UPPER AND LOWER BOUNDS FOR THE SCHUR-SIEGEL-SMYTH
TRACE PROBLEM

TEJASVI SINGH TOMAR

ABSTRACT. The Schur—Siegel-Smyth trace constant Cse is the lower limit of tr(«)/ deg(a) over
totally positive algebraic integers ce. We prove 1.8022032 < Css < 1.8070809. For the upper
bound we exhibit a measure on [0, 6] that satisfies the hypotheses of Smith’s theorem on limits
of distributions of conjugates, which we check with the help of 21 integer polynomials. This
improves the upper bounds 1.8216 of Orloski and Talebizadeh Sardari and 1.8117251 of Pinho.
The lower bound comes from the method of Orloski, Talebizadeh Sardari and Smith with fifteen
polynomials, three of them of degree 10 found by McKee and Smyth. It is larger than the
bound 1.80220 reported by Giraudin, whose verification evaluates its bounds in floating-point
arithmetic with fixed safety margins; ours encloses every rounding error. For each bound, two
separately written programs check the certificate in ball arithmetic. Both bounds are also proved
in Lean 4, the upper bound under the assumption of Smith’s theorem. We also give evidence that
certificates of this kind cannot lower the upper bound much further without integer polynomials
of high degree.

1. INTRODUCTION

An algebraic integer is totally positive if all of its conjugates are real and positive. The
Schur—Siegel-Smyth trace constant is

Cgg = lin}l inf dt;g(;?o)z)’
where a runs through the totally positive algebraic integers. In other words, Cgg is the largest
¢ such that for each € > 0 only finitely many totally positive algebraic integers satisfy tr(a) <
(c — ) deg(ar). We follow the numbering of the repository [24]; the constant is denoted Aggg in
[14]. For a prime p > 3, the number 4 cos?(7/p) is a totally positive algebraic integer of degree
(p — 1)/2 and trace p — 2, so Cgg < 2. Schur proved Cgs > /e = 1.6487... [20], and Siegel
proved Csg > 1.7336 [21].

Smyth [23] introduced the auxiliary function method: if x—3 5 Aglog |Q(z)[ > A for all z > 0,
where @) runs through a finite set of nonzero integer polynomials and Ag > 0, then Cgg > A.
He proved Cgg > 1.7719, and better choices of polynomials have since raised the bound to
1.793145 ... [25]. Serre showed that the method cannot prove a bound larger than a constant
cg = 1.898302... [1], [13, Section 1]. Orloski, Talebizadeh Sardari and Smith [14] added the
condition that limits of the uniform measures on the conjugates have nonnegative logarithmic
energy, which comes from the integrality of discriminants, and proved Cgg > 1.80203. In their
proof [14, Corollary 1.9], the reference measure is given by floating-point data and several of the
required inequalities are checked numerically. Giraudin [5] has recently reported Cgg > 1.80220
in the same framework, with eighteen polynomials and a step reference density. His inequality
is verified by two programs that bisect [0,14] into about 1.7 million intervals, with bounds
evaluated in floating-point arithmetic; the energy of the reference measure is computed in double
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and extended precision and decreased by 10712, and a further 10~ is subtracted from every
bound.

Upper bounds come from measures. Smith [22, Theorem 1.5] proved that a probability
measure g on an interval of length greater than 4 is the weak limit of the uniform measures
on the roots of a sequence of distinct monic irreducible integer polynomials whose roots lie in
the interval, as soon as [log|Q|du > 0 for every nonzero Q € Z[z]. Applied to a measure of
Serre, this gives Cgg < 1.89831 [22, Theorem 1.1 and Example 5.16], so Cgg < 2. Orloski and
Talebizadeh Sardari [13] constructed better measures, checking the infinitely many conditions
with a finite set of polynomials, and proved Cgg < 1.8216. Pinho [15] enlarged their set of four
polynomials to eleven and obtained Cgg < 1.8117251, with a certificate checked in exact rational
and ball arithmetic. Qu and Yang [17] showed that Cgg is also the limit of tr(a)/deg(«) along
a sequence of totally positive units.

Theorem 1.1.
901101631 < < 81383685642728309283453

500000000 — ~*° = 45035996273705240000000
In particular 1.8022032 < Cgg < 1.8070809. So all but finitely many totally positive algebraic in-
tegers o satisfy tr(a) > 1.8022032 deg(«), and infinitely many satisfy tr(a) < 1.8070809 deg(c).

The two fractions are 1.802203262 and 1.8070808325..., so Theorem 1.1 places Cgg in an
interval of length less than 0.005. The upper bound is new. For it we use a measure p on
[0, 6] that is a mixture of a measure with a piecewise linear density and a small multiple of the
equilibrium measure of [0, 6], together with 21 integer polynomials: the seven of [14], the four
quintics added by Pinho, three polynomials of degree 10 found by McKee and Smyth [9] and
used by Giraudin, and seven further polynomials of degrees 2 to 8 found by column generation
(Table 1). Lemma 3.1 reduces the conditions of Smith’s theorem to one inequality on [0, 6]
and one integral inequality for each of the 21 polynomials, which two programs check in ball
arithmetic [8, 4], in which every computed quantity is an interval guaranteed to contain the
exact value.

The lower bound uses the irreducible factors of the polynomials of [5] and is larger than
the bound 1.80220 reported there. What differs is the verification. The certificate consists of
integer polynomials and rational numbers: the multipliers, the nodes and weights of a piecewise
linear reference density, and A\. Lemma 2.1 reduces the lower bound to an inequality F' > 0 on
(0,00), and two programs check this inequality in ball arithmetic. Since the reference density
is piecewise linear, its potential and energy have closed forms (Lemma 2.3), and no numerical
integration is needed. We also give a self-contained proof of Lemma 2.1 that does not assume
that limit measures have compact support.

