AN EXPLICIT BOUND BELOW 2/7 FOR THE MAXIMUM TERM OF AN
ENTIRE FUNCTION

TEJASVI SINGH TOMAR

ABSTRACT. For a transcendental entire function f let p(r) be its maximum term and
M(r) its maximum modulus on |z| = r. Erdds asked for the largest possible value B of
liminf, oo p(r)/M(r). An argument of Clunie gives B < 2/7, and Clunie and Hayman proved
that B < 2/m — ¢ for an absolute constant ¢ > 0, which they did not compute. We prove
B < 0.63005, while 2/7 = 0.636619.... The proof considers two consecutive radii at which
the central index jumps and tests the function, at one or both of them, against trigonometric
polynomials with five or six frequencies. When the two jumps have the same size, this leads to
an optimization problem in six real parameters. When they differ, an averaging argument over
roots of unity leads to a family of problems in seven parameters, indexed by the larger of the
two jumps divided by their greatest common divisor. We bound both by branch and bound in
ball arithmetic, and two independently written programs check the resulting certificates.

1. INTRODUCTION
Let f(2) = Y 450 k2" be a transcendental entire function, and for r > 0 let

M(r) = max|f(z)|,  p(r) = max|ag|r"
z|=r k>0

be its maximum modulus and its maximum term. By Cauchy’s inequality p(r) < M (r). Erdés

[3, p. 249] asked how large the ratio u(r)/M(r) can stay, that is, for the value of

_ e ()
B = 81J1cp hgggjlf M)’

the supremum being over all transcendental entire functions (for polynomials the ratio can tend
to 1). This is Problem #513 in Bloom’s list [1] and Problem 2.14(c) in the Hayman-Lingham
collection [5], and it appears as constant 51a in the repository of optimization constants [9].

Trivially 1/2 < B < 1 [1], and an unpublished example of Kévéri shows that B > 1/2 [2,
p. 146]. Gray and Shah [4, Lemma 1] published an argument of Clunie that gives B < 2/m.
Clunie and Hayman showed that the same argument gives u(r)/M(r) < 2/7 at every radius
where the central index jumps, and that this is sharp for the upper limit over these radii [2,
Theorem 1]. For the lower limit they proved 4/7 < B < 2/7 — ¢ with an absolute constant ¢ > 0
[2, Theorem 2]. Their constant comes from a stability argument in which the dependence on
the distance from equality is not made explicit: near equality in Clunie’s bound at one jump
forces the coefficients to resemble those of a square wave, so that the next jump must come soon,
while near equality at the next jump forces it to come late [2, Lemmas 2.2-2.4]. The value of
¢ is not computed there [2, p. 156], and as far as we know no explicit value has been recorded
since [1, 5]. Recently He and Tang [6] generalized the Clunie-Hayman construction and proved
B > 1/1.70919 > 0.5850724 [6, Theorem 2.8 and Proposition 3.5], and a certified computation
reported by Sothanaphan [8] gives B > 0.5850788. Our result is an explicit upper bound.
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Theorem 1.1. For every transcendental entire function f,

lim inf u(r)

r—00 (r)

< 0.63005.

Consequently B < 0.63005.

Together with the lower bound of [8], 0.5850788 < B < 0.63005. The bound improves
2/m =0.636619 ... by more than 0.0065.

Where Clunie’s bound loses. Clunie’s argument is short. Write ¢, = azr® and g(0) =
f(re?®) = 37, cket*®. At a radius where two indices n < m both attain the maximum term,
rotate 6 so that ¢, and ¢, have the same argument. Then

1 o —in —im 1 o i(m—n 4
2u(7’)=\cn+cm\:]2ﬂ/o g(0)(e" ™ +e ")dHISM(r)-QW/O 1€/ db = ~ M (r).

