functions sβ, D|Sβ

and F ′
2,β depend on h only through N |E(Sβ). No extension of h|Sβ

to V enters the construction.

Proof. Roughly speaking, since −∆f = ∇∗j, the jumps of h across Ξ cancel j on each bond
with N = 0, and hence u−1H is a pure wall source. Near each wall component, the shift
subtracts the response C0sβ to that source. Parts (a), (b), (d) and (f) are support checks.

A geodesic of length less than L′ to Σβ stays in Σ̂, hence in one wall component, and good
tubes lie within L/2 < L′ of their middle bond. The function ζ is (4/L′)-Lipschitz. Since
Aβ ⊆ {L′/2− 1 < d(·,Σβ) ≤ 3L′/4+ 1} and L′ ≥ 16, we have N1(Aβ) ⊆ {d(·,Σβ) < L′} ⊆ Sβ.

Finally, ∇c = 0 for c ∈ CP , and wβ = 2πβ
−1/2
GM N on E(Sβ), whose wall bonds have endpoint

set Σβ. (c) −∆H = ∇∗∇h − kβ
−1/2
GM ∇∗j = ∇∗w, so u−1H = M−2

Y (−∆ +M2
Y )∇∗w =

∑
β sβ

by (a). Moreover, ∇∗wβ is supported in Σβ, and −∆ + M2
Y enlarges supports by at most

one step. (e) By (7.1), C−1
0 gc = m̃2H and C−1

0 H − m̃2H = u−1H, and by (c) we obtain
F ′
2 =

∑
β(sβ − C−1

0 χβC0sβ). A site x ∈ N1(Σβ) \ Σβ is adjacent to some z ∈ Σβ, and
χβ(x) = 1, since otherwise z ∈ Aβ, against (b). Thus χβ = 1 on N1(Σβ) ⊇ supp sβ, and hence
sβ−C−1

0 χβC0sβ = −[C−1
0 , χβ]C0sβ. The kernel C

−1
0 (x, y) = (M−2

Y ∆2−∆+m̃2)(x, y) vanishes
unless d(x, y) ≤ 2. Hence ([C−1

0 , χβ]v)(x) =
∑

y C
−1
0 (x, y)(χβ(y)− χβ(x))v(y) vanishes unless

χβ changes along a path of at most two bonds from x, which puts x in N1(Aβ) ⊆ Sβ. Since
d(Aβ,Σβ) ≥ 7 ≥ 3, the sets N1(Aβ) and N1(Σβ) are disjoint, so sβ = 0 on N1(Aβ), and there
F ′
2 = −C−1

0 χβC0sβ.

A construction through an extension heβ of h|Sβ
that is constant on the components of

V \ Sβ, as in [GM82, (6.24)], is not available on G′: such an extension exists only if wβ has
zero periods on all cycles of G′, and a wall spanning the central hole of a solid torus of X has
period ±1 on a meridian of the torus. When an extension exists, (7.10) agrees with [GM82,
(6.24), (6.25)] up to the choice of cutoff and C0 for C00.

Proposition 7.9 (Exact identity). For every h ∈ H, k ∈ Z and D : V → R, with g := H+D,

2F1 = m̃2∥D∥2 + ∥w +∇D∥2 +M−2
Y ∥∆D −∇∗w∥2 − k2β−1

GMEG′ . (7.12)

Proof. The idea is that the gradient of g differs from the wall field plus ∇D by the Biot–Savart
field, which is orthogonal to gradients and has inner product −EG′ with j. Hence the perimeter
energy separates exactly. As u−1 = −∆ + M−2

Y ∆2 and −∆ = ∇∗∇, we have ⟨g, u−1g⟩ =

∥∇g∥2+M−2
Y ∥∆g∥2. Now ∇g = ∇h− kβ

−1/2
GM (j+Rf )+∇D = (w+∇D)− kβ

−1/2
GM Rf and, by

Lemma 7.2, ⟨w+∇D,Rf ⟩ = −kβ−1/2
GM ⟨j, Rf ⟩ = kβ

−1/2
GM EG′ , so ∥∇g∥2 = ∥w+∇D∥2−k2β−1

GMEG′ .

Next ∆g = ∆h+kβ
−1/2
GM ∇∗j+∆D = ∆D−∇∗w. Adding m̃2∥g−H∥2 = m̃2∥D∥2 gives (7.12).
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Corollary 7.10 (Localization). Let D be the shift (7.10). For each wall component put

2F1(Sβ) := m̃2∥Dβ∥2 + ∥wβ +∇Dβ∥2 +M−2
Y ∥∆Dβ −∇∗wβ∥2, (7.13)

and for every union Y of wall components and of U-cells outside Σ̂, F loc
1 (Y ) :=∑

β:Sβ⊆Y F1(Sβ). Then: (a) F1 = F loc
1 (V ) − 1

2k
2β−1

GMEG′; (b) F1(Sβ) ≥ 0, and given

Sβ it depends on h only through N |E(Sβ); if E(Sβ) contains no Ξ-bond, it does not depend on
(k,Ξ); (c) for every such Y ,

F loc
1 (Y ) ≥ 1

2m̃
2
∑
x∈Y

(g −H)2 + 1
2

∑
b∈E(Y )

∣∣∇g + kβ
−1/2
GM Rf

∣∣2; (7.14)

(d) Z(k,Ξ) is the right side of (7.9) with e−F1 replaced by e−F
loc
1 (V ): the prefactor e−k

2EG′/2βGM

of Lemma 7.2 cancels, so EG′ never enters the perimeter constant.

Proof. Each term of (7.12) but the last is a sum of squares of functions supported in the
wall components: ∇Dβ is supported on E(Sβ) and ∆Dβ on Sβ, since a bond leaving Sβ from
suppχβ would end in Aβ ⊆ Sβ. This gives (a). Part (b) is Proposition 7.8 (f), and off Ξ-bonds

N = ∇n does not involve k. For (c) we drop the terms withM−2
Y , as ∇g+kβ−1/2

GM Rf = w+∇D.
Part (d) follows from Lemma 7.2, Proposition 7.7 and (a).

7.3 The wall tension and the spanning area

Tubes on the fine lattice. Let b = (x, y) be a bond of an interface I = I(Ω,Ω′), oriented
from Ω to Ω′, with y = x+σeµ, σ = ±1. Put τ−b := {x− iσeµ : 0 ≤ i < L/2}, τ+b := {y+ iσeµ :
0 ≤ i < L/2} and τb := τ−b ∪ τ+b , a segment of L sites (L is even). The bond b is good if τb ⊆ V
and the L−1 consecutive bonds of τb lie in E. We write good(I) for the number of good bonds
of I. On the fine lattice the face rule gives good(I) ≥ c′gmax(|I|, L2) for each interface, with

c′g := cg(1 + 1/Lc)
−2 ≥ 9

16cg (Theorem 3.20 (R8), Lemma 4.19).

Lemma 7.11 (Tube inequality). Let z1, . . . , zL be a path, let H̃ = c− on {z1, . . . , zL/2} and

H̃ = c+ on {zL/2+1, . . . , zL}, J := c+ − c−, and let m (L/2) ≤ 1/
√
2. Then for every g,

1
2m

2
∑

i≤L(g(zi)− H̃(zi))
2 + 1

2

∑
i<L(g(zi+1)− g(zi))

2 ≥ 1
6 m

2 (L/2) J2.

Sketch. With ḡ± the averages of g on the two halves, we write J = (c+ − ḡ+) + (ḡ+ − ḡ−) +
(ḡ− − c−) and apply Cauchy–Schwarz to each term. Intuitively, the mass term supplies the
lower bound if g does not follow the jump, and the gradient term supplies it if g does.

Lemma 7.12 (Tube geometry). (a) If b ∈ I(Ω,Ω′) is good, then τ−b ⊆ Ω and τ+b ⊆ Ω′. (b)
Good tubes on a common lattice line are site-disjoint. Hence every site lies in at most 3 good
tubes and every bond in at most one. (c) No bond of τb other than b crosses Ξ, and ξ, ∇h, N
are constant on every interface.

Sketch. A good tube is a straight path of G′ crossing one block face at its middle bond,
and by (G1) of Definition 3.4 blocks are at least L long. The chain Ξ lies in grid planes
(Lemma 3.5 (A1)), and for (c) we use Lemma 7.6 (a).
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Theorem 7.13 (Wall tension). Let h ∈ H, k ∈ {0, 1}, and let Y be a union of wall components

and of U-cells outside Σ̂. With JI := 2πβ
−1/2
GM NI ,

F loc
1 (Y ) ≥ 1

18
m̃2 L

2

∑
I⊆Y

good(I) J2
I ≥ 2σF

∑
b∈E(Y )

N(b)2, σF :=
π2c′g
18

m̃2L

βGM
, (7.15)

where I ⊆ Y means that both cells of I lie in Y . We put Funit := σFL
2. There is no perimeter

term.

Proof. The constant 1
18 is the 1

6 of the tube inequality divided by the overlap 3 of good tubes,
and the remaining factor 2 in front of σF is used in Subsection 7.8. By comparison, [GM82,
Lemma 12, (C.9)] gives 1

60 with a perimeter term instead. For a good bond b of an interface
I ⊆ Y , τb ⊆ Y , and with ϑb := D + Jb1τ+b

we have w + ∇D = ∇ϑb on the bonds of τb

and g − H = ϑb − Jb1τ+b
on τb (Lemma 7.12 (a), (c)). Hence Lemma 7.11 (m = m̃, c− = 0,

c+ = Jb, m̃L/2 ≤ cL/2 ≤ 1/
√
2) bounds the part of the right side of (7.14) on τb below by

1
6m̃

2L
2 J

2
b . Summing over good bonds, we count each site at most three times and each bond

at most once (Lemma 7.12 (b)). The second inequality follows from
∑

E(Y )N
2 =

∑
I⊆Y |I|N2

I

and good(I) ≥ c′g|I|.

Theorem 7.14 (Walls span the loop). Let k = 1, let n : V → Z be arbitrary, and N(b) :=
∇n(b)− ξb on E. Then

∑
b∈E N(b)2 ≥ #{b ∈ E : N(b) ̸= 0} ≥ AG′(C).

Proof. Correcting Ξ by the boundary of the integer field gives a 2-chain spanning C, whose
support outside the free set F is exactly the set of wall bonds. With U as in the proof of
Lemma 7.6 (c), Σ := Ξ − ∂U is an integer 2-chain in Λ◦ with ∂Σ = C. The coefficient of pb
in Σ is ξb −∇n(b) = −N(b) for b ∈ E, and all other plaquettes of Λ◦ are faces of hole cubes,
frozen faces or faces in ∂2Λ

◦, hence lie in F. So suppΣ \ F = {pb : b ∈ E, N(b) ̸= 0}, and
Definition 2.11 gives AG′(C) ≤ #{N ̸= 0} ≤

∑
E N

2, since N is integer valued.

7.4 The fluctuation term F2 is small

Throughout this subsection we assume λPV ≤ 1
4 and m̃ ≤MY ≤ 1 (true for βGM ≥ β0GM), and

put Rs := (−∆+ s)−1 for s > 0 and

r± := 1
2M

2
Y

(
1± (1− 4λ2PV)

1/2
)
, G := C0M

−2
Y (−∆+M2

Y ). (7.16)

As r+ + r− = M2
Y and r+r− = m̃2M2

Y , partial fractions in t = −∆ give C0 = ϖ(Rr− −
Rr+) and G = c+Rr− − c−Rr+ , with ϖ := M2

Y /(r+ − r−) and c± := r±/(r+ − r−) (bounds

in Section S1.6). For X a union of wall components and of U-cells outside Σ̂, F2(X) :=
⟨1Xψ,F ′

2⟩ =
∑

β:Sβ⊆X⟨ψ, F
′
2,β⟩ (Proposition 7.8 (e)).

Lemma 7.15 (Resolvent bounds). (a) (Combes–Thomas.) Let ρ : V → R satisfy |ρ(x) −
ρ(y)| ≤ α on every bond of G′, and let κCT := s − 6(coshα − 1) > 0. Then ∥eρRse−ρ∥ ≤
κ−1
CT. (b) Let B ⊆ E have endpoint set VB, and let A ⊆ V with d(A, VB) ≥ r ≥ 0. Then

∥1AG∇∗1B∥ ≤ 8.71 m̃−2e−m̃r/3. (c) If χ : V → [0, 1] is Λχ-Lipschitz for d, then ∥[C−1
0 , χ]∥ ≤

Λχ(144M
−2
Y + 6) ≤ 150ΛχM

−2
Y .

58



Proof. All three are operator norms from the Schur test and the degree bound 6, so missing
bonds enter only through the degree. (a) is the method of [CT73, Theorem 1, p. 257] in a
lattice form not stated there: with eρ(−∆+ s)e−ρ = −∆+ s+B, pairing the two orientations
of each bond gives Re⟨f,Bf⟩ = −

∑
bonds 2(cosh t − 1)Re(f̄(x)f(y)), t := ρ(x) − ρ(y), which

is at least −6(coshα− 1)∥f∥2. As −∆ ≥ 0, it follows that Re⟨f, (−∆+ s+B)f⟩ ≥ κCT∥f∥2.
The antisymmetric part of B drops out, so ρ may have kinks (as d has at slit edges and hole
corners), and the second-order form matters: in (b), at s = r− ≤ 1.08 m̃2, α = m̃/3, the
first-order quantity s− 6(eα− 1) is negative. (b) We apply (a) with ρ := m̃

3 min{d(·, VB), r} to
the two resolvents of G, and the Schur test to eρ∇∗e−ρ. (c) We use [C−1

0 , χ] =M−2
Y (∆[∆, χ] +

[∆, χ]∆)− [∆, χ]. The numerical constants are derived in Section S1.6.

Theorem 7.16 (F2 is controlled by F1; [GM82, Lemma 14] on G′). For every h ∈ H,
k ∈ {0, 1} and every union X of wall components and of U-cells outside Σ̂,

∑
x∈X F

′
2(x)

2 =∑
β:Sβ⊆X ∥F ′

2,β∥2 ≤ m̃2 ε(L′)F loc
1 (X), where

ε(L′) := Cε c
−1
g λ4PV m̃

−9 (m̃L/2)−1(m̃L′)−2e−m̃L
′/3, (7.17)

with the absolute constant Cε of Section S1.6.

Proof. The idea is that the commutator is localized where χβ changes, at distance at least
L′/2− 1 from the walls, and that there the Combes–Thomas decay outweighs the polynomial
loss, because m̃L′ ∝ βGM. By Proposition 7.8 (e), F ′

2,β = −[C−1
0 , χβ]1A′G∇∗1Bwβ with A′ :=

N1(Aβ), B := suppwβ, d(A
′, VB) ≥ L′/2 − 2 and Λχ = 4/L′. We apply Lemma 7.15 (b), (c),

and bound
∑

β ∥wβ∥2 by Theorem 7.13 with good(I) ≥ c′g|I| (Section S1.6).

This is [GM82, Appendix D, (D.3) to (D.16)], modified as follows:

(1) operator norms (Lemma 7.15) in place of GM’s pointwise bounds [GM82, (D.10)], from
[GM82, Lemma B.3], which fail within distance 2 of a missing bond, at the priceM−4

Y m̃−4;

(2) the source form of Proposition 7.8 (e) in place of [GM82, (D.3) to (D.5)], since heβ need
not exist on G′;

(3) Theorem 7.13 in place of [GM82, Lemma 12, (C.21)], so there is no perimeter term PF ,
and the bound is uniform in Λ◦, C, Ξ, the hole set X, S, h, k and X.

Corollary 7.17 (Gaussian F2 factors). Let C ′ be positive semidefinite on RV with ∥C ′∥ ≤
tCm̃

−2, and let dµC′ be the centred Gaussian measure with covariance C ′. For every p > 0 and
every X as in Theorem 7.16,∫

dµC′(ψ) e−pF2(X) = exp(12p
2⟨1XF ′

2, C
′1XF

′
2⟩) ≤ exp(12p

2tC ε(L
′)F loc

1 (X)).

Proof. Since F2(X) = ⟨ψ,1XF ′
2⟩ is linear in ψ, its Laplace transform is Gaussian. The bound

then follows from ⟨F,C ′F ⟩ ≤ ∥C ′∥∥F∥2 and Theorem 7.16. We will apply the corollary with
C ′ of Lemma 7.29 (C ′ ≤ αDC0 ≤ 7

6m̃
−2, so tC = 7

6 < 2) and with block-diagonal restrictions∑
j 1YjC01Yj (tC = 1).

Corollary 7.18 (Collar). Let p2, p3, p
′, q′ and cλ be the Hölder exponents and the constant

of Subsection 7.6, and ε0 := min{(1 − 1/p3 − cλ)/(2p2), 2(p
′/q′)2} (values in Section S1.6).

There is β0GM such that ε(L′) ≤ ε0 for βGM ≥ β0GM.
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Proof. We have m̃L′ = 2βGM, while for ε(L′) ≤ ε0 we need only m̃L′ ≥ 27 log(1/m̃) + O(1),
with log(1/m̃) ≤ 2.4944τ and Kcol = 2 > 27 · 2.4944/(4π2) = 1.706 (Section S1.6). A collar
with m̃L′ fixed, as in [GM82, p. 47], does not suffice on G′.

Proposition 7.19 (Collar consistency). Let DE := CUm̃
−1 bound the Euclidean diameter of

U-cells (Theorem 3.20 (R7)) and ηcol := (2
√
2L+DE + 3)/L′. For every wall component Sβ,

with nI(β) the number of interfaces of Sβ carrying a wall: (a) F1(Sβ) ≥ π2c′g
9

m̃2L3

βGM
nI(β) =

2Funit nI(β); (b) Sβ has at most nI(β)
4π
3cu

(m̃L′)3(1 + ηcol)
3 U-cells; (c) for βGM ≥ β0GM, every

U-cell of Σ̂ receives a share at least ΦU of F loc
1 , that is, F1(Sβ) ≥ ΦU ·#{U-cells of Sβ}, where

the constant ΦU (Section S1.6) satisfies ΦU → ∞ as βGM → ∞.

Sketch. (a) is Theorem 7.13 with Y = Sβ, J
2
I ≥ 4π2/βGM and good(I) ≥ c′gL

2. (b) Each U -cell
of Sβ lies within d-distance L′ of a wall interface, which lies in one block face, and U-cells are
disjoint with at least cum̃

−3 sites (R7). (c) We divide (a) by (b). Then ΦU → ∞, because the
energy is exponential in βGM, whereas the collar is polynomial in m̃L′ ∝ βGM.

7.5 The class-graded expansion

By Corollary 7.10 (d), Z(k,Ξ) =
∑

[h]N
∫
dµC e

EQh with Qh := eG(ψ+g)e−F
loc
1 (V )e−F2 . We

expand the Gaussian integral at fixed h and then resum the walls, graded by their class.

Definition 7.20 (Closures, wall polymers, seeds). Fix h ∈ H. (a) The closure cl(S) of a
union S of U-cells is S together with the U-cells joined to S by a bond of G′. Closures
of wall components are linked if they share a U -cell; a wall polymer Sγ(h) is the union of
a maximal linked family of closures. (b) The wall polymers and the U-cells contained in
no wall polymer form a partition Ỹ(h) of V , whose members are the elements. A set is
admissible (for h) if it is a union of elements; sath(S) is the union of the elements that meet
S. (c) X1 is the union of the U-cells that contain an endpoint of a bond of G′ crossing Ξ,
and ∆1 is a fixed U-cell. The seeds are Y1(h) := sath(X1) in the expansion of Z(1,Ξ) and
Y1(h) := sath(∆1) in that of Z(0,Ξ). (d) M(h) := {X ⊇ Y1(h) : X admissible}. (e) For
admissible Y , G(Y ) :=

∑
Ω⊆Y ln rΩ(AΩ) +

∑
iG2,i(Y ) (the site sums of (7.5) restricted to

Y ) and Qh(Y ) := eG(Y )e−F
loc
1 (Y )e−F2(Y ) (F2(Y ) as in Subsection 7.4); E(Y ) and E(Y, s) are

defined in Appendix C.

An admissible set is a union of wall components and of U-cells outside Σ̂ (a U-cell of Σ̂
joined by a bond to Sβ belongs to Sβ). Hence F loc

1 (Y ) and F2(Y ) are defined. An element
that meets X1 lies in each admissible X ⊇ X1, since the elements partition V and admissible
sets are unions of elements. Therefore M(h) = {X ⊇ X1 : X admissible} (with ∆1 for k = 0,
as on [GM82, p. 51]), which is the rule of [GM82, p. 50].

Lemma 7.21 (Factorization). Let Y, Y ′ be disjoint admissible sets. Then Qh(Y ∪ Y ′) =
Qh(Y )Qh(Y

′); in particular Qh = Qh(X)Qh(V \X) for admissible X. Moreover Qh(Y ), and
every term of E(Y, s), depend on (ψ, h) only through ψ|Y and N |E(Y ). The same holds with

G♮ of Lemma 7.29 in place of G.

Sketch. This is [GM82, (E.4)] with admissible sets for unions of unit cubes. The action is
a sum of cell terms (ln rΩ), site terms (G2,i, the terms of G♮ and of E) and wall-component
terms (F1(Sβ), F

′
2,β), and an admissible set contains each cell and wall component entirely
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or not at all. As g + kβ
−1/2
GM f = h + D with h cell-constant and PZ-valued, each phase is

eimβ
1/2
GM(ψ+D) (rΩ is P -periodic), and D|Y , F loc

1 (Y ), F2(Y ) depend on h only through N |E(Y )

(Proposition 7.8 (f), Corollary 7.10 (b)).

The factorization holds for admissible sets only (F loc
1 does not split inside a wall polymer).

For this reason we saturate the seed, as X1 itself need not be admissible.

Proposition 7.22 (Cluster expansion at fixed h; [GM82, Lemma E.1, Proposition E.2] on
G′). Assume (S1) to (S5) and the hypotheses of Lemma C.2, and let C ∈ {C,C ′} (C ′ of
Lemma 7.29). Let U = V , or U = V \X0 for a union X0 of U-cells; let h be a cell-constant
configuration on U with values in PZ whose wall polymers in U have their closures in U (for
U = V , any h ∈ H); and let Y1 ⊆ U be nonempty and admissible for h on U (it may depend
on h and need not be connected). With CU := 1UC1U on RU ,∫

dµCU
(ψ) eE(U)Qh(U) =

∑
X

Kh(X)

∫
dµCU

(ψ) eE(U\X)Qh(U \X), (7.18)

where X runs over the admissible subsets of U containing Y1, Kh(X) :=
∑

ȳ:X(ȳ)=X Kȳ over the
sequences ȳ = (Y1, . . . , Yn) of pairwise disjoint nonempty admissible sets with union X(ȳ) = X,
and

Kȳ :=

∫
[0,1]n−1

ds

∫
dµȳs(ψ) e

Eȳ(X(ȳ),s) κ(ȳ, s)Qh(X(ȳ)), (7.19)

with dµȳs (covariance (C.1) at sn = 0), Eȳ and the operator κ(ȳ, s) of Appendix C, built from
CU . Every sequence has length at most eh + 1, eh the number of elements of U not contained
in Y1; all sums are finite, all integrals converge absolutely, and

∫
dµCU

eE(Y )Qh(Y ) ∈ (0,∞)
for every admissible Y ⊆ U . Kȳ depends only on ȳ, the X(ȳ)×X(ȳ) block of C and N |E(X(ȳ)),
not on U .

We give the proof in Appendix C.

Admissibility in terms of walls. For a set W of wall bonds with endpoint set V (W ),
Σ̂(W ) is the union of the U-cells ∆ with d(∆, V (W )) < L′. For a union X of U-cells, ∂X is
the set of bonds of G′ joining X to Xc := V \X, WX := ΣE ∩E(X) and WXc := ΣE ∩E(Xc).
We consider the conditions (in) cl(Σ̂(WX)) ⊆ X, (out) cl(Σ̂(WXc)) ⊆ Xc, and (∂) N = 0 on
∂X.

Lemma 7.23 (Admissibility). Let k ∈ {0, 1}, h ∈ H, and let X be a union of U-cells with
X ⊇ X1 if k = 1 and X ⊇ ∆1 if k = 0. Then X ∈ M(h) if and only if (in), (out) and (∂)
hold. In that case the elements of Ỹ(h) inside X are determined by X and N |E(X), and those
inside Xc by X and N |E(Xc).

Sketch. Each wall component, with its closure, belongs to the side that contains its walls
(Proposition 7.8 (a)), and no element straddles ∂X when ∂X carries no wall: under (∂),
Σ̂ = Σ̂(WX) ∪ Σ̂(WXc), no U-cell of one being adjacent to one of the other by (in), (out),
and the wall components inside X are the components of Σ̂(WX), with WX = suppN |E(X).

At k = 1, since both ends of each Ξ-bond lie in X1 ⊆ X, the set ∂X contains no Ξ-bond,
and (∂) is equivalent to h(x) = h(y) for all {x, y} ∈ ∂X, as at k = 0. By Lemmas 7.21 and
7.23, for admissible X ⊇ X1 the activity Kh(X) with first set sath(X1) depends on h only
through N |E(X).
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Wall fields. A wall field on a union U of U-cells is a function N : E(U) → Z, extended
by 0 to E, that vanishes on the bonds inside cells and is constant on each interface. For
h ∈ H and k ∈ {0, 1}, the restriction N(h)|E(U) is a wall field (Lemma 7.6 (a)). The objects

of Subsection 7.2 (Sβ, χβ, sβ, D, F1(Sβ), F
loc
1 , F ′

2,β, F2(Y )) are functions of w := 2πβ
−1/2
GM N

alone (Proposition 7.8 (f), Corollary 7.10 (b)). For a wall field N we define G(Y ), G♮(Y )

(Lemma 7.29), E(Y ) and E(Y, s) by their formulas with ψ + g + kβ
−1/2
GM f replaced by ψ +D

in all phases and all cell averages (so AΩ + kβ
−1/2
GM f̄Ω becomes avgΩ(ψ + D) and δ̃ becomes

(ψ +D)− avgΩ(ψ +D)), and put QN (Y ) := eG(Y )e−F
loc
1 (Y )e−F2(Y ).

Lemma 7.24 (Wall form). (a) If N = N(h)|E(U) with h ∈ H and k ∈ {0, 1}, then QN (Y ) =
Qh(Y ), and E(Y, s) is the same in both definitions, for every admissible Y ⊆ U . (b) Defi-
nition 7.20 applies, and Lemma 7.21, Proposition 7.22 and Lemma 7.23 hold, for every wall
field N on E(U) whose wall polymers have their closures in U , with V replaced by U and
without the condition on the seed in Lemma 7.23; Theorem 7.13 holds for every wall field; and

Proposition 7.5 holds with ∥φ+ kβ
−1/2
GM f − h∥ replaced by ∥ψ +D∥.

Sketch. (a) As in the proof of Lemma 7.21, h drops out. (b) These proofs use h only through
(a) and the walls (the action consists of cell, site and wall-component terms). In Theorem 7.13,
(7.14) becomes (7.13) without its last term, and w = 0 inside cells. The proof of Proposition 7.5

is pointwise in β
1/2
GM(ψ+D)(x), and Appendix C uses Lemma C.1 and the Poincaré inequality

on cells, pointwise in (ψ,D) (Section S2.5).

Definition 7.25 (Classes and outer partition functions). (a) The m3-graph has the sites of V
as vertices, joined by the bonds of E and by the pairs of sites in a common cell; a closed walk
γ in it has the length |γ|, the sum of the dG′-distances of its steps. The class of a function N
on E (extended by 0 to the same-cell pairs) is [N ] : γ 7→

∑
e∈γ N(e) (oriented sum) on closed

m3-walks. (b) A wall field N is long if [N ](γ) = 0 for every closed m3-walk γ with |γ| < 2L′.
N long(U) is the set of long wall fields on E(U), and Γlong := {[N ] : N ∈ N long(V )}; it is a
group. (c) For a union X of U -cells and p ∈ Γlong,

Zp(X) :=
∑
N

N
∫
dµC(ψ) e

E(Xc)QN (X
c), (7.20)

the sum over the N ∈ N long(Xc) that satisfy (out) and have [N ] = p, with the integrand of
Lemma 7.24; Z(X) := (Zp(X))p∈Γlong

, Zp(X) := 0 for p /∈ Γlong, Zp := Zp(∅) and Z := Z0.
(d) For k ∈ {0, 1} and a union X of U -cells, with X ⊇ X1 if k = 1, an inside field at coupling
k is a wall field NX on E(X) that satisfies (in) and for which [(NX + kξ)1E(X)] vanishes on
the closed m3-walks in X; its outer class is pk(NX) := −[(NX + kξ)1E(X)].

Integrating along m3-paths, we see that [N ] = 0 if and only if N = ∇n with n : V → Z
constant on each cell (on the cycles of G′ alone n need not be constant on cells, which may be
disconnected). With Lemmas 7.6 (d) and 7.24 (a) this gives Z = Z(0,Ξ): the configurations
of Z0 are the walls of the [h] ∈ H/CP at k = 0. A long wall field has period 0 around
each plaquette of G′ (a closed walk of length 4). For X ⊇ X1, ξ vanishes off E(X), so by
Lemma 7.6 (d) an inside field at k = 1 has the periods − lk(·, C) on the cycles of G′ in X (it
is not long in general), and p1(NX)(γ) = − lk(γ, C)−

∑
e∈γ∩E(X)NX(e) on the cycles of G′.
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Lemma 7.26 (Long fields). (a) A closed m3-walk γ with |γ| < 2L′ that contains a wall bond
of a wall component Sβ has all its sites in Sβ. Hence, if N ∈ N long(U) has its wall polymers’
closures in U and Y ⊆ U is a union of elements of N , then N1E(Y ) and N1E(U\Y ) are long, and
their classes add up to [N ]. (b) Let h ∈ H, k = 1 and X ∈ M(h). Then N(h)|E(X) is an inside
field at k = 1, N(h)|E(Xc) is long and satisfies (out), and [N(h)|E(Xc)] = p1(N(h)|E(X)) ∈
Γlong.

Proof. A closed walk of length less than 2L′ stays at dG′-distance less than L′ from each of its
sites. (a) So all sites of γ lie in Sβ (Proposition 7.8 (a)), all wall bonds of γ lie in E(Sβ), and Sβ
lies in one element. Thus the period of N1E(Y ) on γ is 0 or that of N , and N vanishes on the
bonds between Y and U \ Y (Lemma 7.23). (b) Put N := N(h) = ∇n− ξ, NX := N |E(X) and
N ′ := N |E(Xc). By Lemma 7.23, NX satisfies (in), N ′ satisfies (out), and N = 0 on ∂X. Since ξ
vanishes off E(X), we have NX+ξ1E(X) = ∇n on E(X) and [N ′] = −[NX+ξ1E(X)] = p1(NX),
as [N + ξ] = 0. A short closed walk through a site of X carries no wall of N ′, by (out), and on
one inside Xc the period of N ′ = ∇n is 0. Hence N ′ is long.

For unions Z ⊆ Y of U-cells and a wall field NY on E(Y ) of which Z is a union of elements,

we write K(Z)
NY

(Y ) for the activity of Proposition 7.22 at NY with first set Z, and K̃(∆) for

that of a wall-free U -cell ∆ (n = 1). The finiteness of
∑

NY
|K(Z)

NY
(Y )| and of suppZp(X) used

below is Proposition 7.47, proved without Theorem 7.27.

Theorem 7.27 (Resummation). Assume the hypotheses of Proposition 7.22. (a) For X ⊇ X1

and an inside field NX at k = 1, let KNX
(X) := K(sat(X1))

NX
(X). Then

Z(1,Ξ) =
∑
X⊇X1

∑
NX

KNX
(X)Zp1(NX)(X),

the inner sum over the inside fields at k = 1, with absolutely convergent sums. (b) (Kirk-
wood–Salsburg identity.) Let X0 ⊊ V be a union of U-cells and ∆ ⊆ Xc

0 a U-cell. For every
p ∈ Γlong,

Zp(X0) =
∑
Y ∋∆

∑
NY

K(sat(∆))
NY

(Y )Zp−[NY ](X0 ∪ Y ), (7.21)

the sums over the unions Y ⊆ Xc
0 of U-cells containing ∆ and the NY ∈ N long(Y ) satisfying

(in), with first set satNY
(∆); the sums converge absolutely. The term Y = ∆, NY = 0 is

K̃(∆)Zp(X0 ∪ ∆). (c) (Prescribed walls.) Let R be a family of disjoint unions S of U-cells,
each with a long wall field NS on E(S) of which it is a wall polymer, σ := (

⋃
R,

∑
S NS), and

for r ∈ Γlong let Zr(R) be the part of Zr from the configurations N in which every S ∈ R, with

N |E(S) = NS , is an element. Then Zr(R) =
∑

Y⊇
⋃
R

∑
NY

K(
⋃
R)

NY
(Y )Zr−[NY ](Y ), the sum

over the NY ∈ N long(Y ) satisfying (in) with NY |E(
⋃
R) =

∑
S NS of which

⋃
R is a union of

elements.

Proof. At fixed walls the expansion factorizes over the elements, admissibility splits
into conditions on the two sides (Lemma 7.23), and the class of the walls is ad-
ditive, so this class is the only datum of the outer side that the inside constrains.
(a) By Corollary 7.10 (d) and Proposition 7.22 with U = V and first set sath(X1),
Z(1,Ξ) =

∑
[h]N

∑
X∈M(h)Kh(X)

∫
dµC e

E(Xc)Qh(X
c). Fix X ⊇ X1. The map

[h] 7→ (N(h)|E(X), N(h)|E(Xc)) is a bijection from {[h] : X ∈ M(h)} onto the pairs
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(NX , N
′) of an inside field at k = 1 and a configuration N ′ of Zp1(NX)(X). It maps into this

set by Lemma 7.26 (b), and it is injective by Lemma 7.6 (d). It is onto, since N := NX +N ′

has [N + ξ] = [(NX + ξ)1E(X)] + [N ′] = 0, hence N = N(Pn) with n cell-constant, and (in),
(out), (∂) give X ∈ M(Pn) (Lemma 7.23). The activity depends only on NX (Lemmas 7.21,
7.23). Since both ends of each Ξ-bond lie in X1 ⊆ X, the outer integral depends only on N ′

and is the summand of (7.20) (Lemma 7.24 (a)). The outer integrals are ≥ 0 (Lemma 7.42),
and Proposition 7.47 allows the sums to be exchanged. Only inside fields with p1(NX) ∈ Γlong

occur, by Lemma 7.26 (b), and for them Proposition 7.47 gives
∑

NX
|KNX

(X)| <∞. (b), (c)
In (b) we fix a configuration N of Zp(X0) and expand on U = Xc

0 with first set satN (∆) by
Proposition 7.22 in wall form (Lemma 7.24 (b)). In (c) we fix a configuration N of Zr(R) and
expand in the same way on U = V with first set

⋃
R, possibly disconnected. By Lemma 7.23

in wall form and Lemma 7.26 (a), the map N 7→ (Y,N1E(Y ), N1E(U\Y )) is a bijection onto the
triples of Y , NY as stated and a configuration of Zp−[NY ](X0 ∪ Y ) in (b), and of Zr−[NY ](Y )
in (c). The summand factorizes (Lemma 7.21), and Proposition 7.47 allows the sums to be
exchanged. For Y = ∆ and NY = 0, the U -cell ∆ is a wall-free element.

In (b) the removal of Y moves the class by [NY ], and each pair (X, p), X ̸= ∅, enters the
identity for (X \∆, p) through the wall-free term Y = ∆, the form of [BF80, (A4.3), (A4.5)].
The class cannot be dropped: removing the polymer of one of the two walls in the paragraph
headed Handles (Section 7.1) leaves outer walls of nonzero class, which are not the walls of a
height on the complement.

Corollary 7.28 (Loop expansion). Under the hypotheses of Theorem 7.27, in the finite box,

WG′(C) =
∑
X⊇X1

∑
NX

KNX
(X)

Zp1(NX)(X)

Z
, (7.22)

the inner sum over the inside fields at k = 1, with absolutely convergent sums and
Zp1(NX)(X) ≥ 0.

Proof. Divide Theorem 7.27 (a) by Z = Z(0,Ξ) > 0, and use Lemma 7.42. Here Zp(X)/Z is a
ratio of two absolutely convergent sums in the finite box, which Theorem 7.49 only bounds.

7.6 Brydges–Federbush Section 9 on slit domains

In this subsection we bound the activities of Section 7.5 on G′ by [BF80, Section 9] and [GM82,
Section 7]. On G′ the argument differs from these references in the following points. There is
a one-body deficit, whose quadratic part is moved into the covariance (Lemma 7.29). There is
no extension of the wall field across Ξ and no Poincaré inequality across a slit (Lemmas 7.32,
7.33). Finally, the covariance rate is small and independent of τ (Proposition 7.36).

Throughout, X is a polymer (a union of elements of Ỹ (h), Definition 7.20), |X| its number
of U-cells, ϑ := ψ + D with D := g − H the field in the phases, and δ̃ := PXϑ, where
PXϑ := ϑ − avgΩ ϑ on each cell Ω ⊆ X and PXϑ := 0 off X. We put Cu := 2 + 6/cg, so that
#∆ < Cum̃

−3 for each U-cell ∆ by (R7), and ∥A∥r := supx
∑

y |A(x, y)|er dG′ (x,y) for a matrix
A on V and r ≥ 0. Constants C,Cn depend only on those of Theorem 6.5 and Proposition 6.6.
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The deficit decomposition. By Proposition 7.4 the inhomogeneity enters only through

G2,3 of (7.5), which by (S3) is
∑

m̸=0

∑
x∈V (ρ1(m,x)−ρref(m))(cos(mβ

1/2
GMϑ(x))−1). Let GD

2,3

be its part with x ∈ D, and put

µD(x) := βGM

∑
m̸=0

m2
(
ρ1(m,x)− ρref(m)

)
1V \D(x), (7.23)

G♮2,3 :=
∑
m̸=0

∑
x∈V \D

(
ρ1(m,x)− ρref(m)

)(
cos(mβ

1/2
GMϑ(x))− 1 + 1

2m
2βGMψ(x)

2
)
.

Then, identically in ψ,
G2,3 = GD

2,3 − 1
2⟨ψ, µDψ⟩+G♮2,3. (7.24)

We write GD
2,3(Y ), G♮2,3(Y ) for the sums over x ∈ Y . Put G♮ := G1 +G2,1 +G2,2 +GD

2,3 +G♮2,3
and C ′ := (C−1

0 + ν + µD)
−1, where the operator µD depends only on G′ (through ρ1).

Lemma 7.29 (Covariance step). Assume the standing hypothesis (7.8), εν + θ
′ ≤ 1/7, with εν

of Section 7.1 (the output form of (S5)) and θ′ from (7.7). Then, uniformly in ψ, h, k, Ξ and
G′, with CD the constant C of Proposition 7.5(b): (a) |µD(x)| ≤ θ′m̃2 for every x; for every
union Y of U-cells, −C(e−µ + e−2κS ) cdepND(Y ) ≤ GD

2,3(Y ) ≤ CDcdepND(Y ) and

|G♮2,3(Y )| ≤ 1
2θ

′m̃2∑
x∈Y \D

(
ϑ(x)2 + ψ(x)2

)
.

(b) At a site x /∈ D with D(x) = 0, the n-th derivative in ψ(x) of the x-term of G♮2,3 is

at most Cnθ
′m̃2βGM|ψ(x)|4−n for 0 ≤ n ≤ 4 and at most Cnθ

′m̃2β
n/2−1
GM for n ≥ 4. At

x ∈ D, the n-th derivative (n ≥ 1) of the x-term of GD
2,3 is at most Cn(m̃

2/βGM)β
n/2
GM. (c) C ′

exists, is positive definite, and C ′ ≤ αDC0 as forms, with αD := (1 − εν − θ′)−1 ≤ 7/6. (d)
The bounds of Theorem 6.11 hold for C ′ and for every interpolated covariance C ′

s of (C.2):
C ′
s(x, x) = C ′(x, x) ≤ αDK1MY , |C ′

s(x, y)| ≤ 2K ′′
1MY e

−rcovdG′ (x,y), ∥C ′
s∥rcov ≤ 2K3m̃

−2 and
∥C ′

s∥2→2 ≤ αDm̃
−2. (e) As measures on RV ,

eG(ψ+g) dµC(ψ) = c eG
♮
dµC′(ψ), c :=

(detC ′

detC

)1/2
, (7.25)

and c does not depend on h, k or Ξ. (f) Propositions 7.3, 7.7 and 7.22, Theorem 7.27 and Corol-
lary 7.28 hold with (C,G,N ) replaced by (C ′, G♮, cN ), and WG′(C) and the ratios Zp(X)/Z
are unchanged.

Proof. At a site with D(x) = 0, ∂ψ(x)G2,3 = −µD(x)ψ(x) + O(θ′m̃2βGM|ψ(x)|3) with θ′ ≥
1 − e−θ0 fixed: no power of βGM, whereas [BF80, (9.813) to (9.819)] need β

1/2
GM per derivative

of a one-body coefficient of order m̃2/βGM. For this reason the quadratic part is moved into

the covariance, as ν is, and G♮2,3 is of fourth order (type vi of [BF80, (9.811)]). (a) Arguing as

in the proof of Proposition 7.5(a), with m2 replaced by |m|n, we obtain, for x /∈ D and n ≥ 2,

βGM

∑
m̸=0

|m|n |ρ1(m,x)− ρref(m)| ≤ Cnθ
′m̃2, (7.26)

with C2 = 1 once C in (7.7) is large, and at each x the left side is at most Cnm̃
2. For n = 2 this

bounds µD, and together with | cos y− 1+ 1
2z

2| ≤ 1
2y

2+ 1
2z

2 (y = mβ
1/2
GMϑ(x), z = mβ

1/2
GMψ(x))
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it bounds G♮2,3. The bound on GD
2,3(Y ) is Proposition 7.5(b) with Proposition 6.17. (b) If

D(x) = 0, then ϑ(x) = ψ(x) and f(ψ) := cos(mβ
1/2
GMψ)−1+ 1

2m
2βGMψ

2 vanishes to fourth order

with |f (n)| ≤ |m|nβn/2GM. At x ∈ D, |∂nψ cos(mβ
1/2
GMϑ)| ≤ |m|nβn/2GM. We then sum with (7.26). (c)

By the Schur test ∥ν∥2→2 ≤ ∥ν∥rcov ≤ ενm̃
2, by (a) ∥µD∥2→2 ≤ θ′m̃2, and C−1

0 = u−1 + m̃2 ≥
m̃2 (Definition 7.1). Hence C−1

0 + ν + µD ≥ (1 − εν − θ′)C−1
0 ≥ 6

7C
−1
0 > 0, and inversion

reverses the order of positive definite forms. (d) Theorem 6.11 applies to C ′ = (C−1
0 + ν ′)−1,

ν ′ := ν + µD, as 2K3∥ν ′∥rcov ≤ 2K3(εν + θ′)m̃2 ≤ m̃2 (K3 ≤ 3.5). The diagonal bound
follows from (c). Block compressions keep the diagonal and positivity and increase no other

bound. (e) By (7.24), eG(ψ+g) = eG
♮
e−

1
2
⟨ψ,µDψ⟩. Since C−1 = C−1

0 + ν (Proposition 7.7), we

have e−
1
2
⟨ψ,µDψ⟩dµC(ψ) = (det 2πC)−1/2e−

1
2
⟨ψ,C′−1ψ⟩dψ = c dµC′(ψ). The operators C0, ν, µD

depend only on G′, MY and m̃, so the factor c does not depend on h, k or Ξ. As an identity of
measures, (7.25) preserves absolute integrability. (f) We insert (7.25) in Proposition 7.7. Those
proofs use only factorization over cells and sites, the margin of Lemma C.2 (qM ≤ 1/6 for C ′)
and the quadratic bound on |E(X, s)|, and c cancels in WG′(C) and in each ratio Zp(X)/Z.

From now on we build all activities and all Zp(X) with (C ′, G♮, cN ). For a polymer X,
N (X) is the set of wall configurations NX := N |E(X) of cell-constant labels hX with values in

PZ (P = 2πβ
−1/2
GM ) whose walls lie in E(X). At k = 0 the statements of this subsection and

Lemma 7.48 hold for the long wall fields of Definition 7.25 (Proposition 7.46). We write nI(X)
for the number of interfaces with both cells in X, and put Aw := 2Funit.

Lemma 7.30 (Wall entropy). (a) F loc
1 (Y ) ≥ Aw

∑
I⊆Y N

2
I for every union Y of elements of

Ỹ (h), where NI is the constant value of N on the interface I (Lemma 7.6(a)). (b) For every

polymer X and every c4 > 0 with e−c4Aw ≤ 1
3 ,

∑
NX∈N (X) e

−c4F loc
1 (X) ≤ (1 + 3e−c4Aw)nI(X)

≤ ec
′
4|X| with c′4 := 9Cue

−c4Aw/(cgc1(m̃L)
3).