Both bounds of Theorem 1.1 are also proved in Lean 4 [11] with Mathlib [10] (Section 5): the
lower bound without hypotheses, and the upper bound under one named hypothesis, Smith’s
Theorem 1.5 for intervals. In both proofs the finite checks on the certificates are evaluated by
compiled code.

Section 2 proves the lower bound and Section 3 the upper bound. Section 4 describes the two
certificates, how they were found, and the output of the programs. Section 5 describes the Lean
proofs, and Section 6 discusses how far the two methods can go.

2. THE LOWER BOUND

2.1. Limit measures and the energy. For a finite Borel measure p on R we write U,(z) =
[log |z — y|dp(y) for its logarithmic potential, I(p,n) = [U,dp and I(p) = I(p,p) for its
logarithmic energy, whenever the integrals exist. A signed measure o has finite energy if
[ log |z —y|| d|o|(z) d|o|(y) < co. With this sign convention, I(c) < 0 for every signed measure
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o of total mass zero with finite energy (the argument is recalled in the proof of Lemma 2.1), so
I is concave on probability measures of finite energy.

Let a be a totally positive algebraic integer of degree d with conjugates aq,...,aq, and let
fla = 53 ;0a; be the uniform probability measure on them. Then [z du, = tr(a)/d. Recall
that Cgg is the largest ¢ such that for each € > 0 only finitely many totally positive algebraic
integers satisfy tr(a) < (¢ — ¢) deg(a).

Lemma 2.1. Let A be a finite set of nonzero polynomials in Z[z], let X € R, A\g >0 for Q € A
and Ao > 0, and let v be a compactly supported probability measure on R with a bounded density.
Suppose that

(2.1) F(z)=2z-X= Y Aglog|Q(z)| — Ao (2U,(2) — I(v)) = 0
QeA
for every x > 0 that is not a root of a polynomial in A. Then Cgg > .

This is the dual form of the method of Orloski, Talebizadeh Sardari and Smith [14, Section 1.4]
with a single reference measure v, and for Ao = 0 it is Smyth’s auxiliary function method [23].
The key input is that limits x4 of the measures p,, satisfy I(x) > 0. For compactly supported p
this also follows from a result of Smith [22, Proposition 5.7]: if [log|Q|dp > 0 for every nonzero
Q € Z[z], then I(u) > 0 in our sign convention. We give a self-contained proof of Lemma 2.1,
which does not assume that p has compact support. It uses the discriminants of the minimal
polynomials directly and truncates the logarithm near the diagonal.

Proof. Let L = Cgg, so L < 2. By the maximality of L, for every § > 0 infinitely many
totally positive algebraic integers satisfy tr(a) < (L + §) deg(«), and only finitely many satisfy
tr(a) < (L — d)deg(cr). Hence we can choose distinct totally positive algebraic integers a,
of degrees d,, with tr(ay,)/d, — L. For each D, only finitely many totally positive algebraic
integers have degree at most D and trace at most 3D, because their conjugates lie in (0,3D]
and the coefficients of their minimal polynomials are bounded integers. Hence d,, — oo. We
discard the finitely many «, that are roots of polynomials in A, and finitely many more so that
[xdu, < L+1 for all n, where p, = fiq,,.

Arithmetic input. Let P, be the minimal polynomial of «,. For @Q € A, the product
[I; Qlan,;) = £Res(F,, Q) is a nonzero integer, so [log|Q|dp, > 0. The discriminant
HZ.# (an i — ap j) of P, is a nonzero integer up to sign, so

(2.2) d% Zlog |atn,i — i > 0.
i)

Limit and integrability. By Markov’s inequality u,((R,00)) < (L + 1)/R, so the sequence
is tight. After passing to a subsequence, u, converges weakly to a probability measure p on
[0, 00), and f xdu < L because x is continuous and nonnegative. For R > e and x > R we have
log(1+ z) < 2(log R/R) z, so
2(L+1)logR

R

Therefore [ @ du, — [ du for every continuous ¢ on [0, 00) with |p(z)| < ¢(1 4 log(1 + z)),
and the same holds for continuous ¢ on [0, 00)? with |[¢(z,y)| < c(1 + log(1 + ) + log(1 + y))
and the product measures p, X fn, — 1 X 4.

The constraints pass to the limit. Fix Q € A and M > 0, and let ¢); = max(log |Q|, —M).
This function is continuous, ¢y > log|Q|, and |pa(z)] < M + cg(1 + log(1 + z)). Hence
[ omdp = lim, [ oa dp, > limsup,, [log|Q|du, > 0. As M — oo, ¢y decreases to log|Q),
and o = max(log|Q|,0) < co(1 + log(1 + x)) is p-integrable, so monotone convergence gives

sup/ log(1 + x) duy, < -0 (R — 0).
n Jx>R
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[log|Q|du > 0. Similarly, let ¢y (x,y) = max(log|z — y|, —M), which is continuous with
lvam| < M +log(l + ) + log(1l +y). The diagonal terms of >, ; tnr(n i, o, j) equal —M, so
(2.2) gives

0< ig 210g|an,i - an,j| < //¢Mdﬂndﬂn + %
iz dn
Letting n — oo gives [[ ¢y dudu > 0. As M — oo, ¥y decreases to log|z — y|, and ¢y <
log(1+x)+log(1+y) is u x p-integrable, so monotone convergence gives I(x) > 0. In particular
I(p) is finite, [[ |log|z — y||dpudp < oo, and p has no atoms.

