THE PPT? CONJECTURE HOLDS FOR SPIN-FACTOR MAPS
TEJASVI SINGH TOMAR

ABSTRACT. The PPT? conjecture asserts that the composition of two completely positive and
completely copositive maps is entanglement breaking. A counterexample in dimension ten has
recently been announced, and for maps on My the conjecture is open. Let S C M4 be the real
span of the identity o and five pairwise anticommuting Hermitian unitaries ~1,...,7s. It is a
spin factor whose positive cone is a Lorentz cone. We prove the conjecture for all compositions
W o ¢ of completely positive maps ®: My — My and ¥: My — My, with k arbitrary, such
that the ranges of ¥ and of the adjoint ®* lie in invertible congruences of the complex span
of §. Such maps are automatically completely copositive, and the class contains maps whose
Choi matrices are entangled. A theorem of Hildebrand on separability for pairs of Lorentz
cones reduces the claim to one trace inequality between the coefficient matrices of the two Choi
matrices. We derive this inequality from the operator inequality 25:1 F;Fy'F; < Fy, valid

whenever Zi:o Fy, ® v, = 0 and Fy > 0, which in turn follows from the Kadison-Schwarz
inequality. As a corollary, ¥ o ® is entanglement breaking whenever ¥ is such a map and & is
a completely positive map with Kraus operators of rank at most two.

1. INTRODUCTION

A linear map ®: M,,, — M, is completely positive if id, ® ® is positive for all r, and completely
copositive if & composed with the transpose is completely positive. We call ® a PPT map if it
is both. It is entanglement breaking if (id, ® ®)(X) is separable for every positive semidefinite
X € M, ® My, equivalently, if its Choi matrix Cp = }_, ; Eij ® ®(Ej;) is separable [14].
Christandl’s PPT? conjecture [7] asserts that W o ® is entanglement breaking for all PPT maps
d: M,,, = My and V: My — M,,.

The conjecture holds for maps on M3 [8, 4], and Henry proved it when the intermediate algebra
is My [11]. The iterates of a unital or trace-preserving PPT map approach the entanglement
breaking maps [16], unital PPT channels become entanglement breaking after finitely many
iterations [23], and so do all PPT maps [21]. The conjecture also holds for several families
defined by symmetry or by randomness [9, 24, 17, 22, 20], among them the maps on My that
are covariant under the unitary symplectic group [22, 20]. A counterexample was announced
recently [18]: a pair of PPT maps on Mjy whose composition is not entanglement breaking, and
a trace-preserving PPT map on My; whose square is not entanglement breaking. For maps on
My the conjecture is open.

We prove it for a class of maps defined by an operator system of My rather than by a symmetry.
Let v1,...,75 € My be Hermitian matrices with

(1.1) Yivj + v =201 (1 <14, <5),
put 70 = I, and let & = spang{0,...,75} and S¢ = S + iS. For instance, with the Pauli

matrices X, Y, Z one can take (y1,...,75) = (X QL,Y®I, Z® X, ZR®Y, Z® Z). The space
S is a spin factor whose positive semidefinite elements form a Lorentz cone (Section 2).
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Definition 1.1. A completely positive map ¥: My — My is a spin-factor map if U(My) C
TScTT for some T € GL4(C). A completely positive map ®: My — My, is a spin-factor map if
its adjoint ®* is one.

Theorem 1.2. Let k > 1, and let &: My — My and V: M, — My be spin-factor maps. Then
® and ¥ are completely copositive, and ¥ o ® is entanglement breaking.

Here the intermediate dimension k is arbitrary, and for k£ < 4 the theorem is a special case of
the PPT? conjecture on My; the two maps may use different matrices 7. Since the class contains
PPT maps that are not entanglement breaking (Example 6.1), Theorem 1.2 is not a consequence
of the trivial case in which one factor is entanglement breaking. The map in Example 6.1 is, in
addition, covariant under the unitary symplectic group, and its square is entanglement breaking
by [22, 20]; what Theorem 1.2 adds for this map are its compositions with arbitrary spin-factor
maps.

