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Abstract. Let ℓ+ be the smallest limit point of the values of the absolute Mahler measure
Ω(α) = M(α)1/ deg α on totally positive algebraic integers α. Smyth’s work gives ℓ+ ≤ ℓ2 =
1.72731 . . ., where ℓ = 1.31427 . . . is the limit point that he found for totally real algebraic
integers. We prove ℓ+ ≤ 1.7239501, and that infinitely many totally positive algebraic integers
satisfy Ω(α) < 1.7239501. Together with the lower bound ℓ+ > 1.7234615 of a companion paper,
this places ℓ+ in an interval of length less than 4.9·10−4. The proof exhibits a measure µ on [0, 9]
with a piecewise linear density on 3,481 rational nodes. Its logarithmic potential is bounded
below by a combination of log |Q| for 21 irreducible polynomials Q, namely x and polynomials
taken from Flammang’s work. By a criterion of Smith, µ, normalized to mass 1, is a limit of
distributions of conjugates of totally positive algebraic integers, and its integral of log+ x gives
the bound. Two separately written programs verify the conditions in ball arithmetic.

1. Introduction

Let α be an algebraic number of degree n, with minimal polynomial P (x) = a
∏n

i=1(x−αi) in
Z[x], primitive and with leading coefficient a ≥ 1. The Mahler measure and the absolute Mahler
measure of α are

M(α) = a
n∏

i=1
max

(
1, |αi|

)
, Ω(α) = M(α)1/n,

and log Ω(α) is the absolute logarithmic Weil height of α. We call α totally positive if all its
conjugates αi are real and positive. Let L+ be the set of the values Ω(α), where α runs through
the totally positive algebraic integers, let ℓ+ be the smallest limit point of L+, and let

E+ = sup
{
c : only finitely many totally positive algebraic integers α satisfy Ω(α) ≤ c

}
be the essential minimum. Since every neighbourhood of ℓ+ contains infinitely many points of
L+, we have E+ ≤ ℓ+.

Schinzel [9] proved that Ω(α) ≥ (1+
√

5)/2 for every totally positive algebraic integer α ̸= 0, 1.
Smyth [11, Theorems 1 and 2] proved that the values Ω(β), for totally real algebraic integers
β, have a limit point ℓ = 1.31427 . . . and are dense in (ℓ, ∞). Here ℓ = limn Ω(βn), where
β0 = 1 and βn > 0 satisfies βn − 1/βn = βn−1; Smyth proved that βn has degree 2n, so that
its conjugates are the 2n solutions of H◦n(x) = 1 for H(x) = x − 1/x [11, Theorem 1]. A
floating-point computation of Ω(βn) for n ≤ 26, in which the increments roughly halve from
one n to the next, gives ℓ = 1.3142722 . . . and ℓ2 = 1.7273115 . . .. Since Ω(β2) = Ω(β)2 and
β2 is totally positive when β ̸= 0 is totally real, every number in [ℓ2, ∞) is a limit point
of L+, and ℓ+ ≤ ℓ2. Lower bounds for E+, and hence for ℓ+, come from Smyth’s method
of auxiliary functions [12]. Flammang [3, Theorem 1] proved Ω(α) ≥ 1.722069 for all totally
positive algebraic integers outside an explicit finite set, and in a companion paper we prove that,
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for every ε > 0, all but finitely many totally positive algebraic numbers satisfy log Ω(α) ≥ m0−ε,
where em0 = 1.72346152 . . . > 1.7234615 [13, Theorem 1.1]; in particular E+ ≥ em0 . As far as
we know, no upper bound for ℓ+ below ℓ2 has been published.

Theorem 1.1. There are infinitely many totally positive algebraic integers α with Ω(α) <
1.7239501, and E+ ≤ ℓ+ ≤ 1.7239501.

Corollary 1.2. 1.7234615 < E+ ≤ ℓ+ ≤ 1.7239501.

The corollary combines Theorem 1.1 with [13, Theorem 1.1]. The bound of Theorem 1.1 lies
more than 0.0033 below ℓ2, and the interval of Corollary 1.2 has length less than 4.9 · 10−4.