Since the central index tends to infinity, such radii are arbitrarily large, and B < 2/m. Near
equality forces g to be close to a multiple of the square wave sgn cos((m —n)0/2), up to a phase
and a frequency shift. The Fourier coefficients of that square wave decay only like 1/j along
the progression n + j(m —n). But the moduli |ay| are the same at every radius; only the factor
r* changes. At the next radius where the central index jumps, a slowly decaying coefficient
profile would produce a term larger than the two that tie there. This is the mechanism of the
Clunie-Hayman proof [2, §2]. We make it quantitative by testing g at two consecutive jump
radii against trigonometric polynomials with five frequencies; when the two jumps have different
sizes we use one of the radii and six frequencies.

Method. At a radius r and for a finite set S C Z of frequencies, M(r) is at least the smallest
sup norm of a bounded function whose Fourier coefficients on S are the ¢, (Section 2); dual
trigonometric polynomials give lower bounds for this quantity. The radii where the central
index jumps are the breakpoints of ¢ — log u(e?); they correspond to the edges of the Newton
polygon of log |ax| (Section 3). Two consecutive breakpoints involve three consecutive vertices
vj—1 < vj < vj41. If vj —vj_1 = vj41 — vj, a dilation reduces everything to five consecutive
coefficients, with six free real parameters. If the two gaps differ, we use a single radius, five
coefficients on the lattice generated by the larger gap, and the coefficient of the remaining
vertex, which lies off that lattice; averaging over the p-th roots of unity, where p is the larger
gap divided by the greatest common divisor of the two gaps (Lemma 4.1), shows that the off-
lattice coefficient can only help; a one-variable function 7, controls the cost of including it in the
test polynomial. Both finite-dimensional problems are then bounded by a branch-and-bound
computation with certified dual vectors (Sections 5 and 6).

The limit of the method. Numerically, the six-parameter problem has the value 0.630041,
attained at a real configuration with the sign pattern of the Clunie-Hayman construction, and
the largest value we found for the mixed problems is about 0.6281. Our bound is within 107>
of the first of these values, so this formulation cannot improve the bound by more than about
107°. Wider windows may lower this limit: with seven coefficients centred at the middle of
five consecutive vertices with equal gaps, tested at the four jump radii between them, the best
configuration we found for the equal-gap problem has value about 0.6059 (Remark 7.2). The
exact value of that problem is not known: it is at least this number and, by Lemma 2.4(d)
applied at the two middle radii, at most the value 0.630041 of the six-parameter problem.
Covering unequal gaps would also need a new idea.
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2. THE WINDOW BOUND

Let T = R/27Z with the normalized measure df/2m; ||-||1 and ||-||o refer to it, and h(k) =
L (27 h(0)e~*% df. For a finite set S C Z and 7 € C° put

2r JO
Tr(0) => e ™, (e,7) =) am (ceC).
keS keS

Definition 2.1. For a finite S C Z and ¢ € C® let Ng(c) = inf{||h[joo : h € L>®(T), E(k:) =
c for all k € S}. For S ={-2,...,2} we write N5 and list ¢ = (c_2,c_1, ¢p, c1,¢2).

Lemma 2.2 (duality). For every 7 € C% with Ty # 0, Ns(c) > |{c, 7)| /|| T |1
Proof. 1f h(k) = ¢, on S, then (¢, 7) = ) 7oh(k) = o= [Z7h T d6, so |{c,7)] < |hllool|T5]li. O

Remark 2.3. By the Hahn-Banach theorem the bound is sharp: Ng(¢) = max|(c,T)| over
|T7]|1 < 1. Only Lemma 2.2 is used in the proofs; sharpness explains why the numerical values
in Sections 1 and 7 are the limits of the method.

