COMPLEX SOLUTION SETS OF THE PLANAR FIVE-BODY PROBLEM
AT SPECIAL MASSES
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ABSTRACT. Albouy and Kaloshin observed that the polynomial system for planar central con-
figurations of five bodies has a continuum of solutions at the masses (4,4, 4,4, 1), obtained from
Roberts’ continuum at (4,4,4,4,—1). At these masses, finiteness of the central configurations
cannot follow from the complexified equations alone. We study the complex solution sets at
three special mass vectors. At (1,4,4,4,4) the solution set modulo rotations is the union of 36
explicit, pairwise disjoint irreducible curves, 18 of genus 3 and 18 rational, and a finite set. The
curves contain the modified Roberts continuum, but none of their points is a positive central
configuration. At (1,1,4,4,4) the solution set modulo rotations is finite. At (9,36, 36, 36,4) the
potential vanishes identically on every curve in the solution set. These masses, their positive
multiples and their permutations therefore have finitely many central configurations, and we
prove this without counting them. Along a curve of solutions the valuations of the mutual
distances at the places at infinity sum to zero. Following Albouy and Kaloshin, we exclude such
curves with linear functionals on the possible valuation vectors. The new inputs concern their
limit diagrams, numbered as in Fig. 11 of their paper. An expansion at places of diagram 3
shows that a curve with such a place is one of the 36 curves. A second expansion excludes the
places of diagram 6 that the mass conditions allow on the rays through (1,1,4,4,4), and case
analyses treat diagram 5. We also show that at positive masses, places of diagrams 1 and 4
occur only for masses on finitely many explicit curves. Apart from a few exact polynomial
computations, which are in the supplementary material, our proofs are by hand, although some
of the results that we cite rest on computations.

1. INTRODUCTION

A configuration of n distinct points in the plane with positive masses is a central configuration
if the Newtonian force on each body points towards the centre of mass and is proportional to
its distance from it. Smale’s sixth problem asks whether, for every choice of positive masses,
there are finitely many central configurations up to similarity [7]. Hampton and Moeckel proved
this for four bodies [3], and Albouy and Kaloshin for five bodies in the plane when the masses
lie outside a closed algebraic subset of codimension two [1]. Finiteness for five bodies in the
plane at all positive masses is proved in [8]. Chen and Tong [2] state the same theorem and
give a different proof. Some of their statements on single diagrams overlap our results, and we
compare them in §3.1, at Corollary 4.3, Theorem 5.1 and Theorem 9.2. For diagrams 3 and 6
of [1, Fig. 11] their arguments use computations [2, Appendix A].

Albouy and Kaloshin consider the complexified equations. Infinitely many central configu-
rations give an algebraic curve of complex solutions. Along such a curve the valuations of the
mutual distances at the places at infinity sum to zero. At a singular place the bodies approach
one of the sixteen limit diagrams of [1, Fig. 11], and most diagrams force polynomial conditions
on the masses. However, part of their exceptional set cannot be avoided by an argument on
the complexified equations alone. Roberts found a continuum of central configurations for the
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masses (1,1,1,1,—1) [6]. Albouy and Kaloshin observe that changing the signs of ms and of
the four distances rgs turns it into a continuum of solutions of their system with the masses
(4,4,4,4,1) [1, p. 543 and Remark 8], the modified Roberts continuum. These solutions are not
central configurations, since the distances ry5 are negative square roots. In [8] the masses on the
rays through (1,4,4,4,4), (1,1,4,4,4) and P, = (9,36,36,36,4), and their permutations, are
treated by counting the real central configurations, following Moczurad and Zgliczynski [4, 5].

In this paper we study the complex solution sets at these masses. Let Y,, be the slice of
[8, §2.2]. It is an affine variety whose points are the solutions of the system of [1] without the
condition y; = gy, modulo the complex rotations, and each of its points corresponds to two
solutions of the system with this condition. Let U = }_, mkmlrk_ll be the potential, which is
constant on every irreducible curve in Y}, [1, Lemma 2].

Theorem 1.1. Letm = (1,4,4,4,4). The slice Y., is the union of 36 pairwise disjoint irreducible
curves, 18 of genus 3 and 18 rational, and a finite set. Through the correspondence of 8,
Lemma 2.2(a)] between the points of Yy, and the solutions of the system of [1], the curves contain
the modified Roberts continuum, carried to these masses by the exchange of bodies 1 and 5, and
no point of the curves corresponds to a positive normalized central configuration.

Theorem 1.2. Let m = (1,1,4,4,4). The slice Yy, is finite.

Theorem 1.3. Let m be a positive multiple of a permutation of P, = (9,36,36,36,4). Then
U = 0 on every irreducible curve in Yy,.

Corollary 1.4. Let m be a positive multiple of a permutation of (1,4,4,4,4), of (1,1,4,4,4) or
of P1. Then the planar five-body problem with masses m has finitely many central configurations
up to similarity.