Proof. We adapt the proof of [BF80, Lemmas 9.2, 9.3] to G′ as follows. (1) The face sum
of [BF80, (9.117)] becomes the interface sum. Indeed, walls are supported on interfaces
(Lemma 7.6(a)), and by Theorem 7.13 with good(I) ≥ c′gL

2, which holds by (R8) in fine units

and Lemma 4.19, an interface I ⊆ Y gives at least 1
18m̃

2L
2 c

′
gL

2 · 4π2N2
I /βGM = 2FunitN

2
I .

(2) The sum over h becomes the injection NX 7→ (NI)I ∈ ZnI(X), each interface giving∑
n e

−c4Awn2 ≤ 1 + 3e−c4Aw . (3) The cube count becomes nI(X) ≤ 3Cu|X|/(cgc1(m̃L)3),
since a cell has at least c1L

3 sites by (R5) and at most 6/cg neighbours by (R8), and a U-
cell has fewer than Cum̃

−3 sites. We also use log(1 + 3t) ≤ 3t. By Corollary 7.10(d), no
perimeter term arises. With c4 = c′/4 (Table S1.4), c′4 is doubly exponentially small in τ , as
Aw ≥ (π2c′g/72)c

3
L(m̃βGM)−1 (m̃L ≥ cL/2).

In Debye units, for the Peierls factor rΩ of (7.4), we put vΩ := m̃3|Ω|, ρ̂(m) := m̃−3ρref(m),

bD := βGMm̃, P̂ := 2πb
−1/2
D , and

R̂v(x) :=
exp

{
v
∑

m ρ̂(m)
[
eimb

1/2
D x − 1

]}∑
n∈Z exp

{
−1

2v(x− nP̂ )2
} , (7.27)

so that rΩ(A) = R̂vΩ(m̃
−1/2(A + kβ

−1/2
GM f̄Ω)). By (R5) in fine units and cL/2 ≤ m̃L ≤ cL, we

have vΩ ∈ [v−, v+] := [c1c
3
L/8, 8c

3
L]. Let η∗ := sup0<s≤π[1 − 2bD

∑
m ρ̂(m)(1 − cosms)/s2] ≤

1− 4/π2 + CSe
−2κS .
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Lemma 7.31 (Derivative bounds). Fix ηH ∈ (η∗, 1). There are b0 > 0 and c7, c
′
7, c

′′
7, depending

only on v±, ηH , CS and κS, such that for bD ≤ b0, v ∈ [v−, v+], all real x and all integers
N ≥ 0,

|∂Nx R̂v(x)| ≤ c7 (c
′
7b

1/6
D )Nec

′′
7N logNe

1
2
ηHvx

2
.

Consequently, uniformly in h, with ∂AΩ/∂ψ(x) = 1/|Ω| (x ∈ Ω),

|∂NA rΩ(AΩ)| ≤ c7 (c
′
7b

1/6
D m̃−1/2)Nec

′′
7N logN exp

(
1
2ηHm̃

2
∑
x∈Ω

ϑ(x)2
)
.

The first bound is proved as [BF80, Lemma 9.7, (9.51)], with l̃D = 1, L3 → v, β → bD,
ρi → ρ̂(m), τ → P̂ , except for the following points. (1) There are infinitely many charges. The

Taylor expansions of the factors I, II of [BF80, (9.53)] converge for |Imx| ≤ b
−1/6
D by the tails of

(S4′), as e|m|b1/3D e−2κS |m| is summable. (2) The constants are uniform in v ∈ [v−, v+] ⊂ (0,∞),
not for a fixed volume L3. (3) We need an explicit exponent for αDp

′ηH < 1 in (L8-1). The
inequalities 1 − cos s ≥ 2s2/π2 on [0, π] and 2βGMρ

ref(1) ≥ (1 − Ce−2κS )m̃2 bound η∗, and
each ηH ∈ (η∗, 1) is admissible in [BF80, (9.59)]. The second bound follows by P̂ -periodicity,

AΩ+kβ
−1/2
GM f̄Ω = hΩ+avgΩ ϑ with hΩ ∈ PZ, and |Ω|(avgΩ ϑ)2 ≤

∑
x∈Ω ϑ(x)

2. With γ := ηHm̃
2

it is the analogue on G′ of [GM82, (7.9), (7.10)]: each derivative of G1 costs b
1/6
D , times

e
1
2
γ
∑

X ϑ2 .

Hölder exponents and the hypotheses (L8-1) to (L8-4). We fix ηH ∈ (η∗, 1), Hölder
exponents p1, . . . , p4 > 1 with

∑
i 1/pi = 1 and p1 even, and p′ > p3, q

′ with 1/p′+1/q′ = 1/p3
(values in Section S1.7.1). Let CfW , k□ = r□L, Nov and K♭Ω ⊇ Ω, with sites in the box

Q̂(Q) of fine side at most k□, be those of the cell Poincaré inequality, Proposition 6.9(iv),

and C ′
P := CfW r

2
□Nov, so that C ′

PL
2 = CfWk

2
□Nov. The hypotheses are: (L8-1) the standing

hypothesis (7.8), and η̂ := αDp
′ηH < 1 (hence αDp3ηH < 1); (L8-2) C ′

P (m̃L)
2 ≤ ηH/8, so that

θP := (4η̂/ηH)C
′
P (m̃L)

2 ≤ 1
2 and ν0 := max(η̂, θP ) < 1; (L8-3) ε(L′) ≤ 2(p′/q′)2, with ε(L′) of

Theorem 7.16; (L8-4) each K♭Ω has dG′-diameter less than L′. Here (L8-1) holds at the values
of Section S1.7.1, (L8-2) by the choice of cL (m̃L ≤ cL), (L8-3) by Corollary 7.18, and (L8-4)
follows from (L8-2) by Proposition 6.9(v). Here η̂ is the constant denoted β̂ < 1 in [BF80,
(9.638)]. A cell Ω ⊆ Q is near if the ℓ∞-distance from the sites of Q̂(Q) to C is at most 1

2 , and

far otherwise. For a union Y of elements, E(N (Y )) is the union of the E(K♭Ω) over the near
cells Ω ⊆ Y .

The free-space solid angle. Let ΩΞ(y) ∈ (−2π, 2π) be the signed solid angle of the flat
rectangle Ξ seen from a point y off its plane, increasing by 4π when y crosses Ξ in the direction
in which ξb = +1. For a site x of G′ (a dual site of Z3, never in the plane of Ξ) we put
fC(x) := 1

2ΩΞ(x) and, for each dual bond b = (x, x′) of Z3, RC(b) := fC(x′) − fC(x) − j(b),
where j(b) = 2πξb, which on the bonds of G′ is the jump field of Ξ (Section 7.1). The field
fC depends only on C, not on G′, unlike the Neumann solid angle fG′ of Lemma 7.2, and
RC differs from Rf . Put S(D) :=

∑
b: d(b,C)≤D |RC(b)|2 (sum over dual bonds of Z3) and

DN :=
√
3 k□ + 1.
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Lemma 7.32 (Solid-angle primitive). (a) Assume (L8-4). Let Y be a union of elements of
Ỹ (h) and Ω ⊆ Y a cell. For every ϑ ∈ RV , every function a on the sites of K♭Ω and every
ε ∈ (0, 1],

∥PΩϑ∥2 ≤ (1 + ε)CfWk
2
□∥∇ϑ+ wY ∥2E(K♭

Ω)
+ (1 + 1/ε)k2β−1

GMδΩ(a)
2,

δΩ(a) := (CfW )1/2k□∥∇a− j∥E(K♭
Ω)

+ ∥PΩa∥Ω,

where wY :=
∑

Sβ⊆Y wβ. If Ω is far, there is an a with δΩ(a) = 0. (b) For every dual bond b

of Z3, d(b, C) ≥ 1
2 and |RC(b)| ≤ 2π/d(b, C); at every dual site, |fC | < π. (c) On every output

G′,
∑

Ω near ∥RC∥2E(K♭
Ω)

≤ Nov∥RC∥2E(N (V )) ≤ NovS(DN ), and if |C| ≥ 8k□, then

S(DN ) ≤ CR|C| (log k□ + Csh), CR := 24π3, Csh := 92.

Proof. Heuristically, on a box crossed by C the trivial primitive pays for a flat sheet of jumps
(energy ≍ k2□), while the solid angle pays only for the Biot–Savart residual (energy ≍ k□ log k□
per unit length of C). Since freezing only deletes terms of free-space ℓ2 sums, the Neumann
field and its slit-edge enhancement never enter.

(a) We first show that w = wY on E(K♭Ω). Let b
′ ∈ E(K♭Ω) be a wall bond. It belongs to one

component wβ′ and has a wall site z as an endpoint. Fix x ∈ Ω. Then dG′(x, z) < L′ by (L8-4),

so each U -cell met by a G′-path of length dG′(x, z) from x to z lies in Σ̂, consecutive ones joined
by a bond, and the U-cell of x lies in Sβ′ (Proposition 7.8). This U -cell also lies in the element
of Y containing Ω, and each Sβ lies in one element (Definition 7.20). Hence Sβ′ ⊆ Y . Other

bonds carry w = 0 = wY . Next put aΩ := h− kβ
−1/2
GM a on the sites of K♭Ω. Here, at k = 0, for

long wall fields, the label is replaced by the primitive of Lemma 7.45 (Proposition 7.46), and
at k = 1, for the inside fields of outer class in Γlong, by the primitive constructed in the proof

of Theorem 7.57. As h is constant on cells, PΩh = 0 and PΩϑ = PΩ(ϑ + aΩ) + kβ
−1/2
GM PΩa.

On E(K♭Ω), since w = ∇h − kβ
−1/2
GM j, we have ∇(ϑ + aΩ) = ∇ϑ + wY + kβ

−1/2
GM (j − ∇a).

The Poincaré inequality of Proposition 6.9(iv) for ϑ + aΩ on K♭Ω and the triangle inequality

give ∥PΩϑ∥ ≤ (CfW )1/2k□∥∇ϑ + wY ∥E(K♭
Ω)

+ kβ
−1/2
GM δΩ(a). We then square, using (x + y)2 ≤

(1+ε)x2+(1+1/ε)y2. Now let Ω ⊆ Q be far, and let Π be the plane of Ξ. A dual bond crossing
Π crosses it at the centre of a plaquette, and j(b) ̸= 0 iff that plaquette lies in Ξ. The plaquettes
crossed by bonds of Q̂(Q) form a rectangle. If this rectangle contained plaquettes in and outside
Ξ, it would contain two sharing an edge e ∈ ∂Ξ = C at ℓ∞-distance 1

2 from a site of Q̂(Q),

which is excluded for a far cell. Hence j = 2πσ∇1Π+ on E(Q̂(Q)) for some σ ∈ {−1, 0, 1},
where Π+ is the set of sites on one side of Π. With this σ, the function a := 2πσ1Π+ has
∇a = j on E(K♭Ω) and is constant on Ω, as Q lies on one side of Π (Lemma 3.5, (A3)). Thus
δΩ(a) = 0.

(b) Primal edges are at distance at least 1
2 from dual bonds. Off C, ∇ΩΞ extends contin-

uously across Ξ as the Biot–Savart field of C. Hence |RC(b)| ≤ 1
2 maxy∈b J(y), where J(y) :=∮

C |dl| |y − l|−2. Let y = y′ + he with y′ ∈ Π and h ≥ 0. The length of {l ∈ C : |y′ − l| ≤ t}
vanishes for t < d(y′, C) and is at most 2πt (it lies in the boundary of a convex subset of a
disc of radius t). Integration by parts and the substitution t = h tanφ give J(y) ≤ 4π/d(y, C).
Finally, |ΩΞ| < 2π, since the radial projection of the rectangle from a point off Π lies in an
open hemisphere.
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(c) For a near cell Ω ⊆ Q, the bonds of K♭Ω are dual bonds of Z3 joining sites of Q̂(Q), a box

of diameter at most
√
3 k□ within Euclidean distance

√
3
2 of C, so d(b, C) ≤ DN . Each |RC(b)|2

is a fixed nonnegative number attached to a dual bond of Z3, independent of G′. As noted
at the start of the proof, the passage from Z3 to G′ only deletes terms: freezing a plaquette
deletes a bond, and a hole deletes sites and bonds. With the overlap Nov this gives the first two
inequalities. For the last one, we use the number N (r) of dual bonds with d(b, C) ≤ r, which
vanishes for r < 1

2 . The midpoints of these bonds lie within r+ 1
2 of C and form three translates

of Z3. Hence, with r∗ :=
1
2+

√
3
2 , N (r) ≤ 3|{y : d(y, C) ≤ r+r∗}| ≤ 3π|C|(r+r∗)2+16π(r+r∗)

3.

By (b) and summation by parts,
∑

d(b,C)≤D d(b, C)
−2 = N (D)D−2 + 2

∫ D
1/2N (r)r−3dr. The

term 3π|C|r2 gives 6π|C| logD + O(|C|), and the other terms give O(|C| + D). The factor
(2π)2 of (b) gives CR = (2π)2 · 6π = 24π3. At D = DN ≤ 2k□ and |C| ≥ 8k□ the remaining
constants add up to Csh = 92 (Section S1.7.2).

For a polymer X put

BX(ϑ) :=
1
2m̃

2
∑
x∈X

ϑ(x)2 +
2m̃2

ηH

∑
x∈X

(PXϑ)(x)
2, T3 :=

[∫
dµC′

s
(ψ) ep3ηHBX(ψ+D)

]1/p3
.

With γ = ηHm̃
2 we have 1

2p3γ
∑

X ϑ
2 + 2p3m̃

2
∑

X δ̃
2 = p3ηHBX(ϑ). Hence T3 is the third

factor of the Hölder split (Proposition 7.35), and it is the analogue on G′ of [BF80, (9.64)].
The near-cell factor is

n′(Y ) := 2k2β−1
GM

[
θP ∥RC∥2E(N (Y )) +

4η̂m̃2

ηH

∑
Ω⊆Y near

∥PΩf
C∥2Ω

]
.

Lemma 7.33 (Untranslation). Assume (L8-1) to (L8-4). For every h, every polymer X and
every s,

T3 ≤ exp
{c8|X|+ n′(X)

p′
+
F loc
1 (X)

p3

}
,

with the constant c8 of Section S1.7.3, and n′ = 0 for k = 0. If min(R, T ) ≥ R1(β) = (2r□+5)L,
then n′(V ) ≤ cnear|C|, with the constant cnear of Section S1.7.3, and uniformly for βGM ≥ β0GM,

cnear ≤ 0.1264 θPCR +
2θPCRCsh + 1024π2η̂(2r□ + 5)2c2L/(ηHc1)

βGM
.

Proof. We absorb the shift D by a translation, which turns 1
2⟨ψ,C

−1
0 ψ⟩ + F2 + F loc

1 into one
quadratic form of ψ+D (“applying (7.8) to (7.10) backwards”, [BF80, p. 226], in local form).
Lemma 7.32 bounds the supremum of the exponent, and only near cells leave a remainder.

Step 1 (local untranslation identity). Let Y be a union of elements, DY , wY , sY the sums
of Dβ, wβ, sβ over Sβ ⊆ Y , and QY (ϑ) := m̃2∥ϑ∥2+∥∇ϑ+wY ∥2+M−2

Y ∥∆ϑ−∇∗wY ∥2. Then
for all ψ ∈ RV

1
2⟨ψ,C

−1
0 ψ⟩+ F2(Y ) + F loc

1 (Y ) = 1
2QY (ψ +DY ). (7.28)

Indeed, since C−1
0 = m̃2 − ∆ + M−2

Y ∆2 and −∆ = ∇∗∇, the right side is 1
2⟨ψ,C

−1
0 ψ⟩ +

⟨ψ,C−1
0 DY + sY ⟩ + 1

2QY (DY ) with sY = M−2
Y (−∆ +M2

Y )∇∗wY . By Proposition 7.8, Dβ =
−χβC0sβ and (1 − χβ)sβ = 0, so C−1

0 Dβ + sβ = −[C−1
0 , χβ]C0sβ = F ′

2,β, supported in Sβ.
Therefore the cross term is F2(Y ). Since the functionsDβ,∇Dβ, wβ, ∆Dβ,∇∗wβ are supported
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in Sβ or E(Sβ), terms of different β have disjoint supports, and 1
2QY (DY ) =

∑
Sβ⊆Y F1(Sβ) =

F loc
1 (Y ) (Proposition 7.9, Corollary 7.10).
Step 2 (the Gaussian integral at fixed Y ). We show

JY :=

∫
dµC0(ψ) exp

{
η̂BY (ψ +D)− F loc

1 (Y )− F2(Y )
}
≤ exp{c8|Y |+ n′(Y )}. (7.29)

Each Sβ lies in Y or is disjoint from it, so D = DY on Y . Put N := η̂m̃21Y + (4η̂m̃2/ηH)PY ,
so that η̂BY (ϑ) = 1

2⟨ϑ,Nϑ⟩ (PY = 1Y PY 1Y is an orthogonal projection). By (7.28) and
ϑ = ψ + DY , JY is the ratio of the integrals over RV of exp{−1

2QY (ϑ) +
1
2⟨ϑ,Nϑ⟩} and of

e−
1
2
⟨ψ,C−1

0 ψ⟩, with quadratic part −1
2⟨ϑ, (C

−1
0 − N)ϑ⟩. For positivity, we use [BF80, (9.637),

(9.640) to (9.642)], with the cell Poincaré inequality, summed with overlap Nov (∥PY ϑ∥2 ≤
C ′
PL

2∥∇ϑ∥2), for the Neumann Laplacian of the cubes in (9.642). We obtain ⟨ϑ,Nϑ⟩ ≤
η̂m̃2∥ϑ∥2 + θP ∥∇ϑ∥2 ≤ ν0⟨ϑ,C−1

0 ϑ⟩ (C−1
0 ≥ m̃2 −∆), so K := C

1/2
0 NC

1/2
0 satisfies 0 ≤ K ≤

ν0 < 1. Hence JY = det(1−K)−1/2 exp{supϑ[−1
2QY (ϑ) +

1
2⟨ϑ,Nϑ⟩]}.

We first bound the supremum. For a far cell we apply Lemma 7.32(a) with δΩ(a) = 0

and ε → 0, and for a near cell with ε = 1, a = fC and δΩ(f
C)2 ≤ 2CfWk

2
□∥RC∥2E(K♭

Ω)
+

2∥PΩf
C∥2Ω. Summing over the cells of Y with overlap Nov and multiplying by 2η̂m̃2/ηH gives,

as (2η̂m̃2/ηH) · 2CfWk2□Nov = θP ,
1
2⟨ϑ,Nϑ⟩ ≤ 1

2 η̂m̃
2∥ϑ∥2Y + θP ∥∇ϑ + wY ∥2 + n′(Y ). Since

QY (ϑ) ≥ m̃2∥ϑ∥2 + ∥∇ϑ+wY ∥2, the exponent is at most −1
2(1− η̂)m̃2∥ϑ∥2 − (12 − θP )∥∇ϑ+

wY ∥2 + n′(Y ) ≤ n′(Y ).
For the determinant, we have −1

2 log det(1 − K) ≤ trK/(2(1 − ν0)) [BF80, Appendix 3],
and trK = tr(NC0) ≤ η̂(1 + 4/ηH)m̃

2K1MY#Y ≤ 2(1− ν0)c8|Y | by PY ≤ 1Y , Theorem 6.11,
MY = m̃/λPV and #Y < Cum̃

−3|Y |.
Step 3 (assembly). We follow [BF80, (9.65) to (9.626)], adapted to G′ as follows. (1) The

convexity step [BF80, (9.67) to (9.611)] (Table S1.3, S3) is applied to the block compressions
C ′
ϵ =

∑
J 1YJC

′1YJ of (C.2), C ′
s =

∑
ϵ λϵ(s)C

′
ϵ. All factors are finite. Indeed, for 1

2⟨ϑ,N1ϑ⟩ =
p3ηHBX(ϑ) we have αDN1 ≤ N (as p3 < p′), N commutes with each 1YJ , and C

′
ϵ ≤ αDC0ϵ, so

∥N1/2
1 C ′

ϵN
1/2
1 ∥ ≤ ν0 < 1 by the positivity step. (2) Lemma 7.29(c), C ′

ϵ ≤ αDC0ϵ with C0ϵ :=∑
J 1YJC01YJ , replaces (9.618) to (9.622) in the monotonicity step (9.612) to (9.617). (3) After

Hölder’s inequality (9.625) with exponents p′/p3, q
′/p3, both integrals factor over the sets YJ ,

unions of elements (9.626), and the first factor is at most exp{(c8|X|+n′(X))/p′} by (7.29). (4)

Corollary 7.17 with tC = 1 and (L8-3) replaces (9.632):
(∫
dµC0e

(q′/p′)F2(Yj)
)1/q′

eF
loc
1 (Yj)/p

′ ≤
eF

loc
1 (Yj)/p3 , as 1/p3 − 1/p′ = 1/q′. For k = 0, n′ = 0, since n′ carries the factor k2.
Step 4 (the perimeter bound). By Lemma 7.32(c) and k ≤ 1, the first part of n′(V ) is at

most 2β−1
GMθPCR|C|(log k□ + Csh), as |C| = 2(R + T ) ≥ 4R1(β) ≥ 8k□. By Lemma 7.32(b),

∥PΩf
C∥2Ω ≤ π2|Ω| ≤ 8π2L3. It remains to count the near cells. A near cell Ω ⊆ Q lies in a

block Q ⊆ Q̂(Q) all of whose sites are within ℓ∞-distance k□+ 1
2 of C. The ℓ∞-neighbourhood

of width s of C has volume at most (2s)2(|C| + 8s), and for s = k□ + 2 and L ≥ 4, 2s ≤
(2r□ + 5)L and 8s ≤ (8r□ + 20)L. Blocks are disjoint with at least L3 sites, and by (R5)
a block contains fewer than 8/c1 cells. Hence, as |C| ≥ 4R1(β) = (8r□ + 20)L, Nnear ≤
8
c1
(2r□ + 5)2(|C| + (8r□ + 20)L)/L ≤ 16

c1
(2r□ + 5)2|C|/L, and the second part of n′(V ) is

at most 2β−1
GM

4η̂m̃2

ηH
8π2L3Nnear ≤ 1024π2η̂

ηHc1
(2r□ + 5)2c2L

|C|
βGM

, using m̃L ≤ cL. Adding the two

parts gives n′(V ) ≤ cnear|C|. The bound on cnear uniform in βGM ≥ β0GM is arithmetic with
log k□ ≤ log(r□cL) + log(1/m̃) and the value of m̃ (Section S1.7.3).
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By Proposition 7.7, E(ψ) = E′(ψ + g) + 1
2⟨ψ, νψ⟩, where E

′ collects the Mayer terms of
order s ≥ 2 of Theorem 6.5. We write E(X) for the part of E localized in X (Section 7.5).
By (S3), G2,1 and G2,2 are real. Put cλ := 1

4(1 − 1/p3), c
′
λ := C(e−µ + εν), cE := c′λ + θ′,

G♮2 := G2,1 +G2,2 +GD
2,3 +G♮2,3, and assume

2αDp4cE ≤ 1
2 ,

p4αDc
2
E

1− 2αDp4cE
+ cE ≤ cλ. (7.30)

At the values of Section S1.7.4, (7.30) holds whenever cE ≤ 1/70, which holds for θ0 = 0.01
and µ, κS , βGM large.

Lemma 7.34 (Fluctuation factor). Assume εν + θ′ ≤ 1/7 and (7.30). For every h, every
polymer X and every s,

T4 :=
[∫

dµC′
s

∣∣eE(X)eG
♮
2(X)e−2m̃2

∑
X δ̃2

∣∣p4]1/p4 ≤ exp
{
c9|X|+ CDcdepND(X) + cλF

loc
1 (X)

}
,

with c9 := 2αDcEK1Cu/λPV.

Proof. The proof of [BF80, Lemma 9.9, (9.72) to (9.718)] carries over to G′ with the following

changes. (1) In (9.72), the bracket of G2,1 lies in [0, 12y
2] (y = mβ

1/2
GMδ̃) and that of G2,2 is

at most y2, so by (S4′) G2,1(X) + G2,2(X) ≤ 3
2(1 + Ce−2κS )m̃2

∑
X δ̃

2 ≤ 2m̃2
∑

X δ̃
2. (2) By

Lemma 7.29(a), eG
D
2,3(X) ≤ eCDcdepND(X) and |G♮2,3(X)| ≤ 1

2θ
′m̃2

∑
X(ϑ

2 + ψ2). Thus c′λ of

(9.712) becomes cE . (3) The bounds (9.73) to (9.712), |E(X)| ≤ 1
2c

′
λm̃

2
∑

X(ϑ
2 + ψ2), hold

on G′. Indeed, |εk| ≤ |m|β1/2GM|ϑ| as in (9.78), since the phase at ψ + g is mβ
1/2
GM(ϑ + h) with

h ∈ PZ, and (S2) of Theorem 6.5, uniform in G′, gives (9.711) by the Schur test [BF80,
Lemma 9.6] and ∥ν∥ ≤ ενm̃

2 (S5). (4) In (9.716) to (9.718), C ′
s ≤ αDm̃

−2 (Lemma 7.29(d))

replaces the lower bound on C−1
s : K4 := 2p4cEm̃

2C
′1/2
s 1XC

′1/2
s has ∥K4∥ ≤ 2αDp4cE ≤ 1

2
and −1

2 log det(1 − K4) ≤ trK4 ≤ p4c9|X| (Theorem 6.11). Condition (7.30) is (9.718), and
1
2m̃

2∥1XD∥2 ≤ F loc
1 (X) (Corollary 7.10) replaces 1

2

∫
f2 ≤ F1.

Let κ′ be a term of the expansion of an activity, with the parameters of [GM82, (7.3) to
(7.5)] referring to U-cells (the cubes (a1, . . . , at) of a Mayer factor replaced by its number t of
points and its set of U-cells, Lemma A.6), and put P ′

G := en
′(V )/p′ and

T1 :=
[∫

dµC′
s

∏
i

|ψ(xi)|p1
]1/p1

, T2 :=
[∫

dµC′
s
e−p2F2(X)

]1/p2
.

Proposition 7.35 (Hölder split). Assume (L8-1) to (L8-4), (7.30) and

p2ε(L
′) ≤ 1

2(1− 1/p3 − cλ). (7.31)

Fix h, X, s and a term κ′. (a) There is a kernel k((xi)) ≥ 0 such that∫
dµC′

s

∣∣eE(X,s)κ′eG
♮(X)e−F

loc
1 (X)e−F2(X)

∣∣
0

≤
∫
xi∈X

k((xi))

∫
dµC′

s
eEeG

♮
2e−F2

∏
i

|ψ(xi)| e
1
2
γ
∑

X ϑ2e−F
loc
1 (X).
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(b) The right side of (a) is at most
∫
k((xi))T1T2 e

−F loc
1 (X) T3T4, with T3 as in Lemma 7.33 and

T4 as in Lemma 7.34. (c) T1 ≤ c
∑

j nj

T

∏
j nj !, where nj is the number of points xi in the j-th U-

cell and cT depends only on p1, rC , αDK1/λPV, K
′′
1 /λPV, cu and CU ; and T2 ≤ ep2ε(L

′)F loc
1 (X).

(d) ([GM82, Lemma 13] on G′.)

T2 e
−F loc

1 (X) T3 T4 ≤ P ′
G e

c13|X|+CDcdepND(X)e−c
′F loc

1 (X),

with c13 := c8/p
′ + c9 and c′ := 1− 1/p3 − cλ − p2ε(L

′) ≥ c′0 :=
1
2(1− 1/p3 − cλ); at the values

of Section S1.7.4, c′0 = 1/16. For k = 0, P ′
G = 1.

Proof. (a) is the analogue on G′ of [GM82, (7.9)], that is, of [BF80, (9.22), (9.23), (9.81)
to (9.823)], with the differentiated factors of Appendix B, the rates of Proposition 7.36 and

Lemma 7.31 for the derivatives of G1. By (S3), E and G♮2 are real for real ψ. (b) is [GM82,

(7.11)], that is [BF80, (9.25)], since (e
1
2
γ
∑

X ϑ2e2m̃
2
∑

X δ̃2)p3 = ep3ηHBX(ϑ). (c) For T1 we use
[BF80, (9.31) to (9.33)], with Lemma 7.29(d) in place of the Neumann series of (9.32) and
(R7) for the number of U -cells within a given distance. The bound on T2 is Corollary 7.17
with tC = αD ≤ 2. (d) By (c) and Lemmas 7.33, 7.34, the exponents of F loc

1 (X) add up to
−1+ p2ε(L

′)+ 1/p3+ cλ = −c′, and (7.31) gives c′ ≥ c′0. Finally, e
n′(X)/p′ ≤ P ′

G, as n
′ is a sum

of nonnegative cell terms.

Remark. The perimeter enters only through P ′
G: far cells cost nothing, and EG′ (Corol-

lary 7.10 (d)) never enters, since e−k
2EG′/2βGM of Proposition 7.3 cancels against F loc

1 (V ) =
F1 +

1
2k

2β−1
GMEG′ and later uses of F loc

1 are lower bounds. So no log(1+min(R, T )) appears in

Theorem 7.57, and P ′
G ≤ e2cnear(R+T )/p′ .

We measure distances between U-cells in Debye units, dist(A,B) := m̃ dG′(A,B). The
covariance rate in these units, rC := rcov/m̃, does not depend on τ (Theorem 6.11).

Proposition 7.36 (Rates). Let 0 < δ2 < δ̄ < rC and put c′rate := 1
2(rC − δ̄). Every step of

[BF80, Section 9] that uses the rate conditions [BF80, (9.123), (9.124)], the covariance bounds
[BF80, (9.32), (9.34)] or [BF80, (9.95)] holds on G′ with the bounds of Lemma 7.29(d) for C ′

s

and with (S2) of Theorem 6.5. No lower bound on any rate is used; any τ -independent margin,
in particular c′rate, suffices, and the pinning factor of [BF80, Lemmas 9.10, 9.11] is used with
the margin cp := (rC − δ̄)/18.

Proof. The rate conditions [BF80, (9.123), (9.124)] require a rate of at least (1− δ1)/l̃D ≥ 1
2 .

On G′ the rate rC is small, but these conditions enter only through margins. The changes are
listed below. (i) Tree factor eδ̄d, d =

∑
i dist(∆

′
i,∆

′′
i ): link i decays at rate rC (Lemma 7.29(d)),

pinning costs e9cpd, and the rest rC− δ̄−9cp = c′rate pays the positions of ∆
′′
i , as dG′ dominates

the Euclidean distance and by (R7) at most 4π
3 (r+2CU )

3/cu U-cells lie within Debye distance

r of a given one. (ii) Mayer factors. The factors eδ̄L0 and erO0 of [GM82, (7.3), (7.4)] are paid
by the tree decay of (S2) at the Stage 1 rate

√
3κYMY ≥ 4

√
3 rcov > δ̄m̃ (Proposition 6.10)

and by e−µ(s−1) of (S2) (see the Tree weights step of the proof of Proposition B.7). (iii) Wick’s
theorem. The rate 1

2 is used only to obtain (9.32) by a Neumann series, whereas Lemma 7.29(d)
gives the pointwise bound directly. The contraction count holds for all rates, with constants
depending on rC , K

′′
1 /λPV, cu, CU . (iv) Clustering. The factor e−(1−2δ1) dist(X1,W ) of [BF80,

(9.122)] is not used, since each application hasW ⊆ Z orW ⊇ Z. (v) [BF80, (A4.25), (A4.26)]
are used only for the infinite-volume limit of [BF80, Lemma A4.1], and we work in the finite
box. In (9.95) the exponent is read with the minus sign that (9.124) has.
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Seed configurations and the seeded activity. A pair (U, k) is admissible if U = V and
k ∈ {0, 1}, or U = Xc

0 := V \X0 withX0 ⊊ V a union of U -cells and k = 0. A seed configuration
in (U, k) is a pair σ = (Z,NZ) with Z ⊆ U a nonempty, possibly disconnected union of U -cells,
Z ⊇ X1 if k = 1, and NZ ∈ N (Z). For X ⊇ Z, Nσ(X) is the set of NX ∈ N (X) with

NX |E(Z) = NZ for which Z is a union of elements of NX . The seeded activity K(Z)
NX

(X) is

the activity of Proposition 7.22 at NX with first set Y1 = Z, built with (C ′, G♮): K(Z)
NX

(X) =∑
ȳ

∫
[0,1]n−1 ds

∫
dµC′

s
(ψ) eE(X,s)κ(ȳ, s)Q♮NX

(X), the sum over ȳ = (Z, Y2, . . . , Yn) with the Yj

(j ≥ 2) disjoint unions of elements and
⋃
j Yj = X, and Q♮NX

(X) := eG
♮(X)e−F

loc
1 (X)e−F2(X).

We write X = Z ⊔XΣ ⊔Xo, where XΣ consists of the non-seed U-cells in wall polymers and
Xo of the other non-seed U -cells (the lone cells). A cell is of class B if it is one of the U-cells
of

⋃
β Sβ, and of class A otherwise. Since suppD∪ suppF ′

2 ⊆
⋃
β Sβ (Proposition 7.8 (b), (e)),

D = F ′
2 = 0 on every class-A cell. As in [BF80, p. 214], | · |0 is the absolute value taken inside

the sums and integrals that result when all differentiations in κ′ are performed.

Lemma 7.37 (Seeded polymer sum). Let (U, k) be admissible, σ = (Z,NZ) a seed configura-
tion in (U, k), c′1 > 0, c′4 as in Lemma 7.30 with c4 = c′1, e

a′′ ≥ 4Cφ (Cφ <∞ the link sum of
Lemma A.6), and cL2 := log(2eDU ) + 4 + c′4 + a′′ + α. Then∑

X⊇Z
X⊆U

∑
NX∈Nσ(X)

|K(Z)
NX

(X)| eα|X| ≤ sup
(·)

ec
′
1F

loc
1 (X,NX)+cL2 |X|+δ2d

∫
dµC′

s

∣∣eE(X,s)κ′Q♮NX
(X)

∣∣
0
,

where the supremum runs over n, T , ȳ, the elementary terms, s ∈ [0, 1]n−1 and NX ∈
Nσ(X); κ′ is the elementary term without its tree weight q(T, s) (Lemma A.1) and with ev-

ery Mayer factor E replaced by
∑

ηA e
c10LηAec

′′
10tEηA ([BF80, (9.18), (9.18a), (9.19)]); and

d :=
∑

i dist(∆
′
i,∆

′′
i ). The constant cL2 depends only on DU , c

′
4, Cφ, α, not on L

′, βGM or τ .
The bound also holds for the sum restricted by X ∩W ̸= ∅ if W ⊆ Z or W ⊇ Z (the restriction
is then void).

This is [BF80, Lemmas 9.1, 9.4] on G′ in the distance-zero form, for seeds that may depend
on the configuration, be disconnected, omit X1 when k = 0, and lie in Xc

0 (Proposition A.7).
In the supremum we take elementary terms with the same link data (Lemma A.6) together, as
in the definition of κ′ above. That is, κ′ contains, inside | · |0, the sums over the assignments
of the points of each E-factor to the cells of its set of cells, over their positions and over their
charges (and, for t = 2, over the forms), and Proposition A.7 uses this reading.

Lemma 7.38 (Class split). Insert Proposition 7.35 and the Wick bound into the right side

of Lemma 7.37. In the resulting bound, the factor ec
′
2|X| of [BF80, (9.823)], with ec

L
2 |X| and

ec13|X|, is at most
∏

∆⊆X e
co ·

∏
∆ class B e

cB(bD) ·
∏

∆∩D̸=∅ e
CDcdep (products over U-cells), and

the near-cell factor is pulled out globally as P ′
G. Here co does not depend on L′, bD or τ ;

every class-B cell lies in XΣ or in the seed; every factor on a class-A cell carries in addition
a nonnegative power of bD; and, with the leftover pinning exponent q1 = 2 of Lemma B.9,

cB(bD) ≤ 2(C
1/2
E +C

1/2
G )b

−1/2
D , with CE , CG the constants of Proposition B.10, independent of

L′. The scale L′ enters only through the set of cells in XΣ, through ε(L
′), which is decreasing,

and through the monotone hypotheses (L8-3), (L8-4) and (7.31).

Proposition 7.39 (Per-cell smallness). Insert Proposition 7.35 and the Wick bound into
Lemma 7.37 with c′1 = c′/4, and distribute F loc

1 by the fractions of Table S1.4. Then for
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βGM ≥ β0GM, in the resulting bound, every non-seed U-cell ∆ of X carries a factor at most ε∆,
where

ε∆ := Kcell e
α+CDcdep(bD/λPV)

1/6 (∆ ⊆ Xo),

ε∆ := Kcell e
α+CDcdep+cB(bD)−(c′/8)ΦU/(1+DU ) (∆ ⊆ XΣ),

and every seed cell carries at most Kcelle
α+CDcdep, times ecB(bD) if it is of class B. Here

Kcell := KBe
(cL2 +c13)Cu max(1, λ

1/6
PV) with KB independent of bD, L

′ and τ , ΦU is the share
of Proposition 7.19, and the exponent p0 = 1/6 is attained.

Lemma 7.38 and Proposition 7.39 are [BF80, Section 9.8, (9.81) to (9.824)] on G′, made
quantitative, and are proved in Appendix B. With p0 := 1/6 we put

cD16 := 2Kcell e
α+CDcdep max

{
(bD/λPV)

p0 , ecB(bD)−(c′/8)ΦU/(1+DU )
}
. (7.32)

Theorem 7.40 (Removal of the logarithm). Fix α. There is τ0 such that cD16 ≤ 1 for τ ≥ τ0,
and cD16 → 0 as τ → ∞. Consequently the depletion factor eCDcdepND(X), and with it the log τ
in cdep, is absorbed by the per-cell smallness of Proposition 7.39.

Proof. The per-cell gains are exponentially small in τ , while the depletion cost is O(log τ).
The first branch of (7.32) is at most 1 if α ≤ p0 log(λPV/bD) − CDcdep − log(2Kcell), which
holds for τ ≥ τ0, as log(1/bD) ≥ π2vCb(0)τ − 3

2 log τ − C (m̃ ≤ 2mD), cdep = O(log τ)
(Proposition 6.17) and logKcell is affine in α. In the second branch, (c′/8)ΦU/(1 + DU ) ≥
c b−1

D β−3
GM (Proposition 7.19 with m̃L ≥ cL/2, m̃L

′ = 2βGM) outweighs cB(bD) ≤ Cb
−1/2
D

(Lemma 7.38). A depleted cell that is lone or in XΣ has its factor eCDcdep inside ε∆ ≤ 1
2

(Section S1.7.5).

Let K̃(∆) be the activity of the single element ∆ at k = 0 (first set ∆, n = 1), with no wall
on ∆.

Lemma 7.41 (Single cell). For τ ≥ τ0 and every wall-free U-cell ∆, K̃(∆) ≥ 1
2 .

Proof. Positivity at k = 0 allows us to use Jensen’s inequality. A supremum bound does not
suffice, since supψ(−GD

2,3(∆)) is only bounded by C(e−µ + e−2κS )cdep, which grows like log τ .

A single U-cell that is an element lies in no Sβ, so D = 0 on ∆ and F loc
1 (∆) = F2(∆) = 0.

The label is constant on ∆ and, at k = 0, enters each phase only through a multiple of 2π.
Hence ϑ = ψ on ∆, K̃(∆) =

∫
dµC′

∆
eE(∆)+G♮(∆) with C ′

∆ the ∆×∆ block of C ′, the exponent
is real by (S3), and Jensen’s inequality gives

K̃(∆) ≥ exp
(
−E|E(∆)| − E|G1(∆)| − E|G2,1(∆) +G2,2(∆)| − E

(
GD

2,3(∆)
)
− − E|G♮2,3(∆)|

)
,

expectations under dµC′
∆
. Put xb := αDK1bD/λPV. Then βGMC

′(x, x) ≤ xb by Lemma 7.29(d)

and MY = m̃/λPV. Moreover, #∆ < Cum̃
−3, and ∆ contains at most Cu/v− cells. As we

will show below, each expectation is at most C(b
1/2
D + cdepbD), with C depending only on the

constants fixed before τ0. Since cdepbD = O(log τ)e−2.494τ → 0, the sum is then at most ln 2
for τ ≥ τ0.

GD
2,3. At x ∈ D the x-term is negative only through the excess ρ1(m,x) > ρref(m), at

most Ce−µρref(1) for m = ±1 (Proposition 6.6, e−Φ ≤ 1) and bounded by the |m| ≥ 2
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moment bound otherwise. With 1 − cosu ≤ 1
2u

2, Eψ(x)2 = C ′(x, x) and Proposition 6.17,
E(GD

2,3(∆))− ≤ C(e−µ + e−2κS )m̃2 αDK1MY #(D ∩∆) ≤ C(e−µ + e−2κS )αDK1cdepbD/λPV.
The other four terms are moment bounds with βGMC

′(x, x) ≤ xb. First, E|E(∆)| ≤
C#∆(m2

D/βGM)x
3/2
b ≤ Cb

1/2
D , as each term of E(∆) has at least three factors ε or ε̃ := ε −

imβ
1/2
GMψ and the weight e2κS(

∑
|mi|−1) of (S2) absorbs the charges. Second, E|G1(∆)| ≤ CbD,

as log R̂v(x) = O(vbDx
4 + e−π

2v/bD) for |x| ≤ b
−1/2
D (Taylor’s formula and the periodization),

with a Gaussian tail beyond. Third, E|G2,1 + G2,2| ≤ C(bD + b
1/2
D ), as the brackets are

of fourth and third order and Var δ̃(x) ≤ 2αD(K1/λPV + 1/v−)m̃. Finally, E|G♮2,3(∆)| ≤
3C4θ

′Cu(αDK1)
2bD/λ

2
PV by Lemma 7.29(b) with n = 0 and Eψ4 = 3C ′(x, x)2.

The bound K̃(∆) ≥ 1
2 replaces [BF80, (A4.16) to (A4.21)], which use translation invariance,

whereas here positivity at k = 0 (Lemma 7.42) and the diagonal bound of Theorem 6.11
suffice.

7.7 The Kirkwood–Salsburg system in the class algebra

In this subsection we solve the Kirkwood–Salsburg system of Theorem 7.27 (b) by the argu-
ment of [BF80, Appendix 4] in a weighted ℓ1 algebra over Γlong, with the area weight of the
classes (Theorem 7.49). The area decay of Zp(X)/Z will then follow from that of Zp/Z (Subsec-
tion 7.8). We build activities and outer partition functions with (C ′, G♮, cN ) (Lemma 7.29 (f)).

Lemma 7.42 (Positivity). At k = 0 and for real ψ, the functions E, G and G♮ of Lemma 7.24

are real, and eE(Y )Q♮N (Y ) > 0 for every wall field N and every union Y of its elements. Hence
Zp(X) ≥ 0 for every X and p, Z > 0, and every activity with n = 1 is positive.

Proof. By (S3) the terms of m and −m in the charge sums of E, G1, G2,1, G2,2 are complex

conjugate, and GD
2,3, G

♮
2,3, F

loc
1 , F2 are real. Hence eE(Y )Q♮N (Y ) is the exponential of a real

number. The outer partition functions Zp(X) and the activities with n = 1 are integrals of
such factors, with cN > 0, and Z contains N = 0. Positivity is used in the union bound, step
(1) of the proof of Proposition 7.53.

Lemma 7.43 (Forced area). (Definition and Lemma.) For an additive function p on the cycle
space of G′ let A(p) be the minimum of

∑
e∈E |N(e)| over the N ∈ ZE with [N ](γ) = p(γ) for

every cycle γ of G′, and A(p) := ∞ if no such N exists; for p ∈ Γlong, A(p) is that of the
restriction of p to the cycles of G′. Then A(0) = 0, A(−p) = A(p), A(p + q) ≤ A(p) + A(q),
and A([N ]) ≤

∑
E |N | for every N ∈ ZE; in particular A <∞ on Γlong. Fix εE ∈ (0, c′0/8] and

put σ′ := εEσF and ω(p) := eσ
′A(p). Then ω(0) = 1 ≤ ω and ω(p+ q) ≤ ω(p)ω(q) on Γlong, so

Aω := {a : Γlong → C : ∥a∥ω :=
∑

p |a(p)|ω(p) < ∞}, with (a ∗ b)(p) :=
∑

q a(q) b(p − q), is a
commutative Banach algebra with unit δ0, and ∥a ∗ b∥ω ≤ ∥a∥ω∥b∥ω.

Proof. Sums and negatives of admissible cochains are admissible, N is admissible for [N ], and∑
p |(a ∗ b)(p)|ω(p) ≤

∑
p,q |a(q)|ω(q) |b(p− q)|ω(p− q).

Lemma 7.44 (Cell diameter). Let Ω be a cell of the output. For all sites x, y ∈ Ω, dG′(x, y) ≤
Dcell := 7r0(2t1 + 1), where t1 := 1 + ⌈(12kP /χN3) ln k

3
P ⌉ (kP in coarse units). If cL ≤

1.99 · 10−4χN3, then Dcell < L′ for βGM ≥ β0GM.
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Sketch. By (N3) of Theorem 3.20, there is no χN3-weak link. Hence, in the component K of
G′ ∩ Q̂(Q) with Ω = Q ∩ K (Definition 3.14; |K| ≤ k3P ), balls with |Bt| ≤ |K|/2 grow by the
factor 1 + χN3/(6kP ) per step. Balls of radius t1 about x, y therefore meet. A coarse path of
length ℓ gives a G′-path of at most 7r0(ℓ+1) fine steps. With Lc ≥ 35 and cL ≤ 1.99 ·10−4χN3,
we obtain Dcell < L′ (Section S1.8).

Lemma 7.45 (Local primitive). Let N be a long wall field, w := 2πβ
−1/2
GM N , and let Ω be a

cell with the set K♭Ω of Proposition 6.9 (iv). Then there is h′ : K♭Ω → PZ, constant on Ω, with
∇h′ = w on E(K♭Ω).

Proof. A primitive along a spanning tree can fail only on closed walks of about twice the
diameter of K♭Ω, which is less than L′. The graph (K♭Ω, E(K♭Ω)) is connected, of diameter
d♭ ≤ 2 + 0.469βGM/m̃ = 2 + 0.235L′ (Proposition 6.9 (iv), the proof of (v), Section S1.5). We
define h′(x) as the sum of w along the path from x0 ∈ Ω to x in a breadth-first spanning
tree. Then h′ is PZ-valued. A bond of E(K♭Ω) off the tree closes a walk of length at most
2d♭ + 1 < 2L′ with two tree paths, on which N has period 0. Hence ∇h′ = w on E(K♭Ω). For
x ∈ Ω, the tree path from x0 to x and the same-cell step back form a closed m3-walk of length
at most d♭ + Dcell ≤ 2 + 0.235L′ + L + 0.964L′ < 2L′ (Lemma 7.44, Section S1.8; L′ ≥ 16,
L ≤ L′/(4βGM)). Therefore h′(x) = h′(x0) for each such x.