Energy inequality. We claim that I(p) < 2I(p,v) — I(v). Let 0 = p — v, a signed measure of
total mass zero. For r > 0 we have —logr = % fooo (6_57"2—6_3) %, and the integrand has constant
sign, so [¢ le=sm* — 5| % = 2|logr|. The double integral [[ |log|z — y||d|o|d|o| is finite: for
X i by the previous step, and for v X v and p x v because v has compact support and a bounded
density w, so that [log™ |z — y|dv(y) < 2||wle, while log™T |z — y| <log(1 + |z|) + log(1 + |y|)
and [log(1 + ) du < log(1l + L) by Jensen’s inequality. In particular the diagonal {z = y} is
|o| X |o|-null. Fubini’s theorem therefore gives

1) =5 [ ([ et dota) o) =0

since 0(R) = 0 and the Gaussian kernel is positive definite. By bilinearity, I(c) = I(u) —
2I(u,v) + I(v), which proves the claim.

Conclusion. Since p has no atoms, the finitely many roots of the polynomials in A and the
point 0 are p-null, so F > 0 holds p-almost everywhere. Each term of F' is u-integrable, so
integrating gives

L> /xdu >\ + Z)\Q/log Q| dpu + Xo(21(,v) — I(v)) > A+ NI (k) > A O

Q
Remark 2.2. Only Q(«) # 0 is used, so the polynomials in A need not be irreducible or have real
roots. The measure v can be any compactly supported probability measure with a bounded den-
sity: in particular, I(r) > 0 is not needed, and v need not satisfy the constraints [ log|Q|dv > 0.

2.2. Piecewise linear reference densities. We take for v a continuous piecewise linear den-
sity. Let eg < e; < --- < en be rational nodes and, for 1 < k < N —1, let h be the hat function

on [ex_1,er+1] with peak at ey, normalized to fhk = 1. For nonnegative weights p1,...,pn_1
with s =", pr, > 0, let g = >, prhi, and v = g/s. With Ao = s, the function (2.1) becomes
I(g
(2.3) Flz)=z—X=) Aglog|Q(z)| — 2U,(x) + i)
Q

The second derivative of g in the sense of distributions is ¢” = ", C;d,,, with rational coefficients
C; determined by the slopes of g, and ), C; = Y, Cije; = 0 because g vanishes outside [eg, en].

Lemma 2.3. Let H(t) = & log|t| — 3% and J(t) = L log|t| — 2544, with H(0) = J(0) = 0.
Then
Ug(z) =Y CiH(ei —x),  I(g) =Y _ CiCjJ(ei —¢;).
i i,j

Proof. A direct computation gives H” (t) = log |[t| and J” = H, so J""(t) = log |t|. The functions
H and J are even, H is C' and J is C®. Since g is Lipschitz with compact support, two
integrations by parts give [logl|z —y|g(y)dy = [ H"(y — z)g(y) dy = [ H(y — z) dg"(y), with
vanishing boundary terms. This is the first formula. For the second we integrate by parts twice
in each variable. ]
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Lemma 2.3 reduces F' and I(g) to finitely many elementary terms with exact rational argu-

ments e; — x at rational points . The same formulas give F”(x) = ZQ )\QQ T 2ég()€)Q”(x) _

2", Cilog|e; — x| away from the nodes and the roots.

2.3. Verification. We verify (2.3) for a certificate consisting of the polynomials Q) € A, rational
multipliers Ag, rational nodes and weights, a rational A, and two rational cut points 0 < zj, <
xp;. All quantities are rebuilt from these data. The verification splits (0, c0) into (0, x10), [Z10, Thi]
and [zpi, 00). Every quantity on which the conclusion depends is computed exactly in rational
arithmetic or enclosed in a real ball of Arb [8], that is, an interval given by a midpoint and a
radius that is guaranteed to contain the exact value. Floating-point numbers are used only to
guess where the roots lie and how to split the range.

The tails. Assume that 0 < x1, < min(supp g), and let A\, be the multiplier of the polynomial x
(zero if ¢ A). Since U, is decreasing on (—oo, min(supp g)], for 0 < z < x), we have

1
F(w) > =)A= logxy, — Z )‘Q logMQ _ 2Ug(0) + M,

Qe °

where Mg is an upper bound for |Q| on [0,z),], and we check that the right side is positive.
The term —\; log x), makes it positive when A, > 0 and xj, is small. On the right, assume
that the support of g lies in [0,zy;] and z; > 1. For x > xp,; we have |Q(x)] < ||Q12z9%8 €,
where ||@Q||1 is the sum of the absolute values of the coefficients, and Uy(x) < slogx, because
0 < z—y < z for y in the support of g. Hence F(z) > x —alogx —b with a = 25—1—ZQ A deg @
and b= XA —I(g)/s + 3o Aqlog ||Q[l1- If zni > a, the right side increases on [zpi,00), and we
check that it is positive at ;.

The middle range. Around each real root in (z),, ;) of a polynomial @ € A with Ag > 0 we
choose a window: an interval W with rational endpoints on which a single ball evaluation of F,
with each log|@| replaced by the logarithm of an upper bound for |Q| on W, gives a positive
lower bound. This bound is valid on all of W, roots included. If the ball contains a node e;, the
term H(e; — x) is enclosed by |H(t)| < r?(3log L + 2) for |¢| < r < 0.6, which holds because
t?log(1/t) is increasing on [0,e~'/2]. The nodes and the window ends cut the rest of [z, T
into intervals on which F' is smooth, except for logarithmic singularities of F” at nodes that
are endpoints of the interval. On each such interval we use the bound below, and we bisect
the interval when it does not give a positive lower bound. The correctness of the result does
not depend on how the roots were located: on an interval that contains a root of some () with
A@ > 0, the ball enclosure of F” described below is not finite, so the interval is never accepted.