Proof. By [8, Lemma 2.2(c)] the number of central configurations up to similarity does not
change under positive scaling and permutation of the masses. A central configuration gives two
positive normalized central configurations [8, Lemma 2.1]. At (1,4,4,4,4) these lie in the finite
set of Theorem 1.1. At (1,1,4,4,4) they lie in the finite set Y,,. At Pj, Theorem 1.3 says
that P; is settled in the sense of [8, §2.3], and a settled mass vector has finitely many central
configurations [8, Corollary 2.5]. O

Corollary 1.4 is a case of the finiteness theorem of [8], and of the one stated in [2]. In [§]
it follows at these masses from the counts of [8, Theorems 10.1, 10.2 and 10.7], which give
the numbers of central configurations. Theorems 1.1-1.3 give finiteness without a count. By
Theorem 1.1, the curves at (1,4,4,4,4) have infinitely many real points, and only the signs of
the distances exclude them (§3.1).

We also prove a statement on places of diagrams 1 and 4 of [1, Fig. 11] at arbitrary positive
masses (Theorem 9.2). At such a place with triangle T', the torque identity of [1, §5.0] shows
that the leading potential between 7" and the other two bodies vanishes. Together with the
condition of [1] on the masses of T', this confines such places to finitely many explicit curves in
the projective space of masses, three up to relabelling of the bodies. Chen and Tong state the
stronger result that no such place exists at positive masses [2, Theorems 5.13 and 8.2].

The method. We follow [1] and [8]. Let C' C Y;, be an irreducible curve. At each singular
place P of C the exponents of the mutual distances form a vector z(P) € Q'°, the type of P,
and a positive combination of the types vanishes. For each diagram and each assignment of the
masses to its bodies, [8] determines the possible types. At the special masses we choose one or
two linear functionals that are nonnegative on all types that can occur, and positive on each
type at which the first one vanishes. Then no curve exists. The types at which the functionals
are negative must be excluded separately, in part by results of [8]. At (1,4,4,4,4) the places
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of diagram 3 cannot be excluded: they occur on the 36 curves. We show by an expansion at
the place that a curve with such a place is one of the 36 curves (Corollary 4.3). At (1,1,4,4,4)
we exclude the places of diagram 6 that the mass conditions allow, by an expansion to the
sixth order (Theorem 5.1). At all three mass points we treat diagram 5 by case analyses of
the exponents, and a lemma on triangles of equal masses excludes some places of diagram 7
(Lemma 6.2). The curves of Theorem 1.1 are explicit, and their real structure shows that none
of their points is a positive central configuration (Proposition 3.2).

Theorems 1.1 and 1.2 concern all irreducible curves in Y,,, including those on which U = 0.
Lemma 2.1 shows that the results of [8] on singular places that we apply to all curves remain
valid on them, apart from some ranges of the types and the exclusion of diagram 16, although
[8] states them for curves with U # 0. The paper [8] cites Theorems 1.1-1.3 and 9.2 in its
Remarks 5.43, 10.8 and 10.9, but its proofs do not use them. Our proofs are by hand, except
for the exact polynomial computations of Lemma 9.1 (§10).

Organization. In §2 we recall the setting of [8], and in §3 we construct the 36 curves. Sections 4
and 5 contain the expansions at places of diagrams 3 and 6, and §6 proves two lemmas on
triangles. Sections 7 and 8 prove Theorems 1.1-1.3, with diagram 5 at (1,1,4,4,4) and at P in
Appendices A and B. Section 9 treats diagrams 1 and 4, and §10 describes the verification.

2. SETTING

We use the notation and results of [8], cited by their numbers, which are the same in versions 1
and 2 of that paper. Throughout, m € (Rxq)®.

2.1. The slice. A normalized central configuration is a solution (x,y, d) of the system [8, (2.1)]
of [1, p. 540]. We write z = z + iy, w = & — iy, 2k = 2k — 21, Wk = W — Wy, Pg; = O and
TR = p,;ll, so that pilzklwkl = 1. The slice is the affine variety Y, = X,, N {u; = 1}, where
X,, C C'® is the zero set of the eighteen rows

Dy = piugive, — 1, Zy = Fi(u) — F5(u), Wi = Fi(v) — F5(v) (k<4)

of [8, (2.2)], in the unknowns u = (u1,...,u4), v = (v1,...,vs4) and p = (Pr1) k<1, With us = vs =
0, ugp = 2z — 25, Uk = W — w5 and Fy(h) = hy — El;ﬁk mlp%l(hk — hy). The functions uy, v, uk,
vk and pg; vanish nowhere on X,,,. By [8, Lemma 2.2], X,, = C* x Y,,, the system [8, (2.1)]
has 2|Y,,| solutions, and positive scaling of the masses and relabelling of the bodies with their
masses induce isomorphisms between the slices, which multiply U by nonzero constants. Let