Lemma 2.4. Let S C Z be finite and ¢, € C5.
(a) Ng(Ac) = |A|Ng(c) for X € C.
(b) (rotation) Ng((cre™*®);) = Ng(c) for a € R.
(c) (shift) for j € Z, the window S + j with coefficients c,—; has the same value Ng(c).
(d) (restriction) if S" C S then Ng/(c|s') < Ng(c).
(e) (Lipschitz) [Ns(c) — Ns(c')| < > peg ler — ¢l
(f) (dilation) for an integer d > 1, the window dS = {dk : k € S} with coefficient ¢y, at dk
has the same value Ng(c).
(g) (reversal and conjugation) the window —S with coefficient c_y, at k has the value Ng(c),
and Ng(¢) = Ng(c).
Proof. Each statement follows by transforming admissible functions: (a) A + Ah; (b) h
h(- + a); (c) h = €7%h; (d) restriction of the constraints; (e) kb +— h+ >, s(c) — cx)e®?; (g)
h+ h(—-) and h — h(—-). For (f), if h is admissible for S then h(d-) is admissible for dS with
the same norm. Conversely, if H is admissible for dS, the average H () = 1 Z;té H(0+27j/d)

has || H oo < ||H||os, Fourier support in dZ and the same coefficients on dS, so H = h(d-) with
h admissible for S. O

For an entire function f = >, -, axz® and r > 0 put cx(r) = axr”® for k > 0 and cx(r) = 0 for
k< 0. -

Lemma 2.5 (window bound). For every r > 0 and every finite S C Z, M(r) > Ng((cx(r))kes)-
Proof. The function g(0) = f(re') satisfies ||g|lcc = M (r) and g(k) = cy(r) for every k € Z. O
3. VERTICES, EVENTS AND THE TWO REDUCTIONS

3.1. The Newton polygon. Let f be transcendental and L(t) = log u(e') = maxy, ¢4 (t), where
Or(t) = log |ag| + kt for aj, # 0; the maximum is attained because |az|e? — 0 as k — oo. The
central index v(r) is the largest k with |ag|r* = u(r); it is nondecreasing in r. Call k a vertex if
U (t) = L(t) for some ¢t € R, and let vy < v; < va < --- be the vertices. For a vertex k the set
I = {t : ,(t) = L(t)} is a closed interval, since L — {} is convex and nonnegative. If k < k' are
vertices, t € I, and ' € Iy, then t < t': otherwise £y (t) — Ll (t) = L (V) — L () + (K = k) (t—t') >
0, contradicting ¢x(t) = L(t). The indices attaining L on a bounded interval [a, b] are at most
v(e?), so only finitely many I, meet [a, b]; and there are infinitely many vertices, since otherwise
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lag|r® < maxj<py |a;|r? for all r and k > N would force ay = 0 for k > N. As the I,; cover R,
are ordered and are locally finite, consecutive ones meet:

tj :=maxI,, , =minl,, (7 >1),
so that t1 <t <---, t; = 00, and at r = et both v;j—1 and v; attain the maximum term.

Definition 3.1. The event at j > 1 consists of the vertices v;_1 < v; < wvjy1, the gaps
d=wv; —vj_1 and d = vj4+1 — vj, the radii ro = eli <ry=eb+1, and s = tjy1 —t; > 0. It is an
equal-gap event if d = d’ and a mized event otherwise.
At an event we use only the following facts:
(E1) |ex(r)| < p(r) for all k € Z and r > 0;
(E2) [ey,;_, (ro)| = lev; (ro)| = plro) and |ey,; (r1)] = |ev;, (r1)] = p(r1);
(E3) c(r1) = cp(ro)er for all k.
3.2. Equal gaps. Let K = [0,00) x [0,1]? x R3, with points & = (0, z,y, p_2,p_1,p2), and
CO(E) = (weicp727 ei¢717 1> e—a’ ye_2UeZ¢2)7
A , , 1
C = (ze™27e¥-2, e -1 1, 1, ye'??), A(¢) = min ————.
1(5) ( ) ) (5) i=0,1 N5(Cz(f))
(N5(C;(€)) > 1 by Lemma 2.2 with 7 = 1.)