The proof has three steps. First, in the basis ,, the Choi matrix of the composition becomes,
after a local congruence, v X Yp @ Yy for areal 6 x 6 matrix X. A theorem of Hildebrand
[13] decides when X is a sum of products of vectors in the Lorentz cone. It turns separability
into two semidefinite conditions (Proposition 2.2), one of which holds automatically. Second, by
the symmetry of the Lorentz cone, the other condition reduces to the trace inequality

5
(1.2) Y Tr(FiG;) < Tr(FyGo)
i=1
for all tuples (£},) and (G,) of Hermitian kx k matrices with 3 | F,®7, = 0and 3, G,®@7, = 0
(Proposition 4.1). Third, we prove (1.2) (Proposition 3.3). The proof rests on the operator
inequality

5
(1.3) N FiF'F; 2 Fy  (Fo - 0),
j=1
which we derive from the Kadison—Schwarz inequality for a unital completely positive map that
annihilates the products ~;v; with ¢ # j (Lemma 3.1). Remark 3.2 compares this with the three
Pauli matrices on C2.
The same structure yields a statement in which only W is restricted.

Corollary 1.3. Let ¥: M — My be a spin-factor map, and let ®: M,, — My, be completely
positive with Kraus operators of rank at most two. Then W o ® is entanglement breaking. In
particular, W o ® is entanglement breaking for every completely positive ®: My — My, and for
every PPT map ®: M3 — Ms.

For the last statement we use that PPT states on C? ® C3 have Schmidt number at most
two, which is the dual form of the theorem of Yang, Leung and Tang that 2-positive maps
M3 — M3 are decomposable [26]. In the notation (m,k,n) for compositions M,,, = My — M,
Corollary 1.3 covers the cases (2, k,4) and (3, 3,4), in which only ¥ needs to be a spin-factor map;
passing to adjoints yields (4, k,2) and (4, 3,3), in which only ® does. For k < 3, Theorem 1.2
can also be deduced from Corollary 1.3 (Remark 5.2). For comparison, An and Lee showed that
for maps on M3, W o ® and ® o ¥ are entanglement breaking for all completely positive ® with
Kraus operators of rank at most two exactly when the Choi matrix of ¥ is 1-undistillable [1].

Maps on matrix algebras that factor through Lorentz cones were studied by Aubrun and
Miiller-Hermes in connection with entanglement annihilation [2]; their examples include a
Breuer—Hall map and the projections onto spin factors, such as the map II in Example 6.1. In
the language of matrix convex sets, (1.3) says that the free spectrahedron of a single irreducible



THE PPT? CONJECTURE HOLDS FOR SPIN-FACTOR MAPS 3

tuple of five anticommuting Hermitian unitaries lies in the matrix ball. Evert and Passer
proved this inclusion for the universal tuple, where the defining inequality is two-sided and
can be squared [10, Proposition 2.14]. For a single irreducible tuple of five matrices, however,
the defining inequality is only one-sided, and the proof of Lemma 3.1 uses complete positivity
instead of squaring.

2. PRELIMINARIES

2.1. Notation. We write M,, for the complex n x n matrices, Herm,, for the Hermitian ones,
A > 0 for positive semidefinite A, and E;; for the matrix units. The trace inner product is
(A,B) = Tr(ATB). The adjoint ®* of a linear map ®: M,,, — M, is defined by (®*(B), A) =
(B,®(A)). A map is completely positive if and only if Cg = 0 [6]. Then ®* is completely
positive as well. The map ® is completely copositive if and only if the partial transpose CL =
Zi, ;i Eij ® CI)(EU)T is positive semidefinite. An operator on C™ ® C™ is separable if it is a
sum of operators P ® @) with P,Q > 0. More generally, the Schmidt number of a positive
semidefinite operator W is the least r such that W is a sum of operators |w)(w| with vectors
w of Schmidt rank at most r. Separability and the Schmidt number are preserved by local
congruences W + (A ® B)W (A ® B)' with invertible A and B.
For linear maps ®: My — My, and W: My, — My, expanding ®(E,,) in matrix units gives