Uzzmkmlpkl, IZkaukvk—%(zmkUO(ka%), V=U-+1l,

k<l k k k
with M = )", my. The points of X, are critical points of V on {Dy; = 0} [8, Lemma 2.3]. Recall
from [8, Lemma 2.4] that U = I on X,,, that U is constant on every irreducible component of Y,
which is [1, Lemma 2], and that U > 0 at the point of Y,,, given by a real central configuration. A
real central configuration corresponds to exactly two positive normalized central configurations
[8, Lemma 2.1]. The mass vector m is settled if Y,,, contains no irreducible curve on which some
7%, is non-constant and U # 0. A settled mass vector has finitely many central configurations
up to similarity [8, Corollary 2.5].

The colour exchange. The substitution (z,w) — (w, z) maps solutions of the first three equa-
tions of [8, (2.1)] to solutions. Followed by the rotation (u,v) +— (v 'u,v1v) of [8, Lemma 2.2(a)],
it defines the involution

O’C(u,v,p) = (U/Ub v, p)
of Y,,,. It fixes every pg;.
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2.2. Places and types. Let C' C Y,, be an irreducible curve. We use the places at infinity of
C, the singular places, the exponents e(f) and the expansions of [8, §§2.4, 3.1]. For a pair kl
put (kg = e(zk1), wi = e(wyy) and xp = e(ry) = %(C}cl + wir). The type of a singular place P is
2(P) = (zx))r<; € Q'°, with the pairs ordered 12,13,...,45. The type is a positive multiple of
(—valp pii)k<i, and the types satisfy the balancing condition

(2.1) Y dpax(P)=0, dp>0

P singular

[8, (3.1)]. A singular place has one of the sixteen diagrams of [1, Fig. 11], up to relabelling of
the bodies and exchange of the colours [8, §2.5]. We use the inputs from [1] listed in [8, §2.6].
We use directly Proposition 1 of [1] and the mass conditions (23), (29), (32), (36) and (40) of [1,
§8]. The others, among them the rules of [1, §3|, Proposition 4 of [1] and the facts of [1, §§8.7
and 8.9], enter through the cited results of [8]. For a body j we put @Q; = {1,...,5}\ {j}, and
we use the following points of R0 defined in [8, §3.2]: a1(T), the type of diagram 2; h(s; D1|Ds),
the type of diagram 3 with centre s and diagonals Dy, Ds; v(s; A|B) and v7(a,b), the types
of diagrams 6 and 7 with centre s and wings A, B; ua(c), the type of diagram 10; u.(j) and
or(j)(t), the types of diagram 14 with isolated body j; and bg(j), the type of diagram 15. The
colour exchange 0. maps a singular place to a singular place with the same type, and exchanges
the colours of its diagram.

By Lemma 2.1(c) below, the exponents at every singular place satisfy the rules of [8,
Lemma 3.2], which we recall. The strokes, circles and zw-edges are those of the diagram [8,
§2.5]. For every pair ki:

(01) Criywrt > =2, (it + 3wy < 4 and 3Cy + wiy < 4. Hence (g, wiy <2 and -2 <y < 1

(O2) There is a z-stroke kl if and only if (3 + 3wr; = 4, and a w-stroke if and only if
3Ckt + wrr = 4.

(O3) On a z-stroke, (kg = 3xk—2, wiy = 2—xg and 0 < xg; < 1. On a w-stroke, wy; = 3z —2
and (i = 2 — xp-

(04) xp; = 1 if and only if &kl is a zw-edge. A z-stroke is maximal (its ends are not z-close,
[1, Def. 6]) if and only if xy; = 0.

(O5) In every triangle klm the minimum of (x;, () Gk 1s attained at least twice, and the
same holds for w.

(06) If k is z-circled and [ is not, then (g = —2. If (3 = 2, then wy; = —2 and kl is a w-stroke.

The results of [8] on singular places that we cite are stated there for nontrivial curves, on which
U # 0 and some r7, is non-constant [8, §2.3]. The second condition holds for every irreducible
curve. Lemma 2.1 lists those that we apply to every irreducible curve. In their proofs the first
condition enters only through [8, Lemma 3.3|, which says that at a singular place some xy; is
at most 0. We apply the other results of [8] on singular places only to curves with U # 0, in §8
and Appendix B.

Lemma 2.1. Let C CY,, be an irreducible curve.

(a) Some r%, is non-constant on C. A place at infinity at which some pg has a zero or a
pole is singular. The balancing condition (2.1) holds, and C has a singular place.