Proposition 3.2. At an equal-gap event there is & € K with min{u(ro)/M (o), p(r1)/M(r1)} <
A(E)-

Proof. Let n = vj, A = ¢y(ro) and by = cpyai(ro)/A for 1 = =2,...,2; so |\ = p(ro), [b-1] =
lbo] = 1 and z := |b_5| < 1. By (E2) and (E3), |b1|e® =1, so |b1| = e~7 with ¢ = ds, and (E1)
at r1 gives y := |ba|e?? < 1. Choose a with da = — argb; and replace b; by bje’®®; then by = 1,
by = e~ 7, and with ¢; = argb; (I = —2, —1, 2; arbitrary if b = 0) we have b = Cy(§). Lemma 2.5
with S = {n+dl : || < 2} and Lemma 2.4(a)—(c),(f) give M(ro) > p(ro)N5(Co(§)). At r1 we
have u(r1) = |en(r1)| and c,qqi(r1)/cn(r1) = bie!?, which after the same rotation is Cy(€); so
M(ry) = p(r1)Ns(C1(£)). 0

3.3. Mixed gaps. At a mixed event let g = ged(d,d’), a = d/g, b = d'/g (so ged(a,b) = 1,
a # b), and

p = max(a,b) > 2, o= gs.
Forp>2, W >0and e >0 let
5SS (o+2i/p)
R,(W,e) = max — W + eetlPt2mi/p)| _
7.0) = e 15 |
and for 7 € C® (indices —2,...,2) and € > 0 let
1 2w
Ure) = Tl + 3= [ RT3 ¢) ax.

For s > 0 and x > 1 let Z(s, ) be the set of vectors z = (z_2,2_1,1,1, 29) with |z_g| < 725,
|z_1| < e and |z2] < 1.

Proposition 3.3. At a mixed event there are s1 > 0 and z € Z(sl, 1%) such that for every
7€ C® and € > 0 with Re(z,7) + e~ > 0,

mnin { p(ro)  p(r1) } Uy(T,¢e)
M(TO)’ M(Tl) - Re(z, 7-> + ce—s1’
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Proof. Work on the progression v; + ¢gZ and write wy = ¢y, 4gk(r0)/co;(r0) and wy(o) =
oy k(1) (r1); by (B3), wi(0) = wieh®. By (B1) and (E2), u(ro) = |eu, (ro)l, p(r1) =
lco; (r1)], wo = wo(0) =1, w_o| = 1, [wy(o)| = 1, and |wi| < 1, |wg(o)| < 1 for all k.

Case a < b (p = b). We use the radius r;. The vector (w_gp(0), w_p(c), 1, wp(0), wap(c)) sat-
isfies |w_p(0)| = |w_p|e ™ < e (1 = 1,2) and |wyy(0)| < 1; after a rotation (Lemma 2.4(b))
making wy(o) = 1 it is a vector z € Z(s1,b/a) C Z(s1,p/(p — 1)), where s; = ao, be-
cause bo = (b/a)s; and b/a > b/(b — 1). The off-lattice coefficient w_,(o) has modulus
e~ % =e~*, and —a is prime to b. Lemma 2.5 on the window v; + g({—2b, —b,0, b,2b} U {—a}),
Lemma 2.4(a)—(c),(f), and Lemma 4.1 below with S;, = {—2b,...,2b} (step b) give M (r;) >
() (Re(z,7) + 1) [Uy(r,).

Case a > b (p = a). We use the radius 9. Here |w_s4| < 1, |wie] < €79 (I = 1,2; by
(E1) at r1), and the off-lattice coefficient w;, has modulus e~*?, with b prime to a. Reversing
the window (Lemma 2.4(g)) and rotating so that the coefficient at a, originally w_,, becomes 1
givesz = (-, -,1,1, ) € Z(s1,a/b) C Z(s1,p/(p—1)) with s; = bo, and an off-lattice coefficient
of modulus e at —b. The rest is as before, with U,. ]

4. AVERAGING OVER ROOTS OF UNITY

Lemma 4.1. Let p > 2, let e € Z with ged(e,p) = 1, let Sp, C pZ be finite, S = Sp, U {e}, and
let ¢ € C° with |ce| =n. For 7 € C5t and ¢ > 0 put Q(X) = > kes, e "E/PX - Then
Re Zk:ES CpTr + €N

Ng(c
) O+ & P R QX)) 5) X

whenever the numerator is positive.