Proposition 7.46 (Long wall fields). At k = 0, the bounds of Subsection 7.6 and of Ap-
pendices A and B, and Lemma 7.48, hold with N (X) and Nσ(X) replaced by N long(X) and

N long
σ (X) := {NX ∈ N long(X) : NX |E(Z) = NZ , Z a union of elements of NX}, for seed con-

figurations σ = (Z,NZ) with NZ ∈ N long(Z), with the integrand of Lemma 7.24 and the same
constants. In Lemma 7.32 (a) the label is replaced by the primitive h′ of Lemma 7.45.

Sketch. Sums over configurations enter only through the injection NX 7→ (NI)I⊆X into integer
interface values (Lemma 7.30 (b), steps (2), (3) of the proof of Proposition A.8), valid for all
wall fields. At a fixed configuration the label enters only through the phases (Lemma 7.24),
w = 0 inside cells, the walls in (7.28), and, in Lemma 7.32 (a), a primitive of wY on E(K♭Ω)
constant on Ω. In that case N1E(Y ) is long (Lemma 7.26 (a)), and Lemma 7.45 gives such a
primitive (Section S2.6).

Proposition 7.47 (Absolute convergence). There is c < ∞, depending on τ and the fixed
constants only, such that ∥Z(X)∥ω ≤ cN e(c+c

′
4)|Xc| for every union X of U-cells, with c′4 from

Lemma 7.30 at c4 = c′/2. Moreover
∑

Y

∑
NY

|K(Z)
NY

(Y )|ω([NY ]) e
α|Y | < ∞ for the seeds Z of

Theorem 7.27 (b), (c), and
∑

NX
|KNX

(X)| <∞ in Theorem 7.27 (a), the sum over the inside
fields NX at k = 1 with p1(NX) ∈ Γlong (the other inside fields contribute 0 to Theorem 7.27 (a),
as Zp(X) = 0 for p /∈ Γlong). Hence the sums of Theorem 7.27 converge absolutely.

Proof. In outline, each configuration pays for its walls, which carry at least the area of their
class, with a fixed fraction of its F loc

1 . By Hölder’s inequality as in Proposition 7.35 (b), (d)
at k = 0, with Lemma 7.31 at N = 0 and Proposition 7.46, the term of N in Zp(X) is at

most cN ec|X
c|e−c

′F loc
1 (Xc,N). Moreover, ω([N ]) ≤ eσ

′ ∑ |N | ≤ e(εE/2)F
loc
1 (Xc,N) by Lemma 7.43

and Theorem 7.13 (|N | ≤ N2), εE ≤ c′, and the sum of e−(c′/2)F loc
1 (Xc,N) over the wall fields

on E(Xc) is at most ec
′
4|Xc| (Lemma 7.30 (b)). We bound the seeded sums by Lemma 7.48 (a),

(c′), with ε = εE/2 at k = 0 and ε = 0 at k = 1. At k = 1 the terms of Theorem 7.27 (a)
with p1(NX) /∈ Γlong vanish, since Zp(X) := 0 for p /∈ Γlong (Definition 7.25(c)). For the inside
fields at k = 1 with p1(NX) ∈ Γlong, Lemma 7.48 (a) applies as in the proof of Theorem 7.57.

76



Constants of the seeded sums. The constant C9 bounds the number of interfaces within
Euclidean distance r of a given interface or site by C9(r/L + 1)3. The Euclidean link range
is g := 2L′ + 4DE + 2 (DE of Proposition 7.19). We put c2 := cS + 2 = O(log τ) and
c16 := cD16 + ηseed → 0 as τ → ∞, where cD16 is defined in (7.32) and cS , ηseed in Section S1.8.
We also set P ′ := P ′

G if k = 1 and P ′ := 1 if k = 0. For a seed configuration σ = (Z,NZ), Z
Σ

is the union of its wall polymers and Zo := Z \ZΣ. For an anchor S0 ⊆ U (a nonempty union
of U-cells, S0 ⊇ X1 if k = 1) and NX ∈ N (X), satNX

(S0) is the union of the elements of NX

meeting S0.

Lemma 7.48 (Seeded sums at k = 0 and k = 1). Let (U, k) be admissible, βGM ≥ β0GM, and
ε ∈ [0, c′/2]. (a) (Variable first set.) For every anchor S0 ⊆ U ,∑

S0⊆X⊆U

∑
NX∈N (X)

∣∣K(satNX
(S0))

NX
(X)

∣∣ eα|X|+εF loc
1 (X,NX) ≤ P ′ ec2|S0|.

(b) (Strict containment.) The sum in (a) without the term X = S0, NX = 0 is at most
c16 P ′ ec2|S0|. (c′) (Prescribed seed walls, k = 0.) For every seed configuration σ = (Z,NZ) in
(U, 0) with Zo = ∅, every ε ∈ [0, c′/8] and cw := c′/16,∑

Z⊆Y⊆U

∑
NY ∈Nσ(Y )

|K(Z)
NY

(Y )| eα|Y |+εF loc
1 (Y,NY ) ecwF

loc
1 (Z,NZ) ≤

∏
S
e−(c′/2)F loc

1 (S),

the product over the wall polymers S of NZ .

We prove Lemma 7.48 in Appendix A. Proposition A.8 treats a fixed seed configuration,
and for (a), (b) the entropy of the first set is paid from its walls.

Theorem 7.49 (The Kirkwood–Salsburg system in Aω; [BF80, Lemma A4.1] on G′). Fix a
linear order on the U-cells; for X ̸= ∅ let ℓ(X) be its last U-cell and X∗ := X \ ℓ(X). For a

U-cell ∆ and a union Y ∋ ∆ of U-cells let K′
∆(Y ) ∈ Aω be the sequence q 7→

∑
K(sat(∆))
NY

(Y ),
the sum over the NY of (7.21) with [NY ] = q and (Y,NY ) ̸= (∆, 0). There is exactly one
family (r(X))X in Aω with r(∅) = δ0 and maxX ̸=∅ e

−α|X|∥r(X)∥ω < ∞ such that, for every
X ̸= ∅,

r(X∗) = K̃(ℓ(X)) r(X) +
∑

Y ∋ℓ(X), Y ∩X∗=∅

K′
ℓ(X)(Y ) ∗ r(X∗ ∪ Y ), (7.33)

and it satisfies, with α = ln 8: (a) ∥r(X)∥ω ≤ 8
31e

α|X| for every X ̸= ∅; (b) Z(X) = r(X)∗Z(∅)
for every X, that is, Zp(X) =

∑
q r(X)(q)Zp−q.

Proof. By Theorem 7.27 (b) the system has the form of [BF80, (A4.5)] with values in Aω, and
we run the contraction of [BF80, (A4.6) to (A4.13)] with ∥·∥ω in place of |·|. The normalization
r(∅) = δ0 replaces the division by Z, which is not available for the sequence Z(∅), and (b)
follows from uniqueness in the finite box.

Inputs. (K1) K̃(∆) ≥ 1
2 (Lemma 7.41). (K2)

∑
Y ∋∆ ∥K′

∆(Y )∥ωeα|Y | ≤ 1
8 . By Lemma 7.43

and Theorem 7.13, ω([NY ]) ≤ eσ
′ ∑ |NY | ≤ e(εE/2)F

loc
1 (Y,NY ). Hence (K2) follows from

Lemma 7.48 (b) with S0 = ∆, k = 0 and ε = εE/2, over long fields (Proposition 7.46), and
from c16e

c2 ≤ 1
8 (Lemma S1.2).

Step 1 (the map). Let B be the Banach space of families s = (s(X))X ̸=∅ in Aω with

|||s||| := maxX ̸=∅ e
−α|X|∥s(X)∥ω, put s(∅) := δ0, and let (Ts)(X) be K̃(ℓ(X))−1 times s(X∗)

minus the sum in (7.33). A family satisfies (7.33) if and only if Ts = s.
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Step 2 (contraction). By ∥a ∗ b∥ω ≤ ∥a∥ω∥b∥ω, |X∗ ∪Y | = |X| − 1+ |Y |, ∥s(∅)∥ω = 1, (K1)
and (K2), we obtain e−α|X|∥(Ts)(X)∥ω ≤ 2e−α[max(1, |||s|||) + |||s|||/8] = 1

4 max(1, |||s|||) +
|||s|||/32, and in the same way |||Ts − Ts′||| ≤ 2e−α(1 + 1

8)|||s − s′||| = 9
32 |||s − s′|||, since

(s− s′)(∅) = 0. Let r be the fixed point of T .
Step 3 ((a)). If |||r||| ≥ 1, Step 2 gives |||r||| ≤ 9

32 |||r|||, which is impossible. Therefore
|||r||| ≤ 1

4 + |||r|||/32, that is, |||r||| ≤ 8
31 .

Step 4 ((b)). We set s(X) := r(X) ∗ Z(∅) − Z(X), which has s(∅) = 0. By associativity
and commutativity, X 7→ r(X) ∗ Z(∅) satisfies (7.33), and so does X 7→ Z(X), by (7.21) with
X0 = X∗ and ∆ = ℓ(X). Consequently s satisfies the linear part of (7.33) with s(∅) = 0.
Moreover, |||s||| < ∞, since there are finitely many X and ∥Z(X)∥ω < ∞ (Proposition 7.47).
As in Step 2, |||s||| ≤ 9

32 |||s|||, and hence s = 0.

Beyond the input (K1), whose proof (Lemma 7.41) uses positivity at k = 0, the proof uses
no positivity, and the bounds are uniform in G′, Λ◦ and C. We obtain the invertibility of Z(∅)
in Aω as a consequence of Theorem 7.49 (b): r(V ) ∗ Z(∅) = Z(V ) = cN δ0.

7.8 Frozen flux costs area: group charge and the count

In this subsection we show that the partition function at fixed class r carries the area weight
of r (Proposition 7.53), and it is only here that the handles of the insulating set and (NF∗),
which is (R10) of Theorem 3.20, enter the bounds. In a configuration of class r, a group of
wall polymers realizing r is re-expanded as a seed at X = ∅, and its entropy is controlled by
Proposition 7.52.

Polymers, realizations and the reference realization. Fix r ∈ Γlong \ {0} with Zr ̸= 0.
For a configuration N of Zr (Definition 7.25), P(N) is the set of its wall polymers, and we
put NS := N1E(S) for S ∈ P(N) and NR :=

∑
S∈RNS , qR := [NR], |R| := ∥NR∥1 for

R ⊆ P(N). Each wall bond lies in exactly one wall polymer (Proposition 7.8 (a)). Hence∑
S∈P(N)NS = N and qP(N) = r, and qR ∈ Γlong (Lemma 7.26 (a)). A family R realizes r if

qR = r, and is irreducible if no nonempty T ⊆ R has qT = 0. An inclusion-minimal realizing
subfamily of P(N) is irreducible (if ∅ ̸= T ⊆ R had qT = 0, then T ̸= R as r ̸= 0, and R \ T
would realize r). Let S(r) be the set of families R, with their wall configurations, that occur
as irreducible realizations of r in some configuration of Zr. We fix R0 ∈ S(r) of least area (a
deterministic choice), so that |R| ≥ |R0| ≥ A(r) for all R ∈ S(r) (Lemma 7.43). A polymer is
determined by its wall interfaces and their values (closures and links are functions of the walls).
Thus R is determined by NR. Put ν(R) :=

∑
I⊆suppNR

N2
I , cw := c′/16, λE := 2cwσF = c′

8 σF

and Θ4(r) :=
∑

R∈S(r) e
−λE |R|∏

S∈R e
−(c′/2)F loc

1 (S). The notion of c-connectedness is that of
Definition 3.18, and distances between bond sets are Euclidean.

Lemma 7.50 (Localization of realizations). Let R ∈ S(r). Then NR−NR0 =
∑

k εk∇1Pk
with

εk ∈ {−1, 1}, where (i) each Pk is a nonempty c-connected cell set with c-connected complement
in its component K of G′; (ii) ∂G′Pk ⊆ suppNR∪suppNR0; (iii)

∑
k |∂G′Pk| = ∥NR−NR0∥1 ≤

|R| + |R0| ≤ 2|R|; and (iv) every Pk is joined to suppNR0 by a chain Pk = Pk0 , . . . , Pkj with
dist(∂Pki−1

, ∂Pki) ≤ g and dist(∂Pkj , suppNR0) ≤ g.

Proof. Two realizations of one class differ by an exact cochain, whose cell-constant potential
has level sets giving the pieces. Irreducibility forbids groups of pieces far from R0, which
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would be sub-families of R of class zero. (1) Since [NR − NR0 ] = qR − qR0 = 0, we have
NR − NR0 = ∇f with f : V → Z constant on each cell (Definition 7.25). (2) By the coarea
formula, ∇f =

∑
t±∇1Ut with

∑
t |∂Ut| = ∥∇f∥1. We split each Ut into its c-components V

and write ∇1V = −
∑

i∇1Ci over the c-components Ci of K \ V , where K is the component of
V . Since each Ci is c-connected with c-connected complement and the cuts partition, (i) to (iii)
hold. (3) For (iv), group the pieces into clusters by the relation “cuts within distance g”. Let V
be a cluster no cut of which is within g of suppNR0 , and B :=

⋃
k∈V ∂Pk. Within distance g of

B, NR0 = 0 and the other pieces contribute nothing. It follows that NR = NV :=
∑

k∈V εk∇1Pk

in this region, and each wall bond of NR within distance g of B lies in B. Two wall bonds of
one polymer are joined by a chain of wall bonds of that polymer with consecutive gaps at most
g (walls of one Sβ have gaps less than 2L′ + 2DE , and linked closures add at most 2DE + 2).
Hence the polymers of R meeting B form a sub-family T with NT = NR1B = NV , the gradient
of a cell-constant function, and therefore qT = 0. By irreducibility T = ∅, and hence NV = 0.
By (iii) the terms of NR − NR0 do not cancel, and hence neither do those of the sub-sum:
∥NV∥1 =

∑
k∈V |∂Pk|. So NV = 0 forces ∂Pk = ∅ for every k ∈ V. This is impossible, since

by (i) each Pk is a nonempty proper cell set of its component K. Hence no such cluster exists:
every cluster has a cut within g of suppNR0 , and chaining inside the cluster gives (iv).

For a finite set B of interfaces and s > 0, the s-clusters of B and their number φs(B) are
those of Definition 3.18 (for a cut, of its set of interfaces), and MST(B) denotes a minimal
spanning tree of the complete graph on B with edge lengths ℓe the distances of interfaces. Let
j(ℓ) := #{j ≥ 0 : 2jL < ℓ}.

Lemma 7.51 (Kruskal’s identity). For every s > 0, #{e ∈ MST(B) : ℓe > s} = φs(B) − 1,
and

∑
e∈MST(B) j(ℓe) =

∑
j≥0(φ2jL(B)− 1).

Proof. The edges of MST(B) of length ≤ s form a spanning forest of the threshold graph
{ℓ ≤ s} (Kruskal’s algorithm processes them first). Thus they number |B| − φs(B). For the
second identity we sum 1[ℓe > 2jL] over j ≥ 0 and e.

Let κNF := 4(cg + 4)/c2g, and RNF, θNF, c
NF
3 , J as in Definition 3.18. By (R10) (Proposi-

tion 3.19), applied to the pieces Pk of Lemma 7.50,

J(Pk) ≤ θNF Funit |∂G′Pk|/L2, (7.34)

with the cut measured in fine bonds (a coarse face carries at least r20 of them), and J depends
only on the cut.

Proposition 7.52 (The count). For βGM ≥ β0GM, every r ∈ Γlong \ {0} and every ν ≥ 1,
#{R ∈ S(r) : ν(R) = ν} ≤ exp((c′/2)Funit ν). Consequently Θ4(r) ≤ 1

4 .

Proof. The idea is that, by Kruskal’s identity, locating the cut patches costs, per dyadic scale,
the number of clusters minus one. Below RNF this is at most log2(RNF/L) per interface,
within the allowance e(c

′/2)Funit , and above RNF it is J , bounded by the cut (7.34). Fix R with
ν(R) = ν. Let S, S0 be the interface sets of suppNR and suppNR0 , n := |S| ≤ ν, n0 := |S0|,
T := S ∪S0, and Ik the interface set of ∂Pk. An interface has between c′gL

2 and 4L2 bonds by
(R8) and since block sides are less than 2L, and |R0| ≤ |R| ≤ 4L2ν. Hence n0 ≤ (4/c′g)ν, and
by Lemma 7.50(iii)

∑
k |∂Pk| ≤ 8L2ν,

∑
k |Ik| ≤ (8/c′g)ν ≤ κNFν. The last inequality follows
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from 8/c′g ≤ 128/(9cg) ≤ 4(cg + 4)/c2g, which holds since c′g ≥ 9
16cg by Section S1.1.4(e) and

cg ≤ 1
4 . Since a bond where NR ̸= NR0 lies on some ∂Pk, we have S ⊆ S0 ∪

⋃
k Ik ⊆ T .

Step 1 (a spanning forest). For each k let tk be the least j for which a chain Pk =
Pk0 , . . . , Pkj as in Lemma 7.50(iv) exists. Let H be the graph on T whose edges are the edges
of the MST(Ik) and, for each k, one parent edge at distance at most 2g: from an interface of
Ik to one of S0 if tk = 0, and otherwise to one of Ik′ , where Pk′ is the second piece of a chain of
length tk, so that tk′ = tk−1 (a bond and its dual coarse face are within distance

√
3 r0 ≤ g/2).

Each node of T \S0 lies in some Ik, and t decreases along parent edges. Hence the parent edges
lead to S0. Consequently (add a virtual node joined to all of S0, and remove it from a spanning
tree)H contains a spanning forest F of T with roots in S0. Put B :=

∑
e∈F j(ℓe) ≤

∑
e∈H j(ℓe).

Step 2 (encoding). We record the roots (at most 2n0 choices), the shape of the plane forest
on |T | ≤ n+ n0 nodes (at most 4n+n0), and for each child the number je and the child among
the at most C9(2

je + 1)3 ≤ 8C9 8
je interfaces within distance 2jeL of its parent. Sequences of

|F | nonnegative integers with sum at most Bmax (the bound of Step 3, a function of ν only)
number at most 2Bmax+|F |. We then record S ⊆ T (at most 2n+n0) and the values NI with∑
N2
I = ν (at most 4ν : signs, and compositions of

∑
|NI | ≤ ν). Since R is determined by NR,

we obtain ln#{R : ν(R) = ν} ≤ C(n+ n0 + ν) +Bmax ln 16 with C := ln(64C9) + 2.
Step 3 (the bound on B). By Lemma 7.51,

∑
e∈MST(Ik)

j(ℓe) =
∑

j≥0(φ2jL(Ik) − 1). The

scales with 2jL < RNF number at most j∗ := cNF
3 Funit/ ln 2 + 1, each contributing at most

|Ik| − 1, while the scales with 2jL ≥ RNF contribute exactly J(Pk) (Definition 3.18). A parent
edge has j ≤ jg := log2(2g/L) + 1 = O(lnβGM), and there are at most

∑
k |Ik| ≤ κNFν pieces.

With (7.34),

B ≤ (j∗+ jg)κNFν+θNFFunit

∑
k

|∂Pk|/L2 ≤
(cNF

3 κNF

ln 2
+8θNF

)
Funit ν+(1+ jg)κNFν =: Bmax.

Step 4. Since 4cNF
3 κNF = c′0/4 and 8θNF ln 16 ≤ c′0/8 (Definition 3.18), ln# ≤ 3

8c
′
0Funitν +

O((1 + lnβGM)ν) ≤ c′

2 Funitν for βGM ≥ β0GM, as Funit is exponentially large (Section S1.8).
It remains to prove Θ4 ≤ 1

4 . By Lemma 7.30(a), F loc
1 (S) ≥ 2Funit ν(S) for each wall polymer

S. Hence the summand of Θ4 is at most e−c
′Funitν(R), and Θ4(r) ≤

∑
ν≥1 e

(c′/2)Funitνe−c
′Funitν ≤

2e−(c′/2)Funit ≤ 1
4 . The bound Θ4 ≤ 1

4 rests on the factor 2 of Lemma 7.30(a), that is, on the
constant 1/18 of Theorem 7.13, set against the allowance of the count.

Proposition 7.53 (Frozen flux costs area). For every r ∈ Γlong, Zr ≤ e−σ
′A(r)Z.

Proof. We extract an irreducible realization from each configuration and re-expand it as a
seed, which pays for its own cells and shape from its own F loc

1 and returns the fraction c′/2.
The outer factors are bounded by Theorem 7.49 and by the quantity being bounded, which
closes the argument. Put CFF := sups∈Γlong

ω(s)Zs/Z. Then 1 ≤ CFF < ∞ (take s = 0;
Proposition 7.47). Let r ̸= 0 with Zr ̸= 0.

(1) Union bound. For each configuration we choose one irreducible realization R(N) ⊆
P(N) by a fixed rule. All terms are nonnegative (Lemma 7.42). Hence Zr ≤

∑
R∈S(r) Zr(R),

with Zr(R) as in Theorem 7.27 (c). Dropping the condition R = R(N) only enlarges the right
side.

(2) Re-expansion. By Theorems 7.27 (c) and 7.49 (b), with σ := (
⋃
R,NR), Zr(R) ≤∑

Y⊇
⋃
R

∑
NY ∈N long

σ (Y )
|K(

⋃
R)

NY
(Y )|

∑
q |r(Y )(q)|Zr−[NY ]−q.

80



(3) Weights. By Lemma 7.43, ω(r) ≤ ω([NY ])ω(q)ω(r − [NY ] − q), and ω([NY ]) ≤
e(εE/2)F

loc
1 (Y ) by Theorem 7.13. By the definition of CFF and Theorem 7.49 (a) (Y ⊇

⋃
R ̸= ∅),∑

q |r(Y )(q)|ω(q)ω(r − [NY ]− q)Zr−[NY ]−q ≤ 8
31e

α|Y |CFFZ.
(4) Activity. So that the sum takes the form Θ4(r) of Proposition 7.52, we insert

1 ≤ ecwF
loc
1 (

⋃
R)e−λE |R|, which is valid since F loc

1 (
⋃
R) ≥ 2σF |R| and 2cwσF = λE .

Lemma 7.48 (c′) over long fields (Proposition 7.46), with the seed configuration σ (all of
whose U -cells lie in wall polymers) and ε = εE/2 ≤ c′/8, bounds the sum over Y and NY ,

including eα|Y |e(εE/2)F
loc
1 (Y )ecwF

loc
1 (

⋃
R), by

∏
S∈R e

−(c′/2)F loc
1 (S). Collecting (1) to (4), we

obtain ω(r)Zr/Z ≤ 8
31CFFΘ4(r) ≤ 2

31CFF by Proposition 7.52. The same estimate holds

without the insertion: the proof of Θ4 ≤ 1
4 bounds e−λE |R| by 1, and Lemma 7.48 (c′) without

the factor ecwF
loc
1 (Z,NZ) ≥ 1 follows from (c′).

(5) The supremum. With s = 0, we obtain CFF ≤ max(1, 2
31CFF). Since CFF < ∞, this

gives CFF = 1.

No position factor (a sum over a cycle detecting r, or |γ|) appears, since the position entropy
is part of the count of S(r). In particular, a long handle with a tapered thin neck needs no
separate treatment, since its cuts of one class are compared with R0 by Lemma 7.50.

Lemma 7.54 (The area-weighted bound). Let α = ln 8, εE ∈ (0, c′0/8], σ
′ = εEσF and

βGM ≥ β0GM. For every nonempty union X of U-cells and every p ∈ Γlong, 0 ≤ Zp(X)/Z ≤
8
31e

α|X|e−σ
′A(p). The bound is uniform in G′, Λ◦ and C.

Proof. By Theorem 7.49 (b) and Lemma 7.43, we have ω(p)Zp(X)/Z ≤
∑

q |r(X)(q)|ω(q) ·
ω(p − q)Zp−q/Z, and this is at most ∥r(X)∥ω ≤ 8

31e
α|X| by Proposition 7.53 and Theo-

rem 7.49 (a). Nonnegativity is Lemma 7.42.

7.9 The deterministic area law

In this subsection we prove the deterministic area law, Theorem 7.57.

Lemma 7.55 (Area split). Let X ⊇ X1 be a union of U-cells, NX an inside field at k = 1 on
X, and p := p1(NX) its outer class (Definition 7.25). Then

∑
e∈E(X) |NX(e)|+A(p) ≥ AG′(C).

Proof. Since linking numbers are additive, the inside walls and a cheapest cochain with the
forced periods form a wall field at k = 1, which spans C modulo the frozen complex (Theo-
rem 7.14). Let N ′ ∈ ZE realize A(p) (finite, as −ξ −NX1E(X) has periods p). By definition of
p1, NX1E(X) has periods −lk(·, C)− p, and hence M := NX1E(X) +N ′ has periods −lk(·, C).
Since ξ has periods lk(·, C) (Lemma 7.6(d)), we get M + ξ = ∇m for some m : V → Z, and
M = ∇m− ξ is the k = 1 wall field of m. By Theorem 7.14,

∑
E |M | ≥ #{M ̸= 0} ≥ AG′(C),

and
∑

E |M | ≤
∑

E(X) |NX |+
∑

E |N ′| =
∑

E(X) |NX |+A(p).

Lemma 7.56 (Seed count). With CU and cu as in (R7) and CX := 3CU/cu, |X1| ≤
CX(m̃

2RT + 3CUm̃(R+ T ) + 9C2
U ).

Proof. The U-cells of X1 meet bonds crossing Ξ (Definition 7.20). Thus they lie within Eu-
clidean distance DE + 2 of Ξ, DE = CUm̃

−1 ≥ 4, a set of volume at most 3DE(R+ 3DE)(T +
3DE). Each of these cells has at least cum̃

−3 sites by (R7).
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For a rectangle C of sides R, T we put R1(β) := (2r□ + 5)L, where L is the block scale of
Definition 3.1 at τ = Kβ.

Theorem 7.57 (Deterministic area law). Fix the constants of Section S1.1.1 of the supplement.
There is β0GM such that for βGM ≥ β0GM, for every output G′ = G′(D) of the construction, for
every D, and for every rectangle C with min(R, T ) ≥ R1(β) = (2r□ + 5)L,

WG′(C) ≤ exp
(
−σV [AG′(C)− ηSRT ] + cN (R+ T )

)
,

with

σV = εEσF =
c′g m̃L

9216

m̃

τ
(εE = 1

128), ηS =
18c2CX

εEπ2c′g m̃L
m̃βGM = O(m̃βGM log τ),

and cN as in Remark 7.58. The only geometric inputs are (R2), (R5) to (R10), Theorems 6.5,
6.8 to 6.11 and Proposition 6.17; the frame, which does not depend on D: the box (Lemma 3.3),
the grid with its windows and removal cells (Definition 3.4) and the alignment (A1) to (A3)
(Lemma 3.5); the coarse alignment of the holes and frozen bonds, which are unions of coarse
sites and of whole coarse faces (Section 2.5); Lemma 4.4, in Lemma 6.13; and (N3) of Theo-
rem 3.20, in Lemma 7.44. The degenerate output X = Λ◦ (G′ = ∅, WG′(C) = 1, AG′(C) = 0)
is included.

Proof. We bound the outer factors of the loop expansion by Lemma 7.54. Schematically, a
fraction εE of the wall energy of the seeded polymer, with the area weight, pays εEσFAG′(C)
by the area split, the seed costs ec2|X1| (bulk part ηS , the rest a perimeter term), and the
near cells give the perimeter factor P ′

G. If no bond of G′ crosses Ξ (for instance if G′ = ∅),
then X1 = ∅ and the bound holds trivially. Indeed, in this case j = 0 on E, which gives
Z(1,Ξ) = Z(0,Ξ) and WG′(C) = 1. Moreover, each plaquette of Ξ is then a face of a hole cube
or a frozen face (proof of Lemma 7.6(c)), hence lies in F, and AG′(C) = 0 (Definition 2.11 with
Σ = Ξ). Finally, σV ηSRT + cN (R+ T ) ≥ 0. Otherwise X1 ̸= ∅, and

WG′(C) =
∑
X⊇X1

∑
NX

KNX
(X)

Zp1(NX)(X)

Z
≤ 8

31

∑
X⊇X1

∑
NX

|KNX
(X)| eα|X|e−σ

′A(p1(NX)) (7.35)

≤ 8

31
e−εEσFAG′ (C)

∑
X⊇X1

∑
NX

|KNX
(X)| eα|X|+εEF loc

1 (X,NX) ≤ 8

31
P ′
G e

c2|X1|e−σV AG′ (C)

≤ exp
(
−σVAG′(C) + σV ηSRT +

[2cnear
p′

+ 3c2CXCUm̃+
9c2CXC

2
U

R1(β)

]
(R+ T )

)
,

and the bracket, b(β), is at most cN . The equality is Corollary 7.28 with Lemma 7.29(f).
Its terms with p1(NX) /∈ Γlong vanish, since Zp(X) := 0 for p /∈ Γlong (Definition 7.25(c)).
Consequently, in (7.35), each sum over NX runs over the inside fields at k = 1 with p1(NX) ∈
Γlong. The first inequality is Lemma 7.54. The second uses F loc

1 (X,NX) ≥ 2σF
∑

E(X) |NX | (X
is a union of elements; Theorem 7.13), Lemma 7.55 and σ′ = εEσF . The third is Lemma 7.48(a)
with k = 1, U = V , S0 = X1, ε = εE ≤ c′/2, over these fields. For these fields its proof runs
as at k = 0 (Proposition 7.46). At a fixed configuration the proof uses the label, beyond the
walls (Lemma 7.24), only in Lemma 7.32(a), as a function h′ on K♭Ω, constant on Ω, with
∇h′ = P (NY + ξ) on E(K♭Ω), where Y is a union of elements, NY := NX1E(Y ) and Ω ⊆ Y is a
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cell. We now show that such an h′ exists. Each wall of NX on E(K♭Ω) lies in Y (first step of the
proof of Lemma 7.32(a)), and ξ vanishes off E(X), as X ⊇ X1. Hence NY +ξ = (NX+ξ)1E(X)

on E(K♭Ω), and its period on a closed m3-walk γ in K♭Ω is −p1(NX)(γ), which is 0 if |γ| < 2L′,
since p1(NX) ∈ Γlong. The breadth-first-tree argument of Lemma 7.45, whose closed walks
(fundamental cycles of length at most 2d♭ + 1, same-cell closures of length at most d♭ +Dcell)
are shorter than 2L′, gives h′ with values in PZ. The last inequality uses log(8/31) < 0,
Lemma 7.56 with c2CXm̃

2 = σV ηS and R + T ≥ 2R1(β), and P ′
G = en

′(V )/p′ ≤ e2cnear(R+T )/p′

(Lemma 7.33). The values of σV and ηS are computed in Section S1.8.

Remark 7.58 (The perimeter constant). Put cN := supβGM≥β0
GM

b(β) (b(β) the bracket in

(7.35), p′ = 1.3). It is finite and depends only on the constants fixed before K: cnear is
bounded uniformly for βGM ≥ β0GM (Lemma 7.33; log(1/m̃)/βGM < 0.0632), and the last two
terms tend to 0 (Section S1.8). Of the constants of Section S1.1.1, Theorem 7.57, its threshold
β0GM and cN use only items 0 to 14: K and β0(K) (items 15 and 16) do not enter, since β
and K enter Sections 3, 6 and 7 only through τ = Kβ, that is, through βGM = 4π2τ , and
every condition on βGM used there is a lower bound in terms of items 0 to 14. This is what
the absoluteness of c = cN + 10 in Section 8 needs. No factor log(1 +min(R, T )) appears: the
solid-angle energy never enters (Corollary 7.10(d)).

8 Proof of the main theorem

8.1 The chain

The deterministic area law holds for each frozen set D, and the min-cut lower tail is exactly
the exponential moment of the area deficit RT − AG′(C). Multiplying the two, we obtain
e−σRT · EDeσ(RT−A), and the two deficits ηS and ηT add. We fix K > K∗ and β ≥ β0(K)
(Section 8.2). The conditions defining β0(K) are listed in Section S1.1.4. With τ = Kβ, they
include β ≥ π−2, δ < 1 and (2.5), that is β ≥ β1(K) (Lemma 2.6), as well as the hypotheses
of Theorems 5.1 and 7.57 for β and βGM = 4π2τ . They also include ηT + ηS ≤ 1

2 and σV ≤ 1,
which are true for large τ as ηT → 0 (Theorem 5.1), ηS = O(m̃βGM log τ) → 0 (Theorem 7.57)
and σV = (c′gm̃L/9216)m̃/τ → 0. Let C be a rectangle with min(R, T ) ≥ R1(β) = (2r□ + 5)L
(Definition 3.1), Λ◦ = Λ◦(C) the box of Definition 3.2, and Λ ⊇ C any finite box.

Proof of Theorem 1.2. We prove the chain (1.4) to (1.8), with ED the expectation over D ∼
Ber(δ)⊗(Λ◦

2\∂2Λ◦).
Step (1.4). Lemma 3.3(e) gives dist(C, ∂Λ◦) ≥ max(R, T ) ≥ 1. Hence Proposition 2.9

applies with Λ′ = Λ◦ and δ′ = δ. The box Λ◦ depends only on C and the constants
(Lemma 3.3(a)), not on Λ or D, and is therefore fixed before D is drawn.

Step (1.5). For each D ⊆ Λ◦
2 \ ∂2Λ◦ the output (X(D), S(D)) is a deterministic function of

D with D ⊆ F(D) (Theorem 3.20). Hence Proposition 2.10 applies to each D.
Step (1.6). Theorem 7.57 applies to each outputG′(D) and each rectangle with min(R, T ) ≥

R1(β), pointwise inside ED. We need it for every D, because Ber(δ) charges each subset of
Λ◦
2 \ ∂2Λ◦ and the construction is deterministic. Its functional AG′(D)(C) is the min-cut area

of Definition 2.11 for the same output on the same box Λ◦.
Step (1.7) is the identity −σVA = −σVRT + σV (RT −A).
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Step (1.8). Theorem 5.1 at σ = σV ∈ (0, 1] bounds the expectation in (1.7) by
exp(σV ηTRT + 4|C| + 4), for the same random set D, box Λ◦, output G′(D) and functional
AG′(D)(C) as in Steps (1.5) and (1.6).

Constants. Since |C| = 2(R+ T ) and R+ T ≥ 2, we have 4|C|+ 4 ≤ 10(R+ T ), and (1.8)
gives (1.2) with σ(β) := (1− ηT − ηS)σV , R1(β) = (2r□ + 5)L, both depending on K through
τ = Kβ, and c := cN + 10, which is absolute in the sense of Theorem 1.2 because cN depends
only on items 0 to 14 of Section S1.1.1, fixed before K (Remark 7.58). By ηT + ηS ≤ 1

2 and
c′gm̃L ≥ 9

16cgcL (Section S1.1.3),

σ(β) ≥ cgcL m̃

215τ
≥ (8π2)1/2

216
cgcL τ

−1/2e−π
2vCb(0)τ ≥ 1.35 · 10−4 cgcL τ

−1/2e−2.49436 τ , (8.1)

by m̃ ≥ mD/2 and mD = (8π2τ)1/2e−π
2vCb(0)τ (Section 6), with the Debye exponent

π2vCb(0) = 2.4943550872 . . . rounded up and the prefactor rounded down (rounding rule in
Section S1.1.3). This proves the second assertion of Theorem 1.2 for β ≥ β0(K). Remark 8.1
gives the case β < β0(K) at the same K, and the first assertion follows with one fixed K > K∗,
for instance K = 378.

Remark 8.1 (Small β; uniformity). For fixed K > K∗ and β < β0(K), Theorem 2.1(b), point-
wise in Λ and C, gives Theorem 1.2 at β with the three constants σ(β0(K)), c, R1(β0(K)); only
the Wilson side is monotone in β (raising β raises τ but lowers δ, so the right side of Theorem 2.5
is not). The bound depends on Λ only through Proposition 2.9, on D only inside ED, and on C
only through R, T ; by Theorem 2.1(c) it holds for the infinite-volume limit ⟨cos θC⟩Wβ , nonde-

creasing in β, so the string tension σ∞(β) := lim infmin(R,T )→∞− 1
RT log⟨cos θCR,T

⟩Wβ ∈ [0,∞]
(CR,T a coordinate rectangle of sides R, T ) is nonincreasing in β and at least σ(β).

Remark 8.2 (Loops below the non-fragmentation scale). If diamΛ◦ ≤ RNF (for instance if both
3
√
3max(R, T )+

√
3 and

√
3(r0(ℓ+3)+1) are at most RNF), Phase 2 makes no firing (Propo-

sition 3.19) and Proposition 5.11, with the deficit η
(1)
T , replaces Theorem 5.1 in Step (1.8); the

string tension uses Theorem 5.1 in full.

8.2 The order of the constants

We fix the constants once, in the following order (values, and the statements that use each
constant, in Section S1.1.1). (0) Absolute constants, among them π2vCb(0), the threshold
14.9662 of Lemma 2.6 and the absolute constants quoted from [GM82, GM81a, BF80] (those
that depend on the parameters C, δGM, µ, κS , λPV of Theorem 6.5 are fixed with them, in
(12) and (13)); (1) r0; (2) cg = 1

4 (all cg ∈ (0, 14 ] work); (3) ηw = 1
10 ; (4) cρ = 1

12 , that is
λ = 12/Lc; (5) kP /Lc = 304; (6) c1 and csh; (7) cs ∈ (0, 10]; (8) the forcing threshold ϑ,
the penalty µB and the thin-set constant εth; (9) the weak-link constants χ = 2.0 · 10−8 of
(R6) and χN3 = χ/3 of (N3); (10) the constants derived from these, among them C ′

⋆, Cfree,
Ca, Cb, Cc and Cresp; (11) cL = 1.6 · 10−19, and then the scales Lc, L, kP , ℓ, which depend
on β only through m̃; (12) the Stage 1 and Stage 2 constants: C ∈ (0, 14 ] and δGM ≤ 1

2 of
Theorem 6.5, ηH = 0.62, the rate c10 ≤ 7

9rC with rC taken at m̃L = cL/2, then c′′10, then
µ ≥ 1 + 2c′′10 and κS , and c

′
0 = 1

16 ; (13) λPV, and with it MY , m̃ = λPVMY and the constants
of [GM82, GM81a, BF80] and of Stage 1 that depend on λPV; (14) the cut-rule constants θNF

and cNF
3 ; (15) K > K∗; (16) β0(K). Four placements are forced. First, kP /Lc, ϑ and εth

precede χ, because the expansion constant of Theorem 4.16(c), which bounds χ, is computed
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from them. Second, χ precedes cL, because the condition C ′
P c

2
L ≤ (1 − 4/π2)/8 that fixes cL

has C ′
P ≤ 2916r5□C

2
bl/χ

2. Since 1 − 4/π2 < ηH and m̃L ≤ cL, the condition that fixes cL also
gives the condition C ′

P (m̃L)
2 ≤ ηH/8 of Stage 2. Third, C, δGM, c10, c

′′
10, µ and κS precede

λPV, because the Debye condition of Theorem 6.5 gives λ0 = λ0(κS , µ, C, δGM) and each earlier
constant uses λPV only through λPV ≤ 1

4 . Fourth, θNF and cNF
3 are built from the pure number

c′0, and no earlier constant depends on them. Each condition defining β0(K) (Section S1.1.4)
is, at fixed K, a lower bound on τ = Kβ that persists for larger τ . Those of Section 2 are
β ≥ π−2, β ≥ β1(K) and δ < 1, which (2.4) gives for all large β, and in all the others the
left side is a fixed function of τ (built from m̃, τ , log τ and the doubly exponential scale RNF)
tending monotonically to its limit. The value β0(K) is the largest of these thresholds divided
by K. It is very large (|log ε′′| ≳ 1014 in Theorem 5.1), and the constants are far from sharp,
but the proof uses only that those fixed before K do not depend on τ .

9 Corollaries

In this section we prove the two corollaries of the introduction. The central phases are described
by a U(1) Wilson model with configuration-dependent couplings at most nβ (Section 1.2), also
in the presence of a Higgs term invariant under the centre. Since the plaquettes of a finite
2-complex are attached along closed edge paths, Up (the ordered product of the links around
p) and θp are defined. We write Tr for the trace of n× n matrices.

Proposition 9.1 (Fröhlich’s comparison). Let G ⊆ U(n) be a closed subgroup with {zI : |z| =
1} ⊆ G, X a finite 2-complex, and µG,β(dU) ∝

∏
p exp(βReTrUp)

∏
e dUe, dUe Haar measure

on G (free boundary conditions). For every closed edge path ℓ in X,∣∣∣〈Tr∏
e∈ℓ

Ue

〉
G,β

∣∣∣ ≤ 2n ⟨cos θℓ⟩WX,2nβ, (9.1)

where the right side is the U(1) Wilson model on the same complex.

Proof. Let ν be the law on U(1)E(X)×GE(X) with density proportional to
∏
p exp(βReTr(ξpUp)),

where ξe = eiϕe and ξp = eiϕp is the product of the ξ±1
e around p. Since ξeI ∈ G is central, its

image under (ξ, U) 7→ ξU is µG,β, and Tr
∏
e∈ℓ(ξeUe) = eiϕℓ Tr

∏
e∈ℓ Ue. Given U , ξ has the

law ⟨·⟩U with density proportional to
∏
p exp(β|TrUp| cos(ϕp − ψp)), ψp := − arg TrUp. Hence

|⟨Tr
∏
e∈ℓ Ue⟩G,β| ≤ n supU supα⟨cos(ϕℓ−α)⟩U . We bound ⟨cos(ϕℓ−α)⟩U by ⟨cos θℓ⟩WX,nβ using

[MMSP78, Proposition 1 and the remark after its proof, p. 21], with couplings nβ ≥ β|TrUp|
on the plaquette vectors (terms with the same vector up to sign combined). Consequently, the
left side of (9.1) is at most n⟨cos θℓ⟩WX,nβ, which is at most the right side, since U(1) Wilson
loops are nonnegative and nondecreasing in the coupling by Ginibre’s inequality, on all finite
complexes (as in Theorem 2.1(a), (b)). The bound (9.1) keeps the constants 2n and 2nβ of
[Frö79, (23), (24)]. The remark is stated (p. 21) for α equal to the phase of the interaction.
For each α it follows from the proof of Proposition 1, since for the edge vector M of ℓ and
two copies ϕ, ϕ′ of the angles cos(M · ϕ)− cos(M · ϕ′ − α) = 2 sin(M · Φ− α

2 ) sin(M · Φ′ − α
2 ),

Φ = 1
2(ϕ

′ + ϕ), Φ′ = 1
2(ϕ

′ − ϕ).

Corollary 9.2 (Corollary 1.3). Let G be as in Proposition 9.1, with the Wilson action
βReTrUp on finite boxes of Z3, ρ a representation of G with ρ(zI) = 1 for |z| = 1, (Φ, ρ0) a
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probability space of Higgs field values, and h ≥ 0 a measurable function of ((ρ(Ue))e, (φx)x),
the Higgs weight, for any values of the Higgs couplings, with 0 <

∫
h < ∞ (h ≡ 1 is the

model without Higgs field). On a finite box Λ take the measure with density proportional to
h((ρ(Ue))e, (φx)x) times

∏
p exp(βReTrUp) with respect to

∏
e dUe

∏
x ρ0(dφx). Then (9.1)

holds for every closed path ℓ, and the bound of Corollary 1.3 for every rectangle C with
min(R, T ) ≥ R1(2nβ) and every finite box Λ ⊇ C, with σ, R1, c of Theorem 1.2. In particular
the string tension of G at coupling β is at least σ(2nβ) > 0, also for U(2) with an adjoint
Higgs field, at all gauge and Higgs couplings.

Proof. Since ρ(ξeUe) = ρ(ξeI)ρ(Ue) = ρ(Ue), the proof of Proposition 9.1 applies to the joint
law with the extra factor h((ρ(Ue))e, φ)

∏
x ρ0(dφx), which cancels from the conditional law of

ξ. We then apply Theorem 1.2 at 2nβ. For U(2), Ad(zU) = Ad(U). ([Frö79, Corollary 2]
states confinement of static quarks for all U(n) in three dimensions, from the comparison and
the results cited there. The area law is the new part.)

The Georgi–Glashow model. On a finite box Λ we take links Ue ∈ SU(2), U−e = U−1
e , a

unit adjoint Higgs field nx ∈ S2 (the London limit), the adjoint representation R : SU(2) →
SO(3), β, κ > 0, and

µΛ;β,κ ∝ exp
(
β
∑
p

1
2 TrUp + κ

∑
e=(x,y)

nx ·R(Ue)ny
)∏

e

dUe
∏
x

dnx (9.2)

(dUe Haar, dnx uniform on S2). The weight in (9.2) is invariant under Ue 7→ gxUeg
−1
y , nx 7→

R(gx)nx (g ∈ SU(2)Λ), and f(U, n) is gauge invariant if it is. Write D(θ)e := diag(eiθe , e−iθe)
and e3 for the constant field nx = e3.

Proposition 9.3 (Georgi–Glashow model at infinite Higgs coupling). For every finite box Λ,
every β > 0 and every bounded continuous gauge invariant f , the limit limκ→∞⟨f⟩Λ;β,κ equals
⟨f(D(θ), e3)⟩WΛ,β, the expectation in the U(1) Wilson model at coupling β. In particular, for

every closed path C, ⟨12 Tr
∏
e∈C Ue⟩Λ;β,κ → ⟨cos θC⟩WΛ,β.