The method. Lower bounds for E+ are found by averaging an inequality log+ x ≥ m +∑
j cj log |Qj(x)| over the conjugates. Upper bounds need algebraic integers with small Ω(α),

and we obtain them from measures. For a probability measure ν on C with compact support,
let Uν(z) =

∫
log |z − y| dν(y) be its logarithmic potential. If α1, α2, . . . are distinct totally

positive algebraic integers whose conjugates lie in a fixed interval [0, X] and whose distributions
of conjugates converge weakly to ν, then log Ω(αk) converges to

∫
log+ x dν, and Serre showed

that
∫

log |Q| dν ≥ 0 for every nonzero Q ∈ Z[x] [10, remark after Theorem 1.5]. Smith [10,
Theorem 1.5] proved the converse when the interval has capacity greater than 1, that is, when
X > 4, and Orloski and Talebizadeh Sardari [5, Theorem 1.2] proved a closely related charac-
terization. Hence every probability measure ν on [0, X] with X > 4 and

∫
log |Q| dν ≥ 0 for

all nonzero Q ∈ Z[x] gives the bound ℓ+ ≤ exp
∫

log+ x dν (see the proof of Lemma 2.1). This
way of bounding an essential minimum from above is described in [1, Section 1.3]. Smith used
measures of this kind to show that the Schur–Siegel–Smyth trace constant is less than 1.89831
[10, Theorem 1.1 and Example 5.16], and Orloski and Talebizadeh Sardari [6] lowered the bound
to 1.8216.

To verify the infinitely many conditions
∫

log |Q| dν ≥ 0 we use a criterion of Smith [10,
Proposition 5.15]. It suffices that Uν ≥

∑
j bj log |Qj | on C for finitely many distinct primitive

polynomials Qj ∈ Z[x], irreducible over Q, with weights bj ≥ 0 such that
∑

j bj deg Qj ≤ 1,
and that

∫
log |Qj | dν ≥ 0 for these Qj . When the degree condition holds strictly, the minimum

principle reduces the first inequality to an interval that contains the support of ν (Lemma 2.1).
Our measure has a continuous piecewise linear density, so that its potential has a closed form.
We take as Qj the polynomial x and the polynomials of Flammang’s table [3, Table 1] or their
irreducible factors, the same family that gives the lower bounds in [3] and [13]. We found
the measure and the weights by linear programming in floating point. Two programs check
the conditions in ball arithmetic [4, 2], with exact rational data, and prove (C3) on the whole
interval [e0, eN ] (Section 3).

2. The criterion

Let X > 4 be rational. Let 0 ≤ e0 < e1 < · · · < eN ≤ X be rational nodes and let
G : R → [0, ∞) be the continuous function that is linear on each interval [ek−1, ek], takes rational
values G(ek) with G(e0) = G(eN ) = 0, and vanishes outside [e0, eN ]. Let µ = G(x) dx, let
s = µ(R) > 0 be its mass, and let

U(z) =
∫

log |z − y| G(y) dy (z ∈ C)

be its potential. Let Q1, . . . , QJ ∈ Z[x] be distinct primitive polynomials that are irreducible
over Q, let b1, . . . , bJ ≥ 0, and put

h(z) = U(z) −
∑

j: bj>0
bj log |Qj(z)|,
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with h(z) = +∞ at the roots of these Qj .

Lemma 2.1. Assume that
(C1)

∑
j bj deg Qj < s;

(C2)
∫

log |Qj | dµ ≥ 0 for every j with bj > 0;
(C3) h(x) ≥ 0 for every x ∈ [e0, eN ].

Let v = 1
s

∫
log+ x dµ(x). Then there are distinct totally positive algebraic integers α1, α2, . . .

with Ω(αk) → ev, and ℓ+ ≤ ev.

Proof. Step 1: h ≥ 0 on C. Since G is bounded, U is continuous on C, so h is lower semi-
continuous on C. On the domain D = C \ [e0, eN ] the function U is harmonic and each
log |Qj | is subharmonic, so h is superharmonic on D. As z → ∞, U(z) = s log |z| + o(1)
and log |Qj(z)| = deg Qj log |z| + O(1), so h(z) → +∞ by (C1). For large R, h is therefore
positive on the circle |z| = R, and on [e0, eN ] we have lim infz→ζ h(z) ≥ h(ζ) ≥ 0 by lower semi-
continuity and (C3). By the minimum principle for superharmonic functions on the bounded
domain D ∩ {|z| < R}, h ≥ 0 there, and hence on C.