Proof. Let x = arg ¢, (any value if n = 0) and T'(6) = Q(pf)+ee~*9*+X), This is T} for the vector
7' € C% that extends 7 by 7/ = ce™X, and (¢, 7') = s, CkTk + €7, so by Lemma 2.2 it suffices
to bound ||T||;. Split [0,27) into the arcs [27j/p, 27 (j + 1)/p) and substitute 8 = (X + 27j)/p
in the j-th arc. Since k/p € Z for k € Sz, Q(pf) = Q(X), while e = eX/p + 2mej/p. Hence

27
1 .
||TH1 = / Z‘Q _|_ ce ! eX/P+X)wJ’ dx, w = 6_271—16/17,

As ged(e,p) = 1, w’ runs over all p-th roots of unity. For fixed X write Q(X) = We'; the inner
average equals % > W+ e!(9+273/P)| for some ¢, which is at most W + R, (W, e). O

No cancellation between the lattice part and the off-lattice term is needed. For € > 0 we have
R,(W,e) = erp(W/e) with

p 1
= R,(u, 1 i(p+2mj/p)
) = Ryl 1) = mgxp , Ll e
and R,(W,0) = 0. Let also roo(u) = 5 \u +eltldt —u = Z(u+ 1)E((ui7“1)2) — u, where

E(m) = 5/2( — msin® x)/2dz; the formula follows from |u + €2 = (u+1)% — 4usin?(t/2).

Lemma 4.2. Let p > 2.
(i) rp is nonincreasing on [0, 00).

(i) rp(u) < Vu?+1—u<1/(2u).
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(i) For po > 2, p > po and u > 0, rp(u) < roo(u) + err(po, u), where err(pg, 1) = 2w/ (3p3)
and foru # 1
27 min(u,1) 4max(u,1) ‘(129/02) | g™
3p? ’ 1 — gPo
Proof. (i) Write ¢; = ¢ + 2mj/p. For fixed ¢ the derivative in u of %Zj lu + ei| — u is
% > Re(u+ e™i) /lu+ei| —1 < 0 wherever it exists, and the function is Lipschitz; a maximum

err(po,u):min{ }, g=u(u<l), ¢g=1/u(u>1).

of nonincreasing functions is nonincreasing.

(ii) By the Cauchy-Schwarz inequality, % > lu+ ei| < (I% > lu+ Vi) = (u? + 1)1/,
because } eWi =0 for p > 2.

(iii) Let F(t) = |u + e|. Its Fourier series converges absolutely, so by Poisson summation
%Zj F(o+2mj/p) = > ez ﬁ(mp)eimw and 7p(u) — reo(u) < Zm#) |ﬁ(mp)] First bound:
F'(t) = —usint/F(t). For u # 1, the function usint/F(t) is unimodal on [0, 7]; indeed its
derivative has the sign of %cz + Ayc+ % with ¢ = cost, A, = u? + 1, B, = 2u, which has
exactly one root in (—1,0). Its maximum, attained at ¢ = —u for v < 1 and at ¢ = —1/u for
u > 1, equals min(u,1). So F’ has total variation 4 min(u, 1) over a period; this also holds for
u = 1, where F = 2| cos(t/2)|. Two integrations by parts give |F(n)| < 4min(u,1)/(2mn?),
and 23" o 4min(u,1)/(2rm?p*) = 2w min(u,1)/(3p?). Second bound (u # 1): F(t) =
max(u, 1) [1 + ge'| (for u < 1 use |u + €| = |1 + ue ™| and the evenness of F). With
(1+w)'/? = > i>0 yjwd, vy = (1§2), we get F(n) = max(u, 1) >0 Yj+nYjq " for n > 0. Since
|7;| decreases for j > 1 and >, [vilz? =1 — /1 — z, this gives |F(n)| < max(u, 1)|ymlg™(2 —

V1—=¢%) < 2max(u,1)|y,|¢", and then > om0 ]ﬁ(mp)| < 4max(u, 1)|yplg?/(1 — ¢*). Both
bounds are nonincreasing in p. d