k
(2.1) Cyor = Y, O*(Ew) @ ¥(Ew),
a,b=1

where the bar denotes entrywise complex conjugation. We write p = > ab Fab ® O*(Eyp) = Cox
ando =), Fap®V(Ey) = Cy. Both are operators on CF®C*. They are positive semidefinite

when ® and ¥ are completely positive. We call the 4 x 4 blocks pgp = @*(Eyp) and o4 = V(Egp)
the outer blocks. By (2.1), Cyop = Za,b Pab @ Tgp. Similarly, Cp = Z&b Pab @ Eqp is p with the
tensor factors swapped.

2.2. The spin factor. Let 7,...,75 satisfy (1.1). They generate a representation of the com-
plex Clifford algebra on five generators on C*, which is irreducible because the irreducible rep-
resentations of this algebra have dimension four. The element ¢ = ~1v9y37v47y5 commutes with
each v; and satisfies ¢ = I, so ¢ = 1 by Schur’s lemma. We use the following standard facts.

(S1) Tr(vuvy) = 46, for 0 < p,v < 5. A product of between one and four distinct generators
is traceless: for one or two generators this follows from the anticommutation relations and
the cyclicity of the trace. Since ¢ = +1I, a product of three or four distinct generators
equals £ a product of the remaining two or one. In particular 7y, ...,7s is a basis of Sc,
and Tr(v,7iv;) = 0 for all u and all i # j.

(S2) For x € R® the matrix >, TuYu has the eigenvalues zo =+ 7], each twice, where ¥ =
(z1,...,25). Hence > x,7, = 0 if and only if z lies in the Lorentz cone L = {x € RS :

(S3) Two 5-tuples of Hermitian matrices on C* satisfying (1.1) are unitarily equivalent if and
only if their products 71 - - - 5 coincide. Replacing a tuple by its negative changes the sign
of the product, so any two spin factors of this form are unitarily equivalent. The tuple
(vF) also satisfies (1.1). Its product is v{ -+ -7 = (75 -+ 1) = ¢! = ¢, since reversing the
order of five anticommuting factors takes ten transpositions and ¢ = 1. Consequently,
there is a unitary V with V’yHVT = 75 for all u, so that Y7 = VYV for all Y € Sc.

(S4) Let SO™(1,5) be the identity component of the Lorentz group of the form 1 =
diag(1,—-1,—1,—1,—1,—1). For every A € SOT(1,5) there is ¢ € GL4(C) with
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99" = >, Ayyyy for all p. Indeed, exp(tv;/2) acts on S as the boost in the (0,7)-
plane with rapidity ¢. The unitary exp(tv;vy;/2) acts as a rotation by the angle ¢ in the
(i, j)-plane. These one-parameter groups generate SO™(1,5).

For a real 6 x 6 matrix X put

5
Op(X) = Z X,Lw'}’,u ® vy € My ® My.

p,v=0
This map is injective by (S1). If g and h realize Ay, A2 € SOT(1,5) as in (S4), then
(22) (9@ h) op(X) (9@ h)' = op(A1XA7).

Lemma 2.1. The matrices v; @ v;, 1 < 1 < 5, commute pairwise. Their joint eigenspaces are
one-dimensional and are indexed by the sizteen sign vectors s € {1} with s1s0535455 = 1.
Consequently, for x € RS,

(a) the eigenvalues of op(diag(x)) are xo + (s, &), one for each such s;

(b) the eigenvalues of op(diag(x)n) are xo+ (s, &), one for each s € {£1}> with s152535485 =
—1;

(c) if & is a unit vector in the joint eigenspace for s, then (Es|v, @ Vw|&s) = O Sy, with
So — 1.