Proof. We pass to the unitary gauge. Since R(SU(2)) is transitive on S2, gauge invariance
gives

∫∫
F dn dU =

∫
F (U, e3) dU for F = fw and F = w, w the weight of (9.2). With Ue of

diagonal entries ae, āe and off-diagonal entries be, −b̄e, the hopping factor is
∏
e e

κ−2κ|be|2 , Haar
measure is be uniform on the unit disc times arg ae = θe uniform, and as κ → ∞ the weights
e−2κ|be|2 concentrate at b = 0, where Ue = D(θ)e and 1

2 TrUp = cos θp. The limit is taken in
each fixed box, in the London limit |nx| = 1, and for 1

2 Tr (the full trace gives 2 cos θC).

Corollary 9.4 (Corollary 1.4). At κ = ∞, for every β > 0, every rectangle C with min(R, T ) ≥
R1(β) and every finite box Λ ⊇ C, the limit of ⟨12 Tr

∏
e∈C Ue⟩Λ;β,κ as κ → ∞ has absolute

value ⟨cos θC⟩WΛ,β, which is at most exp(−σ(β)RT + c(R+ T )).

Proof. This follows from Proposition 9.3, Theorem 2.1(a) and Theorem 1.2.

Remark 9.5 (Villain action, uniformly in free boxes; scope). The theorem of [GM82] holds in
the form of Definition 1.1: for τ ≥ Kβ0(K) and β := τ/K, Lemma 2.3(c),(d) as in Proposi-
tion 2.9 give ⟨cos θC⟩VΛ,τ ≤ gfixΛ◦,τ (C; ∅) ≤ EDgfixΛ◦,τ (C;D), Steps (1.5) to (1.8) give the bound of
Theorem 1.2 at β, and Lemma 2.3(b), pointwise in Λ, gives smaller τ . The Georgi–Glashow
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model at finite Higgs and weak gauge coupling is not covered: the centre Z2 of SU(2) contains
no U(1), and [Frö79, Theorem 1] lands on the pure Z2 gauge theory, which confines only at
strong coupling. The proof uses d = 3 throughout.

A Brydges–Federbush §9.1 on slit domains, and a counting
step

In this appendix we prove Lemmas 7.37 and 7.48, carrying [BF80, §9.1] with [Bry78, §5] over
to G′. In the count of the sets we keep the tree weight w(T ) outermost, which cancels the
moments dj ! that the count produces (Proposition A.4).

Conventions. We assume that (U, k) is admissible and that σ = (Z,NZ) is a seed con-
figuration in (U, k) (Section 7.6). At k = 0 the configuration sets may be those of long wall
fields (Proposition 7.46). We write |Y | for the number of U-cells of Y and set dist(A,B) :=
m̃ dG′(A,B). The U -cell graph joins two U-cells when a bond of G′ joins them, and DU bounds

its degree. The quantity K(Z)
NX

(X) is the sum over ȳ = (Y1, . . . , Yn), Y1 = Z, of the terms of
Proposition 7.22. For 2 ≤ j ≤ n, link j is the operator κ(j − 1)[Yj ] of (C.6), which creates
Yj , differentiates sj−1, and is a sum of elementary terms of the five types listed after (C.5).
We also write Xj := Y1 ∪ · · · ∪ Yj . A tree is a map T : {2, . . . , n} → N with T (j) < j. We
put di(T ) := #{j : T (j) = i}. Thus dn(T ) = 0 and

∑
i di(T ) = n − 1. The weight of [BF80,

(9.115)] is

q(T, s) :=

n∏
j=2

j−2∏
k=T (j)

sk, w(T ) :=

∫
[0,1]n−1

q(T, s) ds (A.1)

since d
dsj−1

(sT (j) · · · sj−1) = sT (j) · · · sj−2. The variable sn−1 does not occur.

Lemma A.1 (Tree form). Let X ⊇ Z, NX ∈ Nσ(X) and ȳ = (Z, Y2, . . . , Yn), n ≥ 2. Expand

κ(ȳ, s)Q♮NX
(X) into elementary terms θ = (θ2, . . . , θn), θj a term of link j, and assign to θ

a tree T = T (θ) and U-cells ∆′
j ⊆ YT (j), ∆′′

j ⊆ Yj: if θj is of type (2) to (5), it contains
∂sj−1C

ȳ(x, y) with x ∈ Yj, y ∈ Ya, a < j, and T (j) := a, ∆′′
j , ∆′

j the U-cells of x, y; if
θj = (∂sj−1ws(τ))eτ is of type (1), T (j) := min{i : supp τ ∩ Yi ̸= ∅} and ∆′

j, ∆
′′
j are the first

U-cells, in a fixed order, of supp τ in YT (j) and in Yj. Then

(θ-term) = q(T, s)Rθ(s), (A.2)

where Rθ(s) depends on s only through the weights ws(τ
′) ∈ [0, 1] of E-terms, through the

covariance Cȳ
s and through eE(X,s). Each θ receives exactly one tree.

Proof. This is the tree decomposition [Bry78, (5.1), (5.2)] of the expansion of Proposition 7.22,
with the following modifications. (1) We interpolate the covariance as in [GM82, App. E, (E.3)]:
for x ∈ Yj , y ∈ Ya, ∂sj−1C

ȳ(x, y) = sa · · · sj−2C(x, y). (2) For the weights ws(τ) we use the
rule of [GM82, p. 89], under which i ∈ I if 1 ≤ i ≤ n − 1 and τ has a cube aα ⊂ Yj for
some j > i and a cube aβ ⊂

⋃
ℓ≤i Yℓ. Under this rule the expansion is an identity (proof of

Proposition 7.22), and ∂sj−1ws(τ) =
∏j−2
k=T (j) sk, as among k ≤ j− 1 the set supp τ meets both

Xk and its complement exactly for k ≥ T (j). The rule printed in [BF80, p. 212] has Yi+1 in
place of

⋃
j>i Yj . Under that rule a term meeting Y1 and Y3 but not Y2 carries no factor s1,

and no tree weight dominates it. Each sk is differentiated once, in link k+ 1 (Table S1.3, S6).
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As the bounds of Section 7.6 and Appendix B on Rθ(s) are uniform in s (Table S1.3, S1)
and the weights lie in [0, 1], the identity

∫
q(T, s) ds = w(T ) gives

|K(Z)
NX

(X)| ≤
∑
ȳ

∑
T

w(T )
∑

θ:T (θ)=T

sup
s

∣∣∣∫ dµs e
E(X,s)Rθ(s)Q

♮
NX

(X)
∣∣∣
0
. (A.3)

Lemma A.2 (The s-integral). For n ≥ 2 and y1, . . . , yn ≥ 0,

∑
T

∫
[0,1]n−1

q(T, s)
n∏
j=2

yT (j) ds ≤ ey1+···+yn−1 . (A.4)

In particular
∑

T w(T ) ≤ en−1.

Proof. This is [Bry78, (5.5)] and [BF77, Lemma 5.5], for real weights. The sum over T is∏n−1
m=1(ym +Pm−1(s)) with Pm := sm(ym +Pm−1), P0 := 0, and we integrate over sn−2, . . . , s1

in turn using
∫ 1
0 x e

sx ds ≤ ex. For n ≤ 7 the inequality has also been checked exactly (Sec-
tion S3.1.5).

Lemma A.3 (Factorial moments). For n ≥ 2, y1 ≥ 0 and b2, . . . , bn−1 ∈ [0, 1),

∑
T

w(T ) y
d1(T )
1

n−1∏
i=2

di(T )! b
di(T )
i ≤ ey1

n−1∏
i=2

(1− bi)
−1. (A.5)

Proof. We use the identity d! bd =
∫∞
0 (bt)de−t dt for each i = 2, . . . , n − 1. Since

∏
j yT (j) =∏

i y
di(T )
i and dn(T ) = 0, Tonelli’s theorem and (A.4) with yi := biti (2 ≤ i ≤ n− 1) bound the

left side by
∫
Rn−2
+

ey1+
∑

i bitie−
∑

i ti dt = ey1
∏n−1
i=2 (1− bi)

−1.

For a finite set A of U-cells, Y(A) is the set of nonempty unions Y of U-cells each of whose
components in the U -cell graph meets A. For a = log(2eDU ) + a′ + a′′ with a′ ≥ 4, a′′ ≥ 0,
and all integers d ≥ 0, ∑

Y ∈Y(A) |Y |d e−a|Y | ≤ e−a
′′
2|A| d! 2−d : (A.6)

we root each component at its first cell in A (2|A| sets of roots), count connected sets by
Lemma 5.8 and sizes by the 2N−1 compositions of N := |Y |, and use Nde−a

′N/2 ≤ d! (2/a′)d.
Link data. The link datum λj of an elementary term θj consists of its type; for each of its

E-terms (at most two), the number of its points and the set of U -cells containing them; and
the cells ∆′

j , ∆
′′
j of Lemma A.1. The set A(λj) consists of ∆

′′
j and the U-cells of its E-terms,

and φ ≥ 0 is a weight on link data with

Cφ := sup
∆0

∑
λ:∆′=∆0

φ(λ) 2|A(λ)| <∞. (A.7)

Each Yj (j ≥ 2) of a term with θj ̸= 0 lies inY(A(λj)). Indeed, each element is connected in the
U-cell graph, since a wall component is a component of Σ̂, a closure adds bond neighbours, and
linked closures share a U -cell (Definition 7.20). Moreover, each element of Yj meets S(θj)\Xj−1

(Table S1.3, S5), which lies in the cells of A(λj), as the point y of a covariance line lies in Xj−1.

88



Proposition A.4 (Combined count). Let a be as in (A.6), with 2Cφe
−a′′ ≤ 1

2 . For every seed
configuration σ = (Z,NZ),∑

n≥1

∑
T

∑
(Yj ,λj)nj=2

w(T )
n∏
j=2

φ(λj) e
−a|Yj | ≤ 2e|Z|, (A.8)

where Y1 := Z, the sum runs over all trees T , all link data with ∆′
j ⊆ YT (j), and all Yj ∈

Y(A(λj)) (disjointness of the Yj and Yj ⊆ U are not required), and the term n = 1 equals 1.

Proof. We keep the tree outermost with its weight and count the sets backward from the last
one, each set rooted at its own link and each link rooted in an earlier set. The roots in ear-
lier sets produce the moments of Lemma A.3. We fix n ≥ 2 and T and sum in the order
(Yn, λn), . . . , (Y2, λ2), innermost first. Inside stage j we sum first over Yj , then over λj with ∆′

j

fixed, then over ∆′
j ⊆ YT (j). Each constraint links a variable only to variables outer to it. We

claim that at stage j the summand depends on Yj only through |Yj |dj(T )e−a|Yj | and the con-
straint Yj ∈ Y(A(λj)). At stage j, (A.6) gives

∑
Yj∈Y(A(λj))

|Yj |dje−a|Yj | ≤ e−a
′′
2|A(λj)|dj ! 2

−dj .

The sum over λj with ∆′
j fixed then gives at most Cφe

−a′′dj ! 2
−dj by (A.7), and the remain-

ing sum contributes
∑

∆′
j⊆YT (j)

1 = |YT (j)|, a factor that is handled at stage T (j) < j. This

keeps the claim. After stage 2 the factor |Z|d1(T ) remains, and the sum over (Yj , λj)j≥2 is at
most (Cφe

−a′′)n−1|Z|d1(T )
∏n−1
j=2 dj(T )! 2

−dj(T ). Multiplying by w(T ) and summing over T , we

obtain the bound (Cφe
−a′′)n−1e|Z|2n−2 from Lemma A.3 with y1 = |Z| and bi =

1
2 . Finally

1 + e|Z|
∑

n≥2(Cφe
−a′′)n−12n−2 ≤ 1 + 1

2e
|Z| ≤ 2e|Z|.

Remark A.5 (The printed deduction). In [Bry78, p. 329] the bound corresponding to Proposi-
tion A.4, (5.4), is deduced from (5.5),

∑
T

∫
ds q(T, s, ȳ) ≤ e|X| (trees at fixed sets), and (5.6)

(sets at fixed tree, with the supremum over trees outside). Writing the summand of (5.4) as
f(T, ȳ)g(T, ȳ) with f :=

∫
ds q(T, s, ȳ)e−|X|, the deduction uses∑

T,ȳ

f(T, ȳ) g(T, ȳ) ≤
(
sup
ȳ

∑
T

f(T, ȳ)
)(

sup
T

∑
ȳ

g(T, ȳ)
)
,

which fails for general nonnegative f, g: for T, ȳ ranging over {1, . . . , N} and f = g = δT,ȳ the
left side is N and the right side 1. The conclusion holds with a different per-cell constant, by
Proposition A.4, or by keeping (5.6) and using

∑
T,ȳ fg ≤ (

∑
T supȳ fe

−ϵ|X|) supT
∑

ȳ ge
ϵ|X|,

whose first factor is at most ((1 + ϵ)/ϵ)n−1 by Lemma A.3 and whose second is (5.6) with c5
raised by 2ϵ. In [BF80, p. 215] the joint choice for 5Σ and 6Σ cites “(5.6) of [1] or Lemma 5.5
of [2]”; the inequality used there is [Bry78, (5.5)], which [BF77, Lemma 5.5] states at fixed
weights, and the conclusion of [BF80, Lemma 9.1] holds.

For a link datum λ, O0(λ) is the number of points of its E-terms and L0(λ) the sum over
its E-terms of half the dist-length of a shortest tree spanning their U -cells (L0 = O0 = 0 for
type (2)). An E-term with cells in two components of G′ has coefficient 0 (Proposition 6.3(d))
and is absent. We put

φ(λ) := e−δ2 dist(∆
′,∆′′) e−c10L0(λ) e−c

′′
10O0(λ), cγ := sup

∆0

∑
∆

e−γ dist(∆0,∆) (γ > 0); (A.9)

cγ <∞, since by (R7) at most 4π
3 (r + 2CU )

3/cu U-cells lie within distance r of a given one.

89



Lemma A.6 (Link sum). Let c10, δ2 > 0 and ec
′′
10 ≥ 16emax(1, cc10/2). Then Cφ ≤ 1+ 8cδ2 <

∞. Moreover, for every E-term E of λ, with a the set of U-cells of its points, and every
augmented tree ηA of [BF80, Appendix 1] whose marked points lie in the cells of a, one in
each, the contribution of E to L0(λ) is at most LηA; so e

c10L0(λ)ec
′′
10O0(λ) is dominated, inside

| · |0, by replacing each E-term E by
∑

ηA e
c10LηAec

′′
10tEηA, for any decomposition E =

∑
ηA EηA

([BF80, (9.18), (9.18a)]). Which point of E lies in which cell of a, the positions and the charges
are not part of λ; they are summed inside | · |0.

Proof. This is 8Σ and 10Σ of [BF80, p. 217] (the choice B8B10 = ec
′′
10O0ec10L0), with (9.18) and

the lengths [BF80, (A1.3)], adapted as follows. (1) Positions are sets of U -cells. We count a
set of k cells once for its (k−1)! orderings, and the tree sum gives ekck−1

c10/2
. The terms with the

same link datum differ in the assignment of the points of each E-term to the cells of its set, in
their positions and in their charges (and, for t = 2, in the form). Proposition B.7 bounds their
sum through (M4), a bound for the sum over all assignments (Lemma B.1(d)). A bound for
one ordered tuple of cells would not suffice, because a set of k cells carries k!S(t, k) assignments
of t points (S the Stirling numbers of the second kind, and t! assignments if k = t). (2) The
factor 2|A(λ)| costs 4k per E-term with a marked cell, which raises c′′10 (whose existence alone
[BF80, p. 217] states) by log 2, and ∆′′ costs 2cδ2 in each of the four types with a covariance
line. Hence Cφ ≤ 1+ 8cδ2 . (3) The length LηA is an infimum over the positions of the marked
points in the cells of a and of the auxiliary points, measured with dist, and a tree on given
points has at least half the length of a shortest tree spanning them, which dominates one
spanning their cells. Hence L0 ≤ LηA , and e

c10L0 |E| ≤
∑

ηA e
c10LηA |EηA | as E =

∑
ηA EηA . The

factors ec10LηAec
′′
10t of κ′ are paid in the Tree weights step of the proof of Proposition B.7, with

c10 ≤ 7
9rC and µ ≥ 1 + 2c′′10. Section S1.8 gives the order of these constants.

The count of [GM82, (7.3) to (7.5)]. There the Mayer factors E(a1, . . . , at) keep the ordered
tuple of cubes (a1, . . . , at) among the summed parameters, with a weight exponential in the
least tree length L(a1, . . . , at) of [GM82, (1.11b)]. The count there is that of [BF80, 10Σ],
which sums the positions of the cubes at a fixed augmented tree ηA, with the constant weights
bηA of [BF80, (A1.4)] ([BF80, p. 214]). With the least tree length in place of these weights, the
counting step needs the summed form of the coefficient bound, a bound for the sum over all
positions of the points with their tree length inside the sum, which the derivation of [GM82,
(4.31)] provides through the pinned norm [GM82, (4.12)]. Theorem 6.5 states (S2) in this
form, and the count above uses it, with positions counted as sets of cells and the assignments
summed inside | · |0, as in the proof of Lemma A.6.

Proposition A.7 (Lemma 7.37 on G′). Lemma 7.37 holds, with Cφ the constant of

Lemma A.6. The same proof gives the bound with eα|X| replaced on the left by eα|X|+εF loc
1 (X,NX),

ε ≥ 0, and ec
′
1F

loc
1 replaced on the right by e(c

′
1+ε)F

loc
1 .

Proof. This is [BF80, Lemma 9.1], proved by the device of [BF80, (9.12)], the bound∑
v |f(v)| ≤ (

∑
v B(v)−1) supv |B(v)f(v)| over the data v = (n, T, ȳ, (λj)j≥2, NX) of (A.3),

with B(v) := ea|X\Z|ec
′
1F

loc
1 (X,NX)

∏
j φ(λj)

−1, a := log(2eDU )+ 4+ c′4+ a′′, ea
′′ ≥ 4Cφ. Terms

with the same link data differ only inside | · |0, namely in the maps l of Lemma B.2 and in
the data of the E-terms listed in the proof of Lemma A.6, and their sum is bounded as there.
We change the argument at the following points. (1) The count of the sets is Proposition A.4
(a′ = 4), after summing NX innermost by Lemma 7.30(b) and keeping only Yj ∈ Y(A(λj)).
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Thus
∑

v w(T )B(v)−1 ≤ e(1+c
′
4+log 2)|Z| ≤ ea|Z|, the supremum carries ec

L
2 |X|, cL2 := a+ α, and

Lemma A.6 turns
∏
j e

c10L0(λj)+c
′′
10O0(λj) and Rθ into κ

′. (2) The seed is fixed (seeds depending
on the configuration are reduced to fixed ones in Proposition A.8) and enters only through
|Z| and Nσ(X), never through its connectivity. (3) No step refers to X1. (4) For U = Xc

0 the
activity does not depend on the region (Table S1.3, S13). (5) We use only the distance-zero
form (W ⊆ Z or W ⊇ Z, where the restriction X ∩W ̸= ∅ is void), since on G′ a U-cell can
have dG′-diameter of order L′ and the clustering form [BF80, (9.122)] would therefore cost
eO(m̃L′) = eO(τ) per non-seed cell. As F loc

1 (X,NX) depends neither on ψ nor on s, we may

move eεF
loc
1 into the supremum.

For an anchor S0, Σsat(S0) is the set of seed configurations σ = (Z,NZ) with Z ⊇ S0
each element of which meets S0. We write F loc

1 (S, NS) for the sum of F1(Sβ) over the wall
components of a wall polymer S, and DI for the largest number of interfaces within Euclidean
distance g of a given interface or site. The conditions (β1), (β3), (β4) on β0GM are (S1.5) of
Section S1.8.

Proposition A.8 (Core estimate). Let (U, k) be admissible, βGM ≥ β0GM and ε ∈ [0, c′/2].
For every seed configuration σ = (Z,NZ) in (U, k),∑

X⊇Z
X⊆U

∑
NX∈Nσ(X)

|K(Z)
NX

(X)| eα|X|+εF loc
1 (X,NX) ≤ P ′ ecS |Z

o| e−(11c′/16−ε)F loc
1 (Z,NZ), (A.10)

and the sum restricted to X ̸= Z is at most cD16 times the right side. Consequently Lemma 7.48
holds.

Proof. This is the per-cell bound of [BF80, §9.8] after Lemma 7.37, with e−F
loc
1 booked region

by region, followed by a split of the sum by the first set.
(1) Booking. Proposition A.7 (c′1 = c′/4, with the extraction eεF

loc
1 ), Proposition 7.35,

Lemma 7.38 and Proposition 7.39 leave e−(3c′/4−ε)F loc
1 (X), the part on Z constant on Nσ(X).

We book this factor by Table S1.4 (Section S1.8): on X \ Z we book c′/16 for |D|, |F ′
2| and

c′/8 for the wall polymers, and on Z we book c′/32 for |D|, |F ′
2| and c′/32 for the cells of ZΣ

under (β1). Then each non-seed cell carries at most ε∆ ≤ 1
2c
D
16 ≤ 1

2 by (β4), lone seed cells
carry at most ecS , and the seed retains c′ − c′/4 − ε − c′/32 − c′/32 = 11c′/16 − ε, which is
(A.10). Terms with X ̸= Z contain a non-seed cell and gain 1

2c
D
16.

(2) Splitting. The map (X,NX) 7→ (σ(NX), X,NX), σ(NX) := (Z,NX |E(Z)) with Z :=
satNX

(S0), is a bijection onto the triples with σ ∈ Σsat(S0), X ⊇ Z, NX ∈ Nσ(X), preserving
the summands (Lemma 7.23).

(3) Entropy of the first set. As 11c′/16−ε ≥ c′/8, the left side of Lemma 7.48(a) is at most

P ′ecS |S0|∑
σ

∏
S e

−(c′/8)F loc
1 (S,NS). The wall polymers of σ, assigned to their first cells in S0

and counted by their wall interfaces and values (Lemmas 5.8, 7.30(a)), give the factor 1+ ηseed
per cell of S0 under (β3). This gives (a), then (b), and (c′) with P ′ = 1, Zo = ∅. We give the
details in Section S2.7.

B Brydges–Federbush Section 9.8 bookkeeping on slit domains

In this appendix we prove Lemma 7.38 and Proposition 7.39, the bookkeeping of [BF80, §9.8,
(9.81) to (9.824)] on G′. In Debye units (bD := βGMm̃) each field derivative carries b

1/2
D and
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each coefficient 1/bD. A lone cell is of class A and contains a link end or a Mayer cube
(minimality of [GM82, (E.11)]), which gives it net weight ≥ 1

6 . Cells of XΣ are paid by F loc
1 .

We control factorials by pinning. Since O((1 + r)3) cells lie within distance r of a cell, a sum
of N distances grows like N4/3, which outweighs log((N !)qpin).

Setting. Cells are U-cells, grid cells are denoted Ω, and volD(∆) := m̃3#∆ ∈ [cu, Cu].
Classes A, B and X = Z ⊔ XΣ ⊔ Xo are those of Section 7.6 (seed cells in wall polymers
count with XΣ). On a class-A cell ϑ = ψ modulo PZ in each phase. In the seeded activity
of Section 7.6, Xi := Y1 ∪ · · · ∪ Yi and κ(ȳ, s) = κ(n − 1) · · ·κ(1) as in [GM82, (E.9), (E.10)]
(Appendix C). When its brackets are expanded, κ(i) is of one of five kinds: K0 = ∂siE

(i), K1
= Ċ∂x∂y, K2 = Ċ∂x(∂yE), K3 = Ċ(∂xE)∂y and K4 = Ċ(∂xE)(∂yE). Here ∂x := ∂/∂ψ(x),
x ∈ Yi+1 and y ∈ Xi. An E-factor is one Mayer term of E(X, s) of the forms [GM82, (E.5a)
to (E.5d)], with its coefficient ρt and its t factors. Derivatives act on the factors to the
right of the differentiation, as in [GM82, (E.13) to (E.16)] (the rule of [BF80, p. 229]). The
ψ-dependent atoms of Q♮(X) are: (a1) rΩ of (7.4), for each grid cell Ω ⊆ X; (a2) eG2(Ω),

G2(Ω) := G2,1(Ω)+G2,2(Ω); (a3) e
gDz , z ∈ X∩D; (a4) eg

♮
z , z ∈ X\D; (a5) e−F2(X) = e−⟨1Xψ,F ′

2⟩.

Here gDz , g
♮
z are the z-terms of GD

2,3, G
♮
2,3 and, pairing m with −m by (S3),

G2,1(Ω) =
∑
z∈Ω

∑
m

ρref(m)f2(mβ
1/2
GMδ̃(z)), G2,2(Ω) =

∑
z∈Ω

∑
m

ρref(m)vm(Ω)f1(mβ
1/2
GMδ̃(z)),

(B.1)

with f1(y) := eiy − 1− iy, f2(y) := cos y − 1 + 1
2y

2 and vm(Ω) := eimβ
1/2
GMavgΩϑ − 1. Thus G2,1

is of fourth order in δ̃. The factors of an E-factor are ε(ξ) = eimβ
1/2
GM(ϑ(x)+h(x)) − 1 in (E.5a),

ε̃(ξ) := ε(ξ)− imβ1/2GMψ(x) in (E.5b) to (E.5d), and the ψ-factor imβ
1/2
GMψ(x) in (E.5c), (E.5d).

Lemma B.1 (Debye units). Put dx̂ := m̃3× counting measure on V , ψ̂ := m̃−1/2ψ, δ/δψ̂(x̂) :=
m̃−5/2∂/∂ψ(x), Ĉ(x̂, ŷ) := m̃−1C ′

s(x, y) (likewise for ∂siC
′
s), and ĉ := m̃−3c for a coefficient

c(x) per site. Then (a)
∑

x,yK(x, y)∂ψ(x)∂ψ(y) =
∫∫

dx̂ dŷ m̃−1K(x, y) δ
δψ̂(x̂)

δ
δψ̂(ŷ)

; (b) if F (ψ) =∑
z c(z)f(β

1/2
GMψ(z)), then δF/δψ̂(x̂) = ĉ(x̂) b

1/2
D f ′(b

1/2
D ψ̂(x̂)): each derivative of a function of

β
1/2
GMψ produces exactly b

1/2
D ; (c) |Ĉ(x̂, ŷ)| ≤ (2K ′′

1 /λPV)e
−rcovd(x,y), Ĉ(x̂, x̂) ≤ αDK1/λPV and

supx̂
∫
dŷ |Ĉ(x̂, ŷ)|ercovd(x,y) ≤ 2K3; (d) for a cell ∆, k ≥ 2 and Ck ≤ Ck!(2κS)

−k: (M1)∫
∆ dx̂

∑
m |ρ̂ref(m)||m|k ≤ CkvolD(∆)/bD; (M2)

∫
D∩∆ dx̂

∑
m |ρ̂1 − ρ̂ref ||m|k ≤ Ckcdep; (M3)∫

∆\D dx̂
∑

m |ρ̂1 − ρ̂ref ||m|k ≤ Ckθ
′volD(∆)/bD; (M4) for t ≥ 2, a set a of cells and a cell

a∗ ∈ a,

1

t!

∫
Ξt(a)

dx̂1 · · · dx̂t
∑

m1,...,mt

|ρ̂t| e2κS
∑

i |mi| ≤ tKM4C
t
M4

4 volD(a∗)

bD
e−µ(t−1)e−(1−δGM)(A/m̃)L̂(a),

and hence, for all integers k1, . . . , kt ≥ 0, the left side with
∏
i |mi|ki in place of e2κS

∑
i |mi| is

at most
∏
i ki!(2κS)

−ki times the right side. Here Ξt(a) is the set of (x1, . . . , xt) ∈ V t such that

a is the set of the cells that contain some xi, A is the rate of (S2), L̂(a) := m̃LG′(a) is the tree
length of (S2) of the cells of a, each listed once, in Debye units, CM4 := (1 − C)−1 per point
and KM4 := e2κS (1−C)−10, where C is the parameter of (S2), fixed in (0, 14 ] (Section S1.1.1).
The left side is the sum over all assignments of the t points to the cells of a that use every cell;
it contains

∫
a1

· · ·
∫
at

for each t-tuple of cells with {a1, . . . , at} = a.
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Proof. Parts (a) and (b) are the change of variables (m̃−5/2β
1/2
GM = m̃−3b

1/2
D ). Part (c) is

Theorem 6.11 for C ′ ≤ αDC0 (Lemma 7.29), with MY /m̃ = 1/λPV and entrywise domina-
tion of C ′

s. Bound (M1) follows from βGM
∑

mm
2ρref(m) = m̃2 and (S4′). Bounds (M2)

and (M3) follow from Propositions 6.17, 6.6 and (7.26). We derive (M4) from (S2). As
e2κS

∑
i |mi| = e2κSe2κS(

∑
i |mi|−1), the left side is e2κS 1

t!

∑
x∈Ξt(a)

∑
m |ρt|e2κS(−1+

∑
i |mi|) (in De-

bye units
∫
dx̂ |ρ̂| =

∑
x |ρ|). Each x ∈ Ξt(a) has a coordinate in a∗. As ρt, the weight

and Ξt(a) are symmetric, the sum is at most t times its part with x1 ∈ a∗. For x ∈ Ξt(a),
LG′(x1, . . . , xt) ≥ LG′(a). Indeed, in a tree for x1, . . . , xt we keep one marked vertex in each
cell of a and declare the others auxiliary. Hence the part is at most e−(1−δGM)ALG′ (a) times
the left side of (6.5) with s = t and a1 = a∗, and (S2), (1 − C)−t−10 = (1 − C)−10C t

M4 and
|a∗|m2

D/βGM ≤ 4 volD(a∗)/bD (mD ≤ 2m̃) give (M4). The form with
∏
i |mi|ki follows from

|m|k ≤ k!(2κS)
−ke2κS |m|. No factorial arises, because the sum over the assignments (|a|!S(t, |a|)

of them, with S as in the proof of Lemma A.6) is a part of the sum over all ordered tuples of
points in (S2), and the decay is read off the weight on that part.

Thus the expansion is that of [BF80, §9.8] with l̃D = 1, β → bD, on a fine lattice with
a regularized covariance, and infinitely many charges only produce the k! in (d). A factor f
has weight w if |f | ≤ KbwD · (field monomial) · (numerical factors) for all positions in their cells
and all fields, with K independent of bD, L

′, τ . Here a field monomial is a product of values
|ψ̂(x̂)| and averages avgΩ|ψ̂|, paid by the Wick bound T1 (each |ψ̂| costs (αDK1/λPV)

1/2). A
numerical factor is |δD̂(x̂)| := |D̂(x̂)− avgΩD̂| or |F̂ ′

2(x̂)|, with D̂ := m̃−1/2D, F̂ ′
2 := m̃−5/2F ′

2.
The weight of a term is the sum of those of its factors.

Lemma B.2 (Types i) to viii) and the Leibniz count). Expand every derivative of κ(ȳ, s) by
the Leibniz rule, as in [BF80, (9.84), (9.85)]. (a) κ(ȳ, s)Q♮(X) is a finite sum of terms,
each labelled by the kinds, the E-factors, and a map l that sends each derivative to one
atom or one factor of an E-factor which depends on the derivative’s point and lies to its
right; the term is [

∏
i ∂siC

′(xi, yi|s)]
∏
a ∂

l−1(a)a
∏
e[coefficient of e ·

∏
ϕ∈e ∂

l−1(ϕ)ϕ]. (b) The

multiple derivatives are of the types: i) ∂SrΩ; ii) from an observable (absent here); iii)

∂Se−F2 = (−1)|S|
∏
j∈S F

′
2(xj)e

−F2; iv) ∂Sε, ∂S ε̃, ∂S(imβ
1/2
GMψ); v), vi) the Faà di Bruno

blocks ρref(m)∂B[vmf1] and ρ
ref(m)∂B[f2] of ∂

SeG2(Ω); vii), viii) the Faà di Bruno blocks of

∂Seg
D
z and ∂Seg

♮
z . (c) With nα link ends, mα factors of E-factors and wα (= 0 here) factors

of an observable in the cell ∆α, the number of maps l is at most
∏
α(mα +wα + 5)nα, and for

cp > 0, n ≥ 1 and integers m,w ≥ 0, (m+w+5)n ≤ Cn+wr n! ecpm with Cr := 4e5max(1, 1/cp).

Proof. This is [BF80, (9.84) to (9.87), Lemma 9.10] with two new types, vii) and viii). A bare

derivative at x ∈ ∆α can hit rΩ(x), e
G2(Ω(x)), eg

D
x or eg

♮
x , e−F2 , or one of the mα + wα factors

in ∆α. The count therefore has +5 in place of the +3 of [BF80, (9.86)]. The undifferentiated

exponentials recombine into eG
♮(X) and e−F2 , which stay in T4 and T2 of Proposition 7.35. We

bound each rΩ by Lemma 7.31, whose factor is included in T3. The last inequality follows from
(m + w + 5)n ≤ 2n(mn + (w + 5)n), mn ≤ n!c−np ecpm and (w + 5)n ≤ n!ew+5. The factor n!
is paid by pinning (Lemma B.4). Within a fixed l the further expansions (Faà di Bruno, the
Leibniz rule inside vmf1, the two parts of ∂δ̃(z)/∂ψ(x), the charge sums of Lemma B.1(d))
cost at most Cnα(nα!)

2 per cell, and ecp
∑

αmα =
∏
e e

cpte is a constant per E-factor, absorbed
in the Constants step of the proof of Proposition B.7.
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Lemma B.3 (Witness). (a) Link localization. Let 1 ≤ i ≤ n − 1 and let Y ∈ Ỹ (h) with
Y ⊆ Yi+1. Then Y contains the point xi of the bare derivative of κ(i) (kinds K1, K2), or a
cube of an E-factor of κ(i). (b) Every lone cell is of class A, and F ′

2 = 0 on it. (c) Let ∆ ∈ Xo

with ∆ ⊆ Yi+1, i ≥ 1. Then (W1) the bare derivative of κ(i) sits at xi ∈ ∆ and hits an atom
of kind (a1) to (a4) of ∆, or (W2) an E-factor of κ(i) has a cube equal to ∆.

Proof. (a) By [GM82, (E.11)], Yi+1 is the smallest union of elements of Ỹ (h) containing O−Xi,
where O, the support of the term of κ(i), consists of the cubes of its E-factors and the cube of
a bare xi if there is one. An element Y ⊆ Yi+1 meeting no point of O−Xi would make Yi+1 \Y
a smaller such union. As cells are U -cells, “meets” is “contains”. (b) suppDβ, suppF

′
2,β ⊆ Sβ

(Proposition 7.8), and a lone cell lies in no wall polymer. (c) By (a), ∆ contains xi or a cube
of an E-factor of κ(i) (W2). In the first case the bare derivative hits a factor to its right
depending on ψ(xi): an atom (a1) to (a4) at xi gives (W1); (a5), and the derivatives of e−F2 ,
give F ′

2(xi) = 0 by (b); a factor at xi of the E-factor of the y-bracket of κ(i) (kind K2) gives
(W2); all other factors are functions of ψ on Xi, which is disjoint from Yi+1.

For each ∆ ∈ Xo we fix one witness, (W1) if available and otherwise an E-factor e as in
(W2). Let W (e) denote the set of lone cells witnessed by e. Each lone cell lies in exactly one
Yi+1, and κ(i) has at most two E-factors. It follows that all cells of W (e) lie in Yi(e)+1, where
κ(i(e)) is the link of e.

The cells of G′ have polynomial growth: #{∆ : dist(∆0,∆) ≤ r} ≤ Kg(1 + r)3 in Debye
units, for the Euclidean distance between cells and Kg := (4π/3)max(1, 2CU )

3/cu, by (R7)
and volD ≥ cu. Links have one end in Yi+1 and one in Xi. The sets Yi+1 are pairwise disjoint.

Lemma B.4 (Pinning with Euclidean distance). (a) Let ∆0 be a cell and ∆1, . . . ,∆N cells,
each repeated at most twice, with rk := dist(∆0,∆k) (Euclidean, in Debye units). For q ≥ 1
and cp > 0, (N !)q ≤ cNN exp(cp

∑
k rk) with cN := ecp max(1, 3q/(cpag))

3q, ag := 3
4(2Kg)

−1/3.

(b) Let d :=
∑

i dist(∆
′
i,∆

′′
i ) be the total length of the links, L̂E(e) the Euclidean Steiner length,

in Debye units, of the cells of the E-factor e (the least Steiner length of points chosen in its
cells), and L̂0 :=

∑
e L̂

E(e). Pin each E-factor e at a set Π(e) of at most four of its cells
(chosen in Theorem B.6), and let Nα := #{e : ∆α ∈ Π(e)}, in either class. Then, with

c = c(q, cp,Kg, CU ),
∏
α(nα!)

q ≤ c
∑
nαecpd and

∏
α(Nα!)

q ≤ c#Ee4cp(L̂0+2d).

Proof. Part (a) is [BF80, Lemma 9.11, (9.820)], with the growthKg(1+r)
3 in place of the lattice

count of [BF80, Appendix 2]. In increasing order the distances satisfy r(k) ≥ (k/(2Kg))
1/3− 1.

Summing these bounds, we obtain
∑

k rk ≥ agN
4/3 − N . Moreover, qN logN − cpagN

4/3 ≤
3qN log+(3q/(cpag)). (b) We first treat the derivatives. Since ∆α lies in exactly one Yi+1, at
most one x-end lies in ∆α. All other ends in ∆α are y-ends yj of links j with ∆α ⊆ Xj , whose
partners xj lie in Yj+1, disjoint for distinct j. We apply (a) to the y-ends, with n! ≤ 2n(n−1)!.
For the E-factors, let e be pinned at ∆α, with link i = i(e). If ∆α ⊆ Yi+1, there are at
most two such e. Otherwise ∆α ⊆ Xi and e reaches Yi+1: for K0 since ∂siE

(i) keeps only
Mayer terms with cubes in Xi and in Yi+1; for the x-side E-factor of K3, K4 through a factor
at xi; for the y-side one of K2, K4 through a factor at yi, joined to xi by link i. Thus
dist(∆α, Yi+1) ≤ L̂E(e) + 2CU + di, as L̂

E(e) is a Steiner length over points of the cubes of e
and cells have Euclidean diameter at most CU in Debye units. The partner is the cell of Yi+1

nearest to ∆α. Since distinct links give disjoint Y ’s and a link has at most two E-factors, each
partner is used at most twice. We apply (a). Each e appears at most |Π(e)| ≤ 4 times and
each link at most twice, and the factor e8cpCU is absorbed into c.
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factor ([BF80]) k bound weight

v) vm(Ω), any class (9.814) ≥ 1; 0 (|m|b1/2D /v−)
k; 2 k/2; 0

vm(Ω), class A 0 |m|b1/2D |ψ̂Ω| 1/2

vi) f1(mb
1/2
D δ̂) (9.815) 0; 1; ≥ 2 1

2
m2bD|δ̂|2; m2bD|δ̂|; (|m|b1/2D )k 1; 1; k/2

f1, bounded form 1 2|m|b1/2D 1/2

vi) f2(mb
1/2
D δ̂) ≤ 4; ≥ 4 m4b2D|δ̂|4−k; (|m|b1/2D )k 2; k/2

f2, bounded form 2; 3 2m2bD; |m|3b3/2D 1; 3/2

iv) ε̃, class A (9.816) 0; 1; ≥ 2 1
2
m2bD|ψ̂|2; m2bD|ψ̂|; (|m|b1/2D )k 1; 1; k/2

ε̃, class B (9.818) 0; 1 2 + |m|b1/2D |ψ̂|; 2|m|b1/2D 0; 1/2

ψ-factor, any class (9.816) 0; 1 |m|b1/2D |ψ̂|; |m|b1/2D (zero for k ≥ 2) 1/2; 1/2

ε, any class (9.817) ≥ 1 (|m|b1/2D )k k/2

ε undistinguished; distinguished,
class A (9.819)

0 2; |m|b1/2D |ψ̂| 0; 1/2

vii) cos(mb
1/2
D ϑ̂)− 1 ≥ 1 (|m|b1/2D )k k/2

viii) f2(mb
1/2
D ψ̂), class A ≤ 4; ≥ 4 m4b2D|ψ̂|4−k; (|m|b1/2D )k 2; k/2

viii), class B 1; 2; ≥ 3 |m|b1/2D +m2bD|ψ̂|; 2m2bD; (|m|b1/2D )k 1
2
; 1; k/2

i) rΩ (Lemma 7.31) ≥ 0 c7(c
′
7b

1/6
D /v−)

kec
′′
7 k log ke

1
2
ηHm̃2 ∑

Ω ϑ2

k/6

iii) F̂ ′
2, class B only numerical factor 0

Table B.1: Bounds per type (Lemma B.5(a)).

With cp of Proposition 7.36 and rC = rcov/m̃, the factor e9cpd is paid by the link decay

e−rCdist(∆′
i,∆

′′
i ) of Lemma B.1(c), leaving e−(δ̄+(rC−δ̄)/2)dist. The factor e4cpL̂0 is paid by the

Mayer decay of (M4), with the factors ec10LηA of κ′ (see the Tree weights step of the proof of
Proposition B.7), as L̂ ≥ 3−1/2L̂E and, on outputs, (1−δGM)A/

√
3 ≥ 1

2κYMY ≥ 2rCm̃ > 4cpm̃
for δGM ≤ 1

2 (Proposition 6.10). Finally, c#E ≤ c2#X is a constant per cell, as a link has at
most two E-factors and there are n−1 < #X links. In [BF80, (9.821)], Nα counts distinguished
factors ε in class-A cubes. The proof in [BF80, Appendix 2] does not use the class, and (b)
pins E-factors at cells of either class, as required by Proposition B.10. As in [BF80, (9.822)],
we multiply each term by 1 = fq ·

∏
α(nα!)

q(Nα!)
q, fq :=

∏
α(nα!)

−q(Nα!)
−q, and bound the

second factor by (b).
We state the bounds below in the variables of Lemma B.1, at fixed positions, for k

derivatives at points of the factor’s cell (for site factors, at the site). Here δ̂ := m̃−1/2δ̃,
ψ̂Ω := avgΩψ̂, and vΩ ∈ [v−, v+] is the Debye volume of a grid cell. The chain-rule factors
δ(ψ̂Ω)/δψ̂(x̂) = 1Ω(x̂)/vΩ and δδ̂(ẑ)/δψ̂(x̂) = δ̂(x̂− ẑ)−1Ω(x̂)/vΩ, δ̂(x̂− ẑ) := m̃−31[x = z], are
not shown. They are absorbed when the line end is integrated, or bounded by 1/v−. In class
B, |δ̂| ≤ |δ̂ψ̂|+ |δD̂|. A row of Table B.1 with an equation number of [BF80] is that bound in
Debye units, with the charges and volumes shown. The other rows are new.

Lemma B.5 (Per-type bounds). (a) With C numerical and |m| the charge of the factor, the
factors satisfy the bounds of Table B.1. (b) Vertex weights. A vertex is a block B on a G2-, vii)-
or viii)-atom with its coefficient, an rΩ with all its derivatives, an E-factor with its coefficient
and factors, or one factor F̂ ′

2. The coefficient weight is −1 for one-body, off-D and Mayer

coefficients ((M1), (M3), (M4)) and −1
6 for deficit coefficients on D ((M2) with cdep ≤ b

−1/6
D

for τ ≥ τ0). For a block with k = |B| ≥ 1: a G2,1-block has weight ≥ 1 in class A, ≥ 0 in class

B if k ≥ 2, and for k = 1 in class B it is a term of weight 0 equal to δ̂(x̂) at the derivative
point plus a term of weight −1

2 with no field or numerical factor; a G2,2-block has weight ≥ 1
2
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in class A and ≥ −1
2 in class B (≥ 0 if k ≥ 2), with no numerical factor; a vii)-block has

weight ≥ 1
3 ; a viii)-block has weight ≥ 1 in class A and ≥ −1

2 in class B (≥ 0 if k ≥ 2); rΩ with

k derivatives has weight k/6; F̂ ′
2 has weight 0. So in class A every non-E vertex has weight

≥ 0, and ≥ 1
6 if it carries a derivative; in class B every non-E vertex has weight ≥ −1

2 , and is
negative only for single-derivative blocks.

Proof. (a) By Lemma B.1(b) each derivative of a function of β
1/2
GMψ = b

1/2
D ψ̂ brings b

1/2
D , and

each derivative of ψ̂Ω brings 1/vΩ. This gives the rows of [BF80]. For the new rows we use the

following facts. In class A, vm(Ω) = eimβ
1/2
GMavgΩψ − 1 (as h ∈ PZ) and |eit − 1| ≤ |t|. Next,

|f ′1| = |eiy − 1| ≤ min(|y|, 2). Further, f
(j)
2 (0) = 0 for j ≤ 3 and |f (4)2 | ≤ 1, hence |f (k)2 (y)| ≤

|y|4−k/(4− k)! for k ≤ 4, |f (k)2 | ≤ 1 for k ≥ 4, |f (2)2 | = |1− cos y| ≤ 2 and |f (3)2 | = | sin y| ≤ 1.

For vii), |∂kt eimt| = |m|k. In class A the factor viii) is f2(mb
1/2
D ψ̂(ẑ)), and in class B its first

derivative is −mb1/2D sin(·) +m2bDψ̂ and its second m2bD(1 − cos(·)). Row i) is Lemma 7.31

with ∂AΩ/∂ψ(x) = m̃3/vΩ. For iii), F2 =
∫
dx̂ ψ̂F̂ ′

2 and suppF ′
2 ⊆

⋃
Sβ. (b) The coefficient

weights are those of (M1) to (M4). Moreover, cdep = O(log τ), while b
−1/6
D = e0.416τ(1+o(1)).