5. THE TWO FINITE-DIMENSIONAL PROBLEMS
Throughout, By = 12601/20000 = 0.63005.

5.1. Equal gaps.

Lemma 5.1 (symmetries). For § = (0,7,y,0-2,0-1,02) € K let p(§) = (o,y,7,p2
280*1780*1790*2 - 230*1) a,ndf = (0-7xay7 _3072a_§071>_¢2)' Then N5(00(p£)) = N5(Cl(£)

N5(C1(p€)) = N5(Co(§)) and N5(Ci(§)) = N5(Ci(§)); hence A(p§) = A(E) = A(E).

Proof. Reversing C1(¢) (Lemma 2.4(g)) gives (ye™#2,1,1,e %e%-1 xe~27¢¥¥-2) and the rotation

cp — cpe”P=1 turns it into Cp(p€). Reversing and rotating Cp(€) in the same way gives C1(pé€).

Finally C;(€) = C;(€). O
Given ¢ € K, reduce ¢_1 modulo 27 into [—7, 7], apply € + £ if ¢_; < 0, then apply p if

x >y (it does not change ¢_1), and finally reduce ¢_5 and p2 modulo 27. By Lemma 5.1, A is

unchanged, and the result lies in

DK = [0,00) X {(ﬂf,y) € [07 ”2 tx < y} X [_77-777] X [Oaﬂ-] X [_ﬂ-’ﬂ-]'
Lemma 5.2 (tail). For all z € [0,1] and ¢ € R there is 7 € C®> with T, # 0 and
Re((ze™¥,1,1,0,0),7) > 1.61|T,||1; in particular N5((:1:ew,1,1,0,0)) > 1.61. Consequently
A(§) < 1/N5(Cp(€)) < 0.6285 whenever o > 4.

Proof. The first statement is a certified computation (Section 6); the second follows by
Lemma 2.2. For the third, the rotation ¢, + cxe’®-1 maps (ze-2,e"%-1,1,0,0) to
(e’ 1,1,0,0) with 1 = p_s —2p_1, and Lemma 2.4(e) gives N5(Cp(£)) > 1.61 —e ™7 —e29 >
1.61 —e™* — e8> 1.5913. O

+
),
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Theorem 5.3 (certified). A(§) < By for every € € K.

Proof. By Lemma 5.1 it suffices to treat £ € Dg, and by Lemma 5.2 only o < 4. The certificate
of Section 6 splits [0,4] x [0,1]2 x [P, P] x [0, P] x [-P, P] into finitely many boxes. The boxes
that lie entirely in {# > y} do not meet D ; every other box carries an index ¢ and a vector 7 with
T, # 0 and Re(C;(§), 7) > ||T-|l1/Bo on the box, and Lemma 2.2 gives N5(C;(&)) > 1/fp. O

5.2. Mixed gaps. For p>2, s >0and z € Z(s1,p/(p—1)) let

) Up(T,€)
Dy(2,51) = 1nf{ Re(z.7) + co

Theorem 5.4 (certified). ®,(z,s1) < Sy for allp>2, s1 >0 and z € Z(s1,p/(p — 1)).

Proof. Tail s1 > 4. Take € = 0, so that Uy(7,0) = ||T7|/1. Let 7 be given by Lemma 5.2 for
ze’ = 2z, and let 7/ = 7_j, so that T, () = T-(—0) and ||T||1 = ||T+|l1. Then (z,7) =
((22,1,1,0,0),7) + 2_171 + z_272. Since |1x| < ||T-|l1 (7% is a Fourier coefficient of T;) and
|z_1] < €751, |z_9] < €721 (as p/(p — 1) > 1), we get Re(z,7') > (1.61 —e™* — 78)|| T |1 >
1.5913 ||T||1. Hence ®,(z,s1) < 0.6285.