Step 2:
∫

log |P | dµ ≥ 0 for every nonzero P ∈ Z[x]. This is the argument of [10, Proposi-
tion 5.15]. It suffices to consider P primitive, irreducible over Q and of degree d ≥ 1, since a
nonzero integer c contributes s log |c| ≥ 0. If P = ±Qj with bj > 0, use (C2). Otherwise P
has no common root with any Qj with bj > 0, because both are primitive and irreducible and
P ̸= ±Qj . Let a be the leading coefficient of P and ρ1, . . . , ρd its roots. By Fubini’s theorem
and Step 1, ∫

log |P | dµ = s log |a| +
d∑

k=1
U(ρk) ≥ s log |a| +

∑
j

bj

d∑
k=1

log |Qj(ρk)|

= s log |a| +
∑

j

bj
(
log | Res(P, Qj)| − deg Qj log |a|

)
,

where the sums over j run over the j with bj > 0. Each resultant is a nonzero integer, so the
right side is at least

(
s −

∑
j bj deg Qj

)
log |a| ≥ 0 by (C1).

Step 3: the sequence. The interval Σ = [0, X] is compact, connected and has capacity X/4 > 1
[8, Example I.3.5]. By Step 2 and [10, Theorem 1.5], applied to the probability measure µ/s,
there are distinct monic irreducible polynomials R1, R2, · · · ∈ Z[x] with all roots in Σ whose root
distributions 1

deg Rk

∑
Rk(ρ)=0 δρ converge weakly to µ/s. At most one Rk equals x, and the roots

of every other Rk lie in (0, X]. For these k let αk be a root of Rk. Then the αk are distinct
totally positive algebraic integers, and since log+ is continuous on Σ,

log Ω(αk) = 1
deg Rk

∑
Rk(ρ)=0

log+ ρ −→ 1
s

∫
log+ x dµ(x) = v.

Step 4: ℓ+ ≤ ev. Choose X ′ ≥ X with log(X ′/4) > v, and let ω be the equilibrium measure of
[0, X ′]. Its potential satisfies Uω(z) ≥ log(X ′/4) > 0 for all z ∈ C [8, (I.1.4) and Example I.3.5].
So every nonzero P ∈ Z[x] with leading coefficient a and roots ρk satisfies

∫
log |P | dω = log |a|+∑

k Uω(ρk) ≥ 0, and w =
∫

log+ x dω ≥
∫

log x dω = Uω(0) ≥ log(X ′/4) > v. For t ∈ [0, 1] the
probability measure (1 − t)µ/s + tω on [0, X ′] satisfies

∫
log |P | ≥ 0 for every nonzero P ∈ Z[x],

because this condition is linear in the measure, and Step 3 with [0, X ′] in place of [0, X] gives
distinct totally positive algebraic integers αk with log Ω(αk) → (1−t)v+tw. So the closure of L+
contains the interval [ev, ew], every point of this interval is a limit point of L+, and ℓ+ ≤ ev. □

Remark 2.2. Only the weighted polynomials enter conditions (C2) and (C3). Reducible poly-
nomials cannot carry weight: each irreducible factor needs its own condition (C2). Condition
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(C3) concerns only the interval [e0, eN ], so no estimates on the rest of the real line are needed.
Smith writes the potential with the opposite sign; in our notation, the hypothesis of [10, Propo-
sition 5.15] is h ≥ 0 on all of C together with

∑
j bj deg Qj ≤ s and (C2), and Step 1 shows that

(C1) and (C3) imply h ≥ 0 on C, while (C1) gives the degree condition.