For G2,1 in class A the weight is −1+2 for k ≤ 4 and −1+k/2 for k ≥ 4, while in class B with
k = 2, 3 the bounded forms give −1 + 1 and −1 + 3

2 . In class B with k = 1, as
∑

z∈Ω δ̃(z) = 0

and f ′2(y) = y − sin y, we have ∂xG2,1(Ω) = m̃2δ̃(x) −
∑

m ρ
ref(m)mβ

1/2
GM[sin yx − avgΩ sin y],

whose first term is (bD
∑

mm
2ρ̂ref(m))δ̂(x̂) = δ̂(x̂) (weight −1 + 1

2 +
1
2) and whose second has

weight −1 + 1
2 . For G2,2 we split k = k1 + k2 between vm and f1. In class A the weight is

−1+ 1
2 +max(1, k2/2) if k1 = 0, else −1+k1/2+max(1, k2/2). In class B we distinguish three

cases. If k2 = 0, then
∑

z∈Ω f1(yz) =
∑

z∈Ω(e
iyz − 1) as

∑
z yz = 0, which is bounded by 2#Ω

with no numerical factor, and hence the weight is −1 + k1/2 ≥ −1
2 . If k2 = 1, the bounded

form gives −1 + k1/2 +
1
2 . If k2 ≥ 2, the weight is ≥ −1 + k1/2 + k2/2 ≥ 0. For a vii)-block

the weight is −1
6 + k/2. For a viii)-block it is −1+ 2 in class A, and −1+ 1

2 , −1+ 1, −1+ k/2
in class B.

A factor of an E-factor is gaining if its weight is at least 1
2 . This is the case for all

differentiated factors, in either class, for all distinguished ε’s (class A), for all ε̃’s and ψ-factors
in class A, and for all ψ-factors in class B. Each factor has weight ≥ 0. We select distinguished
factors as in [BF80, p. 232], with the attribution to cells fixed by Rule D.

Rule D. Let e be an E-factor of type (E.5a), t ≥ 3. (D-a) For each ∆ ∈ W (e) in which e
has no differentiated factor, we distinguish one undifferentiated ε of e in ∆ (it exists, since e
has a cube equal to ∆). (D-b) While e has fewer than three gaining factors, we distinguish
another undifferentiated ε of e in a class-A cell, if there is one. All other undifferentiated ε’s
are bounded by 2. For types (E.5b) to (E.5d) no choice is made. The pinning set Π(e) consists
of the cells of the factors distinguished in (D-b) (at most three) for (E.5a), or of the cells of
e (at most two) for (E.5b) to (E.5d), together with the charged cell defined below, if there is
one. Hence |Π(e)| ≤ 4.

Let P (e) be the weight of e under Rule D. An E-factor gives 1
6 to each cell of W (e). Its

remainder ϱ(e) := P (e)−|W (e)|/6 is assigned to one chosen class-B cube of e (its charged cell)
if e has a class-B cube, and to any cell of e otherwise. We call e charged if ϱ(e) < 0. Each
non-E vertex is assigned to its own cell.

Theorem B.6 (Net weight per lone cell). In every term, after this distribution: (i) every cell
∆ ∈ Xo receives weight at least 1

6 ; (ii) every class-A cell receives weight at least 0; (iii) every
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class-B cell receives weight at least −N ch
∆ − 1

2n
(1)
∆ , where N ch

∆ is the number of E-factors charged
to ∆ and n

(1)
∆ ≤ n∆ the number of single-derivative blocks in ∆. The value 1

6 is attained, both
by a lone cell whose only vertex of positive weight is rΩ with one derivative, and by an E-factor
of type (E.5a) with t = 3 whose three factors are undifferentiated ε’s in three cells of W (e).

Proof. We first treat the E ledger. If all cubes of e are of class A, then P (e) ≥ |W (e)|/6 and
P (e) ≥ 0. In general P (e) ≥ −1 + |W (e)|/2, and hence ϱ(e) ≥ −1. Indeed, suppose first that
all cubes are of class A. For (E.5a), (D-b) stops only when e has g(e) ≥ 3 gaining factors,
and the cells of W (e) contain distinct gaining factors by (D-a), hence g(e) ≥ max(3, |W (e)|)
and P (e) ≥ −1 + g(e)/2 ≥ g(e)/6 ≥ |W (e)|/6. For (E.5b), P (e) ≥ −1 + 1 + 1, and for
(E.5c), (E.5d), P (e) ≥ −1 + 1 + 1

2 , both ≥ 2
6 . In general the cells of W (e) are lone, hence of

class A (Lemma B.3(b)), each contains a gaining factor of e, and all other factors have weight
≥ 0. (ii) A class-A cell receives its non-E vertices (weight ≥ 0 by Lemma B.5(b)), credits 1

6 ,
and remainders ϱ(e) ≥ 0 of E-factors with no class-B cube. (i) Let ∆ ∈ Xo with its witness
(Lemma B.3(c)). In case (W1) a derivative hits an atom of ∆. If this atom is rΩ, its vertex has
weight ≥ 1

6 , and otherwise the Faà di Bruno block containing the derivative has weight ≥ 1
3

(class A). In case (W2), ∆ ∈W (e) receives 1
6 from e. All other items received are ≥ 0, as in (ii).

(iii) Class-B non-E vertices have weight ≥ −1
2 , with negative weight only for single-derivative

blocks. Charged remainders are ≥ −1, and uncharged ones are ≥ 0. As for attainment, the
first example is (W1) with Lemma B.5(b). In the second, P (e) = −1+ 3

2 = 3 · 16 , with nothing
left over.

Each field factor of an E-factor lies in a cell of Π(e) or is the single (D-a) factor of a lone
cell, and a non-E vertex carries at most four field factors per derivative. Hence the number nj
of field factors in the cell ∆α satisfies nj ≤ 1 + 4(nα +Nα).

Proposition B.7 (Per-cell form of (9.824)). Fix the constants of Section 7.6, with c10 ≤ 7
9rC

in Lemma 7.37, qpin := q0 +2 with q0 := 8+ c′′7, and cp of Proposition 7.36. For every term κ′

of the activity of a polymer X with seed Z (kinds and link-end cells fixed, and for each E-factor
e its number te of points and the set a(e) of cells containing them; κ′ contains, inside | · |0, the
sum over all configurations of the points of e with this set of cells, that is, over the assignments
of the te points to the cells of a(e) that use every cell, over their positions in these cells and
over their charges, and over the forms [GM82, (E.5b) to (E.5d)] if te = 2), every hX and every
s, ∫

dµC′
s

∣∣eE(X,s)κ′Q♮(X)
∣∣
0
≤ P ′

G e
CDcdepND(X) e−c

′F loc
1 (X)+ c′

16
F loc
1 (X\Z)+ c′

32
F loc
1 (Z)

×
∏
i

e−(δ̄+(rC−δ̄)/2)dist(∆′
i,∆

′′
i )
∏
e

me

∏
∆⊆X

Ψ∆,

where me := e−(µ−1−2c′′10)(te−1)e−rC L̂
E(e) is the leftover Mayer weight, L̂E(e) the Euclidean

Steiner length of the cells of a(e) (Lemma B.4(b)) (me ≤ 1 for µ ≥ 1+2c′′10), and Ψ∆ ≤ KB
0 for

every class-A cell, Ψ∆ ≤ KB
0 b

1/6
D for ∆ ∈ Xo, and Ψ∆ ≤ KB

0 e
cB(bD) for every class-B cell, with

cB as in Proposition B.10. The constant KB
0 depends only on λPV, C, µ, κS , δGM, qpin, cp, c

′,
the constants of Theorem 6.11, Lemma 7.31 and the Wick bound, and the geometry constants
cu, Cu, CU , DU , v±; it does not depend on bD, L

′ or τ .
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We give the proof after Lemma B.9.
The numerical factors δD̂ = D̂− avgΩD̂ and F̂ ′

2 sit at line ends integrated freely over their
cells. For a term we put N :=

∏
j

∫
∆j

|Nj(x̂)| dx̂, the product over its numerical factors Nj ,

and nN∆ ≤ n∆ denotes the number of them in the cell ∆.

Lemma B.8 (Numerical factors). All numerical factors lie in class-B cells. For every union
Y of elements of Ỹ (h) and every c > 0, the numerical factors located in Y satisfy

∏
j:∆j⊆Y

∫
∆j

|Nj | dx̂ ≤
∏
∆⊆Y

[(Cu
2c

)nN
∆/2

(nN∆ !)1/2
]
e3cF

loc
1 (Y ).

In particular, with 3c = c′/16 on X\Z and 3c = c′/32 on Z, N ≤
∏

∆[· · · ] e
c′
16
F loc
1 (X\Z)+ c′

32
F loc
1 (Z).

Proof. First, suppDβ, suppF
′
2,β ⊆ Sβ (Proposition 7.8(b), (e)), so all numerical factors lie in

class-B cells, and Sβ lies in one element of Ỹ (h). By the Cauchy–Schwarz inequality on each

cell and ∥δD̂∥L2(∆) ≤ ∥D̂∥L2(∆), the left side is at most
∏

∆(Cua∆)
nN
∆/2 with a∆ := ∥D̂∥2L2(∆)+

∥F̂ ′
2∥2L2(∆), and a

n/2 ≤ (2c)−n/2(n!)1/2eca. Finally
∑

∆⊆Y a∆ ≤ (2 + ε(L′))F loc
1 (Y ) ≤ 3F loc

1 (Y )
by Corollary 7.10, Theorem 7.16 and Corollary 7.18.

Lemma B.9 (Factorials). All factorials produced in a term are at most
∏
αC

nα+Nα(nα!)
q0(Nα!)

q0

with q0 := 8 + c′′7. Consequently the pinning factor fqpin with qpin = q0 + 2 absorbs them and
leaves

∏
α(nα!)

−2(Nα!)
−2.

Proof. We count the factorials per cell, up to factors Cnα+Nα . The Wick bound T1 ≤
c
∑
nj

T

∏
j nj ! with nj ≤ 1+ 4(nα+Nα) gives (nα!)

4(Nα!)
4, the expansions inside the types and

Lemma B.2(c) give (nα!)
3, Lemma 7.31 gives (k!)c

′′
7 (since k log k ≤ log k!+k), and Lemma B.8

gives (nα!)
1/2. The total exponent is 7.5 + c′′7 ≤ q0.

Proof of Proposition B.7. We follow the argument of [BF80, (9.88) to (9.823)] on G′, make it
quantitative, and add the payment of the tree weights of κ′.

Assignments. For each E-factor e we fix its form and a surjection πe : {1, . . . , te} → a(e),
the cell of each of its points. We carry out the steps headed Count, Pinning, Hölder and
positions up to the integration of the points of the E-factors, Numerical factors and factorials
and Weights for the terms with these assignments. In these steps the maps l, Rule D, the
pinning sets Π(e), the witnesses and the weights P (e) are those of these terms. The bounds
these steps give do not depend on the assignments. The numbers mα, nα, Nα, nj enter only
through Lemmas B.2(c), B.4(b), B.9 and the Wick bound, whose right sides are uniform, and
L̂E(e) depends only on a(e). The positions and charges of the points of e enter only through |ρ̂te |
and

∏
i |mi|ki , ki the number of derivatives on the ith factor. By |mi|ki ≤ ki!(2κS)

−kie2κS |mi|,
the factorials ki! are among those of Lemma B.9 (the charge sums in the proof of Lemma B.2),
and the weight e2κS

∑
i |mi| does not depend on the assignment. We therefore bound the sum

over the assignments, the positions and the charges of the points of e at once by (M4) with
a = a(e). The sum over the forms costs at most a factor 3 (see the Constants step).

Count. The sum over the maps l and the further expansions is at most the number of terms
(Lemma B.2(c)) times the largest term (the “Sup” of [BF80, (9.88)]).
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Pinning. We insert fqpin and bound
∏
α(nα!)

qpin(Nα!)
qpin by Lemma B.4(b), paid as stated

after that lemma. This leaves e−(δ̄+(rC−δ̄)/2)dist per link. The Mayer part is paid in the next
step.

Tree weights. In κ′ (Lemma 7.37) an E-factor e appears as
∑

ηA e
c10LηAec

′′
10teEηA , where

LηA is the length [BF80, (A1.3)], measured with dist and with auxiliary points in V , of an

augmented tree ηA whose marked points lie in the cells of a(e), one in each (Lemma A.6), and
E =

∑
ηA EηA . Since only

∑
ηA EηA = E is used, we may put EηAe := E for one such tree ηAe of

least length and EηA := 0 otherwise. Then e carries the number ec10L
d(e)ec

′′
10te , Ld(e) := LηAe ,

which depends only on a(e), that is, on the link datum. No sum over positions at a fixed ηA

occurs (the property used in [BF80, p. 214] for constant weights bηA), because positions are
counted as sets of cells in Lemma A.6 and the assignments are summed by (M4). A minimizer
exists, since V is finite and an auxiliary vertex of degree at most 2 can be removed without
increasing the length. If LG′(a(e)) = ∞, every configuration with the cells a(e) has points
in two components of G′, hence ρte vanishes on it (Proposition 6.3(d)) and E = 0. Such a
factor is absent (its coefficient is 0, hence no product 0 · ∞ arises), as before Lemma A.6.
In what follows, LG′(a(e)) < ∞. Since dist = m̃dG′ and LG′ is computed with 3−1/2dG′ , we

have Ld(e) =
√
3 m̃LG′(a(e)) =

√
3 L̂(a(e)). Thus the Mayer decay of (M4) is e−ρSL

d(e) with
ρS := (1 − δGM)A/(

√
3 m̃) ≥ 2rC (the chain after Lemma B.4). Moreover, Ld(e) ≥ L̂E(e), as

dG′ dominates the Euclidean distance (both lengths are minima over points of the cells of e).

With the pinning factor e4cpL̂
E(e) of Lemma B.4(b) we obtain

ec10L
d(e)e4cpL̂

E(e)e−ρSL
d(e) ≤ e−(ρS−c10−4cp)L̂E(e) ≤ e−rC L̂

E(e),

because ρS − c10 ≥ 0 and ρS − c10 − 4cp ≥ 2rC − 7
9rC − 2

9(rC − δ̄) = rC + 2
9 δ̄. The payment

uses Ld, not L̂E , because on a slit graph dG′ is not bounded by a multiple of the Euclidean

distance, and hence e−rC L̂
E(e) alone cannot pay ec10L

d(e). Finally, te ≥ 2 for each E-factor
([GM82, (E.5a) to (E.5d)] and Appendix C). Hence ec

′′
10te ≤ e2c

′′
10(te−1), which cancels against

the factor e−2c′′10(te−1) of e−µ(te−1) and leaves e−(µ−2c′′10)(te−1).
Hölder and positions. At fixed positions we bound T1 by the Wick bound, T2e

−F1T3T4 by
Proposition 7.35(d), and the factors rΩ by Lemma B.5. As 0 ≤ ∂sip(x, y|s) ≤ 1 in [GM82,
(E.3)], |∂siĈ| ≤ m̃−1|C ′|. We bound each line by its supremum over its pair of end cells
(Lemma B.1(c)) and integrate its ends against a vertex point, a cell average, an rΩ-derivative
(cost at most v+/v−) or a numerical factor (kept in N ). The points of each E-factor e, summed
over the assignments, positions and charges, are integrated against its coefficient by (M4) with
a = a(e), and the other internal points by (M1) to (M3) (Lemma B.1(d)). This gives at most∏
i(2K

′′
1 /λPV)e

−rCdist(∆′
i,∆

′′
i )
∏

vertices[mass · bwD](1 + v+/v−)
2(n−1)N .

Numerical factors and factorials. We bound these by Lemmas B.8 and B.9.

Weights. We use Theorem B.6 and bD ≤ 1. A cell with weight ≥ 1
6 gets at most b

1/6
D ,

and one with weight ≥ 0 at most 1. A class-B cell gets b
−Nch

∆ −n(1)
∆ /2

D with (Nα!)
−2(nα!)

−2 from
Lemma B.9 and N ch

∆ ≤ Nα (a charged E-factor is pinned at its charged cell), and Proposi-
tion B.10 bounds the product by ecB(bD).

Constants. Each remaining constant is per line (at most two per cell, as
∑

α nα = 2(n −
1) ≤ 2#X), per cell, or per E-factor. Only E-factors whose cells lie in one component of
G′ occur (see the Tree weights step). The per-E-factor constants that grow with te are 2 for
each undistinguished ε (Rule D), CM4 for each point and the factor te of (M4), and ecp for
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each factor (Lemma B.2(c)). Their product is at most te(2CM4e
cp)te . As C ≤ 1

4 , we have

2CM4 ≤ 8
3 . Moreover, cp < rC/18 <

1
540 (rC ≤ κ0 ≤ (εHK

1 )1/2 < 1
30 , Theorem 6.11). Therefore

q := 2CM4e
cp/e ≤ 0.9829, Kt := supt≥1 tq

t−1 ≤ 22 and 2CM4e
cpKt = e supt≥1 tq

t ≤ 58. Hence

te(2CM4e
cp)te ≤ 2CM4e

cpKt e
te−1, and one factor e−(te−1) absorbs ete−1. This turns the factor

e−(µ−2c′′10)(te−1) left by the Tree weights step into e−(µ−1−2c′′10)(te−1). The per-E-factor constants
independent of te (KM4, 4Cu, 2CM4e

cpKt ≤ 58, the factor 3 for the forms when te = 2, and
the pinning constant of Lemma B.4) amount to a constant per cell, as #E ≤ 2#X. Summing
the assignments thus changes KB

0 only by the numerical factor Kt ≤ 22 per E-factor (at most
222 per cell), and the forms by at most 32 per cell, so the dependence of KB

0 stated in the
proposition is unchanged.

Proposition B.10 (Class-B cost). Let q1 ≥ 1 be the exponent of the leftover pinning factor∏
α(nα!)

−q1(Nα!)
−q1 (q1 = 2 for qpin = q0 + 2). The bD-dependent part of the factor on a

class-B cell is at most ecB(bD), where cB(bD) := q1(CE/bD)
1/q1 + q1(CGb

−1/2
D )1/q1 ≤ q1(C

1/q1
E +

C
1/q1
G )b

−1/q1
D , CE being the constant of one charged E-factor and CG that of one single-derivative

block; both are independent of L′. For q1 = 2, cB(bD) ≤ 2(C
1/2
E +C

1/2
G )b

−1/2
D . The bound gives

cB(bD) = o(ΦU ) as τ → ∞ if and only if q1 > 1.

Proof. By Theorem B.6(iii) and the Weights step of the proof of Proposition B.7, the cell

carries at most (CE/bD)
Nch

(CGb
−1/2
D )n

(1)
(Nα!)

−q1(nα!)
−q1 with N ch ≤ Nα, n

(1) ≤ nα. We may

assume CE/bD, CGb
−1/2
D ≥ 1 and raise the exponents to Nα, nα. For q, a ≥ 1, supN a

N/(N !)q ≤
(
∑

N a
N/q/N !)q = eqa

1/q
. For the last assertion, we use ΦU ≍ b−1

D β−3
GM (Proposition 7.19, as

m̃L′ = KcolβGM) and bD = e−2.4944τ(1+o(1)). If q1 > 1, then cB/ΦU ≤ Cb
1−1/q1
D β3GM → 0. If

q1 = 1, the bound is of order b−1
D and the ratio grows like β3GM. The order b

−1/q1
D cannot be

improved within the bounds of Lemma B.5. Indeed, a class-B cell can contain an E-factor all of
whose factors are undifferentiated class-B ε’s, of weight exactly −1, since ε = eimβ

1/2
GM(ψ+D+h)−1

with D ̸= 0 has no small bound. As Lemma B.4 holds for all q, the choice qpin = q0 + 2 is
admissible.

Remark B.11 (One or two derivatives on G2 in class-A cells). With the bounds [BF80, (9.814),
(9.815)] as printed on [BF80, p. 231], (cβ1/2)n · 2 for the nth derivative of a term from v),
and cβ(|δ|2−n + |g − h|2−n) if n < 2, (cβ1/2)n if n ≥ 2, for either term from vi), a G2-block
with one or two derivatives in a class-A cell carries no net power of bD: a G2,2-block whose
single derivative falls on the factor vi) has weight −1 + 0 + 1 = 0, and a G2,1-block with one
or two derivatives has weight −1 + 1 = 0. A lone cell whose only witness is such a block
then receives no power of bD; the class-A bounds of Lemma B.5(a) supply it: in a class-A cell

|vm(Ω)| ≤ |m|β1/2GM|avgΩψ| as h ∈ PZ, and by charge symmetry G2,1 is of fourth order in δ̃;
both give weight at least 1

2 (Lemma B.5(b)). Without charge symmetry the third-order form
of the second term of vi) already gives −1 + 3

2 = 1
2 .

Proof of Lemma 7.38. We insert Proposition B.7 into Lemma 7.37. With ec
L
2 |X| and ec13|X|,

its factors are distributed cell by cell as stated, with co := cL2 + c13 + logKB
0 + 2 log(2K ′′

1 (1 +
v+/v−)/λPV) (the share of the line constants, at most two lines per cell) and cB of Propo-
sition B.10 with q1 = 2. Since a class-B cell meets

⋃
β Sβ, it lies in a wall polymer, in XΣ

or in the seed. Factors on class-A cells carry in addition bwD, w ≥ 0 (Theorem B.6(ii)), with
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constants independent of L′, as are CE , CG (Section S1.7.6; no class-A cell carries D, F ′
2 or a

quantity depending on Σ̂, Proposition 7.8(b), (e)). Thus L′ enters only as stated, ε(L′) through
Lemma B.8.

Proof of Proposition 7.39. We insert Proposition B.7 into Lemma 7.37 with c′1 = c′/4 and
book F loc

1 by Table S1.4: c′/16 for the numerical factors (Lemma B.8) and c′/8 for the wall
polymers on X \Z, c′/32 for the numerical factors on Z. The share c′/8 gives each cell of a wall
polymer of X \Z the factor e−(c′/8)ΦU/(1+DU ), since F1(Sβ) ≥ ΦU#Sβ (Proposition 7.19(c)), a
closure adds at most DU cells per cell, and F loc

1 (S) ≥
∑

Sβ⊆S F1(Sβ) (by the definition of F loc
1

in Corollary 7.10). The link decay of Proposition B.7 pays eδ2d (δ2 < δ̄). The Mayer cubes
and the per-E-factor constants growing with te are paid inside Proposition B.7, and me ≤ 1 as
µ ≥ 1+2c′′10 (item 12 of Section S1.1.1). With KB := KB

0 (2K ′′
1 (1+v+/v−)/λPV)

2, independent
of bD, L

′, τ , the per-cell factors and the line-constant shares give ε∆ (Section S1.7.6). The
factor eCDcdep is present only on cells meeting D, and the rest of the factor on X \Z is at most
1. The exponent p0 =

1
6 is attained by Theorem B.6.

C Göpfert–Mack Appendix E on slit domains

In this appendix we prove Proposition 7.22. The expansion of [GM82, Appendix E] is an
algebraic identity (Bernoulli interpolation of the couplings between consecutive sets, the fun-
damental theorem of calculus, Gaussian integration by parts). Its only analytic input, absolute
convergence, needs on G′ the Poincaré inequality on cells, as the Peierls identity removes the
mass in the cell-fluctuation directions (Lemma C.2). On block cubes this is the bound of
[BF80, (9.640) to (9.642)].

Setting. Fix h. Only its walls and the integrand of Lemma 7.21 enter, and therefore ev-
erything holds verbatim for wall fields (Lemma 7.24). The covariance C is C = (C−1

0 + ν)−1

of Proposition 7.7 or C ′ of Lemma 7.29, positive definite on V with C ≤ αC0, α = 2 for C
and α = αD ≤ 7

6 for C ′. The integrand is eEQh, Qh = eGe−F
loc
1 (V )e−F2 , with G♮ for G when

C = C ′. We write ∂x := ∂/∂ψ(x). A sequence is ȳ = (Y1, . . . , Ym) of nonempty admissible sets
(Definition 7.20), pairwise disjoint, with the first set Y1 fixed before the expansion starts. Its
union is X(ȳ) :=

⋃
i Yi.

Interpolation. For pairwise disjoint admissible Y1, . . . , Yn with union X, let Yn+1 := V \X,
χi := 1Yi and, for s ∈ [0, 1]n,

p(x, y | s) :=
∑

1≤i<j≤n+1

si · · · sj−1

[
χi(x)χj(y) + χi(y)χj(x)

]
+

∑
i≤n+1

χi(x)χi(y), (C.1)

and C(s)(x, y) := p(x, y | s)C(x, y), [GM82, (E.2), (E.3)] with χn+1 = 1V \X . For x ∈ Ya,
y ∈ Yb, a ≤ b, p(x, y | s) =

∏
a≤k<b sk, and hence ∂skp ∈ [0, 1] vanishes unless x, y lie on

different sides of the cut between
⋃
i≤k Yi and

⋃
i>k Yi. For ε ∈ {0, 1}n let π(ε) be the partition

of {1, . . . , n + 1} into the maximal runs of consecutive indices joined by the k with εk = 1,
YJ :=

⋃
i∈J Yi (admissible), and λε(s) :=

∏
k s

εk
k (1− sk)

1−εk . Then

C(s) =
∑
ε

λε(s)Cε, Cε :=
∑
J∈π(ε)

1YJC1YJ , (C.2)
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since
∑

ε λε(s)Cε(x, y) is C(x, y) times the probability, for independent Bernoulli(sk) variables
εk, that a and b lie in one run. Hence λmin(C) ≤ C(s) ≤ ∥C∥ ≤ αm̃−2, C(s)(x, x) = C(x, x),
|C(s)(x, y)| ≤ |C(x, y)| (so each entrywise monotone norm of C(s) is at most that of C), and
∥M1/2C(s)M1/2∥ ≤ ∥M1/2CM1/2∥ for each symmetric M ≥ 0 commuting with all χi. For
a sequence ȳ of length n, we write Cȳ(s, sn) for (C.1) built from ȳ (s = (s1, . . . , sn−1)), dµ

′ ȳ
ssn

for its Gaussian measure and dµȳs for the measure at sn = 0.

The weights of E. By (S1) and [GM82, (E.5a) to (E.5d)], E is a sum
∑

τ eτ of terms of
two kinds: for t ≥ 3 particles, eτ = 1

t!ρt(ξ1, . . . , ξt) εk(ξ1) · · · εk(ξt), and for t = 2 the three

terms 1
2ρ2ε̃k(ξ1)ε̃k(ξ2),

1
2ρ2ε̃k(ξ1) im2β

1/2
GMψ(x2) and 1

2ρ2 im1β
1/2
GMψ(x1)ε̃k(ξ2). Here xi ∈ V ,

mi ̸= 0, εk(ξ) = eim(β
1/2
GM(ψ+g)(x)+kf(x)) − 1 and ε̃k(ξ) := εk(ξ) − imβ

1/2
GMψ(x). With supp τ :=

{x1, . . . , xt}, I(τ) is the set of k ≤ n such that supp τ meets both
⋃
i≤k Yi and

⋃
i>k Yi. We put

ws(τ) :=
∏
k∈I(τ) sk, E(Y, s) :=

∑
supp τ⊆Y ws(τ)eτ and E(Y ) := E(Y, 1), and E ȳ(Y, (s, sn))

denotes E(Y, ·) built from ȳ. This is E(X, s) of [GM82, p. 89] and E(Λ, ssn) of [GM82, p. 90,
(v)], with sites for the unit cubes ai.

Absolute convergence. Let PV be the cell-fluctuation projection, (PV φ)|Ω := φ|Ω−avgΩ φ,
and ∥ν∥0 := supx

∑
y |ν(x, y)|. The fine Poincaré inequality on cells (Theorem 3.20 (R6),

Proposition 6.9 (iv)), summed with the overlap Nov, gives ∥PV φ∥2 ≤ C ′
PL

2∥∇φ∥2, C ′
P :=

CfW (k□/L)
2Nov, and (L8-2) of Subsection 7.6 gives C ′

P (m̃L)
2 ≤ ηH/8 <

1
7 . The constants cV ,

bV , Cα below, which we use only to prove convergence, may depend on G′.

Lemma C.1 (Growth of lnQh). Let ϑ := ψ+D. For every admissible Y , every sequence, every
s and real ψ: (a) E(Y, s) is real, and E(Y, s) = BY,s(ψ) +

1
2⟨ψ, ν

Y
s ψ⟩ with |BY,s(ψ)| ≤ bV and

νYs (x1, x2) := 1Y (x1)1Y (x2)ws(x1, x2)ν(x1, x2), where ws(x1, x2) :=
∏
a≤k<b sk for x1 ∈ Ya,

x2 ∈ Yb, a ≤ b; moreover ∥νYs ∥2→2 ≤ ∥ν∥0 ≤ ενm̃
2, and |∂αE(Y, s)| ≤ Cα(1 + ∥ψ∥) for

|α| ≥ 1; (b) G2,1(Y ) ≤ 1
2(1 + Ce−2κS )m̃2∥1Y PV ϑ∥2; (c) G1(Y ) ≤ cV , |G2,2(Y )| ≤ cV (1 +

∥ψ∥1) and |G2,3(Y )| ≤ cV ; for the terms GD
2,3, G

♮
2,3 of G♮ (Lemma 7.29), GD

2,3(Y ) ≤ cV and

G♮2,3(Y ) ≤ cV + 1
2θ

′m̃2∥ψ∥2; (d) F loc
1 (Y ) ≥ 0 does not depend on ψ, F2(Y ) is linear in ψ, and

|∂α lnQh(Y )| ≤ Cα(1 + ∥ψ∥) for |α| ≥ 1.

Sketch. (a) By (S3), the terms pair into complex conjugates. With εk = ε̃k + imβ
1/2
GMψ the

terms with t = 2 give 1
2ρ2εkεk plus a part with charge sum 1

2ν. Using (S2), we bound BY,s by∑
t≥2

2t

t!

∑
|ρt|, and the Schur test with 0 ≤ ws ≤ 1 gives the norm bound. (b) Here δ̃ = PV ϑ,

and by (S3) G2,1 is a sum of terms ρref(m)[cos y − 1 + 1
2y

2] of modulus at most 1
2 |ρ

ref(m)|y2,
since 0 ≤ cos y − 1 + 1

2y
2 ≤ 1

2y
2, with βGM

∑
mm

2|ρref(m)| ≤ (1 + Ce−2κS )m̃2. Part (c) is
explicit on the finite set V , with Proposition 7.5 off D. Part (d) follows from Corollary 7.10,
Proposition 7.8, and the fact that ln rΩ is smooth and periodic in AΩ.

Lemma C.2 (Margin). Assume the standing hypothesis (7.8), and let κS be so large that
(1 + Ce−2κS )ηH/8 ≤ 1

7 , so that (L8-2) gives (1 + Ce−2κS )C ′
P (m̃L)

2 ≤ 1
7 . Put M := (1 +

Ce−2κS )m̃2PV + (εν + θ′)m̃2 for C = C ′ and M := (1 + Ce−2κS )m̃2PV + ενm̃
2 for C = C.

Then M ≥ 0 is symmetric, commutes with 1Ω for every cell Ω, M ≥ (1 + Ce−2κS )m̃2PV +
∥ν∥0 + θ′m̃21[C=C′], and

⟨φ,Mφ⟩ ≤ qM ⟨φ,C−1φ⟩, qM ≤ 1
6 (C = C ′), qM ≤ 2

7 (C = C). (C.3)
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Moreover ∥M1/2C(s)M1/2∥ ≤ qM for every sequence of admissible sets and every s, and the
same holds for 1UC1U on RU whenever U is a union of cells.

Proof. We control the cell fluctuations by the gradient through the Poincaré inequality on cells,
and the constant part by the mass. Both are dominated by C−1

0 =M−2
Y ∆2−∆+m̃2 ≥ m̃2−∆,

and C−1
0 ≤ αC−1. The projection PV is block diagonal over cells, and thus M commutes with

each 1Ω. Moreover, ∥ν∥0 ≤ ενm̃
2 by (S5). By ∥PV φ∥2 ≤ C ′

PL
2∥∇φ∥2 (see the paragraph

headed Absolute convergence),

⟨φ,Mφ⟩ ≤ (1 + Ce−2κS )C ′
P (m̃L)

2∥∇φ∥2 + (εν + θ′)m̃2∥φ∥2 ≤ 1
7⟨φ,C

−1
0 φ⟩,

which is at most α
7 ⟨φ,C

−1φ⟩, with α = αD ≤ 7
6 for C ′ and α = 2 for C (where θ′ is absent).

We now turn to the last statement. Inequality (C.3) says that ∥M1/2CM1/2∥ ≤ qM . Each Yi
and V \X is a union of cells, and hence M commutes with each χi and (C.2) applies. Since
1U commutes with M, we also get ∥M1/21UC1UM1/2∥ ≤ qM , and (C.2) applies on RU . Any
qM < 1 suffices here.

Lemma C.3 (Absolute convergence). Call F : RV → C admissible if F is C2 and, for |α| ≤ 2,
|∂αF (ψ)| ≤ KF (1 + ∥ψ∥)dF exp(12⟨ψ,Mψ⟩ + kF ∥ψ∥1). Under the hypotheses of Lemma C.2:
(a) for every admissible Y and s′, and every finite composition L of operators ∂x and of
multiplications by ψ-derivatives of E(·, s′), the function eE(Y,s′)LQh(Y ) is admissible, uniformly
in s′; (b) if t 7→ C(t) is one of the covariances (C.1) with one s-variable moving and F is
admissible, then

∫
dµC(t)|F | is bounded uniformly in t and in the other variables, t 7→

∫
dµC(t)F

is C1 on [0, 1], and

∂t

∫
dµC(t)F =

1

2

∑
x,y∈V

∂tC(t)(x, y)

∫
dµC(t) ∂x∂yF ; (C.4)

(c) if F also depends on t, is C1 in t, and ∂tF is admissible uniformly in t, then ∂t
∫
dµC(t)F =∫

dµC(t)∂tF plus the right side of (C.4).

Sketch. (a) We collect the exponents of Lemma C.1 and use the lower bound on M of
Lemma C.2. (b) By Lemma C.2 and (C.2), C(t)−1 ≥ (M+ 2ϵ)/q′ with q′ := qM + 2ϵ∥C∥ < 1
for small ϵ > 0. Therefore |F |gt (gt the Gaussian density) is integrable uniformly in t. Since
∂tgt =

1
2

∑
x,y ∂tC(t)(x, y)∂x∂ygt, two integrations by parts give (C.4), the step “By partial

integration” of [GM82, p. 91]. (c) This follows from the product rule under the same domina-
tion.

The operators κ. Fix ȳ of length n with X := X(ȳ) ⊊ V and write E := Eȳ(V, (s, sn)) =∑
τ w(τ)eτ , Ex := ∂xE. As e−E∂x∂y(e

EF ) = (∂x + Ex)(∂y + Ey)F is symmetric in x, y, and
∂snC

ȳ(x, y) = 0 unless x, y lie on different sides of X, Lemma C.3 (c) gives ∂sn
∫
dµ′ ȳssne

EF =∫
dµ′ ȳssne

E κ̃(n)F for F not depending on sn with eEF admissible, where

κ̃(n) := ∂snE +
∑

x∈V \X

∑
y∈X

∂snC
ȳ(x, y)(∂x + Ex)(∂y + Ey), (C.5)

[GM82, (E.15), (E.16)] (the factor 1
2 of (E.16) cancels by symmetry, p. 92). Inserting

E =
∑

τ w(τ)eτ , we write κ̃(n) =
∑

θ tθ with elementary terms of five types: (1) (∂snw(τ))eτ ;
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(2) ∂snC(x, y)∂x∂y; (3) ∂snC(x, y)w(τ)(∂x∂yeτ ); (4) ∂snC(x, y)w(τ)(∂yeτ )∂x, respectively
(∂xeτ )∂y; (5) ∂snC(x, y)w(τ)w(τ ′)(∂xeτ )(∂yeτ ′). The support S(θ) is supp τ in type (1), and
{x, y} with the supports of the τ ’s involved otherwise. If tθ ̸= 0, then S(θ) ̸⊆ X (in type (1)
n ∈ I(τ), otherwise x ∈ V \X). Put Yn+1(θ) := sath(S(θ) \X) and

κ(n)[Y ′] :=
∑

θ:Yn+1(θ)=Y ′

tθ, κ̃(n) =
∑
Y ′

κ(n)[Y ′], (C.6)

as in [GM82, (E.11), (E.20)]. With ȳ′ := (ȳ, Y ′) and X ′ := X ∪ Y ′, each θ in κ(n)[Y ′] has
S(θ) ⊆ X ′, coefficients depending on ψ|X′ only, derivatives at x ∈ Y ′, y ∈ X, and E-terms of
E ȳ

′
(X ′, (s, sn)) with the same weights. Thus κ(n)[Y ′] depends on s1, . . . , sn only. Moreover,

∂snC
ȳ(x, y) = sa · · · sn−1C(x, y) = ∂snC

ȳ′(x, y) for x ∈ Y ′, y ∈ Ya. For ȳ = (Y1, . . . , Ym) the
ordered product κ(ȳ, s) := κ(m− 1) ◦ · · · ◦ κ(1), with κ(i) := κ(i)[Yi+1] built from (Y1, . . . , Yi)
and each operator acting on everything to its right, is κ(ȳ, s) of [GM82, (E.9), (E.10)].

Proof of Proposition 7.22. The proof is that of [GM82, Lemma E.1, Proposition E.2,
(E.2) to (E.24)], an induction in n. Each step is the fundamental theorem of calculus [GM82,
(E.17)] in a new variable sn+1, started from the measure and the E of the previous step by
the consistency and decoupling relations [GM82, (E.21a), (E.21b)], which hold on G′ by (C.1)
and the definition of ws(τ). Lemma C.3 justifies each exchange of derivatives and integrals.
The following changes are needed on G′. (1) Atoms are sites (GM: unit cubes, [GM82, p. 89]):
since each Yj is admissible, ws(τ) depends only on which Yj contain the points. (2) One finite
matrix with mass at every site, and χn+1 = 1V \X , so no region outside Λ occurs ([GM82,
p. 92]). Termination occurs at m ≤ eh+1, since each Yj , j ≥ 2, contains an element outside Y1
([GM82, p. 93]). (3) First sets may depend on h and be disconnected (GM: a fixed union of unit
cubes, [GM82, p. 90, (iii)]): the step n = 1 uses only Qh = Qh(Y1)Qh(V \ Y1) (Lemma 7.21),
the selection rule only that each

⋃
j≤i Yj is admissible, and nothing compares two values of h.

Type (2) terms reach the element of x at any distance at which C(x, y) ̸= 0, and therefore the
sets X(ȳ) are disconnected in general. (4) On U = Xc

0 the covariance is 1UC1U : marginals of
Gaussian measures are compressions, and hence Kȳ involves the covariance only through the
block p(x, y | s)C(x, y), x, y ∈ X(ȳ). Lemma C.2 covers 1UC1U . (5) The selection rule: S(θ)
contains the bare point x of each covariance term, so that all derivatives of a term of κ(n)[Y ′]
act in X ∪ Y ′. By contrast, [GM82, (E.11)] is stated for the supports of the E-terms, and for
the term without E-terms [GM82, p. 91; (E.19), p. 93] take Yn+1 ∋ x. (6) “χCχ” is an exact
block-sum decomposition: the convex combination of [GM82, p. 88] is (C.2), with compressions
to admissible blocks. This decomposition gives the bounds on C(s) used in Lemmas C.2, C.3
and in Section 7 (Table S1.3). The integrals

∫
dµCe

E(Y )Qh(Y ) are positive (E(Y ), G, F loc
1 ,

F2 are real, Lemma C.1) and finite (Lemma C.3 (b)).

D Heat kernel, coarse-to-fine transfer and covariance bounds
on slit domains

In this appendix we prove Proposition 6.9 and Theorem 6.8 and sketch the proofs of Propo-
sition 6.10, Theorem 6.11 and Lemma D.2. Throughout, G′ = (V,E) is an output, d = dG′ ,
E(f) :=

∑
{x,y}∈E(f(x)− f(y))2, and ∂U = ∂G′U is the set of bonds of E with exactly one end

in U .
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D.1 Coarse-to-fine transfer: proof of Proposition 6.9

A large fine set either fills many coarse cells, whose boundary (R2) controls, or is spread thinly
inside cells, where box isoperimetry applies (canonical paths and Loomis–Whitney). A face
count joins the two scales. The coarse cells, the sites c ∈ Vc of the coarse slit graph Γ = (Vc, Ec)
of §6.3, are boxes Bc with sides in [r0, 2r0 − 1] (Definition 3.4), and the box graph of Bc ∪Bc′ ,
{c, c′} ∈ Ec, lies in G

′ (§2.5). Thus a coarse bond between a heavy cell (|A∩Bc| ≥ |Bc|/2) and
a light one carries at least r20/4 bonds of ∂A in Bc ∪Bc′ , and |∂A| ≥ (r20/24)|∂ΓH| for the set
H of heavy cells. This gives (i) with (R2) (Theorem 4.5(i), (ii)), and (iii) with the expansion
of K in place of (R2). We deduce (ii) from (i) as in Theorem 4.5(iv), and from Theorem 4.5(ii)

and r30V∗ = 2V f
∗ . Part (iv) is (iii) for the blow-up of the set K♭c of (R6) (Lemma 4.18) with

Cheeger’s inequality, the overlap count inherited and |Ω| ≥ c1L
3 from (R5). Finally, (v) holds

because balls in a connected graph of degree at most 6 and expansion h ≤ 1 grow by the factor
1 + h/6 per step up to half the vertices, so the diameter is at most 2 + (24/h) log |K♭| < L′

under (L8-2). The constants are given in §S1.5.

D.2 Nash’s inequality from Faber–Krahn, and the on-diagonal bound

Lemma D.1 (Nash inequality). For f ≥ 0 on V with
∑
f = 1, and every r ≥ 1 with 2r3 ≤ V f

∗ ,
∥f∥22 ≤ ANr

2E(f) + r−3, where AN := 24 · 22/3/c2F .

Proof. Put s := 1/(2r3). Then f2 ≤ 2(f − s)2+ + 2min(f, s)2 and
∑

min(f, s)2 ≤ s. The

function (f − s)+ vanishes off Ωs := {f > s}, which has |Ωs| < 1/s = 2r3 ≤ V f
∗ , and

E((f − s)+) ≤ E(f). By Proposition 6.9(ii),
∑

(f − s)2+ ≤ (12/c2F )(2r
3)2/3E(f).

Proof of (HK0) and (HK1). (HK0) is Davies’ perturbation argument and needs only the de-
gree bound: for ψ := −αd(x, ·),

⟨g, eψ∆G′e−ψg⟩ = −E(g) + 2
∑

{x,y}∈E

(cosh(ψ(x)− ψ(y))− 1)g(x)g(y) ≤ 6(coshα− 1)∥g∥2,

so ∥eψPte−ψ∥2→2 ≤ e6(coshα−1)t and pt(x, y) = eψ(y)−ψ(x)⟨δx, eψPte−ψδy⟩ ≤ e−αd+6(coshα−1)t.
At α = 1

4 , 6(cosh
1
4 − 1) < 1

4 − 1
17 . The number Nt of jumps up to time t is dominated by a

Poisson variable of mean 6t, and d(x,Xt) ≤ Nt.
(HK1). The function ψ(t) := ∥Ptδx∥2 = p2t(x, x) is nonincreasing, ψ ≤ 1 and ψ′ =

−2E(Ptδx). With r(t) given by r−3 = ψ/2, the condition 2r3 ≤ V f
∗ becomes ψ ≥ 4/V f

∗ , which
holds on an interval [0, t∗]. On this interval Lemma D.1 gives −ψ′ ≥ ψ5/3/(22/3AN ) = cNψ

5/3,

hence ψ(t) ≤ (23cN t)
−3/2, while ψ < 4/V f

∗ after t∗. Hence ps(x, x) ≤ max(CHs
−3/2, 4/V f

∗ ),

ps(x, y) ≤ (ps(x, x)ps(y, y))
1/2, and 4/V f

∗ = 64
27R

−3
HK (§S1.5). The zero modes lie below the

plateau, since pt(x, x) → 1/|Kx| < 1/(2V f
∗ ) (Proposition 6.9(ii)).

D.3 Barlow’s argument: proof of Theorem 6.8

From now on we assume βGM ≥ β0GM, so that m̃ ≤ K0(2CH)
−1/3, RHK ≥ K0/m̃ ≥ (2CH)

1/3,
and pt ≤ CHt

−3/2 on [1, R2
HK] by (HK1). (HK1′) is [Bar04, Lemma 3.3(b), Prop. 3.4], (HK2)

is [Bar04, Lemmas 3.5, 3.6, Prop. 3.7], and (HK3) is the fixed-time form of [Bar04, Thm 3.8],
with the following adjustments, each forced by G′:
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(a) [Bar04, Prop. 3.1, Cor. 3.2] (on-diagonal decay in a very good ball for t ≤ cR2/ logR)
are replaced by (HK1), which holds at all centres. Every ball is a very good ball with NB = 1
[Bar04, Def. 1.7], there is no localization and no logR loss, and the window is t ≤ εHK

1 R2
HK.

The exit-time bound 1
2 + 4C2

mot/r
2 of [Bar04, Lemma 3.5] holds at all centres for t ≤ R2

HK/2,
and exceeds 1 for larger t when r ≤ 2CmoRHK.

(b) The walk is the variable-speed walk with counting measure on a finite, possibly dis-
connected graph, and [Bar04, (3.8) to (3.10)] hold verbatim with axy = 1, µ ≡ 1, as finite
sums.

(c) The volume bound [Bar04, (1.1)] enters only [Bar04, Lemma 3.3(b)], through∑
y e

−a d(x,y) ≤ c4a
−3 for 0 < a ≤ 2, which follows from #{y : d(x, y) = k} ≤ 4k2 + 2, as

dG′ ≥ ∥ · ∥1.
(d) [Bar04, Lemma 1.1] is replaced by (HK0), (HK1) and the Poisson domination of Nt.

For M(t) := Exd(x,Xt), (HK1) gives M(t) ≥ Px(Xt ̸= x) ≥ 1−CHt−3/2 ≥ 1
2 for t ≥ (2CH)

2/3,
Nt gives M(t) ≤ 6t before, and for ρ > A1t/4 (A1 of §S1.5) the event τ(x, ρ) < t forces Nt > ρ.

(e) (HK4) is not in [Bar04], but it follows from (HK2). With D := d(w,Xs), we split the
sum in EeθD−1 ≤ θ

∑
k≥1 e

θkP(D ≥ k) at k = s into a Gaussian part, summed with θ ≤ s−1/2,
and a Poisson part, summed with θ ≤ cex/2. For s < 1, D ≤ Ns.