Proof. For i # j the factors v;v; = —v;v in (7 @ %) (7 ®75) = Yy ®vi7y; contribute two signs,
so the matrices commute. Their product is ¢ ® ¢ = I, so each joint eigenvalue vector s satisfies
s1---s5 = 1. For such s the projection onto the joint eigenspace is Py = 27° DoASAYA ® Va4,
where A runs over the subsets of {1,...,5}, s4 = [[;c4 8, and 4 is the ordered product
of the 7; with ¢ € A. By (S1) only A = () and A = {1,...,5} contribute to the trace, so
Tr Ps = 275(16 4+ 16) = 1. This proves the first statement and (a). Part (b) follows from (a),
since diag(x)n = diag(xg, —%) and s — —s exchanges the two parities. For (c), let u # v. If one
of the indices is 0 and the other is j, then v, ® v, anticommutes with ; ® ~; for any ¢ # j. If
1 =1 and v = j are both nonzero, it anticommutes with v; ® ;. An operator that anticommutes
with a Hermitian unitary has zero expectation in each of its eigenvectors. The diagonal entries
are l for y=v=0and s; for y =v =1. O

2.3. Lorentz cones. Let Sep C R6%6 be the closed convex cone generated by the matrices ab”

with a,b € L, and let Pos be the cone of matrices X with a” Xb > 0 for all a,b € L, that is,

the linear maps that take L into L. The group SOT(1,5) x SOT(1,5) acts on both cones by

X—MAMX Ag. We use three facts from Hildebrand’s paper [13], citing its numbered results from

the preprint version [12].

(H1) X lies in the interior of Pos if and only if Xb lies in the interior of L for every nonzero
b e L [12, Lemma 3.5].

(H2) For every X in the interior of Pos there are Aj,As € SOT(1,5) such that AlXAg is
diagonal [12, Corollary 3.7].

(H3) A diagonal matrix D lies in Sep if and only if Doy > 327, | Dy;| [12, Lemma 3.12].

The next proposition is the case of two six-dimensional Lorentz cones in Hildebrand’s linear
matrix inequality for Sep [12, Theorem 4.11]. We include the short derivation in our notation.

Proposition 2.2. A matriz X € R*6 Jies in Sep if and only if op(X) = 0 and op(Xn) = 0.

Proof. For a,b e L put A = Zu a7y, and B =" b,7,. Then op(ab’) = A® B and op(ab’n) =

A® B with B = byl — >; bivi. All three matrices are positive semidefinite by (S2), which proves
the forward implication.
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Conversely, suppose op(X) = 0 and op(Xn) = 0. We first assume that op(X) is positive
definite. For nonzero a,b € L we have 16 a” Xb = Tr(op(X)(A® B)) > 0 by (S1), since A® B is
nonzero and positive semidefinite. So X maps L\ {0} into the interior of L, which places X in the
interior of Pos by (H1). By (H2) there are A1, Ay € SOT(1,5) such that D = A; XA is diagonal.
By (2.2), op(D) is congruent to op(X). Since nAsn € SOT(1,5) and Dn = A1(Xn)(nAan)T,
also op(Dn) is congruent to op(Xn). Since both are positive semidefinite, Lemma 2.1 yields
Doo + (s,dy > 0 for all s € {£1}5, where d = (D1y,..., Dss). Choosing s; = —sign(Dy;) shows
Doo > 32, |Dis]. Then D € Sep by (H3), and X = AT'DA;T € Sep. In general, X + ceged
satisfies both conditions with op(X +eegped’) = op(X) +&I = 0 and hence lies in Sep. Since Sep
is closed, X € Sep. O

3. A MATRIX LORENTZ INEQUALITY

Let Fj be the set of tuples F' = (Fp,..., F5) of Hermitian k x k matrices such that

5
pF:ZFM®% =0 onCFgC
n=0

The outer blocks of pp lie in Sc. Conversely, a positive semidefinite operator on C* @ C* whose
outer blocks lie in S¢ equals pp for a unique F' € Fy, by (S1). By (S3), ph = (I@V)pr(IV)! =
0, where T is the partial transpose on C*. This identity characterizes the operators with outer
blocks in S¢. Indeed, if p' = (I ® V)p(I ® V)T for an operator p on C¥ @ C*, then its outer
blocks are fixed by the linear map 7(Y) = VYTV on My. This map fixes each Yu and maps
Y5 to vv = —viv;- The matrices v, and ;y; with 4 < j are pairwise orthogonal by (SI)
and hence form a basis of My. Thus Sc¢ is the fixed space of 7. With V replaced by the
identity, the identity p' = p defines the operators that are invariant under partial transposition.
Chiribella, Davidson, Paulsen and Rahaman studied the maps with such Choi matrices and the
corresponding analogue of the PPT? conjecture [5].