3. The certificate and its verification

3.1. The measure and the polynomials. The certificate has X = 9 and 3,481 nodes ek =
0.1125 + k/400 (0 ≤ k ≤ N), from e0 = 0.1125 to eN = 8.8125. The support of µ consists of 53
intervals, and its mass is s = 1 − ε with 0 < ε < 3 · 10−15. Flammang’s table [3, Table 1] lists
polynomials in y = x + 1/x − 2; we write Fj for the reciprocal polynomial in x that she obtains
from its j-th entry by this substitution and clearing the denominator [3, Section 2.1], and keep
her numbering. The weighted polynomials are the 21 polynomials of Table 1: x, twelve of the
Fj , and eight irreducible factors of five reducible Fj . All of them have only real roots except
F17, which has four non-real roots. All weights bj are positive, and

∑
j bj deg Qj < 0.939667 < s.

The certificate stores the coefficients of the Qj as integers and the other data used in the checks
as exact rationals (its two floating-point entries are not used in the checks). It also states a
rational v∗ with v ≤ v∗, the claimed bound:

v∗ = 544618200701
1012 = 0.544618200701, ev∗ = 1.7239500537 . . . ≤ 1.7239501.

Table 1. The weighted polynomials of the certificate, with their place in Flam-
mang’s table [3, Table 1] and the weights bj , rounded to four significant digits.
For the polynomials of degree 12 and more only the index is given.

polynomial degree in [3, Table 1] bj

x 1 – 0.06166
x − 1 1 factor of F1 0.08517
x2 − 3x + 1 2 F2 0.04562
x3 − 6x2 + 5x − 1 3 factor of F6 0.007028
x3 − 5x2 + 6x − 1 3 factor of F6 0.006941
x4 − 7x3 + 13x2 − 7x + 1 4 F4 0.02576
x4 − 8x3 + 15x2 − 8x + 1 4 F5 0.006898
x4 − 8x3 + 14x2 − 7x + 1 4 factor of F10 0.006098
x4 − 7x3 + 14x2 − 8x + 1 4 factor of F10 0.006738
x6 − 12x5 + 44x4 − 67x3 + 44x2 − 12x + 1 6 F7 0.003420
x8 − 15x7 + 83x6 − 220x5 + 303x4 − 220x3 + 83x2 − 15x + 1 8 F8 0.01546
x8 − 16x7 + 91x6 − 244x5 + 337x4 − 244x3 + 91x2 − 16x + 1 8 F9 0.003620
x8 − 16x7 + 90x6 − 239x5 + 329x4 − 239x3 + 90x2 − 16x + 1 8 F11 0.002133
x8 − 15x7 + 84x6 − 228x5 + 323x4 − 240x3 + 91x2 − 16x + 1 8 factor of F19 2.313 · 10−8

x8 − 16x7 + 94x6 − 265x5 + 391x4 − 308x3 + 128x2 − 26x + 2 8 factor of F20 0.002978
2x8 − 26x7 + 128x6 − 308x5 + 391x4 − 265x3 + 94x2 − 16x + 1 8 factor of F20 0.003152

12 F12 2.934 · 10−5

14 F13 0.005300
14 F17 8.394 · 10−5

16 F18 0.004701
32 F25 0.002733
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3.2. Verification. By Lemma 2.1, Theorem 1.1 follows once the certificate satisfies (C1)–(C3)
and v = 1

s

∫
log+ x dµ ≤ v∗, since E+ ≤ ℓ+. The first program, written in Python with python-

flint [7], the Python interface of FLINT [2], checks these conditions with 200-bit balls [4]. It
rebuilds µ from the nodes and the values of G. Since G′′ =

∑
i Ciδei with rational slope jumps

Ci satisfying
∑

i Ci =
∑

i Ciei = 0, the potential has the closed form

U(z) = Re
N∑

i=0
Ci

(
1
2(ei − z)2 Log(ei − z) − 3

4(ei − z)2
)
,

where Log is the principal logarithm; for non-real z all the numbers ei − z lie in one open half
plane. For real x it reads U(x) =

∑
i Ci

(1
2 t2

i log |ti| − 3
4 t2

i

)
with ti = ei − x. The program checks:

(a) the data: integer coefficients, each Qj primitive, irreducible over Q (factored by FLINT)
and different from the others, bj ≥ 0, the nodes increasing with e0 ≥ 0 and eN ≤ X,
G ≥ 0 with G(e0) = G(eN ) = 0, and X > 4;

(b) condition (C1), in exact rational arithmetic;
(c) condition (C2), as

∫
log |Qj | dµ = s log |aj | +

∑
ρ U(ρ), the sum over the roots ρ of Qj

enclosed by FLINT, with the complex closed form at the non-real roots of F17; the
smallest of these integrals is about 10−7;

(d) condition (C3) on the whole interval [e0, eN ], as described below;
(e) 1

s

∫
log+ x dµ ≤ v∗, with the closed forms of

∫
xk log x dx on each linear piece of G.