For (HK3), Chapman–Kolmogorov gives pt(x, y) ≤ 2 supz,w pt/2(z, w) supw Pw(d(w,Xt/2) ≥
d/2), and (HK1), (HK2) bound the two factors. The constants Cmo, cex, A1, Cgs, cgs, CM depend
only on CH (§S1.5).

D.4 Resolvent decay and covariance bounds

For Proposition 6.10, (HK4) gives EweθMd(w,Xs) ≤ 3
2 for s ≤ T1 := min(M−2, εHK

1 R2
HK),

blocks of length T1 give ExeθMd(x,Xt) ≤ 3
2e
M2t/2, and the mass term outweighs this

growth in
∑

y v
(M)
G′ (x, y)eθMd(x,y) =

∫∞
0 e−M

2tExeθMd(x,Xt)dt. For Theorem 6.11 we write

C0 =
∫∞
0 k(t)Pt dt with 0 ≤ k(t) ≤ min(M2

Y t,ϖ)e−r−t (§S1.5). With this representation, (H1),
(H1′), (H2) follow from (HK0), (HK1), (HK3), (6.13) and the blocking bound by splitting the
time integral, and (HC) follows from the Schur test and a Neumann series in ∥ · ∥rcov . The full
proofs are in §S2.4.

D.5 Bounds on the lattice Yukawa kernel

Lemma D.2 (Lattice Yukawa kernel). Let 0 < M ≤ 1
5 and v(M) := (−∆Z3 +M2)−1. There

is an absolute constant CL such that for all x ∈ Z3 and all unit vectors e,

v(M)(x) ≤ CL(1+|x|)−1e−3M |x|/4, |v(M)(x+e)−v(M)(x)| ≤ CL(1+|x|)−2e−3M |x|/4. (D.1)

If Λ′ =
∏
µ[1, nµ] is a box with minµ nµ ≥ M−1 and ux := v

(M)
Λ′ (·, x) is the kernel of the box

with all its bonds, then for x, y, y + e ∈ Λ′, with C ′
L absolute,

(L1) ux(y) ≤ C ′
L(1 + |y − x|)−1e−M |y−x|/2,

(L2) |ux(y + e)− ux(y)| ≤ C ′
L(1 + |y − x|)−2e−M |y−x|/2.

Sketch. Exponential tilts of the three one-dimensional heat kernels and log-concavity give
(D.1) after the time integral, the rate 3M/4 coming from M2t + 9

64 |x|
2/t ≥ 3

4M |x|. The box

kernel is the image sum v
(M)
Λ′ (y, x) =

∑
g∈G v

(M)(y − gx) over the group G generated by the
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reflections in the face planes. Since minµ nµ ≥M−1, the images cost a factor (1 +M |y− x|)3,
which the loss of rate from 3M/4 to M/2 absorbs. The full proof is in §S2.4.
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Supplementary material

S1 Constants

S1.1 Constants of Sections 2 and 8: the ordered list, the threshold K∗ and
the conditions defining β0(K)

The order of the constants and the reasons for it are in Section 8.2. Here we give the values.
They are checked by a computer evaluation in high-precision arithmetic and enter the proofs
only through the inequalities stated.

S1.1.1 The ordered list

Each constant is fixed after all constants above it, and no constant in items 1 to 14 depends
on β, τ , K, the loop C or D, except that r̄0 of item 1 is r0 or 2r0 − 1 according to G(C). The
scales of item 11 depend on β only through m̃, and the derived quantities c′g and cu depend
on β only through the rounding of Lc and lie between two constants of this kind. We give
illustrative values at (cg, cs, r0) = (1/4, 1, 1). We use coarse units for the regularization and
fine units in Sections 6 and 7.

0. Absolute constants. cI = 22/3; the Debye exponent π2vCb(0) = 2.49435509 . . ., where

vCb(0) = (−∆Z3)−1(0, 0) =
√
6

192π3Γ(
1
24)Γ(

5
24)Γ(

7
24)Γ(

11
24) = 0.25273101 . . ., half of Wat-

son’s integral [Wat39] in the normalization of [Zuc11], whose closed form is [Zuc11, (3.6)],
with log(1/mD) = π2vCb(0)τ − 1

2 log(8π
2τ) (rounding rule in Section S1.1.3); Cbl = 384

(Proposition 6.9); the window count 1513 (Definition 3.4); α = ln 8 and 8/31 (Theo-
rem 7.49, Lemma 7.54); cT = 2 + log 96 and the threshold 14.9662 ≥ 6 · 2.4943551 =
14.96613 (Lemma 2.6, Section 5); the absolute constants among those of Göpfert–Mack,
Brydges–Federbush and Stage 1 quoted in Sections 6, 7 and Appendices A to C. Their
constants that depend on the parameters C, δGM, µ, κS , λPV of Theorem 6.5 are fixed
with these parameters, in items 12 and 13.

1. r0 ≥ 1, an integer, and r̄0 := 2r0 − 1 (r̄0 := r0 if G(C) has no exceptional layer). Used in
Definition 3.4, Lemma 5.7 and ηT .

2. cg := 1/4. Any cg ∈ (0, 1/4] works, since the proofs use only 0 < cg ≤ 1/4. Used in (S-
face) (Definition 3.17), which the construction gives for all cg ≤ 1−134ϑ (Theorem 4.16).

3. ηw = 1/10, the hull-weight deficit of the frozen bonds (Definition 3.8).

4. cρ = 1/12: ρλ = Lc/12, λ = 12/Lc (the equality case of Lemma 4.6).

5. kP /Lc = 304: windows have sides less than 151 · 2Lc < kP (Definition 3.4, (G4)). We set
r□ := (kP + 3)/Lc ≤ 305. It precedes χ and cL.

6. c1 := min(cg/2, ((1− ηw)cIcρ/2)
3), which equals 2.109 · 10−4 for cg ≥ 4.22 · 10−4. We set

csh := c1/216. Used in (R5) and Lemma 5.15.

7. cs ∈ (0, 10] (illustration cs = 1), with w∗ := (1+cs)|∂∆| (Definition 3.13) and λU := 2cs/ℓ
(Definition 3.11).
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8. The forcing threshold ϑ = 3 · 10−5 and the penalty µB = 25 (Definition 3.11), and
the thin-set constant εth = 0.008 (Section 4.2). They satisfy 24.6 < µB (Lemma 4.9),
128ϑ < εth, 2εth + 12ϑ ≤ 0.0164 and 2/

√
0.0164 > 14 (Lemma 4.13), and 254.4ϑ ≤ εth

(Theorem 4.16). The arithmetic is in Section S1.2.

9. The weak-link constant χ := 2.0 · 10−8 and χN3 := χ/3 = 6.67 · 10−9 (Definition 3.15).
Its value, which depends only on items 3, 5 and 8 (item 3 through the factor 12/ηw of
Proposition 4.15, which enters the expansion bound), is constrained by Theorem 4.16(c),
which gives the expansion h⋆ = 2.2 · 10−11/Lc on each component of G′ ∩ Q̂ at rest, and
3kPh⋆ = 2.006 · 10−8 ≥ χ, hence (N3) holds with χN3 and (R6) with χ (Section S1.2).

10. Consequences, fixed with the constants above and independent of Lc and ℓ. C1 := 7 +
27 · 24.6/ϑ = 2.214 · 107, Cseal := 726, C ′

⋆ := C1 + 2Cseal = 2.2141 · 107 and Cfree :=
C ′
⋆(2 + 1/(2cs) + 1/3696) = 5.536 · 107 (Propositions 4.15, 4.24); Ca := 4362 + 5808/cs,

Cb := 2 + 4/cs, Cc := 1 + 2/cs, equal to 10170, 6, 3 (Lemma 5.20); the response load
Cresp := 375Ca+125CcC

′
⋆ = 8.307 ·109 (Section 5.6); Crm = 20; CB := 30C ′

⋆+170Cresp+
30 = 1.413 · 1012; C3 := Cfree + 20(2C ′

⋆ + 4Cresp + 1) = 6.655 · 1011 (Proposition 5.24,
Theorem 5.1).

11. cL: C
′
P c

2
L ≤ (1 − 4/π2)/8, which holds if 2916r5□C

2
blc

2
L/χ

2 ≤ (1 − 4/π2)/8, since C ′
P =

CfW r
2
□Nov ≤ 2916r5□C

2
bl/χ

2 (CfW = 108C2
bl/χ

2 of Proposition 6.9(iv) and Nov ≤ 27r3□);
and cL ≤ 1

2 . The admissible choice is cL ≤ 8.0 · 10−12χ (the bound is 8.09 · 10−12χ
at r□ = 305), that is cL = 1.6 · 10−19 at χ = 2.0 · 10−8. This choice implies m̃L ≤ 1

2
(Lemma 4.21) and cL ≤ 1.99·10−4χN3 = 1.33·10−12 (Lemma 7.44). Then Lc := cLm̃

−1/r0
rounded down to an even integer, L := r0Lc, kP := 304Lc, ℓD ≈ m̃−1 a multiple of L,
and ℓ := ℓD/r0 ≥ kP + 4Lc (Definition 3.1). Consequences: c′g = cg(1 + 1/Lc)

−2;
cu := r30V∗m̃

3 = ((1−ηw)cIm̃L/24)3, which lies in [((1−ηw)cIcL/48)3, ((1−ηw)cIcL/24)3]
once cLm̃

−1 ≥ 4r0 (then m̃L ≥ cL/2); RHK = (1 − ηw)cIcρL/3 and the constant K0 :=
(1 − ηw)cIcρcL/6 = 0.01984 cL. Since cL/2 ≤ m̃L ≤ cL, we have K0 ≤ m̃RHK ≤ 2K0

(each use needs only the lower bound).

12. Stage 1 and Stage 2 constants (Sections 6, 7, Appendices A to C). The parameters
C ∈ (0, 14 ] and δGM ∈ (0, 12 ] of Theorem 6.5, where this C is not the loop. The bound
C ≤ 1

4 gives 2CM4 = 2/(1 − C) ≤ 8
3 , hence q := 2CM4e

cp/e ≤ 0.9829 since cp <
1

540 , so that one factor e−(te−1) absorbs the per-E-factor constants te(2CM4e
cp)te−1 in

Proposition B.7, up to the factor supt≥1 tq
t−1 ≤ 22, which contributes one factor per

cell. The factor te is that of (M4), Lemma B.1(d), which bounds the sum over all
assignments of the points to their cells. The bound δGM ≤ 1

2 is used for (S5) on outputs
and in Lemma B.4 and Proposition B.7. Further ηH = 0.62; (p3, p

′, q′, p1, p2, p4) =
(1.2, 1.3, 15.6, 20, 20, 15); cλ = 1/24; θ0 = 0.01; the link-sum rate c10 with 0 < c10 ≤ 7

9rC ,
rC evaluated at m̃L = cL/2 (Proposition B.7: for δGM ≤ 1

2 the rate of (S2) in Debye
units is at least 2rC for all λPV ≤ 1

4 , by Proposition 6.10, and pinning uses 4cp <
2
9rC

of this rate for every δ̄), where rC = min(κ0/2, (2cgs)
1/2) (Theorem 6.11) depends only

on items 0 to 11: it is computed with the constant K0 of item 11, the value of m̃RHK

at m̃L = cL/2, the worst case of m̃L ∈ [cL/2, cL]. Hence c10 is fixed independently of
β, λPV and δ̄. We then fix c′′10 with ec

′′
10 ≥ 16emax(1, cc10/2) (Lemma A.6), and then

the parameters µ and κS of Theorem 6.5, both large: µ ≥ 1 + 2c′′10, after c10 and c′′10
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(the factor e−µ(s−1) of (S2) pays ec
′′
10t ≤ e2c

′′
10(t−1), Proposition B.7), and κS so large that

(1 + Ce−2κS )ηH/8 ≤ 1
7 (Lemma C.2). This last condition is satisfiable: the constant

C comes from the tail bound (6.10), that is, from (S2) at s = 1 with a1 = {x} and
from (6.7), whose right sides involve C and µ but not κS , and hence C can be chosen
independently of κS and λPV. Further εν+θ

′ ≤ 1/7 and cE ≤ 1/70; the depletion constant
cdep := AD0 + AD1 log(C ′τ/θ0) of Proposition 6.17, which depends on τ but enters only
through lower bounds on τ (Theorem 7.40); Kcol = 2 > 27 · 2.4944/(4π2) = 1.706 and
ε0 = 0.003125 (Corollary 7.18); 0 < δ2 < δ̄ < rC and c′rate =

1
2(rC− δ̄) (Proposition 7.36);

the pure number c′0 := 1
2(1 − 1/p3 − cλ) = 1/16, a lower bound for the fraction c′ of

Proposition 7.35; εE = c′0/8 = 1/128; cw = c′/16; α = ln 8.

13. λPV ≤ min
(
1
4 , λ0

)
, with λ0 = λ0(κS , µ, C, δGM) of Theorem 6.5 (the Debye condition in its

proof). Here MY is the smallest fixed point of (6.11) and m̃ := λPVMY (Section 6.2). It
comes after cL and after µ, κS of item 12, and a constant above uses λPV only through the
a priori bound λPV ≤ 1

4 . The constants of Göpfert–Mack, Brydges–Federbush and Stage 1
that depend on (λPV, κS , µ, C, δGM), among them the threshold β0GM of Theorem 6.5, are
fixed here, after λPV.

14. The cut-rule constants (Definition 3.18). θNF := c′0cg/(90(cg + 4)) = 4.08 · 10−5, cNF
3 :=

c′0c
2
g/(64(cg + 4)) = 1.44 · 10−5, κNF := 4(cg + 4)/c2g = 272 at cg = 1/4. They belong to

the regularization but come after item 12, because they are built from the pure number
c′0, and no constant above depends on θNF or cNF

3 .

15. K > K∗ = 377.38, which gives cspδ (K)/(2K) > 14.9662, and the root of cspδ (K)/(2K) =
14.9662 is 377.3635 (Section S1.1.2). The same threshold is used in Proposition 5.11 and
Theorem 5.1.

16. β0(K), from the conditions of Section S1.1.4.

The scales determined by these constants are: m̃−1 with m̃ ∈ [mD/2, 2mD]; Lc, L, kP , ℓ as
in item 11; V∗ = (1 − ηw)

3ρ3λ/2; VU = m̃−3; R∗ = (J + 1)w′ + 6Lc = O((ℓ/cs) log(ℓ/cs))
(Theorem 4.23) and r′ = 2R∗ + 2; Rresp = 10ℓ and R′ = R∗ + 2Rresp; L

′ = 2(βGM/a)m̃
−1;

R1(β) = (2r□ + 5)L; Funit = σFL
2 = (π2c′g/18)(m̃L)

3/(m̃βGM) (Definition 3.18); RNF =

Lec
NF
3 Funit ; the box Λ◦ of side M ′

Λ ∈ {MΛ,MΛ + 1}, MΛ = max(3max(R, T ), r0(ℓ+ 3)).

S1.1.2 The threshold K∗ of Lemma 2.6

Lemma 2.6 gives, with a∗ the solution of a = K log(2a),

cδ(K) =
| log δ|
β

≥ cspδ (K)− 1

4a∗
−O

( log β
β

)
, cspδ (K) := a∗

(
1
2 log(2a∗)− 1

)
+ 1. (S1.1)

The function K 7→ cspδ (K)/(2K) is increasing. Indeed da∗/dK = a∗ log(2a∗)/(a∗ − K) and
a∗ −K = K(log(2a∗)− 1), which give

dcspδ
dK

=
(
1
2 log(2a∗)−

1
2

)da∗
dK

= 1
2 log

2(2a∗),

and K · 1
2 log

2(2a∗) − cspδ (K) = K log(2a∗) − 1 > 0. Hence d
dK

cspδ (K)

K > 0. The threshold is
14.9662, the number 6 · 2.4943551 = 14.96613 rounded up (Lemma 2.6, (2.5)). The equation
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cspδ (K)/(2K) = 14.9662 has the unique root K = 377.3635, and K∗ := 377.38 lies above it.
Hence cspδ (K)/(2K) > 14.9662 for all K ≥ K∗. Numerically, at K = K∗,

cspδ (K∗)

2K∗
= 14.96639, a∗ = 3321.43,

1

4a∗
= 7.5 · 10−5.

The computation behind (2.4) (proof of Lemma 2.6). We put ν := a∗β in Lemma 2.4(iv).
Then ν2ε/2 = a2∗β/(2K). Let h(µ) := (β/2)µ/Γ(µ+ 1) and µn := (n2 + ν2)1/2 ≥ ν. From the
series Iµ(β) =

∑
k≥0(β/2)

µ+2k/(k! Γ(µ + k + 1)) and Γ(µ + k + 1) = Γ(µ + 1)
∏k
i=1(µ + i) ≥

Γ(µ+1)(µ+1)k, we get Iµ(β) ≤ h(µ)
∑

k≥0(β
2/(4(µ+1)))k/k! = h(µ)eβ

2/(4(µ+1)) ≤ h(µ)eβ/(4a∗)

for µ ≥ ν. Since log Γ is convex, its difference quotients increase. Thus for µ ≥ ν

log Γ(µ+ 1)− log Γ(ν + 1) ≥ (µ− ν)
(
log Γ(ν + 1)− log Γ(ν)

)
= (µ− ν) log ν,

hence h(µ) ≤ h(ν)(β/(2ν))µ−ν ≤ h(ν)2−(µ−ν), because ν = a∗β ≥ β. As µn−ν ≥ 0 for |n| ≤ ν
and µn − ν ≥ |n| − ν otherwise,∑

n∈Z
Iµn(β) ≤ eβ/(4a∗)h(ν)

(
2ν + 1 + 2

∑
m>ν

2−(m−ν)
)
≤ (2a∗β + 5) eβ/(4a∗)h(ν).

Stirling’s inequality Γ(x+1) ≥ (x/e)x gives log h(ν) ≤ −a∗β(log 2a∗−1). Finally, for β ≥ π−2,
using cos θ ≥ 1 − θ2/2 on [0, β−1/2] ⊆ [0, π], we obtain I0(β) = 1

π

∫ π
0 e

β cos θdθ ≥ 1
π
√
β
eβ−1/2.

Collecting these bounds, we obtain

log δ ≤ −β
[
a∗(log 2a∗ − 1)− a2∗

2K
+ 1− 1

4a∗

]
+ log(2a∗β + 5) + log(π

√
β) +

1

2
,

and a2∗/(2K) = 1
2a∗ log 2a∗ by the definition of a∗, which gives (2.4), with exactly the function

cspδ (K) and the correction 1/(4a∗) of (S1.1). A high-precision evaluation confirms the step

and the values: Γ(µ + 1)(µ + 1)k/Γ(µ + k + 1) ≤ 1 and Iµ(β) ≤ h(µ)eβ
2/(4(µ+1)) on a grid of

µ ∈ [0, 104], k ≤ 59, β ∈ [0.1, 100]; a∗(K∗) = 3321.434, cspδ (K∗)/(2K∗) = 14.966392, the root
377.363524 (377.363533 with the correction −1/(4a∗)), and 1/(8K∗a∗) = 9.97 · 10−8; and at
K = K∗ and β = 0.2, 1, 3 the bound on log δ before the last two steps lies below the right side
of (2.4).

The correction 1/(4a∗) in (S1.1) moves cδ/(2K) by 10−7 and the root by less than 10−4,
and the term O(log β/β) is absorbed in the term O(log τ+log r0) of Lemma 5.12. The margins
cspδ (K)/(2K)− 14.9662 that enter ηT are:

K 377.38 103 3 · 103 104

cspδ (K)/(2K) 14.9664 19.521 25.289 32.372
margin 1.9 · 10−4 4.55 10.32 17.41

The entropy exponent of Lemma 5.12 is 6π2vCb(0) < 6 · 2.4943551 = 14.96613 < 14.9662.
Hence the threshold is not affected by rounding the Debye exponent up to 2.4944 elsewhere:
that rounding would give the threshold 14.9664, whose root 377.3807 exceeds K∗.
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S1.1.3 The string tension and the rounding rule

The slit-domain tension is σV = εEσF = (c′gm̃L/9216)m̃/τ (Theorem 7.57) with c′g = cg(1 +
1/Lc)

−2 and m̃L > cL−2r0m̃ (Section 3.1). For Lc ≥ 35 (Section S1.1.4(e)) we have cLm̃
−1 ≥

35r0, and hence c′gm̃L ≥ (36/35)−2(1 − 2/35) cgcL ≥ 0.89 cgcL ≥ (9/16)cgcL, the inequality

used in (8.1). There 18432 · 16/9 = 32768 = 215 exactly and (8π2)1/2/216 = 1.3559 · 10−4.
At cg = 1/4 and cL = 8.0 · 10−12 · 2.0 · 10−8 = 1.6 · 10−19 (items 9 and 11), (8.1) gives
σ(β) ≥ 5.4 · 10−24(Kβ)−1/2e−2.49436Kβ . Any smaller admissible cL also works.

The rounding rule and its uses (Section 8.1 and throughout). The Debye exponent is
π2vCb(0) = 2.49435509 . . . < 2.4943551. In a lower bound on m̃ (hence on a tension) the
exponent is rounded up, to 2.49436, and prefactors are rounded down, to 1.35 · 10−4. In an
upper bound on a scale the exponent is rounded up to 2.4944: since m̃ ≥ mD/2, log(1/m̃) ≤
2.4943551τ − 1

2 log(8π
2τ) + log 2 ≤ 2.4944τ for all τ ≥ 1. This is the form used for Kcol >

27 · 2.4944/(4π2), in the logarithmic step of the proof of Lemma 6.18, and in the bound
log(1/m̃)/βGM ≤ 2.4944/(4π2) = 0.063184 < 0.0632 of Remark 7.58. In the bounds that
determine K∗ the exponent is not rounded: the entropy 6 logR∗ of a root and a part in
Lemma 5.12 (with ℓ ≈ m̃−1/r0, R∗, r

′ and R′ of Section 5) is bounded with π2vCb(0) <
2.4943551, as in Section S1.1.2 and Section S1.4. The effect of this rounding on the threshold
is given at the end of Section S1.1.2. Where the exponent enters as a lower bound on log(1/m̃),
it is rounded down: the hypothesis of Lemma 6.18 has 2.494τ , because it is used to bound
m̃ ≤ 2mD ≤ 17.8 τ1/2e−2.494τ from above.

S1.1.4 The conditions defining β0(K)

We fix the constants of items 0 to 15. Each condition below is a lower bound on τ = Kβ
that remains true for all larger τ : in each, the left side is a fixed function of τ that tends to
its limit monotonically for large τ (powers of m̃, of τ , of log τ , and of the doubly exponential
scale RNF), and hence the set of admissible τ contains a half-line. Then β0(K) is τ0/K for the
largest of the thresholds τ0.

(a) Section 5 (Proposition 5.9, Lemma 5.10, Proposition 5.11, Lemma 5.17, Proposition 5.19,
Lemma 5.23, Proposition 5.24, Lemmas 5.25, 5.26, Theorem 5.1):

εc ≤ 1
2 , η

(1)
T ≤ 1, ε′′ ≤ 1

2 , ηT ≤ 1, 229 · 26e · ε′′1/(3CB) ≤ 1
2 ,

2
(
2⌈R′/Lc⌉+ 5

)3
ε′′ 1/(48εD(1+8Lc)(C′

⋆+3Cresp+6)) ≤ 1
2 ,

8εD(1 + 8Lc)(C
′
⋆ + 3Cresp + 6)(48Cresp + 2) ≤ 1 (that is, (5.9)),

RNF ≥ max
(
3456r̄0Lc, 2048r̄0Lc/(cshθNFFunit)

)
.

Here εD = 3.2768 · 107r̄0Lc/(cshθNFFunitRNF) is doubly exponentially small. The factor
229 contains the factor 2b for the sizes of the components in Lemma 5.26. The binding
condition is the first of (5.10), | log ε′′| ≥ 75.16CB ≈ 1.1 · 1014, while ηT ≤ 1 needs about

1.7 · 1013 and η
(1)
T ≤ 1 about 3.6 · 108 (Section S1.4).

(b) Section 6. m̃ ≤ K0(2CH)
−1/3; MY ≤ mW and m̃ ≤ min(1/68,mW /2), with mW =

min(1, cex/2) of Proposition 6.10 (Theorem 6.11); MY ≤ 1
5 (Lemma D.2 on Λ◦, in the

proof of Theorem 6.15); mD/2 ≤ m̃ ≤ 2mD; the coupling condition of Lemma 6.18, τ ≥ 2

and 2.494τ ≥ ln(Cdep
∗ /θ0) + 2.5 ln τ (for the rounding of the exponent in this condition,

see Section S1.1.3); and the threshold βGM ≥ β0GM(λPV, κS , µ, C, δGM) of Theorem 6.5.
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(c) Section 7 and Appendices A to C. The slack in εν+θ
′ ≤ 1/7 and cE ≤ 1/70, which needs

the terms βGMMY and e−µ, e−2κS to be small; ε(L′) ≤ ε0 (Corollary 7.18); (β1) and
(β3) of (S1.5); the cell-diameter conditions of Lemma 7.44 and Proposition 6.9, of the
form 2+C(k□/χ) log k□ < L′; Proposition 7.39 and Theorem 7.40, the latter a condition
0.416τ ≥ CDA

D
1 log(C ′τ/θ0) + α + O(log τ); c16e

c2 ≤ 1/8 (Lemma S1.2); Lemma 7.48;
Θ4 ≤ 1

4 (Proposition 7.53); Funit ≥ (8C ′/c′)(1 + lnβGM) (Proposition 7.52).

(d) Section 8. ηT + ηS ≤ 1
2 . Both deficits are explicit upper bounds that are eventually

decreasing in τ : ηT = OK(1/τ), because | log ε′′| ≥ γT (K)τ − O(log τ + log r0) with
γT (K) > 0 for K > K∗ (Lemma 5.12), and ηS = O(m̃βGM log τ).

(e) Rounding of Lc (Section 3). Lc ≥ 4, which gives c′g ≥ (16/25)cg ≥ (9/16)cg
(Lemma 4.19); Lc ≥ 35, used in Lemma 7.44 and for c′gm̃L ≥ (9/16)cgcL (Section S1.1.3,
Section 8.1); and cLm̃

−1 ≥ 4r0, which gives m̃L ≥ cL/2 (the bounds on cu and on CU ,
Lemma 4.21).

(f) Section 2. β ≥ π−2 (Lemma 2.6); (2.5), that is β ≥ β1(K); and δ < 1, used in Step (1.4)
(δ′ = δ in Proposition 2.9), which (2.4) gives for all large β.

In addition, the range of Remark 8.2 (an empty Phase 2) is nonempty once
√
3(r0(ℓ+3)+1) ≤

RNF, a condition that Theorem 1.2 does not use and that holds for all large τ because r0ℓ ≈ m̃−1

is exponential and RNF doubly exponential in τ .
All these thresholds are finite but very large (Section 8.2).

S1.2 Constants of Section 3 and Subsections 4.1 and 4.2

We group the constants by the main-text statement in which they enter.

Definition 3.1: the scales. The screening mass satisfies mD/2 ≤ m̃ ≤ 2mD, so that
log(1/m̃) = π2vCb(0) τ + O(log τ) with π2vCb(0) = 2.49435509 . . ., and m̃−1 is the Debye
length. The scales are those of Definition 3.1. Their place in the order of constants is item 11
of Section S1.1.1. Since cL ≤ 1/308, ℓ ≥ m̃−1/r0 ≥ Lc/cL gives (3.1). The conditions Lc ≥ 4
and cLm̃

−1 ≥ 4r0 are those of Section S1.1.4(e). The first gives c′g := cg(1 + 1/Lc)
−2 ≥ 9

16cg.
The second gives L > cLm̃

−1 − 2r0 ≥ cLm̃
−1/2, that is, m̃L ≥ cL/2.

Definition 3.4: windows. A window is the union of the blocks at block distance at most
75 from a block. It therefore has at most 151 blocks per direction, each of coarse side at
most 2Lc − 1, and its sides are at most 151(2Lc − 1) < 302Lc < kP . A block lies in the
windows of the at most 1513 = 3.44 · 106 blocks at block distance at most 75 from it, and
1513 < 27 · 3043 = 7.6 · 108 = 27(kP /Lc)

3, the overlap bound of (R6).

Definition 3.11, Lemma 4.9, Theorem 4.17: the cost of a fill. A block Q has |∂Q| ≤
6(2Lc − 1)2 < 24L2

c and |Q| < 8L3
c . Hence, with λU = 2cs/ℓ, cs ≤ 10 and ℓ ≥ 308Lc, we

have λU |Q| < 16csL
3
c/ℓ ≤ 0.52L2

c and |∂Q| + λU |Q| < 24.6L2
c < µBL

2
c = 25L2

c . Also λU =
2cs/ℓ ≤ 20/(308Lc) < λ = 12/Lc. A removal cell ∆ with sides a, b, c ∈ [ℓ, 3ℓ) has |∆|/|∂∆| =
abc/(2(ab + bc + ca)) ≤ (abc)1/3/6 < ℓ/2 by the arithmetic-geometric mean inequality, so
λU |∆| < cs|∂∆| and |∂∆|+λU |∆| < w∗. The number of forced blocks is at most 27|M|/(ϑL2

c),
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since a mark lies in at most 27 sets 3Q. Hence filling them costs at most 27 · 24.6/ϑ = 664.2/ϑ
per mark.

Lemma 4.4: constants that depend on the hull weight. Frozen bonds have the hull
weight 2 − ηw (Definition 3.8). The hull weight enters in two ways. Through Lemma 4.4
it gives (aη, bη) = (1 + 1/(1 − ηw), 1/(1 − ηw)) and the factor 1/(1 − ηw) in the bound on
N2(W ). In the cell analysis it enters as the deficit ηw of a short segment through a frozen
bond (Lemma 4.8(b)), which gives the factor 120 = 12/ηw of Proposition 4.15. Through this
factor ηw enters Cseal = 726, the 134 of Theorem 4.16(b) and the 158 of the expansion bound
behind h⋆ in Theorem 4.16(c) (Section S1.2), and hence the constants built from them, such
as C ′

⋆, Cfree and Cresp, and the constraint on the weak-link constant χ (items 9 and 10 of
Section S1.1.1). Table S1.1 lists the constants that depend on ηw through Lemma 4.4, with
their formula in ηw and their value at ηw = 1/10. No other constant depends on ηw through
Lemma 4.4. In particular, the constant c0 of the density bound, the bound on cL, K∗, σ(β)
and R1(β) do not.

Table S1.1: Constants depending on the hull weight; values at ηw = 1/10, cI = 22/3, ρλ =
Lc/12.

quantity formula value at ηw = 1/10 enters

(aη, bη) (1 + 1/(1 − ηw), 1/(1 −
ηw))

(19/9, 10/9) Lemma 4.4,
(R2)

isoperimetry for
|W | ≤ V∗

(cI/(2aη))|W |2/3 (9cI/38)|W |2/3 =
0.376|W |2/3

Theorem 4.5(i)

V∗ (1− ηw)
3ρ3λ/2 0.3645ρ3λ Definition 3.1,

(R2)
volume growth con-
stant

(cI/(48aη))
3 3.844 · 10−6 Theorem 4.5(iii)

saturation radius of
(iii)

24aη(1− ηw)ρλ 45.6ρλ Theorem 4.5(iii)

Faber–Krahn con-
stant

c2I/(48a
2
η) c2I/213.93 Theorem 4.5(iv)

N2(W ) factor 1/(1− ηw) 10/9 Lemmas 4.4,
6.13

c1 (second entry) ((1− ηw)cI/24)
3 2.109 · 10−4 (R5)

cu ((1− ηw)cIm̃L/24)
3 (0.0595 m̃L)3 (R7)

RHK, K0 (1 − ηw)cIρλ/3, K0 =
(1− ηw)cIcρcL/6

m̃RHK = 0.0397m̃L ∈
[K0, 2K0], K0 =
0.01984cL

Theorem 6.8

cF (fine isoperime-
try)

(cI/(2aη))/152.4 2.467 · 10−3 Proposition 6.9

CU , Nnear, A2 through 1/c1 and 1/cu,
at most the factor (1 −
ηw)

−3

factor at most 1.372 (R7), Section 7

csh c1/216 9.77 · 10−7 Lemma 5.15

At ηw = 1/10, c1 equals its second entry, with the factor (1−ηw)3 = 0.729, when cg ≥ 4.22·10−4,
and c1 = cg/2 otherwise. Hence the factor (1− ηw)

−3 = 1.372 in the table is an upper bound.
The Nash constant 768/c2I of Appendix D does not depend on ηw, although in its proof we
need 2 · 22/3 · 48a2η/c2I , which is 679.2/c2I ≤ 768/c2I at ηw = 1/10.
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Theorem 4.5. We have V∗ = (cIρλ/(2bη))
3, since (cI/2)

3 = 1
2 . Hence bηλV

1/3
∗ = cI/2. In

(iii), α := cI/(12aη) = 0.0626 . . . ≤ 1
4 , and the two expressions in the minimum are equal at

r = 24(aη/bη)ρλ = 45.6ρλ.

Lemma 4.21.
CU := 8

√
3 (2 + 6/cg)/(c1c

2
L),

which bounds 2
√
3(2 + 6/cg)/(c1(m̃L)

2) when m̃L ≥ cL/2.

Proposition 4.26: the constant c0. The fine plaquettes dual to the insulating bonds with
an end in a removal cell ∆, those of frozen bonds counted twice, number at most r̄ 20 (3+cs)|∂∆|,
since a coarse bond is dual to at most r̄ 20 fine plaquettes. Hence they number at most c0/(zτ)
with c0 := zτ r̄ 20 (3+cs)max∆ |∂∆|, where z is the monopole activity of Section 6, m2

D = 2βGMz
and zτ = m2

D/(8π
2). By r̄0 < 2r0, r0ℓ = ℓD < m̃−1+L ≤ (1+cL)m̃

−1, mD ≤ 2m̃, |∂∆| < 54ℓ2

(G3) and cL ≤ 1
2 ,

c0 <
4m̃2

8π2
· 4 · 54 (3 + cs)(1 + cL)

2m̃−2 ≤ 243

π2
(3 + cs) < 25(3 + cs),

independently of β. On a grid without exceptional layers and with cubic removal cells, c0 =
6(3 + cs)(mDℓD)

2/(8π2).

Lemma 4.10, Proposition 4.12, Lemmas 4.13, 4.14, Proposition 4.15, Theorem 4.16:
the cell analysis. With ϑ = 3 · 10−5 and εth = 0.008:

• Giant. 12 + 6.4 · 9 · 2 = 127.2 < 128, and (1 − 3ϑ)L3
c > 384ϑL3

c = 3 · 128ϑL3
c since

384ϑ = 0.01152.

• Thin sets. 2εth + 12ϑ = 0.01636 ≤ 0.0164 ≤ 1
4 , and 2/

√
0.0164 = 15.62 ≥ 15.6 > 14.

Non-giant components are thin since 128ϑ = 0.00384 < εth.

• Seal. Lemma 4.8(b) with supp ≤ 6(mQ + mQ′) and ηw = 1/10 gives 120(mQ + mQ′)
lines, plus mQ +mQ′ lines with a mark, in total 121 per unit of mQ +mQ′ , and Cseal =
6 · 121 = 726.

• Interfaces. 1+121+12 = 134 non-good lines per unit of mQ+mQ′ < ϑL2
c , so good(I) ≥

(1− 134ϑ)|F ′| = 0.99598|F ′| ≥ cg|F ′|.

• Expansion. For two large sides, εth − 127.2ϑ = 0.004184 ≥ εth/2, so cut ≥ εthL
2
c/25.6 =

3.125·10−4L2
c . For adjacent in/out blocks, (1−158ϑ−2εth)/3 = 0.32642. Both are at least

3.1 · 10−4L2
c , and |A| < k3P /2 = 1.4047 · 107L3

c . Hence h⋆ ≥ 3.1 · 10−4/(1.4047 · 107Lc) =
2.207 · 10−11/Lc ≥ 2.2 · 10−11/Lc. Then 3kPh⋆ = 912 · 2.2 · 10−11 = 2.006 · 10−8 ≥ χ =
2.0 · 10−8, and χN3 = χ/3 = 6.67 · 10−9 ≤ kPh⋆ = 6.69 · 10−9.

The construction gives c1-type volume (1− 3ϑ)L3
c per cell, one interface per block face and six

neighbouring cells per cell (Theorem 4.16). We keep the constants c1, 1/cg and 6/cg of (R5),
(R8), which these imply.
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S1.3 Constants of Sections 4.3 and 4.4

We first list the sizes on the loop-adapted grid and then the constants, grouped by main-text
statement.

Sizes on the loop-adapted grid. Table S1.2 lists the sizes on G(C), with the values on
the uniform grid (all coarse cells of side r0, all block spacings Lc) for orientation only. The
constant c1 is that of item 6 of Section S1.1.1. The opacity property (S-face) is normalized per
face (threshold cg|F (I)|, Definition 3.17). Hence the good fraction and the cell degree do not
change with the face area.

Table S1.2: Sizes on the loop-adapted grid G(C), in coarse units unless stated, with the values
on the uniform grid for orientation and the statements in which each size enters.

quantity on G(C) uniform grid enters

block side [Lc, 2Lc − 1] Lc (G1)
block and cell volume < 8L3

c L3
c (R5); Lemma 4.21

(m̃L ≤ 1
2
)

face area |F ′| [L2
c , 4L

2
c) L2

c (S-face),
Lemma 4.9

block diameter < 2
√
3Lc

√
3Lc Cor. 4.7

window side; win-
dows per site

< kP ; ≤ 1513 151Lc; 151
3 (G4), (R6)

removal cell side [ℓ, 3ℓ) ℓ Lemma 5.21
|∂∆| [6ℓ2, 54ℓ2) 6ℓ2 (R9), c0 of Sec-

tion S1.2
reach R∗ Theorem 4.23 same Theorem 3.21
kP 304Lc same (G4), (R6)
c1; good fraction; cell
degree

2.109 · 10−4; cg; 6/cg same (R5), (R8)

fine good fraction cg(1 + 1/Lc)
−2 cg Lemma 4.19

qm 3(r̄0 + 1)3δ1/2 ≤
24r30δ

1/2
3(r0 + 1)3δ1/2 Lemma 5.7

fine area of a coarse
face

≤ r̄20 < 4r20 r20 Section 5 (r̄20 in ηT )

cI for |W | ≤ V∗ 22/3 22/3 Theorem 4.5

Lemma 4.22(c) and Theorem 4.23: the reach. In Lemma 4.22(c), λ−1+λ−1
U = Lc/12+

ℓ/(2cs) ≤ ℓ/cs because cs ≤ 10 < 6ℓ/Lc, and w ≥ 120ℓ/cs gives the factor 30ℓ/(csw) ≤ 1
4 .

In Theorem 4.23, w′ ≤ 121ℓ/cs + 2Lc ≤ 122ℓ/cs (as 2Lc ≤ ℓ/cs), and for ρ ≥ 4Lc, g(ρ) ≤
54ρ2+54csρ

3/ℓ. Therefore g((J+1)w′) ≤ 108(J+1)3(ℓ/cs)
2, and J is at most the least integer

with 5J > 108(J + 1)3(ℓ/cs)
2, that is J = 2 log5(ℓ/cs) +O(log log(ℓ/cs)). Hence

R∗ = (J + 1)w′ + 6Lc ≤ 122(J + 1)ℓ/cs + 6Lc = O
(
(ℓ/cs) log(ℓ/cs)

)
;

with log ℓ = 2.4944 τ + O(log τ) this is R∗ ≈ 380 τ ℓ/cs, and logR∗ = log(1/m̃) + O(log τ),
which is the only property of R∗ that the threshold K∗ uses (Lemma 5.12). In the clearing-out
step, each site of X1 weighs at least λU in f (as λ ≥ λU ), |Bw′(x)| ≥ ℓ3 since w′ ≥ ℓ and each
side of Λ◦ is at least ℓ, and λUℓ

3 = 2csℓ
2 > 1.
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Proposition 4.24: the area per part. The competitor costs at most (6 + λ)N(P ) for
the marks, 24.6L2

c for each of at most 27N(P )/(ϑL2
c) forced blocks, and 2 for each of at most

CsealN(P ) = 726N(P ) seal bonds. We therefore set

C1 := 7+27·24.6/ϑ = 7+664.2/ϑ = 2.214·107, C ′
⋆ := C1+2Cseal = C1+1452 = 2.2141·107

at ϑ = 3 · 10−5, and Cfree := C ′
⋆(2 + 1/(2cs) + 1/3696) = 5.536 · 107 at cs = 1, where 1/(λℓ) =

Lc/(12ℓ) ≤ 1/3696 by (3.1). The marks of a set 3Q are within distance 3(2Lc − 1) < 6Lc of
each other, and a bond of S̄1 has both ends within 4Lc − 3 of a mark of its two blocks, so
R∗ + 4Lc < r′ = 2R∗ + 2.

Lemma 4.25: release. The comparison base is X1 ∪ Rt, not the base Bt = M ∪ U1 ∪ Rt:
a bond from a block of U1 to hull material of X1 lies in ∂U1 but not in ins1 = ∂X1, and such
bonds are not bounded by the marks. Hence only the comparison with X1 ∪Rt gives a bound
by ins1.

S1.4 Constants of Section 5

Theorem 5.1. The constants of (5.2) are

c′′T := 1+log(64κpl), κpl := 12e, C3 := Cfree+20(2C ′
⋆+4Cresp+1) (Proposition 5.24),

with C ′
⋆, Cfree of Proposition 4.24 and Cresp := 375Ca + 125CcC

′
⋆ of Section 5.6. The quantity

ε′′ is defined in (5.8), with R′ = R∗ + 2Rresp = R∗ + 20ℓ and r′ = 2R∗ + 2. At the illustrative
values (cg, cs, r0) = (1/4, 1, 1) we have C ′

⋆ = 2.2141 · 107, Cfree = 5.536 · 107, Cresp = 8.307 · 109,
C3 = 6.655 · 1011 and CB = 1.413 · 1012. The conditions used in the proof are those of item (a)
of Section S1.1.4. They hold for large τ because | log ε′′| ≥ γT (K)τ − O(log τ + log r0) with
γT (K) > 0 for K > K∗ (Lemma 5.12); C3 and CB are free of β and K; εD, Mm and R−1

NF

are doubly exponentially small in τ ; and log d0 = O(log τ). The constants Cresp, CB and C3

are fixed before K and hence change β0(K) and not K∗. As for the order of ηT , we have
Cfree = O(C ′

⋆(1 + 1/cs)), hence C3 = O((C ′
⋆ + Cresp)(1 + 1/cs)), and γT (K) is of the order of

log2K as K → ∞ (Lemma 2.6).

Lemma 5.12. Since R∗ ≥ w′ ≥ 12ℓ (Theorem 4.23), we have 2R∗ + 1 ≤ 3R∗ and 2r′ + 1 =
4R∗ + 5 ≤ 5R∗. With qm ≤ 24r30δ

1/2 (Lemma 5.7) we obtain

log εc ≤ log(8e) + 3 log 3 + 3 log 5 + log 24 + 6 logR∗ + 3 log r0 − 1
2 | log δ|

≤ 14.4 + 6 logR∗ + 3 log r0 − 1
2 | log δ|.

By Theorem 4.23, R∗ = O((ℓ/cs) log(ℓ/cs)) (Section S1.3), and ℓ ≤ ℓD = O(m̃−1) (Defini-
tion 3.1). With log(1/m̃) = π2vCb(0) τ + O(log τ) and π2vCb(0) < 2.4943551 these bounds
give 6 logR∗ ≤ 14.9662 τ + O(log τ), because 6 · 2.4943551 = 14.96613 . . . < 14.9662. Also
1
2 | log δ| = cδ(K)β/2 = τcδ(K)/(2K). This is the first inequality of (5.6). By Lemma 2.6,
cδ(K) ≥ cspδ (K) − 1/(4a∗) − O(log β/β). The function γT (K) := (cspδ (K) − 1/(4a∗))/(2K) −
14.9662 is increasing in K and vanishes at K = 377.3635 (to the digits shown; Section S1.1.2,
which also gives the margins). Hence γT (K) > 0 forK > K∗. The O(log β/β) term contributes
O(log τ) after multiplication by τ/(2K). For ε′′ we use Rresp = 10ℓ (Lemma 5.21), Lc ≤ ℓ and
R∗ = O(ℓτ). Hence log(2R′ + 4Lc + 1) ≤ log(1/m̃) + O(log τ), and the same computation
applies.
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Lemma 5.17. In (c), with ρ = ρ(s): |xc − xQ|∞ ≤ ⌈ρ⌉/2 ≤ ρ/2 + 1; in (ii) the ends of
the other cut bond are at distance more than 73ρ − 1 from xc by (U2), hence more than
73ρ−ρ/2−2 > 9ρ from xQ; in (iii) two bonds of B∞(xc, 10ρ) have ends within coarse distance
20ρ, and

√
3r̄0(20ρ + 1) < 128r̄0ρ = s, hence (U1) applies; for the last claim the two chosen

bonds have ends within coarse distance ρ + 2, and
√
3r̄0(ρ + 3) ≤ s. The range 27Lc ≤

ρ ≤ sidemin/24 holds. The lower bound follows from RNF ≥ 3456r̄0Lc. For the upper bound,
φs ≥ 2 forces s below the lattice diameter of Λ◦, which is at most

√
3r̄0 sidemax ≤ 2

√
3r̄0 sidemin

(Lemma 3.3(d)), and hence ρ < 2
√
3 sidemin/128.