(b) Let P be a singular place of C, with the bodies numbered as in [1, Fig. 11]. If the diagram
of P is not 5, then x(P) is as in [8, Table 1], except for four diagrams. For diagram
7, x(P) = vy(a,b) with 0 < a,b < 1. For diagram 10, x(P) = ua(c) with 0 < ¢ < 1.
For diagram 14, x(P) = u.(5) with 0 < ¢ < 1, or o(5)(t) with k € Q5 and 0 < t < 1.
For diagram 16, xy(P) = 1 for all pairs. If the diagram is 5, with zw-triangle T, then
xg(P) =1 on the pairs of T, and each of the other two bodies is in one of the modes of
[8, Lemma 3.4] relative to T'.
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(c) The conclusions of [8, Lemmas 3.1, 3.2, 3.4, 3.6 and 3.7, Theorem 3.9, Corollary 5.19,
Theorem 5.37 and Proposition 7.1] hold at every singular place of C, and so do the
statements of the proof of [8, Theorem 3.9] in [8, Appendix C]. So does [8, Theorem 3.13],
with the point ug(j) of part (a) replaced by uc(j), 0 < ¢ < 1. In particular no singular
place of C' has type by(j), diagram 9 or diagram 2. At every singular place of C the
mass conditions of [1, §8] given in the proof of [8, Theorem 3.12] hold for its diagram
and labelling.

Proof. In [8] the condition U # 0 is part of the standing assumption of [8, §§2.4 and 3] that C'
is nontrivial, and a hypothesis of [8, Theorem 3.12, Corollary 5.19, Theorem 5.37 and Proposi-
tion 7.1]. We check where U enters the proofs.

(a) The fibres of the map (u,v,p) — (r3)k<; on Y, have at most points [8, proof of
Corollary 2.5], so some 7%, is non-constant on C. The rest is derived in [8, §2.4] from three facts:
the py; are units on C, one of them is non-constant, and the bounds [8, (2.4)] hold on Y,. The
form (2.1) of the balancing condition follows, since x(P) is a positive multiple of (— valp pgi)r<i
[8, §3.1]. These steps do not use U.

(b) In the derivation of [8, Table 1] in [8, §3.2 and Appendix A], the condition U # 0 enters
only through [8, Lemma 3.3], whose proof uses that U = I is a nonzero constant on C. The
lemma is used only for a + b < % in diagram 7, ¢ < % in diagram 10, ¢ = 0 in diagram 14 and
the exclusion of diagram 16. Without it the derivations give the stated types. For diagram 14
this is [8, Lemma 3.7], case (A) with 0 < ¢ < 1 and case (B) with a =1+ ¢ < 2. The derivation
for diagram 9 uses that U is constant on C' [8, Lemma 2.4(b)], which holds for every irreducible
curve. No other step of these derivations uses U. For diagram 5 we do not use the hulls of [8,
§3.3]. Their models use [8, Lemma 3.3] and, in the relations (I) and (V) of [8, §B.1], that U = I
is a nonzero constant on C. We use only (O4) on the zw-triangle and [8, Lemma 3.4], which
applies since the other two bodies have no strokes.

(¢) None of these proofs uses [8, Lemma 3.3]. The proofs of [8, Lemmas 3.1, 3.2, 3.4, 3.6
and 3.7, Theorems 3.9 and 3.13 and Proposition 7.1], with [8, Appendices C and E], do not use
U,V or I. The rows of [8, Table 1] that they use, for diagrams 2 and 3, are covered by (b). In
the proof of [8, Theorem 3.12] the mass conditions follow from [8, Lemma 3.1] and the inputs of
[8, §2.6], without U. The proofs of [8, Corollary 5.19 and Theorem 5.37] expand V' at the place
[8, Lemmas 5.3 and 5.39]. Through [8, Lemmas 5.1 and 5.38] they use two facts: the gradient of
V' vanishes on X, [8, Lemma 2.3], and V is constant on C' [8, Lemma 2.4]. Both hold for every
irreducible curve. The identity [8, (5.1)] is used only for ¢ = 3, 5 and 3 + a with 0 < o < 2,
where it does not involve the value of V' on C. The proof of [8, Theorem 5.37] also uses the type
of diagram 9, which (b) covers. In the proof of [8, Theorem 3.13(a)], case (A) of [8, Lemma 3.7]
includes every c € [0, 1). d

213

In particular, at a place of diagram 14 with isolated body j the leading coefficients of the
cluster @; solve the system K14(mg,) of [8, (3.2)]. By [8, Lemma 9.5], K14(1,1,1,v) with v > 0
1ok
Lemma 2.2. Let C C Y, be an irreducible curve, and let f, g be linear forms on R, It is
impossible that f(x(P)) > 0 at every singular place P of C and g(x(P)) > 0 at every singular
place with f(z(P)) =0.