Lemma 3.1. Let F' € Fj, with Fy = 0. Then
5
> FFy'F; X F.
j=1

Proof. Put F, = F61/2FNF(;1/2 and p = i(F&l/Q ® I)pF(F(;l/2 ®I) = %Zu E, ®7,. Then
p=0,p" = 0and Fy = I. Define ©: My — My, by

OW) =T [p(I@W)] =T [p" (T @ WT)],
where Try is the partial trace over CL. If pU = Y, [2¢) (2¢| with [2;) = > ax(Mi)azla) @ |x), then
ow)=>", MtWMtT, so © is completely positive. By (S1), ©(y,) = F, for all x. In particular
©() =1, and

O(vivj) =1 Y FuTr(vuming) =0 (i # ).

n

Let ©5 = id5®0, which is unital and completely positive on M5 @My, and let N = Z?:l Eq;®7;.
By Stinespring’s theorem [25], ©5(W) = UTr(W)U for a *-representation 7 and an isometry U,
s0 O5(N)O5(N) = Uln(N)IUUTr(N)U < ©5(NTN), which is the Kadison-Schwarz inequality
[15]. Here NTN =3, Eij ® 7ij, 80 ©5(NTN) = Iy @ I. On the other side, ©5(N)T05(N) =
> Bij ® F;F; = R'R for the row R = (F1,...,F5). Thus ||R| < 1, so RR = > FJZ =< 1.

Conjugating by FO1 /2 gives the claim. O
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Remark 3.2. The proof of Lemma 3.1 uses two properties of 71, ...,7s5. By (S3), p* = 0, so O is
completely positive. The products ~;y; with ¢ # j are orthogonal to S, so O5(NTN) =I5 ® I.
Both properties fail for the Pauli matrices X,Y, Z on C2: transposition acts on spang{X,Y, Z}
as a reflection, which is not induced by a unitary, and XY = iZ. The analogue of the lemma
failsas well: IQ I —X®X -YQ®Y —Z® Z is four times the projection onto the antisymmetric
subspace of C?> ® C2, while X? + Y2 4 Z2? = 3I. The partial transpose of this operator is
not positive semidefinite, however, and with positive partial transpose the analogue holds, by a
different argument. Let p = I ® I+ ; F; ® 0; with (01,02,03) = (X, Y, Z) satisfy p = 0 and
p" > 0. Conjugation by I ®Y maps p' to I®I—Zj Fi®0j,s0 =1 = Zj F;®0; 2 1. Squaring
and applying %Trz gives Zj Fj2 =< 1, as in [10, Proposition 2.14]. For 71, ..., 75 there is no such
change of sign, since a unitary that anticommutes with all five would anticommute with ¢ = +1.

Proposition 3.3. For all F,G € Fy,

5
> Tr(FGi) < Tr(FoGo).
i=1
Proof. Adding eI to Fy and Gg keeps both tuples in Fj, so by continuity we may assume
Fy,Go = 0. Put A; = F, ’F,G/* and B; = Gy */*G,F)/*. Then Tr(F,G;) = Tr(A;B;). By the
Cauchy—Schwarz inequality,

ZTT(FiGi) < (Z Tr(AiA;r))lm (Z Tr(B;rBi))

By Lemma 3.1, ZiTr(AiA;r) = Tr(GO ZZFZF(;IFZ) < Tr(GoFp). In the same way,
S Te(BIB) = Tr(Fy Y, GiGylGy) < Tr(FoGo). O