Lemmas 5.20 and 5.21. In the proof of Lemma 5.20, summing 121(mq +mq′) over the six
faces of each block q of ∆0 gives at most 121(6m(∆0) + 6m(U)) ≤ 1452m seal bonds with an
end in ∆0, and over the blocks of U at most 121(6m(U) + 6m(U2(∆0))) ≤ 1452m seal bonds
with both ends in U . With u3 ≤ c−1

s (i+ 2904m+ 2n) we obtain

units(∆0) ≤ 1452m+2u3+ i+2 ·1452m+2n+6m ≤
(
4362+

5808

cs

)
m+

(
2+

4

cs

)
n+

(
1+

2

cs

)
i,

since 1452 + 2904 + 6 = 4362 and 2 · 2904 = 5808. At cs = 1, (Ca, Cb, Cc) = (10170, 6, 3), and
the loads of Lemma 5.21 are 125Ca = 1.27 · 106, 125Cb = 750 and 125Cc = 375. Thus

Cresp := 375Ca + 125CcC
′
⋆ = 3.81 · 106 + 375 · 2.2141 · 107 = 8.307 · 109;

the term 125CcC
′
⋆, the load of the Phase-1 insulation owned by a part, dominates. The range

is Rresp = 10ℓ ≥ 9ℓ+ 1.

Proposition 5.22. A touched Y∆ costs at most 2|∂∆|+2|ins1∩E(∆)|+4.5|∂∆| = 6.5|∂∆|+
2|ins1∩E(∆)|. A touched Y = Y∆′ costs 2|∂Y |+ |Y |/ℓ, which by the bound on |∂Y | is at most
4#{bonds of types (a) to (c) with an end in ∆′} + 13|Y |/ℓ, and 13|Y |/ℓ ≤ (26Lc/ℓ)m(∆′).
Since a bond has two ends, it is charged by at most two cells of the third kind, at most 4 each.
A unit (∆, b) is charged at most 6.5 by Y∆ and at most 4 by the cell of the other end of b. A
bond of ins1 inside a removed cell is charged at most 2 by Y∆. All coefficients are at most 20.

Lemma 5.23 and Proposition 5.24. The constants are

CB := 30C ′
⋆ + 170Cresp + 30, Mm := 16εD(1 + 8Lc)(C

′
⋆ + 3Cresp + 6),

C3 := Cfree + 20(2C ′
⋆ + 4Cresp + 1).

CB. In the proof of Lemma 5.23(c), the bonds of ins1 number at most C ′
⋆NQ (as in (b)),

the cut bonds at most AF , the units at most 2Cresp(NQ+AF ) by (a), each charged by at most
two blocks, and the marks involved, at most NQ, belong to parts of Qatt, each charged by at
most seven blocks. Summing, we obtain

|BF | ≤ 2
(
C ′
⋆NQ +AF + 2Cresp(NQ +AF )

)
+ 7NQ ≤ (2C ′

⋆ + 4Cresp + 10)NQ

by Lemma 5.23(b), and 2C ′
⋆ + 4Cresp + 10 ≤ CB.

Mm. By Lemma 5.23(d), (b), m ≤ 2AF ≤ 16εD(1 + 8Lc)(C
′
⋆ + 3Cresp + 6)NQ =MmNQ.

The size of Cresp. We have Cresp ≥ 125CcC
′
⋆ ≥ 125C ′

⋆, in particular Cresp ≥ C ′
⋆ + 20.
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C3. In the proof of Proposition 5.24, 20(utouch + ctouch + itouch) ≤ 20(Cresp + C ′
⋆)NQ +

20(Cresp + 1)AF and 26Lc/ℓ ≤ 26/308 < 1/11. With AF ≤ NQ/(48Cresp + 2), all terms with
AF together are at most NQ, and

#(Ξ′ ∩ F)/r̄20 ≤
(
Cfree + 20C ′

⋆ + 20Cresp + 2
)
NQ ≤ C3NQ.

The binding condition. The first condition of (5.10) reads | log ε′′| ≥ 3CB ln(230 · 26e) =
75.16CB, that is | log ε′′| ≥ 1.06 · 1014 at the illustrative values; ηT ≤ 1 needs | log ε′′| ≥
3c′′T r̄

2
0C3 = 1.73 ·1013r̄20, with c′′T = 8.644; and η

(1)
T ≤ 1 needs | log εc| ≥ cT r̄

2
0Cfree = 3.63 ·108r̄20.

Each is a lower bound on τ , by Lemma 5.12.

S1.5 Constants of Section 6 and Appendix D

Masses (Section 6). The Coulomb kernel at the origin is

vCb(0) =
1
2WS = (

√
6/(192π3))Γ( 1

24)Γ(
5
24)Γ(

7
24)Γ(

11
24) = 0.2527310098 . . . ,

where WS = π−3
∫
[0,π]3(3 −

∑
i cosxi)

−1dx is Watson’s integral [Wat39], in the Gamma-

function form of [Zuc11, (3.6)]. Numerically, π2vCb(0) = 2.4943550872 . . .. Since mD =
(8π2τ)1/2e−π

2vCb(0)τ and 2(8π2)1/2 = 17.77153 . . ., it follows that

m̃ ≤ 2mD ≤ 17.7716 τ1/2e−2.494τ (mD/2 ≤ m̃ ≤ 2mD). (S1.2)

The exponent 2.494 is a lower bound for π2vCb(0). This is why 2.494, and not 2.4944, stands
on the left of the hypothesis of Lemma 6.18.

Theorem 6.5: the Debye condition. In [GM82, (4.24)], at A = (1 − δ)M , [GM82] use
∥v2∥A ≤ 2(δM)−2 [GM82, Lemma 5, (3.26)], and the Debye condition [GM82, p. 34] reads
1 ≤ 1

4δ
2C3(1 − C)8e−2κ′M2/m2

D, where κ
′ = κS + 1

2µ by the choice made on [GM82, p. 35].

On G′ the bound ∥v2G′∥A ≤ 3M−2
Y (Proposition 6.10 on outputs for A ≤

√
3κYMY , and

∥v2G′∥0 ≤M−2
Y on all slit graphs) replaces 2(δM)−2, that is, 1

2δ
2 by 1

3 . Hence
1
4δ

2 becomes 1
6 :

1 ≤ 1
6C

3(1− C)8e−2κS−µM2
Y /m

2
D.

Since MY ≥ mD/(2λPV) on IY , M
2
Y /m

2
D ≥ 1/(4λ2PV), and the condition holds for all MY ∈ IY

once
λ2PV ≤ C3(1− C)8e−2κS−µ/24. (S1.3)

In [GM82, (4.23)] the bound ∥v1G′∥A ≤ 3M−2
1 , with M1 = −4πβ−1

GM ln(1 − C), is a power of
βGM, which eβGMε1 absorbs for βGM ≥ β0GM, and neither condition depends on G′.

The scales of §6.3: the rounding of L. By Definition 3.1, L = r0Lc with Lc the largest
even integer ≤ cLm̃

−1/r0, and cLm̃
−1 ≥ 4r0. Hence

cL/(2m̃) ≤ L ≤ cL/m̃. (S1.4)

In fine units r0ρλ = L/12 = cρL (cρ = 1/12), cI = 22/3, V∗ = (1 − ηw)
3ρ3λ/2 (coarse) and

V f
∗ = r30V∗/2, so RHK = (1− ηw)cIr0ρλ/3 and 4R3

HK/V
f
∗ = 64/27 exactly. The constant

K0 := (1− ηw)cIcρcL/6 (= 0.2381 cρcL = 0.01984 cL at ηw = 0.1)

satisfies K0 ≤ m̃RHK ≤ 2K0 by (S1.4). We use K0 only through the lower bound m̃RHK ≥ K0,
in the following places.
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(a) Proposition 6.10: (εHK
1 )1/2MYRHK ≥ (εHK

1 )1/2K0/λPV, so the rate of (6.13) at M =MY

is at least κYMY .

(b) Theorem 6.11, (H2): at the mass r
1/2
− ≥ m̃ the rate of (6.13) is at least

κW m̃min(1, (εHK
1 )1/2m̃RHK) ≥ κ0m̃, using (εHK

1 )1/2K0 < 1.

(c) Theorem 6.11, (H1), (H1′): R−3
HKr

−1
− ≤ m̃−2R−3

HK ≤ m̃K−3
0 = λPVK

−3
0 MY .

(d) Lemma 6.14: R−1
HK +M−2

Y R−3
HK ≤ m̃K−1

0 + λ2PVm̃K
−3
0 = ηG.

(e) Appendix D: m̃ ≤ K0(2CH)
−1/3 gives RHK ≥ (2CH)

1/3.

By (S1.4), MY r0ρλ = cρMY L ∈ [cρcL/(2λPV), cρcL/λPV]. We will use the lower bound in (f)
to (h) below.

Theorem 6.8. We set cN := c2F /(24 · 24/3) = 1.006 · 10−7, CH := (cN/3)
−3/2 = 1.628 · 1011

and εHK
1 := (log 2)2/512 = 9.38 · 10−4. In the proof (Appendix D), the constant of Lemma D.1

is AN := 24 · 22/3/c2F , so that cN = 1/(22/3AN ), and (HK0) uses 6(cosh 1
4 − 1) = 0.1885 <

1
4 − 1

17 = 0.1912. The constants Cmo ≥ 1 of the moment bound, cex := min((log 2)/(2A1),
1
2)

with A1 := 512C2
mo/(log 2)

2 (so εHK
1 = C2

mo/A1), Cgs := 8CHe
cex/2, cgs := cex/8 and CM ,

which contains the factor e1/(2cex), depend only on CH . Hence κW = min(1, 1/(2CM )) of
Proposition 6.10 is extremely small, but it is fixed before βGM, and only its independence of
τ , K, C and D is used.

Proposition 6.9. The box inequalities of the sketch in §D.1 are as follows. For a box graph
B with sides in [nmin, nmax], ϱ := nmax/nmin, and U ⊆ B, |∂BU | ≥ 4|U ||B \ U |/(nmax|B|) ≥
2min(|U |, |B\U |)/nmax (canonical paths) and |∂BU | ≥ 3|U |2/3−3|U |/nmin (Loomis–Whitney),
hence |∂BU | ≥ cbox(ϱ)|U |2/3 for |U | ≤ |B|/2, with cbox(ϱ) := 6/(3ϱ + 2) (by minimizing
over |U |1/3 = t nmin). In the face count, for a heavy cell c and a light neighbour c′, the set
D := Bc ∪ Bc′ has nmax(D) < 4r0 and |U ||D \ U |/|D| ≥ r30/4 for U := A ∩D, so D carries at
least γDr

2
0 bonds of ∂A, γD = 1

4 . Summing over ∂ΓH (Γ = (Vc, Ec) the coarse slit graph of §6.3)
counts the bonds inside a coarse cell at most six times. Hence |∂A| ≥ (γDr

2
0/6)|∂ΓH|. With

a := 9cI/38 (the constant of (R2)), cbox(ϱ) >
3
4 for ϱ < 2 and γD = 1

4 , the two cases of (i) give

|∂A| ≥ 2−2/3cbox|A|2/3 ≥ 0.47|A|2/3 and |∂A| ≥ (γDa/6)16
−2/3|A|2/3 = (a/152.39 . . .)|A|2/3,

so cF := a/152.4 = 2.467 · 10−3. The constant Cbl := 384 comes from γDr
3
0/(12vmax) ≥

1/384 with vmax < 8r30. Further, CfW := 108C2
bl/χ

2, k□ := r0(kP + 3), hf := χ/(3Cblk□),

12/(hf )2 = CfWk
2
□ and Nov ≤ 27(kP /Lc)

3. For (v), (L8-2) reads CfW r
2
□Nov(m̃L)

2 ≤ ηH/8 and

CfW r
2
□(m̃L)

2 = 12m̃2/(hf )2, so 1/hf ≤ 96−1/2m̃−1 ≤ 0.103 m̃−1 (ηH < 1 ≤ Nov). Moreover
log k□ ≤ log(1/m̃) ≤ 2.4944 τ = 0.0632βGM. Hence the diameter bound 2+(24/hf ) ·3 log k□ ≤
2 + 24 · 0.103 · 3 · 0.0632βGM/m̃ < 2βGM/m̃ = L′ holds.

Theorem 6.11. Let ϖ := (1− 4λ2PV)
−1/2 ∈ [1, 1.16] and r± := 1

2M
2
Y (1± (1− 4λ2PV)

1/2), so

that r− = 2m̃2/(1+ (1− 4λ2PV)
1/2) ∈ [m̃2, 1.08 m̃2] for λPV ≤ 1

4 . The constants, which depend

122



only on (cF , cρ, cL, λPV), are

K1 :=
1
2 + 2CH(1 +ϖ) +ϖCHλPVK

−3
0 , K3 := 3ϖm̃2/r− ≤ 3.5,

K ′
1 := max

{
eK1, ϖ

(
313 + Cgs(2π/cgs)

1/2 + 4CH(ε
HK
1 )−3/2λPVK

−3
0

)}
,

K ′′
1 := max(eK1,K

′
1).

The number 313 comes from the bound de−3d/68 ≤MY d
2e−3d/68 ≤ (136/3)2e−2MY < 279MY

for d ≥M−1
Y , and 279 ≤ 313.

Section 6.4: the depletion constants. Both AAD
0 and CF := CGrC

′
L are upper-bound

constants, taken ≥ 1. Put ε0 := θ0/(2π
2τ), εF := ε0/(4CF ),

Lg := 3 + log+2
(
8λPV/(cρcL)

)
, CR := 256π2AAD

0 CFLg, CS := CAAD
0

(
1 + λPV/(cρcL)

)
,

so that 32AAD
0 Lg/εF = CRτ/θ0 and Rdep = ⌈CRτ/θ0⌉. Moreover, 2/εF = 16π2CF τ/θ0 and

Rdep ≤ 2CRτ/θ0.

(f) Theorem 6.15: the shells 2k ≤ r(y) < 2k+1 with 2k+1 ≤ r0ρλ contribute at most
8AAD

0 each to S2(x) (Lemma 6.13), hence CAAD
0 log(2/MY ) up to r ≤ M−1

Y ,
the shells beyond M−1

Y are summed with e−MY r/2, and the growth term gives∑
k(16A

AD
0 /(r0ρλ))2

ke−MY 2k/2 ≤ CAAD
0 /(MY r0ρλ) ≤ 2CAAD

0 λPV/(cρcL). Since
log(2/MY ) ≥ 1, S2(x) ≤ CS log(2/MY ).

(g) Theorem 6.16, step (ii): with R ≤ r0ρλ the far pairs contribute at most 16AAD
0 /R +

(16AAD
0 /(r0ρλ))(2 + log+2 (4/(MY r0ρλ))) ≤ (16AAD

0 /R)(3 + log+2 (8λPV/(cρcL))) =
16AAD

0 Lg/R, which is at most εF /2 for R = Rdep. (The second sum: the shells with

2k+1R > r0ρλ give
∑

j≥0 e
−a2j with a > MY r0ρλ/4, which is at most 2 + log+2 (1/a).)

(h) Lemma 6.18: see below.

The number Ncov of Proposition 6.17 depends on Rdep only through Rdep ≤ ℓD, hence not on
θ0. It is very large but fixed, and it raises β0GM only through the condition of Theorem 7.40.

Proof of Lemma 6.18. The hypothesis says Cdep
∗ τ5/2e−2.494τ ≤ θ0. We use (S1.2).

We first prove Rdep ≤ r0ρλ. Since A
AD
0 , CF ≥ 1 and Lg ≥ 3, CR ≥ 768π2 > 7.5 ·103. Hence

y := CRτ/θ0 ≥ 1.5 · 106 and Rdep = ⌈y⌉ ≤ (1 + 10−6)y. By (S1.4), r0ρλ = cρL ≥ cρcL/(2m̃),
so it suffices that 2(1 + 10−6)CRτm̃ ≤ cρcLθ0. Using τ ≥ 2,

2(1 + 10−6)CRτm̃ ≤ 2(1 + 10−6) 17.7716CRτ
3/2e−2.494τ ≤ 17.8CRτ

5/2e−2.494τ

≤ cρcLC
dep
∗ τ5/2e−2.494τ ≤ cρcLθ0.

Next, Rdep ≤ ℓD because r0ρλ = cρL < L ≤ ℓD.
Finally, for (F), log(2/MY ) = ln(2λPV/m̃) ≤ ln(1/mD) = π2vCb(0)τ − 1

2 ln(8π
2τ) ≤

2.4944 τ , using λPV ≤ 1
4 and m̃ ≥ mD/2. With ηG = m̃(K−1

0 + λ2PVK
−3
0 ),

CF ηGCS log(2/MY ) ≤ CFCS(K
−1
0 + λ2PVK

−3
0 ) · 17.7716 τ1/2e−2.494τ · 2.4944 τ,

and this is at most ε0/4 = θ0/(8π
2τ) because 8π2 · 17.7716 · 2.4944 = 3500.2 ≤ 3.6 · 103 and

Cdep
∗ ≥ 3.6 · 103CFCS(K−1

0 + λ2PVK
−3
0 ).
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S1.6 Constants of Subsections 7.0 to 7.5 and Appendix C

Proposition 7.5. Off D, (S4′) gives |ρ1(±1, x) − ρref(1)| ≤ ρref(1)(1 − e−θ0 + Ce−µ),
and

∑
|m|≥2(|ρ1(m,x)| + |ρref(m)|)m2 ≤ 2Ce−2κSm2

D/βGM. Since 2βGMρ
ref(1) =

m̃2 − βGM
∑

|m|≥2m
2ρref(m) ≤ (1 + Ce−2κS )m̃2 and mD ≤ 2m̃, we obtain, after enlarging C,∑
m

|ρ1(m,x)− ρref(m)|m2 ≤ θ′ m̃2/βGM (x /∈ D),

with θ′ of (7.7). On D the same tails, |ρ1(±1, x)| ≤ ρref(1)(1 + Ce−µ), ρ1(±1, x) − ρref(1) ≤
Ce−µρref(1) (since e−Φ ≤ 1) and 2βGMρ

ref(1) ≤ 2m̃2 give the constants of part (b). At
θ0 = 0.01 we have 1− e−θ0 = 0.00995 . . ., and hence the standing hypothesis (7.8) holds once
εν + C(e−µ + e−2κS ) ≤ 0.1329.

The partial fractions (7.16) and Lemma 7.15. If λPV ≤ 1
4 , then ϖ = (1− 4λ2PV)

−1/2 ∈
[1, 1.155], c+ ≤ ϖ, c− ≤ 1.26λ2PV, m̃

2 ≤ r− ≤ 1.08 m̃2 and r+ ≥ 0.932M2
Y . In part (b),

with α = m̃/3, the bound coshx − 1 ≤ x2

2 coshx ≤ 0.5281x2 for x ≤ 1
3 gives 6(coshα −

1) ≤ 0.3521 m̃2. With this α, part (a) gives ∥eρRr−e−ρ∥ ≤ (r− − 0.3521m̃2)−1 ≤ 1.544 m̃−2

and ∥eρRr+e−ρ∥ ≤ (r+ − 0.3521m̃2)−1 ≤ 1.1M−2
Y = 1.1λ2PVm̃

−2, and hence ∥eρGe−ρ∥ ≤
(1.155 · 1.544 + 1.26 · 1.1λ4PV)m̃−2 ≤ 1.80 m̃−2. The matrix eρ∇∗e−ρ has entries ±eρ(x)−ρ(b)
with |ρ(x) − ρ(b)| ≤ 1

3 , at most 6 per row and 2 per column. Hence its norm is at most√
12 e1/3 ≤ 4.835, and 1.80 · 4.835 ≤ 8.71. In part (c), ∥[∆, χ]∥ ≤ 6Λχ and ∥∆∥ ≤ 12, so

∥[C−1
0 , χ]∥ ≤M−2

Y · 2 · 12 · 6Λχ + 6Λχ = Λχ(144M
−2
Y + 6) ≤ 150ΛχM

−2
Y , by MY ≤ 1.

Theorem 7.16. The constant is Cε := 3.8 · 109. With d(A′, VB) ≥ L′/2 − 2,
Λχ = 4/L′, M−4

Y = λ4PVm̃
−4 and m̃ ≤ 1, Lemma 7.15 (b), (c) give ∥F ′

2,β∥2 ≤ (150 ·
4
L′M

−2
Y )2(8.71 m̃−2)2e4/3e−m̃L

′/3∥wβ∥2 ≤ 1.71 · 106 · 16 e4/3 m̃2(m̃L′)−2λ4PVm̃
−8e−m̃L

′/3∥wβ∥2.
Theorem 7.13 and c′g ≥ 9

16cg give∑
β:Sβ⊆X

∥wβ∥2 ≤ 18F loc
1 (X)/(c′gm̃

2L/2) ≤ 32F loc
1 (X)/(cgm̃

2L/2).

The product of the numerical factors is 1.71 · 106 · 16 · 32 e4/3 ≤ 3.4 · 109 ≤ Cε.

Corollary 7.18. The Hölder exponents and the constant of Subsection 7.6 are p2 = 20,
p3 = 1.2, p′ = 1.3, q′ = 15.6 and cλ = 1

24 , so ε0 = min{(1 − 1
1.2 − 1

24)/40, 2(1.3/15.6)
2} =

min{0.003125, 0.0139} = 0.003125. Dropping (m̃L′)−2 ≤ 1 in (7.17), we obtain ε(L′) ≤ ε0 as
soon as

m̃L′ ≥ 27 log(1/m̃) + 3 log
(
Cελ

4
PV/(cgε0 m̃L/2)

)
.

The second term is bounded, since cL/2 ≤ m̃L ≤ cL (Definition 3.1). By Definition 3.1 and
m̃ ≥ mD/2, log(1/m̃) ≤ 2.4944 τ = (2.4944/4π2)βGM for τ ≥ τ0, so the right side is at most
1.706βGM +O(1), while m̃L′ = KcolβGM = 2βGM.
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Proposition 7.19. The constant of part (c) is

ΦU :=
πcgcu
24

(m̃L)3

(m̃βGM)(m̃L′)3(11/10)3
.

Dividing (a) by (b) gives the share
πc′gcu
12 (m̃L)3/((m̃βGM)(m̃L′)3(1 + ηcol)

3), which is at least
ΦU because c′g ≥ 9

16cg ≥ 1
2cg and ηcol ≤ 1

10 for βGM ≥ β0GM (L and DE are O(m̃−1), while
L′ = 2βGMm̃

−1). With m̃L ≥ cL/2 and m̃L′ = 2βGM, ΦU ≥ πcgcuc
3
L/(24 · 64 · 1.331 m̃β4GM),

and m̃β4GM → 0 because log(1/m̃) = π2vCb(0)τ +O(log τ) and βGM = 4π2τ .

Structural facts of the expansion (Appendix C). The bounds on the activities (Sub-
sections 7.6 and 7.7, Appendices A and B) use the expansion of Proposition 7.22 only through
the facts of Table S1.3, and none of them uses translation invariance, an infinite lattice, or the
shape of the atoms.

fact used in proof
S1 Cs(x, x) = C(x, x), |Cs(x, y)| ≤ |C(x, y)|, weighted

norms and ∥Cs∥2→2 bounded by those of C
Lemma 7.29,
App. B

Prop. 7.22,
change 6

S2 Cs =
∑
ε λεCε, Cε block diagonal with admissible

blocks
Lemma 7.33 Prop. 7.22,

change 6

S3 log
∫
dµC e

1
2 ⟨ψ+D,M(ψ+D)⟩ is convex in C forM ≥ 0 Lemma 7.33 [BF80, (9.67)

to (9.611)];
Lemma 7.33,
Step 3

S4 the integrand of Kȳ depends on ψ|X(ȳ) only; covari-
ance derivatives have both ends in X(ȳ)

Lemma 7.37,
Thm. 7.27(b), (c)

Prop. 7.22

S5 each Yi+1 is a union of elements, each meeting the
support of its link

Lemma 7.37
(App. A)

selection rule
(C.6)

S6 link i carries
∏i−1
k=T (i+1) sk (covariance link from

YT (i+1)) or
∏i−1
k=jmin

sk (E-term link); all other s-
dependence is through weights in [0, 1] and through
Cs

Lemma 7.37
(App. A)

(C.1), (C.5)

S7 five types of terms per link App. A (C.5)
S8 link ends x ∈ Yi+1, y ∈ YT (i+1), counted in U-cells App. A selection rule

(C.6)
S9 sequences of disjoint admissible sets; finitely many Lemma 7.37,

Prop. 7.47
Prop. 7.22,
change 2

S10 Z(Y ) > 0; one-set activities are positive Lemmas 7.41,
7.42, Prop. 7.53

Prop. 7.22

S11 the first set may depend on h Thm. 7.27,
Lemma 7.48

Prop. 7.22,
change 3

S12 the first set may be disconnected Thm. 7.27(c),
Lemma 7.48

Prop. 7.22,
change 3

S13 expansion on U = Xc
0 with 1UC1U ; activities inde-

pendent of U
Thm. 7.27(b) Prop. 7.22,

change 4
S14 absolute convergence of every term all Lemmas C.2, C.3

Table S1.3: Structural facts of the expansion used in Section 7.
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S1.7 Section 7.6 and Appendix B

S1.7.1 The Hölder exponents and (L8-1)

Section S1.1.1 fixes ηH = 0.62, p1 = p2 = 20, p3 = 1.2, p4 = 15, p′ = 1.3 and q′ = 15.6.
These values satisfy

∑
i 1/pi = 1 and 1/p′ + 1/q′ = 1/p3. With αD ≤ 7/6 (Lemma 7.29(c)),

η̂ = αDp
′ηH ≤ 7

6 · 1.3 · 0.62 = 0.94033 . . . < 0.941, so (L8-1) holds. Moreover, η∗ ≤ 1− 4/π2 +
CSe

−2κS < 0.62 for κS large, since 1− 4/π2 = 0.5947 . . ..

S1.7.2 Lemma 7.32(c): the shell constant Csh = 92

With r∗ =
1
2 +

√
3
2 ,

∫ D
1/2(r+ r∗)

2r−3dr ≤ log(2D)+4r∗+2r2∗ and (r+ r∗)/r ≤ 1+2r∗ for r ≥ 1
2 ,

the shell count of the proof gives, for D ≥ 1,∑
d(b,C)≤D

d(b, C)−2 ≤ 6π|C|
[
log(2D) + 4r∗ + 2r2∗ +

1
2(1 + r∗)

2
]
+ 16π

[
(1 + r∗)

3 + 2(1 + 2r∗)
3
]
D.

The first bracket is at most log(2D) + 12, since 4r∗ + 2r2∗ + 1
2(1 + r∗)

2 = 11.9951 . . ., and

16π[(1+ r∗)
3+2(1+2r∗)

3] = 16π ·117.207 . . . = 5891.4 . . . ≤ 5892. At D = DN =
√
3 k□+1 ≤

2k□ and |C| ≥ 8k□ ≥ 4DN the sum is at most 6π|C|
(
log k□ + log 4 + 12 + 1473/(6π)

)
≤

6π|C|(log k□+92), since log 4+12+1473/(6π) = 91.53 . . .. Multiplying by (2π)2 gives S(DN ) ≤
24π3|C|(log k□ + 92).

S1.7.3 Lemma 7.33: the constants c8 and cnear

c8 :=
η̂(1 + 4/ηH)K1Cu

2λPV(1− ν0)
, cnear :=

2θPCR(log k□ + Csh)

βGM
+

1024π2η̂

ηHc1

(2r□ + 5)2c2L
βGM

.

Uniformity of cnear. Since k□ = r□L ≤ r□cL/m̃, log k□ ≤ log(r□cL) + log(1/m̃) with
log(r□cL) < 0. With m̃ ≥ mD/2, mD = (8π2τ)1/2e−π

2vCb(0)τ , π2vCb(0) < 2.4943551 and
βGM = 4π2τ ,

log(1/m̃)

βGM
≤ 2.4943551

4π2
−

1
2 log(8π

2τ)− log 2

4π2τ
< 0.0632 (τ ≥ 1).

Hence 2θPCR log k□/βGM < 0.1264 θPCR, which gives the bound on cnear in Lemma 7.33. The
coefficient θP in that bound satisfies θP ≤ (4η̂/ηH)C

′
P c

2
L ≤ 1

2 by (L8-2), a bound that does not
depend on βGM.

S1.7.4 Lemma 7.34: the condition (7.30)

At p4 = 15, p3 = 1.2 (so cλ = 1
4(1 − 1/p3) =

1
24), αD ≤ 7

6 and cE ≤ 1
70 , we have 2αDp4cE ≤

2 · 7
6 · 15

70 = 1
2 and p4αDc

2
E/(1 − 2αDp4cE) + cE ≤ 15·(7/6)

4900·(1/2) +
1
70 = 0.00714 . . . + 0.01428 . . . =

0.02142 . . . ≤ 1
24 . In Proposition 7.35(d), c′0 =

1
2(1− 1/p3 − cλ) =

1
2(

1
6 − 1

24) =
1
16 .

S1.7.5 Theorem 7.40: the threshold τ0

With π2vCb(0) = 2.49435509 . . . and p0 = 1
6 , the lone-cell condition (proof of Theorem 7.40)

reads
0.4157 τ ≥ CDA

D
1 log(C ′τ/θ0) + α+O(log τ),
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where cdep = AD0 + AD1 log(C ′τ/θ0) (Proposition 6.17). The threshold τ0, of which we use
only the existence, is explicit but large, because AD1 is large (θ0 is small and the covering
number of Proposition 6.17 is large). For the wall-polymer cells, Proposition 7.19 gives ΦU ≥
(πcgcuc

3
L/24)/(64β

3
GM(11/10)3bD).

S1.7.6 Lemma 7.38 and Proposition 7.39: constants and fractions

Constants on class-A cells. They depend only on the following quantities:

• c7, c
′
7, c

′′
7 of Lemma 7.31 (through v±, ηH , κS , that is, on the grid scale L);

• Ck, θ
′, cdep of Lemma B.1(d);

• µ, κS , δGM, C and the Mayer decay;

• K ′′
1 ,K3, αDK1, λPV, rC of the lines;

• Cr(cp) and c(qpin, cp,Kg, CU ) of the count and the pinning;

• cT of the Wick bound;

• c13 and CDcdep of the Hölder split;

• the geometry constants cu, Cu, CU , DU , v±,Kg.

The constants CE , CG of Proposition B.10 are built from the same list, and none depends on
L′.

Fractions of F loc
1 . They are those of Table S1.4 (Section S1.8). Proposition 7.39 uses the

entries for the numerical factors (c′/16 on X \ Z, Lemma B.8; c′/32 on Z) and for the wall
polymers (c′/8 on X \ Z).

Cells. Put KB := KB
0

(
2K ′′

1 (1 + v+/v−)/λPV
)2
. Each cell carries the per-cell con-

stants ec
L
2 +c13 and at most the share (2K ′′

1 (1 + v+/v−)/λPV)
2 of the line constants.

Since Cu ≥ 1, cL2 + c13 ≥ 0 and α > 0, it follows that ec
L
2 +c13 ≤ eαe(c

L
2 +c13)Cu . With

Kcell = KBe
(cL2 +c13)Cu max(1, λ

1/6
PV) and b

1/6
D = λ

1/6
PV(bD/λPV)

1/6, Proposition B.7 gives the
following bounds: a non-seed lone cell carries at most Kcelle

α+CDcdep(bD/λPV)
1/6; a non-seed

cell of a wall polymer at most Kcelle
α+CDcdep+cB(bD)e−(c′/8)ΦU/(1+DU ); a seed cell at most

Kcelle
α+CDcdep , times ecB(bD) if it is of class B.

S1.8 Constants of Sections 7.7 to 7.9 and Appendix A

Lemma 7.44 (cell diameter). Since t1 ≤ 2 + (36kP /χN3) ln kP , we have Dcell ≤ 35r0 +
504 r0kP ln kP /χN3. In fine units r0kP = 304L ≤ 304cL/m̃ and kP < 1/m̃, and therefore
ln kP ≤ ln(1/m̃) < 0.0632βGM (as in the proof of Lemma 7.33). Hence Dcell ≤ 35r0 + 504 ·
304 · 0.0632 (cL/χN3)βGM/m̃ ≤ 35r0 + 1.927βGM/m̃ for cL ≤ 1.99 · 10−4χN3, which is less
than L′ = 2βGM/m̃ for βGM ≥ β0GM, since 35r0 ≤ L (Lc ≥ 35). The choice of cL (through
C ′
P c

2
L ≤ (1− 4/π2)/8) places it far below the threshold 1.99 · 10−4χN3.
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Constants of the seeded sums (before Lemma 7.48). The constant C9 exists because
blocks have side at least L, a block has fewer than 8/c1 cells and a cell at most 6/cg interfaces.

cS := logKcell + α+ CDcdep + 1 + c′4 + log 2, ηseed := 6DIe
−(c′/4)Funit .

The summand 1 + c′4 + log 2 is already contained in logKcell. Indeed, in the proof of Proposi-
tion A.7 the factor e(1+c

′
4+log 2)|Z| is bounded by ea|Z|, which enters cL2 = a+α and hence Kcell.

Counting it again in cS only enlarges cS , which is harmless. Since the constants logKcell, DU
and α are fixed numbers and cdep = O(log τ) (Proposition 6.17), we have cS = O(log τ) and
c2 = cS+2 = O(log τ). Since g/L = O(τ), logDI = O(log τ), while Funit is exponentially large
in τ . Hence ηseed is doubly exponentially small.

Proposition 7.52 (the count), Step 4. By Definition 3.18, cNF
3 κNF = c′0/16 and θNF =

c′0cg/(90(cg + 4)), and hence

ln 16

ln 2
cNF
3 κNF = 4cNF

3 κNF =
c′0
4
, 8θNF ln 16 =

8 ln 16

90

cg
cg + 4

c′0 ≤
c′0
8
.

With n ≤ ν, n0 ≤ (4/c′g)ν and jg = O(lnβGM), the terms C(n+n0+ ν) and (1+ jg)κNFν ln 16
of Steps 2 and 3 are at most C ′(1+lnβGM)ν with C ′ depending only on C9, cg and κNF. Hence

ln# ≤ 3
8c

′
0Funitν +C ′(1 + lnβGM)ν ≤ c′

2 Funitν as soon as Funit ≥ (8C ′/c′0)(1 + lnβGM), which
holds for βGM ≥ β0GM because Funit = (π2c′g/18)(m̃L)

3/(m̃βGM) ≥ (π2c′g/144)c
3
L/(m̃βGM)

(m̃L ≥ cL/2) is exponentially large. In addition, c′ ≥ c′0.

Lemma 7.56 and Theorem 7.57. Under the weight 2 − ηw of the hull functional the
constant cu of (R7) is the value fixed in Section S1.1.1, and only the value of CX = 3CU/cu
depends on it. Since small components of G′ are U-cells of Debye volume at least cu, they are
counted in Lemma 7.56. In Theorem 7.57, with σF = (π2c′g/18)(m̃L)m̃/βGM (Definition 3.18)
and βGM = 4π2τ ,

σV = εE
π2c′gm̃L

18

m̃

βGM
= εE

c′gm̃L

72

m̃

τ
=
c′gm̃L

9216

m̃

τ
at εE = 1

128 =
c′0
8 , ηS =

c2CXm̃
2

σV
,

which is the displayed expression, O(m̃βGM log τ) because c2 = O(log τ).

Remark 7.58 (the perimeter constant). By Lemma 7.33, cnear ≤ 0.1264 θPCR +
O(1/βGM) with CR = 24π3, uniformly for βGM ≥ β0GM. The coefficient 0.1264 θPCR
decreases as cL decreases, as θP ∝ c2L. Since c2 = O(log τ), m̃ = e−2.4943551τ(1+o(1)) and
R1(β) = (2r□ + 5)L ≥ (2r□ + 5)cL/(2m̃), the terms 3c2CXCUm̃ and 9c2CXC

2
U/R1(β) of cN

tend to 0.

Lemma A.6 and the order of c10, c
′′
10, µ. We fix c10 first, independently of δ̄, with

c10 ≤ 7
9rC . Then c

′′
10, which depends only on c10 and on the growth constants CU , cu, is fixed,

with ec
′′
10 ≥ 16emax(1, cc10/2), and finally the Mayer parameter µ, with µ ≥ 1 + 2c′′10.
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Proposition A.7 (the constant cL2 ). The constant cL2 = a+α, a = log(2eDU )+4+ c′4+a
′′

with ea
′′ ≥ 4Cφ, is built from DU , c

′
4, Cφ and α. Here c′4 depends on τ but is doubly

exponentially small and decreasing in τ . Hence it is bounded uniformly for τ ≥ τ0. With
this reading, cL2 is uniform in L′, βGM and τ . The threshold τ0 of Lemma S1.2 grows with cL2 ,
but it is finite, and only its existence is used.

Proposition A.8: the conditions on β0GM. The conditions on β0GM used in Proposition A.8
are

(β1) c′

32ΦU ≥ (1 +DU )
(
cS + cB(bD)

)
,

(β3) 3eDIe
−(c′/4)Funit ≤ 1

2 , (β4) cD16 ≤ 1.
(S1.5)

Proposition A.8: the booking of F loc
1 . In the proof of the core estimate (A.10), we book

the factor e−(3c′/4−ε)F loc
1 (X) left by Proposition 7.35 and the extraction as follows (Table S1.4).

• Type-iii factors, per region. The factors |D| and |F ′
2| at derivatives in a region involve

D and F ′
2 on that region only, because suppDβ lies in the element of Sβ. For a wall

component with N factors |D|, n∆ of them in the cell ∆, let a∆ := ∥D∥L2(∆), so that∑
∆ a

2
∆ ≤ 2F loc

1 /m̃2. The weighted arithmetic-geometric mean inequality and the iden-
tity supF>0(2F/(m̃

2N))N/2e−δF = (eδm̃2)−N/2 give, for every δ > 0,∏
∆

an∆
∆ e−δF

loc
1 ≤ (δm̃2)−N/2

∏
∆

(n∆!)
1/2,

and F ′
2 is handled in the same way. These constants enter Kcell and the pinning factor

(Proposition B.7, Lemma B.8). We take δ = c′/16 on X \ Z and δ = c′/32 on Z.

• (M-Σ) on X\Z. We use c′/8 of F loc
1 (X\Z). A wall polymer S is the union of the closures

of its components, | cl(Sβ)| ≤ (1 +DU )|Sβ|, and F1(Sβ) ≥ ΦU |Sβ| (Proposition 7.19(c)).
Hence F loc

1 (S) ≥ ΦU |S|/(1 + DU ), and each U-cell of a wall polymer of X \ Z receives
the factor e−(c′/8)ΦU/(1+DU ) of ε∆ in Proposition 7.39. Lone cells of X \ Z carry ε∆ =
Kcelle

α+CDcdep(bD/λPV)
1/6. The remaining fraction 9c′/16− ε ≥ c′/16 of F loc

1 (X \ Z) is
bounded by 1.

• Seed. We use c′/32 of F loc
1 (Z,NZ) for the U-cells of ZΣ. Each carries at most

Kcelle
α+CDcdep+cB(bD) ≤ ecS+cB(bD) (Proposition 7.39), and F loc

1 (ZΣ) ≥ ΦU |ZΣ|/(1+DU )
pays it under (β1). Lone seed cells carry at most Kcelle

α+CDcdep ≤ ecS . What remains is

e−(c′−c′/4−ε−c′/32−c′/32)F loc
1 (Z,NZ) = e−(11c′/16−ε)F loc

1 (Z,NZ).

Each non-seed cell carries at most ε∆ ≤ 1
2c
D
16 ≤ 1

2 by (β4). In (a) and (b) of Lemma 7.48 the
retained fraction 11c′/16− ε pays c′/8 for the entropy of the first set, and at least c′/16 is left
unused. In (c′) of that lemma the retained fraction pays ε ≤ c′/8 and cw = c′/16 and leaves at
least c′/2.

Remark S1.1 (The F1 ledger). Table S1.4 lists, for the proofs of Lemma 7.48 and Propo-
sition 7.39, the fractions of F loc

1 spent on the non-seed elements (X \ Z) and on the seed
elements (Z). In each column the entries add up to 1, and no fraction is used twice. The entry
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for the h-entropy on Z is not needed: the walls on Z are fixed on Nσ(X) and no wall lies on

an interface between Z and X \ Z, so the weight ec
′
1F

loc
1 (X\Z) suffices in the sum over NX in

the proof of Proposition A.7; omitting it leaves c′/4 of slack on the seed. It is kept so that

Lemma 7.37 can be stated with ec
′
1F

loc
1 (X,NX).

item X \ Z (non-seed) Z (seed) where
Hölder split and [GM82, Lemma 13]
(T2, T3, T4)

1− c′ 1− c′ Prop. 7.35

h-entropy, c′1 c′/4 c′/4 (optional) Prop. A.7
extraction ε (ε ≤ c′/2; the chain
uses ε ≤ εE)

ε ε Lemma 7.48

type-iii factors |D|, |F ′
2| c′/16 c′/32 Prop. A.8

(M-Σ): cells of wall polymers c′/8 none Prop. 7.39
seed cells of ZΣ none c′/32 (β1)
left over 9c′/16 − ε ≥ c′/16

(discarded)
11c′/16 − ε (re-
tained)

Table S1.4: The F1 ledger: fractions of F loc
1 per region.

Lemma S1.2 (Constant check). There is τ0 such that for τ ≥ τ0 the conditions (S1.5) hold
and c16e

c2 ≤ 1
8 .

Proof. Each condition compares an energy that is exponentially large in τ with a cost
that is logarithmic in τ or of smaller exponential order. Since m̃ ≤ 2mD and mD =
(8π2τ)1/2e−π

2vCb(0)τ , log(1/bD) ≥ π2vCb(0) τ − 3
2 log τ − C, with π2vCb(0) = 2.49435509 . . ..

As the constants logKcell, DU and α are fixed numbers and cdep = O(log τ) (Propo-
sition 6.17), cS = O(log τ) and c2 = cS + 2 = O(log τ). By Proposition 7.19,

ΦU ≥ c b−1
D β−3

GM with c > 0 fixed, while cB(bD) ≤ Cb
−1/2
D (Lemma 7.38). Moreover,

Funit = (π2c′g/18)(m̃L)
3(m̃βGM)−1 ≥ (π2c′g/144)c

3
L(m̃βGM)−1 (since m̃L ≥ cL/2), while

logDI = O(log τ) because g/L = O(τ). Hence (β1) and (β3) hold for τ ≥ τ0, and (β4) is
Theorem 7.40. For the product, the first branch of cD16 gives

log
(
2Kcelle

α+CDcdep(bD/λPV)
1/6ec2

)
= O(log τ)− 1

6π
2vCb(0) τ,

and the second gives O(log τ) + cB(bD) − (c′/8)ΦU/(1 + DU ), which tends to −∞ faster.
Consequently, cD16e

c2 = exp(O(log τ) − 2.494p0τ(1 + o(1))) with p0 = 1/6. Also ηseede
c2 =

6DIe
cS+2e−(c′/4)Funit is doubly exponentially small. Both are at most 1

16 for τ ≥ τ0.

S2 Full proofs of steps sketched in the main text

S2.1 Full proofs for Section 2

Proof of Lemma 2.3. The Villain weight is the limit of N -fold convolution powers of
Wilson weights at coupling Nt, and a convolution power is the marginal of a chain of Wilson
interactions, to which Ginibre’s inequality applies. Positivity and monotonicity pass to the
limit by dominated convergence in the dual representation.

Step 1 (approximants). For b > 0 let wb(θ) := eb cos θ/I0(b), whose Fourier coefficients are
cn(b) := I|n|(b)/I0(b) ∈ (0, 1]. The N -fold convolution w∗N

b (on T with dθ/2π) has coefficients

cn(b)
N .
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Step 2 (convergence and a uniform majorant). Write rk(x) := Ik+1(x)/Ik(x). By [Amo74,
(16)], for x ≥ 0 and k ≥ 0,

x

k + 1
2 + (x2 + (k + 3

2)
2)1/2

≤ rk(x) ≤
x

k + 1
2 + (x2 + (k + 1

2)
2)1/2

.

Using x ≤ (x2 + a2)1/2 ≤ x + a2/(2x) and y − y2/2 ≤ log(1 + y) ≤ y, we obtain |log rk(x) +
(k + 1

2)/x| ≤ (k + 3
2)

2/(2x2). Since cn(x) =
∏|n|−1
k=0 rk(x) and

∑|n|−1
k=0 (k + 1

2) = n2/2,∣∣∣log cn(x) + n2

2x

∣∣∣ ≤ (|n|+ 1)3

x2
, hence lim

N→∞
cn(Nt)

N = e−n
2/(2t)

for all n and t > 0. The upper bound also gives rk(x) ≤ x/(x+ 1
2), so cn(x) ≤ (1+ 1/(2x))−|n|

and, by log(1 + y) ≥ y/(1 + y),

cn(Nt)
N ≤

(
1 +

1

2Nt

)−N |n|
≤ e−|n|/(2t+1) (N ≥ 1). (S2.1)

Step 3 (extended system and Ginibre). We give each plaquette p auxiliary angles
ϕp,1, . . . , ϕp,N−1, put ϕp,0 := θp and ϕp,N := 0, and take the weight

∏
p

∏N
i=1 exp

(
Ntp cos(ϕp,i−1−

ϕp,i)
)
. Integrating out the auxiliary angles gives

∏
p I0(Ntp)

Nw∗N
Ntp

(θp). Each argument
ϕp,i−1−ϕp,i is an integer combination of the variables, and the couplings Ntp are nonnegative,
so (2.1) applies (removed plaquettes enter with coupling 0). Hence the expectation ⟨cos θC⟩N
under the density ∝

∏
pw

∗N
Ntp

(θp) is nonnegative, and it is nondecreasing in each tp, because
raising tp raises the N couplings of p.