Lemma 2.4. Let f be continuously differentiable on [p, q] with f’ absolutely continuous, and let
A=qg—p. Then forp<x<gq,

@)= win(70). £(0) - T [ (), .

p

Proof. Let ¢ be the linear function with ¢(p) = f(p) and ¢(q) = f(q). Then f(z) = ¢(x) —
fq (z,t)f"(t) dt, where G(z,t) = (t —p)(q¢ — x)/A for t <z and G(z,t) = (z p)( —t)/A for

t > . Since 0 < G < A/4, the integral is at most 5 f; (f")4, and £(z) > min(f(p), f(q)). O

We evaluate F'(p) and F(q) with Q(p), Q(q) and the differences e; —p, e; —q computed exactly.
Write F” = R+ S, where S is the sum of the terms —2C; log |e; — | over the nodes e; € {p, ¢}.
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Since (R+ S)+ < R+ + ) (—2C;log|e; — z|)+, we have

1 1" S A
/p(F )+ <ARy + Z /0 (—2C’ilogt)+dt,

ei€{p,q}

where R is an upper bound for R on [p, q] obtained by a single ball evaluation on a ball that
contains [p, q]. With m = min(A, 1), the last integral equals 2C;m(1 — logm) if C; > 0, equals
2|Ci|(Alog A — A +1)if C; <0 and A > 1, and vanishes otherwise. Alternatively, a term with
C; < 0 can be bounded on [p, q] by 2|C;|log A and added to R.

Implementation. Two programs carry out this procedure. They were written separately, share
no code apart from the ball arithmetic library [4], and rebuild every quantity from the certificate.
Since they implement the same method, their agreement does not test the method itself, which
is proved above. It tests the implementations, in particular of the potential, the energy and
the root location, which the two programs compute in different ways. The first computes the
coefficients C; and evaluates U, and I(g) by Lemma 2.3, with 200-bit balls. It brackets the
real roots by floating-point approximations confirmed by exact sign changes, and confirms their
number with a Sturm sequence. On an interval it encloses each () and its first two derivatives
through their exact Taylor coefficients at the rational midpoint, because Horner’s scheme on
balls overestimates polynomials of degree 10 with large coefficients too much. When a node
with C; > 0 is an endpoint, it accepts the interval only if A < 1, where the integral above
equals 2C;A(1 — log A); for the terms with C; < 0 at an endpoint it uses the alternative bound
2|C;i|log A. The second uses the coefficients C; only for F”, and recomputes them from the
values of g at the nodes. It writes g(y) = a + by on each piece [eg, ex41] and computes U, from
the primitive

/<a+by> log |z — y|dy = (a + bx) Ga(y — z) + bGaly — ),

where G1(t) = tlog |t| —t and Ga(t) = % log |t —%; on balls around 0 it uses |Gy (¢)| < rlog +7
for [t| < r < 0.36 and |Go(t)| < glog% + % for [t| < r < 0.6. It computes I(g) from closed-
form primitives of t"log|t| over pairs of pieces, and it works with 256-bit balls. It encloses
all complex roots of each ), and requires every root whose enclosure meets the real line to be
simple and to have a bracket with an exact sign change, the brackets being disjoint. On an
interval I it bounds the part of F” that comes from @ through the roots, by —(log|Q|)” =
>, Re(z — p) < >, dist(p, I)~2, and it bounds |Q| on I by |ag| [1, maxze [z — p|, so that no
polynomial is evaluated on a wide ball.

3. THE UPPER BOUND

3.1. A criterion. As in Section 2, U,(z) = [log|z —y|du(y) denotes the logarithmic potential
of a finite Borel measure p on R, now for z € C.

Lemma 3.1. Let X >4, and let u be a Borel probability measure on [0, X] whose potential U,
is finite and continuous on C. Let B be a finite set of primitive polynomials in Z[x| of positive
degree, irreducible over Q, no two of which differ only in sign, and let bg > 0 for Q) € B, with
8= EQ bg deg Q < 1. Suppose that

(U1) h(z) = Uu(x) — Ygepbqlog|Q(z)| = 0 for every x € supp p that is not a root of a

polynomial in B, and

(U2) [log|Q|du >0 for every Q € B.

Then [log|P|dp > 0 for every nonzero P € Z[z], and Css < [ xdp.
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Proof. Since U, is finite, u has no atoms, and for a polynomial P with leading coefficient a and
roots p1, ..., pq the function log |P(z)| = log|al + >, log |z — pk| is p-integrable, with

(3.1) [10x1Pldn =toglal + 3 U,
k

Step 1: h(z) > 0 for every z € C that is not a root of a polynomial in B. Define h(z) for z € C
by the formula in (U1), with the value 400 at the roots. Since U, is continuous and bg > 0, the
function h: C — (—o00, 00| is lower semicontinuous, and it is superharmonic on D = C \ supp g,
where U, is harmonic. As |z| — oo we have h(z) = (1 — ) log |2| — >_¢ bq log |ag| + o(1) — oo,
where ag is the leading coefficient of Q). Choose R > X such that h > 0 on {|z| > R}, and let
Dr = Dn{|z| < R}, which is connected because it is a disc from which a compact subset of a
diameter has been removed. At a point ¢ € supp p we have liminf,_,+ h(z) > h(¢) > 0, by lower
semicontinuity and (U1), and on the circle |z| = R we have h > 0. The maximum principle for
the subharmonic function —h on the bounded domain Dp [18, Theorem 2.3.1] therefore gives
h >0 on Dpg, and hence on C.