For (C3) the program covers [e0, eN ] by windows around the real roots of the weighted Qj and
by intervals between them, with exact rational ends, and checks that the cover is complete. It
brackets each real root in [e0, eN ] by an exact sign change and compares the number of brackets
with a Sturm count. On a window [L, R] with centre c and radius r it uses the mean value
theorem, h ≥ U(c) − r max |U ′| −

∑
j bj log

(
|Qj(c)| + r max |Q′

j |
)
, with the maxima bounded in

ball arithmetic over [L, R]; windows are shrunk until this bound is positive. On an interval [p, q]
that contains no node in its interior and no root of a weighted Qj , the function h is continuously
differentiable, twice continuously differentiable on (p, q), and has the integrable second derivative

h′′(x) =
∑

i

Ci log |ei − x| +
∑

j

bj

∑
ρ

Re 1
(x − ρ)2 ,

and the program uses the following lemma.

Lemma 3.1. Let f : [p, q] → R be continuously differentiable, twice continuously differentiable
on (p, q), with f ′′ integrable, and let δ = q − p. Then f(x) ≥ min

(
f(p), f(q)

)
− δ

4
∫ q

p (f ′′)+ for all
x ∈ [p, q].

Proof. The derivative f ′ is continuous on [p, q] and has an integrable derivative on (p, q), so it
is absolutely continuous, and integration by parts twice gives f(x) = Λ(x) −

∫ q
p k(x, t)f ′′(t) dt,

where Λ is the linear function with Λ(p) = f(p) and Λ(q) = f(q) and k(x, t) = (min(x, t)−p)(q−
max(x, t))/δ. Since 0 ≤ k ≤ δ/4, the integral is at most δ

4
∫ q

p (f ′′)+, and Λ(x) ≥ min(f(p), f(q)).
□

The program evaluates h(p) and h(q) with the differences ei − p, ei − q and the values Qj(p),
Qj(q) computed exactly. It bounds

∫ q
p (h′′)+ by ball arithmetic over [p, q]. A node ei ∈ {p, q}

contributes the logarithmic singularity Ci log |ei − x|, which the program integrates in closed
form if Ci < 0 and bounds by Ci log δ if Ci > 0, with δ ≤ 1. If the resulting lower bound for
h on [p, q] is not positive, the interval is bisected. The program fails if a lower bound at an
end of an interval is not positive, or after 50 successive bisections. For the certificate all checks
pass. Condition (C3) needed 161 root windows and 3,640 initial intervals, which bisection turned
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into 30,058 checked intervals, and the smallest lower bound for h at an end of an interval was
1.51 · 10−6. The run took 59 seconds with 40 processes.

The second program was written from the criterion of Lemma 2.1 and the description of the
certificate format, before its author had read the first program, and shares no code with it. It
uses the closed forms above, which are stated in that description, but a different method for
(C3). It covers [e0, eN ] by intervals I and bounds h from below on each of them as follows. If
[ek−1, ek] is the interval between consecutive nodes that contains I, the nodes at distance more
than 0.05 from [ek−1, ek] enter through a Taylor model of order 6 with a rigorous remainder.
The terms of nodes with Ci > 0 within distance 4|I| of I are concave on I and are bounded by
their chords. All other terms are bounded by Taylor’s formula with integral remainder, R(x) ≥
R(m) + R′(m)(x − m) + 1

2 infI R′′ (x − m)2, where m is the midpoint of I. The real roots of the
weighted polynomials are cut out by brackets of width 2 · 10−40 with a logarithmic lower bound,
and intervals are bisected until the bound is positive. The program also compares its closed form
for U with a separate formula at random points. On the certificate it confirms all conditions,
with 13,356 interval tests and 161 root brackets for (C3). For the polynomial F17, whose non-real
roots enter (C2) through the complex closed form, the value

∫
log |F17| dµ = 0.1857 . . . agrees

with direct numerical quadrature to 18 digits.