Step 4 (dual form and the limit). Let fp be even functions on T with absolutely summable

Fourier coefficients f̂p. Expanding
∏
p fp(θp) =

∑
n∈ZP (X)

∏
p f̂p(np)e

i(∂n)·θ and integrating over
θ gives ∫

eiθC
∏
p fp(θp) dθ∫ ∏

p fp(θp) dθ
=

∑
n: ∂n=C

∏
p f̂p(np)∑

n: ∂n=0

∏
p f̂p(np)

, (S2.2)

where we used f̂p(−m) = f̂p(m). The numerator runs over n0 + Z2(X) if C = ∂n0. For

f̂p(m) = cm(Ntp)
N , the majorant (S2.1) is summable over ZP (X), and the denominators are at

least 1 (the term n = 0). By dominated convergence, (S2.2) for the approximants converges to
its value for f̂p(m) = e−m

2/(2tp), which is ⟨cos θC⟩VX,t. Nonnegativity and monotonicity pass to
the limit, and ⟨sin θC⟩ = 0 by the symmetry θ 7→ −θ. This proves (a) and (b), and (c) follows in
the same way, the limit tp → 0 being dominated convergence with f̂p(m) = e−m

2/(2tp) → 1m=0.
Step 5 (frozen limits). For fixed couplings offD, the expectation is a nondecreasing function

of the couplings on D with values in [0, 1], and therefore has a limit. This limit inherits
monotonicity in the other couplings. If D ⊆ D′ and s ≥ τ , then tτ,D,s ≤ tτ,D

′,s coordinatewise,
so ⟨cos θC⟩Vtτ,D,s ≤ ⟨cos θC⟩Vtτ,D′,s ≤ gX,τ (C;D

′), and gX,τ (C;D) ≤ gX,τ (C;D
′). Monotonicity

in τ passes to the limit in the same way.

Proof of Lemma 2.8. Write Qs(k) := 1
2τ |1F c(n0 + ∂k)|2 + 1

2s |1F (n0 + ∂k)|2, so that by

Lemma 2.7 the left side of (2.7) at finite s is Ns/Ds with Ns :=
∑

k e
−Qs(k) and Ds the same

sum for n0 = 0. Write k = w′ + w with w′ ∈W ′, w =
∑

K aK1K ∈W . Since 1F c∂w = 0,

Ns =
∑
w′∈W ′

e−
1
2τ

|1Fc (n0+∂w′)|2Ss(w
′), Ss(w

′) :=
∑

a∈ZKF

e−
1
2s

|b+Ba|2 ,
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with b := 1F (n0+∂w
′) ∈ RF and Ba := ∂(

∑
K aK1K) ∈ RF . The matrixM := BTB is positive

definite because ∂ is injective. Completing the square, we get |b+Ba|2 = (a−a0) ·M(a−a0)+
|Pb|2 with a0 := −M−1BTb and P := 1− BM−1BT the orthogonal projection onto (imB)⊥.
Poisson summation in a gives

Ss(w
′) = (2πs)|KF |/2(detM)−1/2 e−|Pb|2/(2s)(1 + rs(w

′)
)
,

|rs(w′)| ≤ ρs :=
∑

0̸=m∈ZKF

e−2π2s|m|2/∥M∥,

uniformly in w′, and ρs → 0 exponentially. The prefactor is the same in Ns and Ds and cancels.
In the remaining sums the factor e−|Pb|2/(2s)(1 + rs) tends to 1, is bounded by 2 for large s,
and differs from 1 by at most |1F (n0 + ∂w′)|2/(2s) + ρs. If 1F c∂w′ = 0 for some w′ ∈W ′ ⊗R,
then w′ is constant on each component of the unfrozen graph and vanishes on the component
of the ground, so w′ ∈ (W ⊗R)∩(W ′⊗R) = {0}. Hence |1F c(n0+∂w

′)|2 ≥ c|w′|2−C for some

c > 0, and e−
1
2τ

|1Fc (n0+∂w′)|2 times any polynomial in w′ is summable over W ′. Dominated
convergence gives (2.7), and the bound on the factor gives the rate O(1/s). Since the summands
of (2.7) are W -invariant functions of k ∈ ZΛ′

3 , the sums do not depend on the complement.

S2.2 Section 3: the loop-adapted grid

Construction of G(C) (Definition 3.4). With Λ◦ =
∏
µ[aµ, bµ] as in Definition 3.2, we

construct the objects in the following order.

1. Special planes. In direction µ the special planes are the lattice planes {xµ = s}, s ∈ Sµ,
with S1 = {a1, r1, r1+R, b1}, S2 = {a2, t1, t1+T, b2}, S3 = {a3, z0, b3}. A special interval
is the fine interval between two consecutive special planes of one direction.

2. Sites. A special interval of fine length D′ is divided into ⌊D′/r0⌋ consecutive intervals:
⌊D′/r0⌋−1 of length r0, followed, at the end with the larger coordinate, by one of length
r0 + (D′ mod r0) ∈ [r0, r̄0]. The sites (coarse cells) are the boxes

∏
µ Iµ with Iµ such

intervals. Their fine sides lie in [r0, r̄0], and equal r0 outside at most one exceptional
layer per special interval. The sites form, combinatorially, a box of Z3. We denote by E
its nearest-neighbour bonds, and the coarse face dual to a bond is the common face of
its two sites.

3. Blocks. In coarse index units, a special interval of coarse length n is divided into p :=
⌊n/Lc⌋ consecutive intervals, and with r := n − pLc the first (r mod p) of them have
length Lc + ⌈r/p⌉ and the others Lc + ⌊r/p⌋. Their endpoints are the block planes.
Blocks are the boxes between consecutive block planes of all three directions, and a block
face is the common face of two adjacent blocks.

4. Removal cells. In each direction the block intervals, in increasing order, are grouped
greedily into consecutive groups of total coarse length ≥ ℓ, and a final remainder of
length < ℓ is merged into the last group. Removal cells ∆ are the boxes

∏
µ Jµ with Jµ

such groups, and |∂∆| is the number of bonds of Z3 (in coarse index units) with exactly
one end in ∆, bonds leaving Λ◦ included.
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5. Windows. We index the blocks by their position in each direction. The block distance is
the ℓ∞ distance of these indices. For each block Q, Q̂(Q) is the union of the blocks at
block distance at most 75 from Q, a block-aligned box, and Q is the set of windows.

6. Tube zones and tubes. Let F ′ be a block face between blocks Q, Q′, in the plane P ′. Its
tube zone Z(F ′) is the set of sites of Q∪Q′ among the Lc/2 layers nearest to P ′ on each
side. For a bond b across F ′, its tube τb is the segment of the line of b formed by the Lc
sites of that line in Z(F ′). We write |F ′| for the number of coarse bonds across F ′.

The choices left open by the rules (the exceptional coarse layer at the end with the larger
coordinate, and the longer block intervals first) depend only on C and the constants, and the
proofs hold for any such choice.

Proof of Lemma 3.3(a) to (d). (a) The quantity MΛ uses only R, T , r0 and ℓ, the centre
uses only C, and the grid is built from Λ◦ and the planes of C by rules that use only the
constants.

(b) By (e) and m ≥ min(R, T ) ≥ R1 ≥ L, the special planes aµ, bµ are at fine distance ≥ L
from the planes of C, and R, T ≥ R1 ≥ L.

(c) Step 2 cuts a special interval of fine length D′ into ⌊D′/r0⌋ coarse intervals. Hence a
side of Λ◦ made of at most three special intervals has at least M ′

Λ/r0 − 3 ≥ ℓ coarse cells.
Step 4 tiles each side of coarse length ≥ ℓ by groups of block intervals, so Λ◦ is a union of
removal cells. Removal cells are unions of blocks by construction. The bound ℓ ≥ kP + 4Lc is
(3.1).

(d) Each nµ lies in [M ′
Λ/r0 − 3, M ′

Λ/r0], and M ′
Λ/r0 ≥ ℓ + 3 ≥ 6. Hence maxµ nµ ≤

M ′
Λ/r0 ≤ 2(M ′

Λ/r0 − 3) ≤ 2minµ nµ.

Proof of (G1) to (G5). (G1) By Lemma 3.3(b), a special interval has fine length D′ ≥
L = r0Lc, hence coarse length n = ⌊D′/r0⌋ ≥ Lc and p ≥ 1. Since r < Lc, each block interval
has length in [Lc, 2Lc − 1]. A block lies in one special interval in each direction, so it meets at
most one exceptional layer per direction, and its fine side lies in [r0Lc, (2Lc−1)r0+(r0−1)] =
[L, 2L− 1].

(G2) The construction is a tensor product, and the endpoints of special intervals are block
planes.

(G3) A greedy group closes as soon as its length reaches ℓ, and a block interval has length
at most 2Lc − 1. Hence a group has length in [ℓ, ℓ + 2Lc − 2]. Adding a final remainder of
length at most ℓ − 1 keeps it at most 2ℓ + 2Lc − 3 < 3ℓ, by (3.1). Every side of Λ◦ is ≥ ℓ by
Lemma 3.3(c), so there is at least one group per direction. Then |∂∆| = 2(s1s2 + s2s3 + s3s1)
with sµ ∈ [ℓ, 3ℓ).

(G4) A window has at most 151 blocks per direction, each of coarse side at most 2Lc−1 by
(G1), so its sides are at most 151(2Lc − 1) < kP . If u ∈ Q and |y − u|∞ ≤ 75Lc, the segment
from u to y in each direction crosses at most 1 + ⌊(75Lc − 1)/Lc⌋ = 75 block planes, since
consecutive parallel block planes are at least Lc apart; so the block of y is at block distance at
most 75 from Q, and Q∞(u, 75Lc) ∩ Λ◦ ⊆ Q̂(Q). An adjacent block is at block distance 1. A
block lies in Q̂(Q) only for the at most 1513 blocks Q at block distance at most 75 from it.

(G5) Blocks have at least Lc layers, and parallel block planes are at least Lc apart.
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S2.3 Section 5

The dual paths of Lemma 5.2. In fine coordinates with Ξ = [0, R]× [0, T ]×{0}, the dual
paths are the closed paths of fine cubes in the planes y = j + 1

2 around the rectangles of cube
centres [i+ 1

2 , 2R− i− 1
2 ]× [i−R+ 1

2 , R− i− 1
2 ] in (x, z), 0 ≤ j < T , 0 ≤ i < R. These paths

are disjoint, and in these coordinates the path of (i, j) crosses Ξ once, at x = i+ 1
2 .

Proof of Lemma 5.8. By [GK04, Lemma 2.1 and the sentence after it, p. 141], the first
number is at most the number

(
Dn
n

)
/((D− 1)n+1) =

(
Dn
n−1

)
/n of n-vertex subtrees containing

the root of the infinite rooted D-ary tree, D := Dmax, and
(
Dn
n−1

)
/n ≤ Dn−1nn−1/n! ≤ (eD)n−1

as n! ≥ e(n/e)n. For the second, we choose the first plaquette at an edge of C of each
component among at most 4|C| plaquettes (24|C| choices), the sizes of the components in the
order of these roots (2a), and each component by the first count with Dmax = 12.

Proof of Lemma 5.10. We put λ := log(2k+1κpl) and ω := | log ε|/F∗ ≥ cT (k)/η ≥ cT (k) =
1 + λ. By Lemma 5.8, PD(E) ≤ 24|C|+j ∑

a≥RT e
−a(ω−λ)+ω(1−η)RT ≤ 24|C|+j e

e−1e
RT (λ−ηω) ≤

24|C|+j+2e−RT , as ω−λ ≥ 1. Since j ≤ 3, EDeσX ≤ eσηRT+eσRTPD(E) ≤ eσηRT (1+24|C|+5) ≤
eσηRT+4|C|+4.

Proof of Lemma 5.14(a), (c) to (e). We fix the cut j and write U := Uj , U
′ := U ′

j , with
Uα and W(α) as in Definition 5.13.

(a) Let (u, v) be a bond of S∗
j with u ∈ Uα and v ∈ W . If v ∈ U , then v is box-adjacent

to u and lies in Uα, which is impossible. Hence v /∈ U . If (u, v) is a G′
tj -bond, then v ∈ Kj

because Kj is a component, so v ∈ U ′ and the bond is a cut bond. Otherwise v ∈ Xtj (a hole
face) or the bond is frozen.

(c) Let W ∈ W(α) and z ∈ W ∩ U ′. We take a G′
tj -path in Kj from z to Uα and let y be

the site just before its first entry into Uα. The segment from z to y is a box path avoiding
Uα, so y ∈ W . Also y ∈ Kj , and y /∈ U because a site of U box-adjacent to Uα lies in Uα.
Thus y ∈ U ′, and the bond from y into Uα is a cut bond in ∂(Uα,W ). A bond (u, v) with
u ∈ U , v /∈ U determines α (the box-component of u in U) and W (the box-component of v in
Λ◦ \ Uα), so distinct pieces are disjoint. Each piece contains one of the Aj cut bonds.

(d) For a cut bond (u, z) with u ∈ Uα, z ∈ U ′, the box-component of z in Λ◦ \ Uα belongs
to W(α). The same argument with U and U ′ exchanged gives the piece of S∗∗

j .

(e) Let u∗ be the last site of U on the path, u∗ ∈ Uα
∗
. The rest of the path lies in

Λ◦ \ U ⊆ Λ◦ \ Uα∗
and is box-connected. Hence it lies in one box-component W ∗ of Λ◦ \ Uα∗

,
and W ∗ ∈ W(α∗) because the path ends in U ′. The bond leaving u∗ lies in ∂(Uα

∗
,W ∗).

Proof of Lemma 5.15. Shells. We partition Λ◦ into shell boxes as a tensor product, cutting
each coordinate axis of Λ◦ into intervals of lengths in [6Lc, 12Lc) (possible since every coarse
side of Λ◦ is at least ℓ ≥ 308Lc, Lemma 3.3(c)). We index the boxes by ι ∈

∏
µ[0, n

sh
µ ) and put

δ(b, b′) := |ι− ι′|∞ and nmin := minµ n
sh
µ . For a box b0 and i ≥ 1 the shell Shi(b0) is the union

of the boxes b with δ(b, b0) ∈ {3i, 3i+ 1, 3i+ 2}.
Shell claim: if Sh = Shi(b0) with 3i + 2 ≤ (nmin − 1)/2 contains a whole cell of Uj and a

whole cell of U ′
j (cells at time tj), then each of S∗

j and S∗∗
j has at least (c1/24)L

2
c bonds with

both ends in Sh. We write U := Uj . Let A′ be the set of sites joined to U by a box path
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with no bond of S∗
j , and B′ := Λ◦ \ A′. Then U ′

j ⊆ B′ by Lemma 5.14(e), and every box
bond between A′ and B′ lies in S∗

j . We put W := A′ ∩ Sh. The sets W and Sh \W contain a

cell each, hence at least c1L
3
c sites each, and it suffices to find (c1/24)L

2
c box bonds inside Sh

between them. The boxes of Sh form a face-connected family: since 3i+2 ≤ (nmin−1)/2, each
index sphere of radius 3i, 3i + 1, 3i + 2 around b0 keeps, in each direction, at least one of its
two faces inside the index box, so its clipped faces form a connected surface, and consecutive
spheres are face-adjacent. Put fb := |W ∩ b|/|b|.

Case 1: fb ≤ 1
2 for all boxes b of Sh. The box Cheeger inequality of the proof of Lemma 5.15

in each box (sides less than 12Lc) gives at least |W |/(24Lc) ≥ c1L
2
c/24 bonds.

Case 2: fb ≥ 1
2 for all b. The same argument applies to Sh \W .

Case 3: otherwise. There are face-adjacent boxes b1, b2 with fb1 ≥ 1
2 > fb2 . In the box

b1 ∪ b2 (sides less than 24Lc) both W and its complement have at least 1
2(6Lc)

3 = 108L3
c sites,

and the same inequality gives at least 108L3
c/(48Lc) > 2L2

c > (c1/24)L
2
c bonds.

The same argument with U and U ′
j exchanged gives the bound for S∗∗

j .
Counting shells. Let b0 be the shell box of x. A c-path in Uj from the Uj-end of the cut

bond of Lemma 5.15(i) (within ρ/2 + 2 of x, so at index distance less than ρ/(12Lc) + 2 from
b0) to the far site of (ii) (at index distance more than 3ρ/(4Lc)−1) changes the index distance
by at most 1 per step, and cells lie in one block, of side less than the box sides. Hence each
shell Shi(b0), i ∈ I(ρ) := {i ∈ Z : ρ/(36Lc) + 1 ≤ i ≤ ρ/(4Lc)− 1}, contains a whole cell of Uj ,
and likewise of U ′

j . These shells are disjoint, lie within 9ρ of x, satisfy 3i + 2 ≤ (nmin − 1)/2,
and number |I(ρ)| ≥ ρ/(9Lc) for ρ ≥ 27Lc. In this range the shell claim in each shell gives
(ρ/(9Lc))(c1/24)L

2
c = cshρLc bonds of S

∗
j , and as many of S∗∗

j .

Proof of Lemma 5.26(b). Along the breadth-first spanning tree from o (fixed orders) of
the graph defining anchoring, the block set is fixed by:

• the sizes of the components (2b choices);

• the anchors of the children of o in Z(Ξ′), |Z(Ξ′)| ≤ 2a, and of the children of each
component C among its blocks (22a+ko and 2|C|+kC choices, ko +

∑
C kC = m);

• the positions of the root blocks relative to their anchors ((2d0 + 1)3 choices each);

• the components, ∗-connected sets of given sizes containing their root blocks ((26e)|C|

choices, Lemma 5.8 with Dmax = 26).

With
∑

C |C| = b the product is 2b · 22a+b+m(2d0 + 1)3m(26e)b.

S2.4 Full proofs for Section 6 and Appendix D

We use the conventions of Appendix D.

Proof of Proposition 6.10. In outline, diffusive displacement is needed only up to the
time T1 = min(M−2, εHK

1 R2
HK). Beyond this time the walk is controlled by blocks of length

T1, each of which moves it ballistically at speed of order T
−1/2
1 , and the mass term outweighs

the resulting growth. We write
∑

y v
(M)
G′ (x, y)eθd(x,y) =

∫∞
0 e−M

2t Exeθd(x,Xt)dt. If T1 = M−2

then θM = κWM = κWT
−1/2
1 . If T1 = εHK

1 R2
HK < M−2 then θM = κWM

2T
1/2
1 . In both cases
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θM ≤ min(T
−1/2
1 , cex/2) (as M ≤ mW ) and CMθMT

1/2
1 ≤ CMκWM

2T1 ≤ 1
2M

2T1 ≤ 1
2 . Hence

(HK4) gives supw EweθMd(w,Xs) ≤ q := 1 + CMθMT
1/2
1 ≤ 3

2 for s ≤ T1. For t = kT1 + s with
0 ≤ s < T1, d(x,Xt) ≤

∑
i≤k d(X(i−1)T1 , XiT1) + d(XkT1 , Xt), and the Markov property gives

ExeθMd(x,Xt) ≤ qk+1 ≤ q exp
(
CMθM t/T

1/2
1

)
≤ q eM

2t/2.

Hence the integral is at most 2q/M2 ≤ 3M−2, which is (6.13). AtM =MY , (ε
HK
1 )1/2MYRHK ≥

(εHK
1 )1/2K0/λPV by (6.12), which gives (6.14). The bound for v2G′ follows from 0 ≤ v2G′ ≤

vG′ (Lemma 6.2(iii)), and the bound for v1G′ from (6.13) at M = M1, since M 7→ θM is
nondecreasing. Finally, κ0 ≤ κW because (εHK

1 )1/2K0 < 1. If (εHK
1 )1/2K0 ≥ λPV, then

κYMY = κW m̃/λPV ≥ κ0m̃/λPV. Otherwise κYMY = κ0m̃/λ
2
PV. In both cases κYMY ≥

4κ0m̃, because λPV ≤ 1
4 .

Proof of Theorem 6.11. Since C0 is a difference of two resolvents, and hence a positive
mixture of heat kernels, every bound on it reduces to the heat kernel. With r± := 1

2M
2
Y (1 ±

(1− 4λ2PV)
1/2), the roots of s2 +M2

Y s+M2
Y m̃

2 are −r±, and partial fractions give

C0 = F (−∆G′), F (s) =
M2
Y

(s+ r−)(s+ r+)
= ϖ

( 1

s+ r−
− 1

s+ r+

)
,

C0 = ϖ
(
v
(r

1/2
− )

G′ − v
(r

1/2
+ )

G′
)
=

∫ ∞

0
k(t)Pt dt,

with k(t) = ϖ(e−r−t − e−r+t) and 0 ≤ k(t) ≤ min(M2
Y t,ϖ)e−r−t. Since F (0) = m̃−2, C01K =

m̃−21K, that is, the zero modes are part of C0. Put R := RHK, so that R−3r−1
− ≤ m̃−2R−3 ≤

m̃K−3
0 = λPVK

−3
0 MY by (6.12).

(H1). With pt ≤ 1 on [0, 1] and pt ≤ CHt
−3/2 + CHR

−3 on [1,∞) (HK1),

C0(x, x) ≤
∫ 1

0
M2
Y t dt+ CH

∫ ∞

1
min(M2

Y t,ϖ)t−3/2dt+ CHR
−3

∫ ∞

0
ϖe−r−tdt

≤ 1
2MY + 2CH(1 +ϖ)MY +ϖCHλPVK

−3
0 MY ,

splitting the middle integral at t =M−2
Y , whatever the order of M−2

Y and R2.

(H2). Entrywise, C0 ≤ ϖv
(r

1/2
− )

G′ , because v
(r

1/2
+ )

G′ ≥ 0 (Lemma 6.2). Since m̃ ≤ mW /2, the

mass r
1/2
− ≤ 1.04 m̃ is at mostmW , and (6.13) at this mass has θ ≥ κW m̃min(1, (εHK

1 )1/2m̃R) ≥
κ0m̃, since m̃R ≥ K0 and (εHK

1 )1/2K0 < 1. Hence the row sums of C0e
κ0m̃d are at most

3ϖ/r− = K3m̃
−2, and C0 is symmetric.

(H1′). First, C0(x, y) ≥ 0 because k ≥ 0 and pt ≥ 0. If d := d(x, y) < M−1
Y , then

C0(x, y) ≤ (C0(x, x)C0(y, y))
1/2 ≤ K1MY ≤ eK1MY e

−κ′0m̃d, since κ′0m̃d ≤ λPV ≤ 1. If
d ≥ M−1

Y , we use C0(x, y) ≤ ϖ
∫∞
0 e−r−tpt(x, y) dt and split the time axis. (i) t ≤ d: by

(HK0) the contribution is at most ϖde−d/17 ≤ 313ϖMY e
−d/68 ≤ 313ϖMY e

−κ′0m̃d, because
de−3d/68 ≤MY d

2e−3d/68 < 279MY for d ≥M−1
Y , and κ′0m̃ ≤ 1/68. (ii) d ≤ t ≤ T2 := 2εHK

1 R2:
by (HK3) (here t ≥ d ≥ 1) and r−t+ cgsd

2/(2t) ≥ (2cgsr−)
1/2d, the contribution is at most

ϖCgse
−(2cgsr−)1/2d

∫ ∞

0
t−3/2e−cgsd

2/(2t)dt = ϖCgs(2π/cgs)
1/2d−1e−(2cgsr−)1/2d

≤ ϖCgs(2π/cgs)
1/2MY e

−κ′0m̃d.
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(iii) t ≥ T2: as in the proof of (HK3), pt(x, y) ≤ 2 sup pt/2 · supw Pw(d(w,Xt/2) ≥ d/2). Here

sup pt/2 ≤ CH(ε
HK
1 )−3/2R−3 by (HK1), and Markov’s inequality with the blocking bound of the

proof of Proposition 6.10 (§S2.4) at the mass r
1/2
− , with its rate θ ≥ κ0m̃, gives Pw(d(w,Xt/2) ≥

d/2) ≤ q e−θd/2er−t/4. Thus the contribution is at most 4ϖCH(ε
HK
1 )−3/2R−3r−1

− e−κ0m̃d/2 ≤
4ϖCH(ε

HK
1 )−3/2λPVK

−3
0 MY e

−κ′0m̃d. The three parts give K ′
1.

(HC). By the Schur test, ∥ν∥2→2 ≤ ∥ν∥0 ≤ ενm̃
2, and C−1

0 ≥ m̃2. Hence
C−1
0 + ν ≥ (1 − εν)C

−1
0 > 0, C exists, is positive definite, and C ≤ (1 − εν)

−1C0,
which gives C(x, x) ≤ 2K1MY (εν ≤ 1/(2K3) <

1
2). Since rcov ≤ κ0m̃, ∥C0∥rcov ≤ K3m̃

−2,
and the Neumann series C =

∑
n≥0(−1)nC0(νC0)

n converges in ∥ · ∥rcov with ∥C∥rcov ≤
K3m̃

−2
∑

n(K3εν)
n ≤ 2K3m̃

−2. For the pointwise bound we write C = C0 − C0νC and
use ercovd(x,y) ≤ ercovd(x,z)ercovd(z,w)ercovd(w,y) and supz C0(x, z)e

rcovd(x,z) ≤ K ′′
1MY (by (H1),

(H1′) and rcov ≤ κ′0m̃). This gives |C(x, y)|ercovd(x,y) ≤ K ′′
1MY (1 + ∥ν∥rcov∥C∥rcov) ≤

K ′′
1MY (1 + 2K3εν) ≤ 2K ′′

1MY . A matrix Cs dominated entrywise by |C|, with
Cs(x, x) ≤ C(x, x), inherits the three bounds.

Proof of Lemma D.2. The heat kernel of Z3 factorizes into three one-dimensional kernels,
and an exponential tilt of each turns the Gaussian bound into a bound with exponential decay.
The time integral then produces the factor (1 + |x|)−1 from times of order |x|2 and the decay
from the mass. Let qt(k) := e−2tIk(2t) be the transition probability of the continuous-time walk
on Z that jumps to each neighbour at rate 1, so that the kernel of et∆Z3 is pt(x) =

∏
µ qt(xµ)

and v(M)(x) =
∫∞
0 e−M

2tpt(x) dt. For λ ≥ 0, qλt (k) := qt(k)e
λk−2t(coshλ−1) is the law at time t

of N+ −N− with independent Poisson variables of means teλ and te−λ. Conditioning on N−,
supk q

λ
t (k) ≤ supj P(N+ = j) ≤

√
2(1 + t)−1/2, by Stirling’s formula. The law of N+ −N− is

log-concave, hence unimodal, so
∑

k |qλt (k+1)− qλt (k)| = 2 supk q
λ
t (k). Writing qλt = qλt/2 ∗ q

λ
t/2,

we obtain supk |qλt (k + 1)− qλt (k)| ≤ 8(1 + t)−1. Hence, for k ≥ 0,

qt(k) ≤
√
2(1 + t)−1/2e−λk+2t(coshλ−1),

|qt(k + 1)− qt(k)| ≤
(
8(1 + t)−1 +

√
2λ(1 + t)−1/2

)
e−λk+2t(coshλ−1),

the second because qt(k+1)− qt(k) = e−λk+2t(coshλ−1)[e−λqλt (k+1)− qλt (k)] and 1− e−λ ≤ λ.
Negative k follow by symmetry, at the cost of a factor eλ in the difference bound.

We let r := |x| ≥ 1, choose λµ := s|xµ|/r with s ∈ [0, 12 ], and use
∑

µ 2(coshλµ − 1) ≤∑
µ λ

2
µ coshλµ ≤ s2 cosh s and

∑
µ λµ|xµ| = sr. Then pt(x) ≤ 23/2(1 + t)−3/2 exp(−sr +

ts2 cosh s). For t ≤ r the choice s = 1
2 makes the exponent at most −r/2 + r cosh(12)/4 ≤

−0.218 r. For t ≥ r the choice s = r/(2t) ≤ 1
2 makes the exponent at most −r2/(4t) (2 −

cosh 1
2) ≤ −0.218 r2/t, and

M2t+ 0.218 r2/t ≥
(
M2t+ 9

64r
2/t

)
+ 0.077 r2/t ≥ 3

4Mr + 0.077 r2/t.

Hence

v(M)(x) ≤ 23/2e−0.218r

∫ r

0
(1 + t)−3/2dt+ 23/2e−3Mr/4

∫ ∞

0
t−3/2e−0.077r2/tdt

≤ 25/2e−0.218r +
23/2

√
π√

0.077 r
e−3Mr/4,
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and e−0.218r ≤ e−3Mr/4e−0.068r because 3
4M ≤ 0.15. This gives the first bound in (D.1). For

the difference in direction e = ±eµ only the factor qt(xµ) changes, and the same choices of λ
give |pt(x + e) − pt(x)| ≤ C(1 + t)−3/2

(
(1 + t)−1/2 + s

)
exp(−sr + ts2 cosh s). For t ≤ r this

is bounded as before. For t ≥ r, s = r/(2t), and
∫∞
0 (t−2 + rt−5/2)e−0.077r2/tdt ≤ Cr−2. For

r < 1 both bounds are trivial.
For the box, the reflections in the six face planes (at half-integer positions) generate a group

G that acts coordinatewise, and v
(M)
Λ′ (y, x) =

∑
g∈G v

(M)(y − gx). Indeed, the right side is G-
invariant, so across each face its two values agree and the Neumann condition holds, and the
orbit of x meets Λ′ only at x. Coordinatewise |yµ−(gx)µ| ≥ |yµ−xµ| for xµ, yµ ∈ [1, nµ], so |y−
gx| ≥ ryx := |y−x|, and #{g : |y−gx| ≤ ρ} ≤ 8(ρM+1)3 because nµ ≥M−1. For a decreasing
f , summation by parts gives

∑
g f(|y−gx|) ≤ 8

[
(1+Mryx)

3f(ryx)+
∫∞
ryx

3M(1+Mρ)2f(ρ) dρ
]
.

With f(ρ) = CL(1+ρ)
−je−3Mρ/4, j ∈ {1, 2}, this is at most C(1+Mryx)

3(1+ryx)
−je−3Mryx/4 ≤

C ′(1 + ryx)
−je−Mryx/2. Since the differences ux(y + e)− ux(y) are the sums of the differences

of the images, (L1) and (L2) follow.

S2.5 Full proofs for Subsection 7.5

Proof of Lemma 7.24. The integrand of Proposition 7.7 depends on the configuration only

through the field ψ + g + kβ
−1/2
GM f , read modulo PZ at each site and in each cell average, and

through the walls. We write ϑ := ψ +D.

(a) Let h ∈ H and k ∈ {0, 1}. By (7.10), g + kβ
−1/2
GM f = h + D. Since h takes values in

PZ = 2πβ
−1/2
GM Z, eimβ

1/2
GMh(x) = 1, so each phase eim(β

1/2
GM(ψ+g)(x)+kf(x)) of E′, εk, G2,2 and G2,3

equals eimβ
1/2
GMϑ(x). In G1 =

∑
Ω ln rΩ(AΩ) the function rΩ of (7.4) depends on AΩ only through

AΩ + kβ
−1/2
GM f̄Ω and is P -periodic in it. This quantity is avgΩ ϑ + h|Ω, as h is constant on Ω.

Hence rΩ(AΩ) is rΩ at k = 0 evaluated at avgΩ ϑ. Likewise δ̃ = (ψ+ g+ kβ
−1/2
GM f)− avgΩ(ψ+

g+ kβ
−1/2
GM f) = ϑ− avgΩ ϑ on Ω. The terms added in G♮ (Lemma 7.29) are functions of ϑ and

ψ through the same phases. The term F1(Sβ) is given by (7.13) and F2(Y ) = ⟨1Y ψ,F ′
2⟩ with

F ′
2 =

∑
β F

′
2,β, F

′
2,β = −[C−1

0 , χβ]C0sβ (Proposition 7.8 (e)), both functions of w alone. Hence
the two definitions of QN (Y ) and of E(Y, s) agree.

(b) After the replacement, the action is a sum of three kinds of terms: cell terms
ln rΩ(avgΩ ϑ); site terms, which are the terms of G2,1, G2,2, G2,3, of G

♮ and of E, functions of
ψ and ϑ at the sites of their support (the E-terms with weights ws(τ)); and wall-component
terms F1(Sβ) and ⟨ψ, F ′

2,β⟩, supported in Sβ (Proposition 7.8 (e)). On a union Y of wall

components and of U-cells outside Σ̂, D|Y =
∑

Sβ⊆Y Dβ|Y depends on N only through

N |E(Y ) (Proposition 7.8 (f)). These are the only facts used in the proof of Lemma 7.21. An
admissible set contains each cell and each wall component entirely or not at all, which gives the
factorization and the locality for every wall field. Definition 7.20 and the proof of Lemma 7.23
use only the wall sites, the wall components and Proposition 7.8 (a), all of which are defined
from N . On U ̸= V we take closures in U , which is consistent because the wall polymers of N
have their closures in U . Proposition 7.22 is proved in Appendix C from the factorization, the
admissibility of the sets of a sequence and absolute convergence. Absolute convergence rests
on Lemma C.1, whose bounds are pointwise in (ψ, ϑ), and on the Poincaré inequality on cells
(Lemma C.2), which does not involve the configuration. Here Lemma C.1 (b) is a bound on
G2,1 by ∥1Y PV ϑ∥2. In Theorem 7.13, the bound (7.14) of Corollary 7.10 (c) with g −H = D
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and ∇g + kβ
−1/2
GM Rf = w +∇D reads F loc

1 (Y ) ≥ 1
2m̃

2∥D∥2Y + 1
2∥w +∇D∥2E(Y ), which follows

from (7.13) by dropping the term with M−2
Y , the supports of different β being disjoint. In the

same theorem, the tube argument uses only that w vanishes on the bonds inside cells and is
constant on interfaces (Lemma 7.12). The proof of Proposition 7.5 bounds cos(mu) − 1 at

each site, with the real number u = β
1/2
GM(φ + kβ

−1/2
GM f − h)(x), which after the translation

φ = ψ + g equals β
1/2
GMϑ(x), and that proof never uses that u comes from a height.

S2.6 Full proofs for Subsections 7.7 to 7.9

Proof of Proposition 7.46. The bounds of Subsection 7.6 and Appendices A, B are stated
for the configurations N (X), Nσ(X) produced by labels. We check that each step uses the
label only in ways that survive for long wall fields. To this end we fix k = 0 and a configuration
NX ∈ N long(X) (or N long

σ (X)), with the integrand of Lemma 7.24.
(i) Sums over configurations. They enter only through the following. Lemma 7.30 (b)

maps NX to its interface values (NI)I⊆X ∈ ZnI(X) and drops the realizability constraints.
A wall field is constant on interfaces and vanishes off them. Hence the map is injective on
N long(X), and the bound holds verbatim. In the proof of Proposition A.8, step (2) splits by
the first set satNX

(S0) through Lemma 7.23, valid in wall form (Lemma 7.24 (b)), and the
seed configuration it produces is long (Lemma 7.26 (a)). Step (3) of that proof counts wall
polymers with their walls through their wall interfaces and values at the Euclidean link scale
g (Lemma 5.8), again a count of integer functions on interfaces, with F loc

1 (S) ≥ 2Funit
∑

I N
2
I

(Lemma 7.30 (a)). The sum over link data and sets in Propositions A.4 and A.7 does not
involve the configuration beyond these.

(ii) Bounds at a fixed configuration. Each is a bound on a Gaussian integral whose integrand
is a function of ψ, D, w and F ′

2, that is, of ψ and NX (Lemma 7.24). The label enters these
proofs only in the following places.

• Appendix B uses the label in the phases of class-A cells, through eimβ
1/2
GMh(x) = 1. Under

Lemma 7.24 the phase is eimβ
1/2
GMϑ(x) by definition. The same holds for the cell function

R̂v of Lemma 7.31, evaluated at avgΩ(ψ+D), and for Lemma 7.41, where D = 0 on the
wall-free cell ∆.

• Theorem 7.13, used through Lemma 7.30 (a): valid for every wall field (Lemma 7.24 (b)).

• Lemma 7.33, Step 1: the identity (7.28) is stated in terms of DY , wY and sY for unions
of elements and involves no extension of h. At k = 0 the near-cell term vanishes.

• Lemma 7.29 and the functions G♮: functions of ϑ = ψ +D and ψ, bounded pointwise.

• Lemma 7.32 (a), used in Step 2 of Lemma 7.33. Its proof first shows w = wY on E(K♭Ω),
using (L8-4) and Proposition 7.8 only, and then puts aΩ := h on K♭Ω, using PΩh = 0
and ∇h = w on E(K♭Ω). For a long configuration, the field NX1E(Y ) on the union Y of

elements is long (Lemma 7.26 (a)), and Lemma 7.45 gives h′ : K♭Ω → PZ, constant on Ω,
with ∇h′ = wY on E(K♭Ω). We apply Proposition 6.9 (iv) to ϑ + h′. Since ∇(ϑ + h′) =

∇ϑ+wY on E(K♭Ω) and PΩ(ϑ+ h′) = PΩϑ, we obtain ∥PΩϑ∥2 ≤ CfWk
2
□∥∇ϑ+wY ∥2E(K♭

Ω)
,

which is (a) at k = 0. Step 2 of Lemma 7.33 then runs verbatim.
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Absolute convergence at a fixed configuration (Proposition 7.22) rests on Lemma C.1 and the
Poincaré inequality on cells, which are pointwise in (ψ,D). Lemma 7.32 (a) is the only place
where the bounds use that the configuration is long: for a wall field with a nonzero period on a
short cycle of K♭Ω, or on a same-cell closure through Ω, no primitive of wY constant on Ω exists.
With (i) and (ii), the proofs of Propositions 7.35, 7.39, Lemmas 7.37, 7.38 and Proposition A.8
hold with the same constants, and so does Lemma 7.48.

S2.7 Full proofs for Appendix A

Proof of Proposition A.8, step (3). The notation is that of Lemma 7.48 and Proposi-

tion A.8. Since Zo ⊆ S0 and 11c′/16 − ε ≥ c′/8, we put w(S) := e−(c′/8)F loc
1 (S,NS), and by

steps (1) and (2) the left side of Lemma 7.48(a) is at most P ′ecS |S0|∑
σ

∏
S w(S), the sum

over σ ∈ Σsat(S0) and the product over the wall polymers S of σ. Assigning the disjoint wall
polymers of σ to their first cells in S0 bounds the sum by

∏
∆⊆S0

(
1 +

∑
S∋∆w(S)

)
, and∑

S∋∆
w(S) ≤ 6DIe

−(c′/4)Funit = ηseed

under (β3). Indeed, a wall polymer with its walls is determined by its wall interfaces and their
values (Lemmas 7.6(a), 7.23), a set connected at Euclidean scale g containing one of the DI

interfaces within distance g of ∆, so the lattice-animal count of Lemma 5.8 and F loc
1 (S) ≥

2Funit
∑

I N
2
I (Lemma 7.30(a)) give

∑
n≥1DI(eDI)

n−1(3e−(c′/4)Funit)n. This gives (a). In (b),

the terms with σ = (S0, 0) and X ̸= S0 gain cD16, and those whose σ contains a wall polymer
contribute (1 + ηseed)

|S0| − 1 ≤ ηseede
2|S0|, so the sum without the term X = S0, NX = 0 is at

most (cD16 + ηseed)P ′e(cS+2)|S0| = c16P ′ec2|S0|. In (c′), P ′ = 1, Zo = ∅, and (A.10) with ε ≤ c′/8

and cw = c′/16 leaves e−(c′/2)F loc
1 (Z,NZ).

S3 Numerical checks

S3.1 Numerical checks for Sections 2, 6, 7, 8 and Appendix A

In this subsection we report computations that illustrate statements of the paper, and no
proof depends on them. Each number comes from a script of the archive released with the
paper (file names in brackets), in multiprecision arithmetic (30 to 60 significant digits) for the
Bessel-function checks, in exact rational arithmetic for the tree-graph integrals, and in double
precision for the lattice computations.

S3.1.1 Bessel functions and the Hartman–Watson law

Complete monotonicity (Lemma 2.2) [hw tail.py]. For g(λ) := I√2λ(β)/I0(β) and the step

h = β−2, the forward differences satisfy (−1)k∆k
hg(0) ≥ 0 for all orders k ≤ 21, at β = 2, 10

and 40, as [HW74, Theorem 1.3] requires.
The ratio bound (proof of Lemma 2.3) [bessel turan.py]. The inequality I1(x)/I0(x) ≤

x/(x + 1
2), a consequence of [Amo74, (16)], holds at the twelve points x = 10e,

e ∈ {−3,−2,−1,−1
2 , 0,

1
2 , . . . ,

7
2}.

The Villain coupling matched to the Wilson weight [dual weights.py]. With tV (β) :=
1/(2 log(I0(β)/I1(β))), the Villain weight e−n

2/(2tV ) has the same ratio at n = 1 as In(β)/I0(β).
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One finds β − tV (β) = 0.6106, 0.5650, 0.5246, 0.5112, 0.5054 at β = 2, 5, 10, 20, 40, in line
with tV = β − 1

2 +O(1/β). At each of these β the Wilson weight exceeds the matched Villain
weight already at n = 2, the first sign of its heavier tail. At the matched coupling the bound
of [GM82] is of order e−2.494β, against the exponent 2.49436Kβ with K > K∗ of (1.3): the
constants of Theorem 1.2 are far from sharp.

S3.1.2 Villain monotonicity

Monotonicity in each coupling [guth check.py]. We test Lemma 2.3(b) on the complex of two
adjacent unit cubes (eleven plaquettes), with C the boundary of an outer face, using the dual
representation (2.6) truncated at |k| ≤ 40. For 400 random choices of the eleven couplings in
[0.2, 6], raising any one coupling by 30% never lowered ⟨cos θC⟩ (0 decreases in 4400 trials).

S3.1.3 The density of frozen plaquettes

The exponent of δ (Lemma 2.6) [delta table.py]. Table S3.1 compares −β−1 log of the bound
of Lemma 2.4(iv), minimized over ν without restriction (golden-section search on [12a∗β,

3
2a∗β]),

with the lower bound cspδ (K) − 1/(4a∗) of Lemma 2.6. The minimizer is ν = a∗β to the
displayed precision, and the finite-β values approach cspδ (K)− 1/(4a∗) from below at the rate
of the O(log β/β) term of (2.4). The threshold values of Lemma 2.6 [kstar.py] are recorded
in Section S1.1.2.

Table S3.1: The exponent −β−1 log
(
minν e

ν2ε/2
∑

n I
√
n2+ν2(β)/I0(β)

)
at ε = 1/(Kβ).

K a∗ cspδ (K)− 1
4a∗

β = 10 β = 20 β = 40

5 17.886 15.090 14.948 15.002 15.037
10 44.998 57.236 57.105 57.153 57.186
15 75.199 114.295 114.170 114.215 114.247
20 107.393 181.935 181.814 181.857 181.887

The Debye exponent [watson.py]. The closed form of vCb(0) = (−∆Z3)−1(0, 0) given
in item 0 of Section S1.1.1 and the integral

∫∞
0 e−6tI0(2t)

3 dt agree. Both give vCb(0) =

0.2527310098587, hence π2vCb(0) = 2.4943550872 and (8π2)1/2/216 = 1.35586 · 10−4, the num-
bers used in (8.1).

S3.1.4 The free-space field of the near-loop estimate

The solid-angle primitive (Lemma 7.32) [lemmaN rectangle.py, slit nearcell.py]. For the
square loop C = ∂([0, 64]2 × {0}) and the flat surface Ξ it bounds, we evaluate the free-space
solid angle fC = 1

2ΩΞ on the dual lattice of a box with margin 24 around C (602,112 dual sites).
Its largest modulus is 3.0974 < π. The residual RC satisfies the bound |RC(b)| ≤ 2π/d(b, C) of
Lemma 7.32(b), with exact segment-to-segment distances, on all 1,031,184 dual bonds within
distance 21 of C. Over these bonds the largest ratio |RC(b)| d(b, C)/(2π) is 0.3415. The bound
|RC(b)| ≤ 1

2

∑
e d(b, e)

−2, summed over the unit edges e of C, holds on the same bonds with
largest ratio 0.8645. In a near box of side 32 centred on a side of C, we build eighteen slit
geometries (cracks parallel and perpendicular to Ξ, holes, windows, frozen pieces of Ξ and
combs of frozen sheets) by deleting dual bonds and sites. On the eighteen slit geometries and
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the free box this bound holds with largest ratio 0.8303, and on each slit geometry the energy
of fC on the remaining bonds, as well as the minimum of

∑
b(∇a(b) − j(b))2 over fields a on

the slit graph, is at most the energy of fC on the free box. Since freezing only removes terms
from sums of fixed free-space quantities, slit edges do not enter the near-loop estimate.

S3.1.5 Further checks

The tree-graph s-integral (Lemmas A.2 and A.3) [s integral/tree s integral check.py].
In exact rational arithmetic, with the s-integrals evaluated as exact polynomial integrals, for
n = 2, . . . , 7:

∑
T w(T ) = nn−2/(n−1)!; for random rational y ≥ 0 the left side of (A.4) equals

the volume of the polytope {0 ≤ um ≤ ym + um−1, 1 ≤ m ≤ n − 1} (u0 := 0) and is at most
ey1+···+yn−1 ; Lemma A.3 holds for random y1 and bi ∈ [0, 0.9]; and w(T ) = 1/(n − 2)! for the
tree with T (2) = 1 and T (j) = 2 for j ≥ 3.

Corner sites (Remark 6.7) [corner pair.py, corner pair hp.py]. With v(x) =∫∞
0 e−6t

∏
µ Ixµ(2t) dt (30 digits), we obtain v(1, 1, 0) = 0.0551914336877 and v(1, 1, 1) =

0.0435783543977. The corner image sum is 0.4673457, which gives Φ = 9.22503 τ , and
Epair = 0.52927 < vG′(x, x) = 0.72008 in the limit MY → 0 (0.52919 < 0.70782 at
MY = 0.02).

The field near the loop (Lemma 7.32) [biot savart shell.py]. On five rectangles (105

sample points), J(y) =
∮
|dl|/|y−l|2 satisfies J(y) d(y, C)/(4π) ≤ 0.495. On a 64×64 rectangle

the dual-bond shell sums of d(b, C)−2 are at most 0.19 times the bound of Lemma 7.32(c) at
D = 4, 8, 16.

Kruskal’s identity (Lemma 7.51) [kruskal check.py]. On 9000 random point sets the
identity holds without exception.
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