1/2

4. PROOF OF THEOREM 1.2

4.1. Normal form. Let ® and ¥ be as in Theorem 1.2, with ®*(My) C Tl&chT and U(My) C
TQS(CTQT. The outer blocks of p = Cg+ lie in TlSTCTlT. The tuple (7;) also satisfies (1.1), so by
(S3) there is a unitary Vi with S¢ = VlSchT. With A = (T1V1)~! and B = T;l, the operators
P =T®A)pI® A and ¢/ = (I ® B)o(I ® B)! are positive semidefinite with outer blocks
in Sc. So p/ = pr and o’ = pg for some F,G € Fj,. Since ,0% = 0 and pg > 0, the operators
p' and ol are positive semidefinite, so ®* and ¥, and hence ®, are completely copositive. This
proves the first claim of Theorem 1.2.

By (2.1), (A® B)Cyos(A® B)t = > ap Pup @ 0y Expanding the blocks in the basis 7, we
obtain

(4.1) (A® B)Cyos(A® B)! =op(X(F,G)),  X(F,G)u = Tr(F,.GL).

It therefore suffices to show that op(X(F,Q)) is separable for all F,G € Fi. If X(F,G) =
> atb] with ay, b, € L, then op(X(F,G)) = > Ay ® By with A, = Zu(at)//y“ > 0 and
By =% ,(bi),yy = 0. So it suffices to show X(F,G) € Sep. The operator op(X(F,G)) is
congruent to the Choi matrix of the completely positive map W o ®, hence positive semidefinite.
By Proposition 2.2, Theorem 1.2 follows from the next proposition.

Proposition 4.1. For all F,G € F, op(X(F,G)n) = 0.
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4.2. The dual cone. Let P = {Y € R%%6 : op(Y) = 0} and let P* = {Z : Tx(YTZ) >
0 for all Y € P} be its dual cone. Since P is closed and convex, Y € P if and only if Tr(YZ Z) > 0
for all Z € P*.

Lemma 4.2. (a) P and P* are invariant under Y — AY AL for A1, A2 € SOT(1,5).
(b) A diagonal matriz lies in P* if and only if it is a nonnegative combination of the matrices
diag(1,s) with s € {£1}° and 5159538455 = 1.
(c) Every Z in the interior of P* equals AyDAL for some A1, Ay € SOV(1,5) and some
diagonal D € P*.

Proof. (a) The invariance of P follows from (2.2). Since the transpose of a matrix in SO*(1,5)
is again in SOT(1,5), the identity Tr(YZA1 ZAL) = Tr((ATY A2)TZ) implies the invariance of
P

(b) For every Y, Tr(YTZ:) = (£|op(Y)|€), where (Z¢)uw = (€], ® 1|€). So Zg € P* for
all vectors £. In particular diag(1,s) = Z¢, € P* for even s by Lemma 2.1(c). Conversely, let
diag(d) € P*. By Lemma 2.1(a), diag(xz) € P whenever xg + (s,Z) > 0 for all even s. For such
x we get (z,d) > 0. By Farkas’ lemma, d is a nonnegative combination of the vectors (1, s) with
s even.

(c) If a,b € L, then ab? € P by the proof of Proposition 2.2, so every Z € P* satisfies
a®Zb > 0. Hence P* C Pos, and interior points of P* are interior points of Pos. By (H2) there
are A1, Ay € SOT(1,5) with D = A7 ZA; T diagonal. By (a), D € P*. O

4.3. Proof of Proposition 4.1. Fix F,G € Fj, and write X = X (F,G). Since op is injective,
the cone P contains no line. Therefore P* has nonempty interior and is the closure of its interior.
It suffices to show Tr(nXTZ) > 0, that is, Tr((Xn)TZ) > 0, for every Z in the interior of P*.
By Lemma 4.2, Z = 3" c;A1diag(1, s)AL with ¢s > 0, the sum running over even s. For each
term,

Tr((Xn)" Ardiag(1, 5)A5) = Tr((A] XAzn)"diag(1,5)), Az =nAsn € SO*(1,5),

since nAg = A3n. Let g, h € GL4(C) realize AT and Al asin (S4). The operators (IRg)pr(I®g)T
and (I ® h)pa(I @ h)T are positive semidefinite with outer blocks in Sc, so they equal ppr and
per with F/ = ATF and G' = AT G. Here (AF), = > MvpFy, and X(F',G') = AT XA3. The
term above therefore equals