Compact part s < 4. The periods are split into the groups {2}, {3}, {4}, {5,6}, {7,...,10},
{11,...,16}, {17,...,24} and {p > 25}. For a group G let kg = inf,cqp/(p—1) (so kg =1 for
the last group) and let 7g be the step function of Section 6, which satisfies 7¢ > r), for all p € G.
Let Ug(T,¢€) be Up(7,¢) with R,(W,¢) replaced by erg(W/e) (and by 0 if e = 0). For p € G we
have Z(s1,p/(p — 1)) C Z(s1,kqg) and U, < Ug. The certificate covers, for each group, all pairs
(s1,2) with s € [0,4] and z € Z(s1, kq), in the coordinates

: 7€C% >0, Re(z,7) + ee*1 > 0}.

y = (m_2672ﬁgs16219_2, m_leflickﬁelﬁ_l, 17 17 m2€“92),

(s1,m_9,m_1,ma,9_2,9_1,02) € [0,4] x [0,1]* x [—m, 7] x [0, 7] x [-7, 7],

by boxes carrying (7,¢) with T # 0 and Re(z, 7) + et > Ug(,¢)/Bp on the box (so the left
side is positive). The range ¥_; € [—m,0] follows by conjugation: (7,e) works for Z, because
T7+(X)] = [T-(=X)]. O

5.3. Proof of Theorem 1.1. Let f be transcendental. By Section 3 it has events at every
j > 1, with rg = e — 0o. At an equal-gap event, Proposition 3.2 and Theorem 5.3 give a
radius 7 € {ro,r1} with u(r)/M(r) < Bo. At a mixed event, Proposition 3.3 and Theorem 5.4
give the same. Hence p(r)/M(r) < By for arbitrarily large . O

6. THE CERTIFICATES

6.1. Branch and bound. Each certificate is a list of boxes, products of closed intervals with
rational endpoints, obtained by repeated bisection of a fixed initial grid. A box for Theorem 5.3
carries an index i € {0,1} and a vector 7 € Q(i)®; a box for Theorem 5.4 carries 7 € Q(i)® and
a rational € > 0; a box for Lemma 5.2 carries 7. The phases range over [—P, P| (or [0, P]) with
the rational P = 3.14159265358980 > w. The vectors come from a floating-point optimization
of the dual problem at the centre of the box, rounded to multiples of 2724; a box that cannot be
certified is bisected, and the vectors of its parent are tried first. A box of the equal-gap domain
lying entirely in {x > y} is recorded as covered by the symmetry p.

A leaf is valid if a lower bound of the linear form Re(C;(€), 7) (respectively Re(z, 7) +ece™*1)
over the box is positive and at least 1/8y times an upper bound of ||T;||; (respectively of
Uca(T,€)). A leaf for Lemma 5.2 is valid if a lower bound of Re((xe¥,1,1,0,0),7) over the box
is positive and at least 1.61 times an upper bound of || 75 ||;. Upper bounds for ||7;||; come from
an adaptive subdivision of [0,2x]. For the correction term in Ug, on each piece the integrand
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erq(|T-(X)|/¢e) is at most e7g(w/e) for a rigorous lower bound w of |T:| on the piece, because
T is nonincreasing; the first program takes w from a ball enclosure of T; the second uses a
chord lower bound of |T,|? along the piece, integrates the step function exactly, and uses the
last table value beyond the grid.

6.2. The tables. For p = 2,...,24 there is a table of integers n; with n;270 > r,(u;), on
a grid of 1421 points (u; = j/256 for u; < 4, then geometric with ratio about 1.02 up to
uy =~ 1.02 - 10%, rounded down to multiples of 1/256). For all p > 25 a single table holds
rounded-up upper bounds 7,274 > ro(u;) + err(25,u;) (Lemma 4.2(iii)). For a group G let
nJG be the maximum of the entries of its tables and

Ta(u) = n?2_40 (uj < u < ujtp), ra(u) = min(n%2_40, 1/(2u))  (u>un).