Step 2: [log|P|dp > 0 for every nonzero P € Z[z|. The integral is additive in P, and a
nonzero integer ¢ contributes log |c| > 0, so it suffices to consider P primitive, irreducible over
Q and of degree d > 1. If P = +Q with @ € B, we use (U2). Otherwise P has no common root
with any ) € B, because both are primitive and irreducible and P # +@Q. Let a be the leading
coefficient of P and py, ..., pq its roots. For Q € B, the resultant Res(P, Q) = a9 ? I Qpr) is
a nonzero integer, so >, log|Q(px)| > —deg Qlog|al. By Step 1, Uu(px) = > bqlog |Q(px)l,
and summing over & in (3.1) gives

[10g1Pldu = togla] = Y~ b deg Q log a| = (1 = ) log la] > .
QeB

Step 3: the sequence. The interval [0, X | has logarithmic capacity X/4 > 1 [19, Example 1.3.5].
By Step 2 and [22, Theorem 1.5], there are distinct monic irreducible polynomials Ry, Rg, - €
Z[z] with all roots in [0, X| whose root distributions deg%% 2Ry (p)=0 Op converge weakly to .
At most one Ry equals x, and the roots of every other Ry lie in (0, X], so Ry is the minimal
polynomial of a totally positive algebraic integer «aj, and these «ap are distinct. Since x is
continuous on [0, X|, tr(ay)/ deg(ax) = [xdur, — [ xdp, where pp, is the root distribution
of R. So for every £ > 0 infinitely many totally positive algebraic integers satisfy tr(a) <
([ zdu+¢e)deg(a), and Cgs < [z dp. O

Smith states the condition of his theorem as [log|Q|dp > 0 for every nonzero Q € Z[z],
where log 0 = —o0, so that the condition fails when p charges a root of @; here y has no atoms.
Step 2 is the argument of [22, Proposition 5.15], whose hypothesis is that & > 0 on all of C (Smith
writes the potential with the opposite sign). Step 1 reduces this hypothesis to the support of p,
so no estimates outside [0, X| are needed; it uses 8 < 1, which makes h tend to co at infinity.
Bounds of this kind were first obtained in [22, Example 5.16] and [13], and Pinho’s certificate
checks the same conditions [15].

3.2. The measure. We take X = 6 and
w=(1—¢e)po+ew, e = 1,/100000,

where w is the equilibrium measure of [0, 6] and py = G(z) dx has a continuous piecewise linear
density as in Section 2.2: for rational nodes 0 = ep < e; < --- < ey = 6 and rational weights
wy > 0 with >, w, = 1, we put G = Ziv:_ll wghy, where hy is the hat function on [ex_1, €x+1]
with peak at ex and [hy = 1. By Lemma 2.3, U, (z) = >, C;H(e; — x), where the C; are



8 TEJASVI SINGH TOMAR

the jumps of the slope of G. The measure w has density 1/(m/2(6 —x)) on (0,6), and with
t=(z—-3)/3,

Uy(z) = logg + log|t+ V2 — 1|,

where the branch of the square root is chosen so that |t + vt — 1| > 1 [19, Example 1.3.5
and (L.4.4)]. So U,, is continuous on C, U, = log3 on [0,6], and U, > log 3 everywhere. The
potential Uy, is continuous because G is bounded and has compact support, so U, is continuous,
and supp p = [0, 6].

The certificate gives the polynomials () € B, which are monic, and rational numbers bg > 0.
We apply Lemma 3.1 with the weights (1 — e)bg. The conditions become

(3.2) B=(1-¢2)) bodegQ <1,
Q
(33) (1 - ) (Vo) = Y bolog|Q(@)]) +clogy >0 (0<z<6),
Q
G4 [lsl@dui=(1-9) 3 Ulnte 3 Uil 20 (QeB),
Q(p)=0 Q(p)=0

and the bound is [zdp = (1—¢)Y, wk% + 3e. Since U, > log 2, condition (3.4)
follows from

(1—¢) Z U (p) +€dengog% > 0.
Q(p)=0
So the admixture of w adds alog% to the left side of (3.3) and Edengog% to the integrals
in (3.4), and raises the bound by £(3 — [ dpuo). It absorbs the small negative values that the
measure j found by linear programming has after rounding (Section 4.2).

3.3. Verification. Two programs check (3.2), (3.3) and (3.4), and compute [ z du exactly. Both
check in exact arithmetic that the weights are nonnegative and sum to 1, that the nodes increase
and lie in [0, 6], that bg > 0, and that the polynomials are distinct, primitive and irreducible
(by factorization in FLINT [4]) with only real roots; and both check (3.2) exactly. All other
quantities are enclosed in balls.

The first program brackets the real roots of each ) by rational intervals of width at most
27110 confirmed by exact sign changes and counted with a Sturm sequence, and evaluates (3.4)
with Uy, on these brackets. For (3.3) it proceeds as in Section 2.3: around each root of a
polynomial ) € B it chooses a window on which one ball evaluation gives a positive lower
bound, with log|Q| replaced by the logarithm of an upper bound for |@Q|, and on the intervals
between the nodes and the window ends it applies Lemma 2.4 to the left side of (3.3), bisecting
where the bound is not positive. The upper bound for the second derivative on an interval [p, q|
adds the polynomial part ZQ bo(Q”? — QQ")/Q?, evaluated with exact Taylor coefficients at
the midpoint, to bounds for the terms Cjlog|e; — x| of U ;{0: an integral bound for a node at
an endpoint, the supremum for the other nodes near the interval, and a Taylor bound at the
midpoint for distant nodes.

The second program was written independently of the first, from Lemma 3.1 and the certificate
format only. It computes U, and U, ;LO on each piece from the antiderivatives of (a + bt)log]|t|,
encloses the roots with FLINT, and proves (3.3) on each interval between consecutive breakpoints
(the nodes, the rational roots, and windows of width at most 2710 around the irrational roots) by
a second-order Taylor bound at the midpoint, in which the regular part of the second derivative
is bounded on the interval and the logarithmic singularity of a node at an endpoint is integrated;
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TABLE 1. The polynomials of the two certificates with their weights, rounded
to ten decimal places: the multipliers Ay of the lower bound (the certificate of

Theorem 1.1), which are multiples of 274%

, and the weights bg of the upper bound

(the certificate of Theorem 1.1), which are multiples of 2744, A dash means that
@ is not in the certificate. The three polynomials of degree 10 are from [9].