Proof. By (2.1), > pdpf(xz(P)) = 0 is a sum of nonnegative terms, so f(z(P)) = 0 at every
singular place. Then ), dpg(x(P)) > 0, since C has a singular place by Lemma 2.1(a). This
contradicts (2.1). O

has a solution for exactly six values of v, none of them in {1

2.3. Branches and their lifting. In §§4 and 5 we will expand the coordinates at places of
diagrams 3 and 6 in a weighted system. Let P be a singular place of an irreducible curve
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C C Yy,. After the rotation of [8, Lemma 3.1], each coordinate q € {ug, vg, pr} is 9@y, ()
with y4(0) # 0. Suppose that the weights w, = %e(q) are integers, and put 7 = 9¥?¢, so that
q = T%ay,. In each row substitute ¢ = T4y, for every coordinate and divide by the lowest
power of T'. This yields

Gr(T,y) =) T'Grily)  (r=1,...,18),
i>0
with polynomials G, ;. Put e; = Wg — Wy, Wq + Wy, Or wy for q a ug, a v, or a py, and fix a
coordinate f with e} = —2. A leading solution is a zero of Go = (G, ), with y,, = yy =1 and
all coordinates nonzero. We write Jy for the 18 x 16 Jacobian matrix of GGy at a leading solution
with respect to the sixteen coordinates other than y,, and yy.

A branch is a vector y(§) of convergent power series in the eighteen coordinates such that
G(¢L,y(€)) = 0 for an integer L > 1, y,, = yy = 1, and y(0) is a leading solution. We then
write T' = &L,

Lemma 2.3. After a rotation and a change of the local parameter, the coordinates near P are
q=T"1y,(§), wherey is a branch.

Proof. This is the proof of [8, Lemma E.1], which treats diagram 2 with f = v;. A rotation by
y;ll makes y,, = 1. Replacing T' by T"¢" and rotating by ¢~"*u1 turns Yq into ¢L63yq, and the

equation ¢~ 2Lyr(£¢) = 1 has a convergent solution ¢(¢) with ¢(0)?% = y;(0) by the implicit
function theorem. The rows vanish on X,,, so G(&¥,5(¢)) = 0, and setting £ = 0 we obtain

Go(y(0)) = 0. O

Let yo be a leading solution with rank Jy = 16, and let R be a set of sixteen rows such that
Jo[R] is invertible. Define y1,y2,--- € C'6, vectors in the sixteen coordinates other than g, Yfs
by

Un = —H(RBalR), B = [T G(T, yo+ D weT*).
k<n
where [T is the coefficient of 7™, and put ng, = Jo[R| yn + Bn[R] € C?, where RC is the set
of the two other rows.

Lemma 2.4. Let y be a branch with y(0) = yo. Then y is a power series in T, y = yo +
Yons1 Yn ", and nr, =0 for every n > 1. In particular y is determined by yo. Equivalently to
Nen =0, X+ By, =0 for every X in the left kernel of Jo.

Proof. Write y = yo + >_, cgT over q € %Z>0. The coefficient of 7% in G(T',y) is Jocq plus a
polynomial in the ¢y with ¢’ < g, each term of which has exponent ¢ + ¢} + --- + ¢, = ¢ with
i € Z>¢. If some ¢, with ¢ ¢ Z is nonzero, take the least such ¢q. Then every nonzero ¢, with
¢’ < ¢ has ¢’ € Z, so the polynomial vanishes, and Jyc, = 0 implies ¢, = 0, since Jp is injective.
Hence y is a power series in T, and the coefficient of T™ is Jyc, + By, with 3, evaluated at
ci,...,Cn—1. By induction on n, the rows R yield ¢, = y,, and then the rows R¢ yield ng, = 0.
For the last statement, Joy, + (5 vanishes on R and equals ng, on R®, so - 3, = A[R] - nrn
for A in the left kernel. The map A — A[R] is injective on the left kernel, since A\[R]Jp[R] = 0
forces A[R] = 0, and the left kernel has dimension 2. It is therefore bijective onto C*". O

3. THE THIRTY-SIX CURVES

In this section and the next the masses are A’ = (4,4, 4,4,1), the image of (1,4,4,4,4) under
the exchange of bodies 1 and 5, so that body 5 is light. For cube roots of unity (1, (2 let A(¢1,(2)
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be the affine subspace of the coordinate space of Y4 defined by

Di2 =P34 = %, P14 = p23 = %2, P15 = P35 = —2p13, D25 = Pas = —2pay,

ug = —1, ug = —ug, v3 = —u, vy = —2,
and put C'(¢1,¢2) = Yar NA((1, ). On A(C, (o) we write Dy = py5 and Dy = pas. On Yur the
function 7 = (1 + u2)/(1 — ugy) is regular, since ujs # 0. Let

hu(r) = (T+ DG+ &) ha(7) = (r=1D(C—ar)

Theorem 3.1. (a) C'((1, () is the set of points of A(C1,C2) with
-1 = THDGT+C) vy = TG —GT)

Uy = 1= 5 =
T+ 1’ T ’ T ’

D} = hy(7), D3 = hy(7)

and T € C\{0,+1,+(2/(1}. Thus (1, D1, D) identifies it with an unramified four-sheeted
cover of C\ {0,£1,+(2/C1}.