3.3. Tests of the programs. To see that the programs detect violations, we ran both of them
on the modified certificates of Table 2. Those in the first group violate a condition of Lemma 2.1
or the bound v ≤ v∗. The effect of those in the second group is not clear in advance; that both
programs reject them shows that the certificate has little slack. The third group adds a narrow
bump to the density, with v∗ raised by 10−6, so that (C1), (C2) and v ≤ v∗ still hold. The first
is a tent of mass 1.2 · 10−7 and width 4 · 10−6 between two points of the grid of spacing 2 · 10−5

on which the search checked h (Section 4). The other two are bumps of masses 1.1 · 10−7 and
2.0 ·10−7, one inside the support at a point where h is small and one next to a node with Ci > 0.
Each makes h negative on a short interval while h stays positive at the nearby points of the grid
and at the nodes, and the two programs reject each of them at the same point.

Table 2. Modified certificates. Both programs reject all of them except the last one.

group modifications

violates a condition v∗ lowered by 2 · 10−9 or by 10−6; G multiplied by 0.99 or 0.5; the
heaviest or the second heaviest polynomial removed;

∑
j bj deg Qj > s; a

reducible weighted polynomial; a non-primitive polynomial; two nodes
swapped; G(eN ) ̸= 0; X = 4

effect not clear in
advance

G multiplied by 1.01; the heaviest weight multiplied by 1.01 or 0.99; one
coefficient changed; F17 removed; its weight multiplied by 0.5, 1.5 or 10;
one coefficient of F17 changed

narrow bumps the three bumps described in the text
valid v∗ raised by 10−6

4. Remarks

The statements of this section are numerical observations, computed in floating point; the
proof does not use them.
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The search. We solved a linear program by a cutting-plane method, with an interior-point
solver of HiGHS through SciPy. The unknowns are a measure µ =

∑
k pkϕk, where the ϕk

are unit-mass hat functions with spacing 1/400 on [0, 12], and weights bj ≥ 0. The program
minimizes

∫
log+ x dµ subject to (i) µ(R) = 1, (ii)

∑
j bj deg Qj ≤ 1 − 10−6, (iii)

∫
log |Qj | dµ ≥

10−7 for each of 32 irreducible polynomials, namely x and the irreducible factors of the Fj , and
(iv) h ≥ 3 · 10−6 on a grid. The method refines this grid until h ≥ 1.5 · 10−6 at all points of
a finer check grid, of spacing 2 · 10−5 near the support. Its value was 0.5446182. Of the 32
polynomials, 21 received positive weight. The support of the density consists of 53 intervals, on
which the inequality h ≥ 0 is nearly an equality. We converted the solution to exact rationals,
trimmed the nodes to the support, and chose v∗, which exceeds the exact value of 1

s

∫
log+ x dµ

by 9.95 · 10−10.

The gap. The interval of Corollary 1.2 has length less than 0.00049. Both of its ends come
from finite-dimensional problems: the lower bound from an auxiliary function with x, eighteen
of Flammang’s polynomials and an energy term [13], and the upper bound from the measure
and the polynomials above. Finer discretizations should narrow the interval. For heights defined
by a continuous Green function on C, the best bounds of the two kinds are optimal values of
mutually dual linear programs, and they coincide [1, Theorem D]; the restriction to totally
positive algebraic integers is not covered by that theorem.

Data availability

The certificate, the two checking programs, their logs, the modified certificates with
their logs, the programs that produced the certificate, and the computation of ℓ are
archived at doi:10.5281/zenodo.23529778 and available at https://github.com/tejasvi/
totally-positive-mahler-upper. The SHA-256 checksum of the certificate is

c34e6e5378a48b6dffca0cf80d2b362c531655dec4af8ccbbc510527a6b038d7.

Use of AI tools

Generative AI tools were used to find and prove the results, to write the programs, and to
draft the text. The author reviewed the arguments and the programs and takes responsibility
for the content.
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