Q AQ bo

x 0.5038764611  0.0585032675

x—1 0.4380880885 0.0491080836

r—2 0.0424893379  0.0333960240
2 —3x+1 0.1564614132  0.0221368799
3 — 5246z —1 0.0581835984  0.0226234061
2t — T3+ 1322 — Tz +1 0.0172984774  0.0114475294
473 4 1422 —8x + 1 0.0175603979  0.0125654815
5 _9x* 4 282% — 3522 + 152 — 1 0.0023238764  0.0069739625
x® — 9zt + 2623 — 2922 + 11z — 1 0.0006546427  0.0088863765
5 9% + 272 — 3222 + 13z — 1 0.0003847587 0.0039245213
5_opt 4 272% — 3122+ 122 — 1 0.0025882027  0.0080087411
3 62249z —1 0 -

— 1829 4+ 13428 — 53727 + 12652% — 179825 + 15262* — 0.0003901884  0.0057035573

7433:3 + 19422 — 24z + 1

210 — 1829 + 1352° — 54927 4 13202° — 19202° + 1662z* — 0.0003939706  0.0055010705

813x3 + 20622 — 24z + 1

210 — 182° + 13428 — 53827 + 127328 — 182225 + 15602* — 0.0004087279  0.0054838227

766x3 +20022 — 242 + 1

x® — 1527 + 9028 — 27725 + 467x* — 42823 + 20022 — 422 + 3  — 0.0054037982
x® — 1527 + 8926 — 269x° + 4452* — 40223 + 18722 — 40z +3 -~ 0.0047710666
27 — 1328 + 632° — 1432* + 15723 — 7822 + 160 — 1 — 0.0049122996
22 — 4z 42 - 0.0129514327
2 _4r+1 - 0.0131738152
28 — 1125 + 432% — 722% + 5122 — 14z + 1 - 0.0067676993

x3 — 622 +92 -3 - 0.0066472539

it bisects on failure. On each window it bounds the left side of (3.3) from below by one ball
evaluation, with log |z — 6| for the root 6 replaced by the logarithm of the width of the window.
Apart from FLINT, the two programs share no code, and they compute the potential, the root
enclosures and the positivity bounds in different ways.

4. THE CERTIFICATES

Table 1 lists the polynomials of both certificates. The first seven are those of [14, Corol-
lary 1.9]. Pinho [15] added the two quartics and the next five polynomials to the four polyno-
mials z, z — 1, 22 — 3z + 1 and 2% — 522 + 62 — 1 of [13]; the polynomial = — 2 is not in his set.
All polynomials in the table are monic, irreducible and have only real roots, which lie in [0, 6).

4.1. The lower bound. The reference density has 2,683 nodes in [0,5.8]: the grid of spacing
0.01, together with the points r 4+ k£/1000 for |k| < 15 around each root r € (0,5.8) of a
polynomial in the certificate, rounded to 12 decimal places. The weights p; are multiples of
2748 and 2,680 of the 2,681 weights are nonzero. The support of g is [0.01,5.8], s = 0.534629
and I(v) = I(g)/s?® = 2.396-10~%. Finally, A\ = 901101631,/500000000, 1, = 1/100 and xy; = 30.
The polynomial 3 — 622 + 92 — 1 has multiplier 0; it is inert, and both programs ignore it.
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An earlier certificate, with the twelve polynomials of Table 1 other than those of degree 10,
1,753 nodes and A = 185185220/102755699 > 1.8021892, is also in the repository. Both programs
accept it as well.

How it was found. The search plays no role in the proof. Fix the nodes and let K be the matrix
with entries Ky = I(hg, ), so that I(g) = p" Kp. For ¢ = 10 the matrix P = c11T — K is
positive semidefinite, because the kernel ¢ — log |z — y| is positive definite on signed measures of
finite energy supported in E = [0,5.8]: if 0 = mwg + 7, where wg is the equilibrium measure
of E and 7(R) = 0, then [[(c —log|z — y|)dodo = m?(c — log1.45) — I(7) > 0, since E has
logarithmic capacity 1.45. Hence I(g)/s = cs — p' Pp/s is a concave function of p on the cone
p > 0, and maximizing A over A\, A\g > 0 and p > 0, subject to F' > 0 at the points of a finite
grid, is a second-order cone program. We solved it with an interior-point solver [6] through a
modeling language [3]. In double precision, the closed form of Lemma 2.3 loses accuracy for
distant pairs of narrow hats, so we computed Kj; by Gauss—Legendre quadrature for hats more
than four widths apart. After each solution we evaluated F on a fine grid of about 150,000
points, added up to 300 local minima at which F' < 0 to the grid, and solved again. The grid
had 5,408 points at the first solution and 6,606 at the fifth, which gave A = 1.80220883 with
minimum —3.07 - 107% of F on the fine grid. We then rounded the multipliers and weights to
multiples of 2748 and replaced A by a fraction with denominator less than 10° that is smaller by
5.57 - 1076,

Output of the two programs. Both accept the certificate. Their enclosures of s?I(v) agree to all
43 printed digits. The lower bound on the left tail is 0.4895. On the right tail, a = 2.7223 and
xpi — alog xp; — b = 18.03. The polynomials with Ag > 0 have 65 real roots in [z, Z1i], each of
which gets a window. On the rest of [x,, 21,;] the first program made 28,940 interval checks and
the second 29,094. The smallest lower bound for F' at an endpoint of a checked interval, in the
second program, was 2.51 - 1076, at & = 0.1496, where this bound is the value of F up to a tiny
radius. Since F decreases by d everywhere when A is increased by d, and both programs still
accept the certificate with A increased by 2.5 - 1076, the minimum of F lies between 2.5 - 1076
and 2.52 - 107%. With X increased by 3 - 107 both programs reject the certificate.