(b) If ¢4 # (o, then C'((1, (o) is an irreducible curve of genus 3. Its smooth completion has
twelve places at infinity, two over each of T = 0,00,+1,£(2/C1, each of ramification
index 2 over the T-line.

(c) If ¢1 = (o = C, then C'(¢, C) is the disjoint union of two irreducible rational curves C*((),
defined by D1Dy = +it/(¢(7? — 1)). Each is parametrized by s = \/C (T + 1) Dy, which
satisfies s> = T, and has siz places at infinity, s = 0,00, %1, +i.

(d) These twelve curves and their images under the relabellings (23) and (34), which fix A,
are 36 pairwise disjoint irreducible curves in Y, 18 of genus 3 and 18 rational.

We write C4s for the union of the 36 curves and Cq C Yy, A = (1,4,4,4,4), for its image
under the exchange of bodies 1 and 5 (§2.1).

Proof. (a) We first reduce the rows. On A((y,(2) the positions are z = (1,ug, —1, —u2,0) and
w = (v1,v2, —v1, —v2,0), so > mpzr = Y pmpwr = 0. The ten rows Dy reduce to four
equations, since p?, = (#/4 = 1/(4¢1) and likewise on the other sides:
(1 - UQ)(UI - 'U2) = 4C1 (127 34)7 (1 + UQ)(UI =+ UQ) = 4C2 (147 23)7
D?vy =1 (13,15, 35), D3uguy =1 (24, 25, 45).

The rows Zj, and W}, vanish identically on A((1,¢2). Indeed, with p3, = % on the four sides and
p13 = —D1/2, poa = —D2 /2,
Fi(u) =1—3(1 —u2) = 3(1+uz) — 8pis — DY =0,
Fy(u) = up — 2(ug — 1) — 3 (ug + 1) — ua(8p3, + D3) = 0,
F5(u) = 4(D3(u1 + u3) + Dj(ug + ua)) = 0,

and F3(u) = Fy(u) = 0 by the symmetry z — —z, 1 <+ 3, 2 <> 4 of A((1,(2). The functions
F(v) vanish in the same way. Hence C'((1, (2) is defined in A((3, (2) by the four equations and
by the nonvanishing of the coordinates and their differences. With 7 = (1+u2)/(1 —wu2) we have
1—ug =2/(r+1) and 1+ug = 27/(7+1). Then vy —vy = 2¢1(7+1) and v1 +v2 = 2¢(7+1) /7,
which give the stated v; and vq, and D} = 1/v; = hy, D3 = 1/(ugvy) = h. Since us is finite
and w19 # 0, the function 7 takes neither the value —1 nor co. The values 7 =0, 1, —(2/¢1 and
(2/¢1 mean ugz = 0, ug = 0, v; = 0 and vy = 0. For every other 7 and every choice of Dy, Do,
all coordinates and their differences are nonzero. Since 7, D; and Dy are regular functions on
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Y4, the map is an isomorphism onto its image. Neither h; nor ho has a zero or a pole over the
base, so the cover is unramified.

(b) If ¢; # (2, then (2/(1 is a primitive cube root of unity, and +1, +(»/(; are four distinct
points. None of hy, ha, hihg is a square in C(7): h; has a simple pole at —1, ho at 1, and hqhe
at +1 and +¢»/¢1. Hence C(7)(v/h1,v/he) has degree 4 over C(7), and the curve is irreducible.
Over each of 0, oo, £1, +(3/(; at least one of hy, hy has odd order: both have order 1 at 0 and
at oo, hy has a simple pole at —1 and at —(3/(;, where hg is a unit, and the reverse holds at
1 and (2/¢;. The inertia group therefore has order 2, and there are two places of index 2 over
each of these six points. By the Riemann—Hurwitz formula, 2g —2=4-(—-2)+6-2,s0 g = 3.

() If ¢4 = ¢ = ¢, then hy = 7/(¢(T+1)?), hg = —7/(¢(T—1)?) and hihy = (2'7/((’(7‘2—1)))2.
Thus Dy Dy = +i7/({(7? — 1)) on C'(¢,¢), and the two signs define disjoint closed subsets. On
each of them D, is determined by Dy, and s = /C (7 + 1)D; satisfies s = ((7 + 1)?h; = 7.
Each of them is therefore isomorphic to C \ {0, £1, +i}.