5
X(F/, G/)OO — Z S; X(F/, G/)“
=1

Since s is even, the set of indices ¢ with s; = —1 splits into pairs {7, j}. For each pair, conjugation
by the unitary ~;y; changes the signs of v; and v; and fixes the other v,. Let u be the product
of these unitaries. Then (I ® u)pg(I ® u)t = pgr with Gj = Gf and G = s;G’. The term
equals X (F',G")oo — >_; X(F',G");;. Finally, the full transpose of pL, = 0 is Do GT @ Yy, 50
the tuple (GZT) u lies in F,. Proposition 3.3 applied to F” and this tuple gives
5 5
X(F',G"Moo = > X(F',G")ii = Tr(RGGT) = > Tr(FGIT) > 0.
i=1 =1
Hence every term is nonnegative, which proves Proposition 4.1 and Theorem 1.2. (|

5. KRAUS OPERATORS OF RANK TWO

Proposition 5.1. Let T € GL4(C). Every positive semidefinite operator on C? @ C* whose
outer blocks lie in TScT" is separable.
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Proof. After the congruence by I @ T~! the operator is W = Zi:o Zi:o XapOa ® vy with
X € R*6 where og = I and o1, 09, 03 are the Pauli matrices. Let Ly C R* be the Lorentz cone.
For a € Ly and b € L we have 8aTXb = Tr(W(Za A0 @ Eu b“’yu)) > 0, so X maps L into
L4. Replacing X by X + aeonT, which replaces W by W + eI, we may assume W > 0, as in the
proof of Proposition 2.2. Then the trace above is positive for nonzero a and b. So Xb lies in the
interior of L4 for all nonzero b € L, and X is an interior point of the cone of maps from L to L4
[12, Lemma 3.5]. Hildebrand’s diagonalization [12, Corollary 3.7] provides A € SO™(1,3) and
A’ € SOT(1,5) such that D = AXA'T is diagonal, D = 32_ dseqel. The group SLy(C) acts on
spang{o,} by congruence through SO™(1,3), so Y, de0q ® 7, is congruent to W and positive
semidefinite. The three matrices o; ® v;, 1 = 1,2, 3, are commuting Hermitian unitaries. Each
product of a nonempty subset of them is traceless. For subsets of size one or two the Pauli factor
is traceless, while 010903 ® v17273 = i1 ® 172773 is traceless by (S1). As in Lemma 2.1, all sign
vectors in {#1}® occur as joint eigenvalues, so do + Y25, s;d; > 0 for all s, that is, dy > 3, |di].
By [12, Lemma 3.12], D is a sum of matrices ab’ with a € Ly and b € L. Hence so is X, and
W is separable. Closedness of the separable cone handles the limit ¢ — 0. ]

Proof of Corollary 1.3. Write ® =), Kt()KtT with rank K; < 2, so that Yo ® =", Vo Adg,,
and fix one term K = 25:1 |u;)(v;] with u; € C* and v; € C™. A direct computation gives

2
Cwordre = Y, [05) (@1 @ W (Juj)(wl).
4,1=1

This operator is positive semidefinite, it is supported on span{vr, 73} ® C*, and its outer blocks
with respect to an orthonormal basis of this span lie in W(M},) C TScT'. By Proposition 5.1 it
is separable, and so is the sum over t.