4.2. The upper bound. The density G has 2,325 nodes in [0, 6], mostly with spacings 1/250,
1/1000 and 1/2000 (2,287 of the 2,324 gaps) and 37 other gaps, of up to 0.763, and 1,510 of the
2,323 weights wy, are nonzero. The support of pg lies in [0.054, 5.227] and has many gaps. The
weights are rational with Y, wy = 1, and 8 = 0.88363. ... The boundis [z du = (1—¢) [z dpo+
3e = 81383685642728309283453/45035996273705240000000, where fxduo = 1.80706890. . ..

How it was found. With ¢ = 0, minimizing [ @ duy over the weights wy, > 0 with Y, w, = 1
and by > 0, subject to [log|Q|dug > 0 for Q € B, a bound on ZQ bg deg @, and (3.3) at the
points of a grid, is a linear program, because (3.3) and (3.4) are linear in (w,b). We first solved
it for step densities and chose the polynomials by column generation: starting from the fifteen
polynomials of the lower certificate, three of them of degree 10 from [9], we added polynomials
whose reduced cost is negative from a list of 23,631 irreducible totally positive polynomials of
degree at most 8, until none was left. The final set has 22 polynomials, and x> — 622 + 9z — 1
gets weight 0. For this set we solved the linear program with 2,323 hats, using HiGHS [7]
through SciPy, with nodes on a grid over the support of the step solution. After each solution
we added to the grid the local minima at which the left side of (3.3) is negative on a fine grid
of 600,000 points. After the eighth solution the minimum on the fine grid was —1.7 - 1077, and
the value was 1.8070689. We then rounded the weights wj, to multiples of 27°° and rescaled
them to sum 1, rounded the bg down to multiples of 274 and chose ¢ = 1/100000. The term



THE SCHUR-SIEGEL-SMYTH TRACE PROBLEM 11

TABLE 2. Modified certificates. Accepted: the program verifies the certificate.
Rejected: a checked bound fails, or the program cannot confirm a root window
and stops. The polynomials are numbered as in Table 1.

modification first program second program
lower bound

X increased by 1076, 2-1076 or 2.5- 1076 accepted accepted
A increased by 3- 1076 or 107° rejected rejected
polynomial 2, 4, 8 or 11 dropped rejected rejected
one or all three polynomials of degree 10 dropped rejected rejected
coefficient of z° in polynomial 14 increased by 1 rejected rejected
Ag of polynomial 15 multiplied by 1.1; A, multiplied by 1.01 rejected rejected
all py multiplied by 1.001; largest pg multiplied by 1.1 rejected rejected
Thi =6 rejected rejected
upper bound

e=107"%,10"7 or 10~ 14 rejected rejected
all bg multiplied by 1.001 rejected rejected
polynomial 2 or 22 dropped rejected rejected

elog % = 4.05-107% covers the small negative values that remain: between the points of the fine
grid, Uy, — ZQ bg log |Q| dips to about —4.5- 1077 near x = 0.74436, and 14 of the 21 integrals
[ log|Q| dpo are slightly negative, down to about —3.8 - 10713, With e = 107% both programs
reject the certificate at that point (Table 2).

An earlier solution of the same linear program, on a coarser fine grid, gave a certificate
with the same polynomials and nodes, other weights, and ¢ = 1/20000; it proves Cgs <
1660935360692531465493,/919101964769480000000 < 1.8071286. Both programs accept it as
well, with 15,509 and 10,051 interval checks.

Output of the two programs. Both accept the certificate and compute the bound exactly. The
integrals in (3.4) agree to all printed digits in the two programs; the smallest is 4.05 - 1076, for
@ = x, and they are close to € deg Q) log% for every Q. For (3.3), the first program made 18,677
interval checks and used 102 root windows, and the second made 14,091 interval checks and used
99 windows, treating the three rational roots 0, 1 and 2 as breakpoints instead. In the second
program the smallest proven lower bound on an interval was 3.1 -107°, and the smallest value
at the midpoint of a checked interval was 3.89 - 1076, at = 0.676625, in the normalization
F=Uu — > .bglog|Q| +clog 3/(1 —¢). No midpoint fell at the dip near z = 0.74436, where
F is about 3.6 - 1076,

Tests of the programs. Both reject modified certificates (Table 2). For the lower bound we varied
A, dropped polynomials, changed a coefficient of one of them, scaled multipliers and weights, and
moved xy;; for the upper bound we decreased ¢, scaled the weights by and dropped polynomials.
Each program either finds a point where an inequality fails or cannot confirm a root window
and stops.

5. THE LEAN PROOFS

Both bounds are proved in Lean 4 [11] with Mathlib [10]. For B € R let TPTraceLe(B) be
the set of algebraic integers o € C whose minimal polynomial has only positive real roots
and that satisfy tr(a) < Bdeg(a), where tr(a) is the sum of these roots. The theorem
Trace86.trace lower N states that TPTraceLe(Ar — €) is finite for every € > 0, where \j, =
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901101631/500000000, and it has no hypotheses. The theorem Trace86.trace_upper_N states
that if the proposition SmithThm15 holds, then TPTraceLe(Ay + €) is infinite for every ¢ > 0,
where Ay is the upper bound of Theorem 1.1. By the definition of Cgg, the two theorems give
A < Cgg and, assuming SmithThm15, Cgg < Apy.

The proposition SmithThm15 is Smith’s Theorem 1.5 [22] for an interval [a, b] with b —a > 4.
Since Mathlib sets log0 = 0, its premise states Smith’s condition for each nonzero @ € Z[x]
as three conditions: p does not charge the roots of @, the function log |Q| is p-integrable, and
[log|Q|du > 0. Together they are equivalent to Smith’s condition with log0 = —oo. All other
mathematical steps are proved in Lean, including the energy inequality behind Lemma 2.1, the
closed forms of Lemma 2.3, and the minimum principle and the resultant argument of Lemma 3.1.