(d) Distinct pairs ({1, (2) yield disjoint curves, since pya or p14 differs, and CT () NC~(¢) =0
by (c). The relabellings (23) and (34) fix bodies 1 and 5, so they act by uy, + uq(x). The curves
above satisfy ug = —1. Their images under (23) satisfy us = —1, and those under (34) satisfy
ug = —1. Two of these conditions together force a collision of two heavy bodies. O

The diagonals of the curves of Theorem 3.1(a)—(c) are the pairs 13 and 24; we say that they
belong to the split 13]24. Their images under (23) and (34) belong to the splits 12|34 and 14|23.

3.1. The real points. Let o be the composition of complex conjugation with the colour ex-
change o, of §2.1:

o(u,v,p) = (v/v1, V14, P),
an antiholomorphic involution of Yy4/. On configurations it is (z,w,p) — (w, z, p).

Proposition 3.2. (a) The fized points of o are the points given by real configurations, with
real pyy = +1/rK. The positive normalized central configurations correspond to fized
points with all pg; > 0.

(b) The thirty of the 36 curves that lie in a set C'((1, (2) with (C1,¢2) # (1,1), orin its image
under (23) or (34), contain no fized point of o, and o maps each of them onto another
of the 36 curves.

(c) The other siz curves, C*(1) and their images, are mapped onto themselves. Their fized
points are the points with |T| = 1, 7 # £1. At each of them p13 = —p15/2, in the labelling
of the split 13|24, so pisp15 < 0.

In particular no point of Car, and no point of C4, corresponds to a positive normalized central
configuration.

Proof. (a) Let = o(x). Then p is real and v; = 0141 = 03. The row Dj5 shows that vy =
1/p%5 > 0. With ¢ = /vy > 0, the rotated point z = cu, w = ¢ 1w satisfies w = ¢ v = cu = Z.
This is a real configuration, with real py; = £1/ry;. Conversely, a real configuration rotated to
uy = 1 is fixed by o.

(b) The colour exchange maps A((1,(2) onto itself: (v/vi,viu) has again the form
(1,%,—1,—x%), (x,%,—*,—x*), and p is unchanged. Hence o, maps C’(¢1,(2) onto itself, by
7+ (2/(¢17) and keeping D1, D. Conjugation maps it onto C'(C1,C2). If (¢1,¢2) # (1,1), then
p12 OF P4 is not real, so the curve has no fixed point, and its image C'((1, (2) is another curve.
For each split this accounts for the six curves of genus 3 and the four curves C*(¢) with ¢ # 1.
The relabellings commute with o.

(c) Let ¢; = (2 = 1. The map o, acts by 7 +— 1/7 and keeps D1 Do, while i7/(72 — 1) changes
sign. So 0. exchanges C*(1) and C~(1). Conjugation exchanges them as well, so ¢ maps each
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of them onto itself and acts on 7 by 7+ 1/7, and a fixed point has |7| = 1. Write 7 = €% with
0 ¢ 7Z. Then
U= (1, itang, —1, —itan g),
1 1 1
Di=——— Di=——5—— DiDy =+ :
1™ 4cos2(0/2) 27 4sin2(0/2) 12 2sin 6
All py; are real, and one checks directly that these points are fixed. On each of C*(1) they form
four arcs, one for each sign pattern of (D1, D2). At each of them pj3 = —D;/2 = —p15/2. O

The fixed points of Proposition 3.2(c) are rhombi with the light body at the centre and sides
of length 2. On the arcs with Dy, Do < 0 the diagonal and side inverse distances are positive,
and pgs < 0 for £ < 4. Changing (ms, pgs) into (—ms, —prs) preserves the rows Dy and the
terms m5p25(zk — z5) in the equations of bodies k < 4. It changes the sign of the right side of
the equation of body 5, which vanishes on these rhombi by their symmetry. This change maps
these arcs onto Roberts’ continuum of central configurations with the masses (4,4,4,4,—1) [6],
in the normalization of [8, (2.1)]. The arcs are the continuum of solutions of [8, (2.1)] with the
masses (4,4,4,4,1) that Albouy and Kaloshin obtained from Roberts’ continuum, the modified
Roberts continuum [1, p. 543 and Remark 8]. The fixed points of o on C4s form an infinite set.
Therefore the finiteness of the positive normalized central configurations at A’ does not follow
from the complex equations, even together with the real structure o. It requires the signs of the
Pri, which enter here as pi3p15 < 0.

Chen and Tong [2, Remark 7.14] write the modified Roberts continuum as an explicit curve
and state that, because of its real points, curves with real points cannot be excluded at places of
diagram 3. In their argument positivity enters through the identity p15 = —2p13 of the definition
of A((1,¢2), which they state on every curve with a place of diagram 3 [2, Theorem 7.13].