Every completely positive map on My has Kraus operators of rank at most two. If ®: M3 —
Mj3 is PPT, then Cg is a PPT state on C* ® C3, which has Schmidt number at most two [26].
Then Cp = ), |wy) (wy| with vectors wy of Schmidt rank at most two, which correspond to Kraus
operators of rank at most two. O

Remark 5.2. For k < 3, Theorem 1.2 also follows from Corollary 1.3. Let F' € F, and let P be
a projection of rank two on C¥. The compression (P ® I)pr(P ® I), viewed as an operator on
PCF ® C*, is positive semidefinite with outer blocks in Sg, hence separable by Proposition 5.1.
For k < 2 this shows that pp is separable. For k = 3, a lemma of Chen, Yang and Tang [3,
Lemma 15(i)] shows that pr has Schmidt number at most two. In the setting of Theorem 1.2,
Cg is p with the tensor factors swapped, and p is a local congruence of some pr (Section 4).
So ® has Kraus operators of rank at most two, and Corollary 1.3 applies. We do not know
whether pr has Schmidt number at most two for all k. If it does, Theorem 1.2 is a special case
of Corollary 1.3.

6. AN EXAMPLE

Example 6.1. Take (y1,...,7) = (XL YQ®I[, Z®X,ZQY, Z® Z) and

5
po = 2 op(diag(3,1,1,1,1,1)) = 4%(31@9” > i ®%‘)'
=1

By Lemma 2.1(a) the eigenvalues of 48py are 3+ (s, (1,1,1,1,1)) over the even s, that is, 8 once,
4 ten times and 0 five times. So pg is a state. Let Ag: My — My be the completely positive map
with Cp, = 4po. Its values Ag(E;j) are the outer blocks of 4pg, so Ag(M4) C Sc.
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Let V = X ®Y. Then V is a Hermitian unitary with V' = —V and Vv,V = ,YE for all p.
Let A(A) = 3 Tr(A)I, let T be the transpose map, and let Ady (4) = VAV. We claim that

(6.1) Ao = %A + %(T + Adv).

The Choi matrices of A, T and Ady are 11 ® I, the swap operator and (I ® V)(Zm E; ®
Eij)(l ® V). The matrices I, 7; and iv;y; with ¢ < j form an orthogonal basis B of My
consisting of Hermitian unitaries. In this basis the last two Choi matrices are %Z ey B® B
and 1 Y. g BOVBTV. Here VBTV = Bfor B € {I,m,...,75} and VBTV = —B for the other
elements of B. So the Choi matrix of the right side of (6.1) is %I@I—i—% (IQI+Y,7i®7) = 4po.
Since A, T and Ady are self-adjoint, Aj = Ag. Thus Ag is a spin-factor map in both senses of
Definition 1.1, and it is PPT by Theorem 1.2.

If U is a unitary with UTVU = V, then Ag(UAUT) = UAo(A)UT. So Ag is conjugate sym-
plectic covariant in the sense of [20, Remark 2.11]. By [20, Theorem 5.3], Ago Ay is entanglement
breaking (see also [22]). The state pg is the Pal-Vértesi state for d = 4 [19], in the form of [20,
Example 2.14] with V' in place of 4.

The state pg is entangled [19]. We include the short proof in our notation. The projection
II(A) = %Zu Tr(Av,)7, onto Sc is a positive map: if A = 0 and e € R® is a unit vector, then
Tr(AY , ei:) < Tr A, since ), e;; has eigenvalues 1. Thus (Tr Avy,), € L. If pg =, P, @ Qy
with P, Q; = 0, then applying IT ® II, which fixes pg, writes diag(3,1,1,1,1,1) as an element
of Sep. This contradicts (H3), since 3 < 5. Hence Ay is not entanglement breaking. By
Theorem 1.2, ¥ o Ag and Ag o ® are entanglement breaking for all completely positive maps
U, ®: My — My with U(My) C T1ScT and ®*(My) C ToScTy, where Ty, Ty € GL4(C).

Remark 6.2. In the terminology of [8], Proposition 5.1 says that each spin-factor map ¥: My —
My is 2-entanglement breaking: (ido®W¥)(Y') is positive semidefinite with outer blocks in 7S¢,
hence separable, for all positive semidefinite ¥ € My ® M. For maps on M3 the analogous
property holds for all PPT maps, since PPT operators on C?> ® C? are separable; this is where
the proof for M3 in [8] starts. On My, by contrast, it fails for general PPT maps, because PPT
operators on C? ® C* can be entangled.
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