The finite checks on the certificates are carried out by checkers written in Lean, whose sound-
ness is proved in Lean, and they are evaluated with native_ decide: 63 checks for the lower
bound (pieces of [1/100,30), the energy bound and the two tails) and 78 for the upper bound
(73 pieces of [1/100,6] and five further checks, among them the interval [0,1/100], the degree
condition (3.2), the integrals (3.4) and the value of the bound). Each check enters the proof
as an auxiliary axiom tied to its statement. So, besides the three standard axioms of Lean,
the trusted base includes Lean’s compiler and the native evaluation of these checks. With the
checks as named axioms, the exported proof of the upper bound is accepted by three indepen-
dent kernel implementations: Lean’s own kernel through leanchecker, nanoda [12], with the
checks permitted as axioms by name, and leandlean [2], with a raised fuel limit. The proof of
the lower bound was replayed module by module in Lean’s kernel.

6. HOW FAR THE TWO METHODS CAN GO

The lower bound. The last two steps of the proof of Lemma 2.1 show that [xdu > A
for every probability measure p on [0,00) with I(p) > 0 and [log|Q|du > 0 for Q € A (if
[ xdp = oo there is nothing to prove). So no certificate with the polynomial set A gives more
than the infimum A4 of [z dp over these measures. For the fifteen polynomials of the lower
certificate, the program of Section 4.1 gives 1.80220883, and a second-order cone program over
step densities, a restriction of the problem that defines A 4, gives 1.8022490 with 1,300 steps and
1.8022344 with 2,600 steps, so numerically A4 < 1.8022344; without the three polynomials of
degree 10 it gives 1.8022435 with 1,300 steps. These fifteen polynomials include the irreducible
factors of the eighteen polynomials of [5]. In floating-point arithmetic we found no irreducible
totally positive polynomial of degree at most 6 and trace at most 3d, of degree 7 and trace at
most 2.5d, or of degree 8 and trace at most 2d (503,124 polynomials in all) whose constraint
[log |Q|du > 0 is violated by the optimal measure with a piecewise linear density (2,866 hats)
for these fifteen polynomials. So lower bounds much above 1.8022 seem to need other constraints.

The upper bound. Here every nonzero P € Z[z] must satisfy [log|P|du > 0. The next
proposition shows that a measure with a bounded density and positive energy satisfies these
conditions for all squarefree, in particular all irreducible, polynomials of large degree. Since
[log|P|dp is additive in P, only irreducible polynomials of small and intermediate degree
matter.

Proposition 6.1. Let p be a compactly supported probability measure on R with a density
bounded by M and energy I(i) = n > 0, and let P € Z[x| be squarefree of degree d > 1 with
leading coefficient a. Then for every S > 0,

log |a| n T F1(S) v+ log S + E1(S)
> o7 aJ_ Z _
/log|P|d“— d +d<2 My~ ) 4 ’

where E1(S) = [§* e " du/u and v is Euler’s constant.
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Proof. For S > 0 and z,y € C let kg(z,y) = fOS(e*sW*y'2 — e ®)ds/s. Then kg(x,z) =
v+ logS + Eq(S), and kg(x,y) = —2logl|r — y| + E1(S) — E1(S|z — y|?) for z # y, so
that —2log™ |z — y| < ks(x,y) < ks(z,z). Since the Gaussian kernel is positive definite,
[[ ksdodo = fos(ff e~sle=yl 4o do) ds/s > 0 for every finite signed measure ¢ on C with com-
pact support and o(C) = 0, by Fubini’s theorem and these bounds. Let z1, ..., z4 be the roots
of P, let v = éZz d.;, and apply this to ¢ = v — pu. Since P is squarefree, its discriminant
a2d—2 HKj(zi — zj)2 is a nonzero integer, and with F; > 0,

//k‘sdl/dl/ < Md—1logla| +d(d —1)E1(S) +d(y+1log S+ Ei(5))

2
Since |z — y| > |Rez — y| for real y, Ey is decreasing, and [, F1(St?) dt = 24/7/S, we have

2 T
//k:sdvdu > -5 U - 2M\f5, // kg dudp < —2 + Fy(S).

Combining the three estimates with [[ kgdo do > 0 and with [log|P|du = logla| + Y, Uu(2:)
gives the claim, after dropping a term E;(5)/4 > 0. O

For instance, the density of g in our upper certificate is at most 16.1. For a measure with
density at most 16.1 and energy 1073, the best choice of S in Proposition 6.1 covers only the
degrees d > 14,946, and for energy 1072 the degrees d > 1,247. The finitely many polynomials of
smaller degree must be handled otherwise, for instance by a condition like (U1). In floating-point
arithmetic, at the optimum of the linear program of Section 4.2 we found no polynomial with
negative reduced cost among the irreducible totally positive polynomials of degree at most 6
and trace at most 3d (207,843 polynomials), of degree 7 and trace at most 2.5d (277,292), of
degree 8 and trace at most 2.2d (75,181), and of degree 9 and trace 17 (667), nor among the
integer polynomials of degree at most 4 with leading coefficient 1 or 2 and other coefficients at
most 6 in absolute value. Of the polynomials of degree at least 9 that we tried, only the three of
degree 10, whose trace is 1.8 times the degree, improved the bound. So we expect that lowering
the upper bound substantially needs integer polynomials of high degree and small trace.

DATA AVAILABILITY

The two certificates, the four wverification programs with their output, the modi-
fied certificates of Table 2, the search programs and the Lean sources are archived
at doi:10.5281/zenodo.23540818 and in the repository https://github.com/tejasvi/
schur-siegel-smyth-trace-bounds. The verification programs need Python 3 and python-
flint 0.9 [16]; some also need numpy.

USE oF AI ToOOLS

Generative Al tools were used to find and prove the results, to write the programs, and to
draft the text. The author reviewed the arguments and the programs and takes responsibility
for the content.
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