Every table is nonincreasing in j, so 7¢ is nonincreasing, and ¥g > 1, for p € G by
Lemma 4.2(i),(ii). The values rp(u;), p < 24, are bounded by an interval branch and bound
over ¢ € [0,7/p] (the function of ¢ is even and 27 /p-periodic) with mean-value bounds, or by
Too(t;) + err(p, u;) alone when err(p,u;) < 2-1078; otherwise the smaller of the two bounds is
used. Some entries exceed the quantity they bound by less than 107'%, so checking them needs
more than double precision.

6.3. Sizes and checking. The equal-gap certificate has 176,240 leaves and 15,276 boxes covered
by symmetry; Lemma 5.2 has 18 leaves; the mixed certificate has 37,198 leaves in eight groups
(from 2,820 to 7,707 per group). Two programs check the three certificates and the tables.

The first program evaluates the linear forms in ball arithmetic [7] at 80 bits, with a mean-value
(centred) form intersected with the naive enclosure (the naive enclosure alone for the tail forms).
It bounds ||7;||1 by a midpoint rule with a Taylor remainder where |T| is bounded away from
0, and by 2hsup |T;| on the remaining pieces, verifies coverage by reconstructing the bisection
tree of each initial cell, and recomputes every table entry with the routine that produced it (the
tables were built at 96 bits; the check runs at 80).

The second program was written separately, without access to the first, from the mathematical
specification and the data format only; a misreading of the specification shared by both programs
would not be detected. It computes the minimum of each linear form over a box from its
separable structure (exactly up to ball enclosures for the equal-gap forms; with bisection in s;
for the mixed forms), bounds || 7- |y through |T'| < 1(|T|?w+w™") with piecewise-linear weights
w > 0, which gives closed-form integrals, checks coverage by a guillotine recursion proving that
the boxes tile the domain, and bounds the table entries by Fourier estimates or a branch and
bound at 128 bits. Both programs also check that the groups cover all p > 2 with admissible
kq. For a leaf, call 8oL /U — 1 its relative margin, where L is the lower bound of the linear form
and U the upper bound of || 751 (or of Ug). The smallest relative margin among the equal-gap
leaves, as bounded from below by the second program, is 2.1-107".

Both programs report every leaf, every table entry and the coverage as verified (python-
flint 0.9, FLINT 3.6). On a heavily loaded shared x86-64 server, the first program needed
about 18 minutes and the second about 7 minutes, each with seven processes. The certificates,
both programs, their outputs and SHA-256 checksums are available at https://github.com/
tejasvi/maximum-term-bound and archived at doi:10.5281/zenodo.23521675.

7. REMARKS

Remark 7.1 (the optimal configuration). The value 0.630041 of supy A was obtained by numer-
ical optimization; at the optimum a primal-dual computation gives 0.6300408 to seven digits.
Since By — 0.630041 < 10~°, Theorem 5.3 is within 107 of the best bound that the five-term
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equal-gap problem can give, and most leaves of the equal-gap certificate lie near the optimal
configuration, where Sy — A is only about 9 - 1075, This configuration is real: ¢ ~ 1.536,
x =y~ 0417 and ¢_o = p_1 = @3 = 7. The signs (—,—,+,+, —) are those of the coeffi-
cients (—1)%, n = —2,...,2, of the Laurent series used by Clunie and Hayman for B > 4/7 [2,
pp. 156-158] (¢, = 0 for n = 0,1 and ¢, = 1 for n = 2,3 (mod 4)), but the moduli differ from
those of their series.

Remark 7.2 (wider windows). With a window of seven coefficients centred at the middle of
five consecutive vertices with equal gaps, tested at the four jump radii between them, the best
configuration we know for the equal-gap problem has value about 0.6059 (numerically); it is real,
with the sign pattern of the Clunie-Hayman construction. A proof along these lines would also
need a different treatment of mixed events: numerically, the five-coefficient single-radius bound
of Proposition 3.3 tends to (v/5 —1)/2 ~ 0.618 as s; — oo (the off-lattice coefficient becomes
negligible), so that argument alone cannot go below 0.618.

USE oF Al TOOLS

Generative Al tools were used to find and prove the results, to write the programs, and to
draft the text. The author reviewed the arguments and the programs and takes responsibility
for the content.
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