4. PLACES OF DIAGRAM 3 AT (4,4,4,4,1)

Let P be a singular place of an irreducible curve C' C Yy with type h(s; Di|D2). By [8,
Theorem 3.9] and Lemma 2.1(c), mym; = mpmy for Dy = {i,j}, Do = {k,l}. If s is heavy,
one diagonal contains the light body and this fails, since 4 # 16. So s = 5, and the type is
h(5;13]24), h(5;12]34) or h(5;14|23). The relabellings (23) and (34) fix A" and map the second
and the third onto the first.

Let P have type h(5;13|24). We call the pairs 12, 14, 23, 34 the sides and write k' for the
body opposite to k < 4: 1" = 3, 2/ = 4. By [8, Appendix C| and Lemma 2.1(c) the exponents
after the rotation are e(uy) = e(vg) = =2, e(pr) = 0 on the sides and e(py) = 2 on the six
other pairs. Thus §2.3 applies with f = vy, and e;,, = —2. We write u, vy for yu,, yu,, with
up = v; = 1, and ke, g for yp, on the sides and on the other pairs. At A’ the weighted rows are
as follows.

e Sides ki: kZ;(ur — w)(vk, — v;) — T?. Diagonals 13, 24: ¢, (ur — w;)(vg — v;) — 1. Pairs
k5: qig]ukvk —1.
o Zp=Z)+T3Z} with Z) = wi, — 31 11  side 2k (ue — w) and Z7 = — (4¢3, (i, — upr) +
q£’5uk + I‘), where I'=45%",_, ql35ul.
e Wj: the same with v in place of u.
So G = Go + T?Gy + T3G3, where Go is —1 on the side rows and 0 on the other rows. By [8,
Appendix C] and Lemma 2.1(c) the leading solutions are as follows. In case 4, u = (1,—1,—1,1)
and v = (1,1, —1,—1); in case B, u and v are exchanged. In both cases k2 = % on the four sides,
q%g = i, a3, = —%, q%5 = q§5 =1 and q§5 = qZ5 = —1, and every choice of the roots occurs. There
are therefore 3%.26 = 5184 leading solutions in each case. In both cases uy = —uy, and vy = —vp.
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The matrix Jy has rank 16, and in case A its left kernel is spanned by Ay = —Z; — Zo + Z3+ Z4
and A\yy = W1 — Wy — W3+ W)y, where a row stands for the corresponding unit vector. Moreover
Az - G3=0/16 and \iy - G3 = —0/16 at the leading solution, where

O = 16 (4q13 + 4q24 + q15 + q25 + G35 + qus5).

The relabelling (24) and the colour exchange 0. map places of type h(5;13|24) at A’ to places of
the same type. On branches they act by permuting coordinates: (24) by ug — Ug(k)s Vk = Vo (k)
Pkl & Do(k)o() With o = (24), and o, by exchanging u and v (as u; = v; = 1). Both map
branches to branches. The colour exchange exchanges the two cases, and (24) followed by o,
maps case A to case A.

The following condition mirrors the relations among the py; in the definition of A((1,(2). A
leading solution is balanced if k1o = k34, k14 = kos, q15 = q35 = —2q13 and qo5 = qus = —2q24.
There are 36 balanced leading solutions in each case.

Lemma 4.1. Let y be a branch for the type h(5;13]24) at A’. Then y(0) is balanced.

Proof. Since o. exchanges the cases and preserves balance, we may assume that yo = y(0) is
in case A. We show that the obstruction at order 3 vanishes only if ¢15 = ¢35 = —2¢13 and
q25 = Q45 = —2qo4, and that the even part of the expansion then forces kio = k34 and k14 = kog
at yo. By Lemma 2.4, y = Y y,T™ is a power series in T" and X - 5, = 0 for all n and all X in
the left kernel of Jj.

Orders 1 to 3. Since G has no term in 7', f; = 0 and y; = 0. Then 83 = G3(yo), because
Go(yo+y2T?+...) and T?G5 contribute only even powers up to 7°. Hence 0 = Az - 33 = O/16.
The numbers qi13, q15, ¢35 are real and g24, g25, qa5 are imaginary, with |4q13| = |q15] + |¢35| and
|4g24| = |ga5| + |qa5]. Therefore O = 0 if and only if

(4.1) q15 = G35 = —2q13, @25 = Q45 = —2q24.

Then I'(yo) = 4(g35(u1 +us) + ¢35 (uz +us)) = 0 and Z3(yo) = —ur(8g}, +4i5) = 0, and likewise
W3(yo) = 0. So B3 =0 and y3 = 0.

Parity. Since y1 = y3 = 0, we can write y = Y'(S) +T°Q(S) with S = T? and power series Y,
Q. We write U, V, K for the parts of Y in u, v and the sides, and AUy, = U, —U;, AV = Vi, — V.
For a polynomial F, the even part of F(y) in T is F(Y) + O(S%), and the even part of T3Z3(y)
is O(S*). The side rows, Z° and W© are polynomials in u, v, k and T2. Taking even parts of
G(T,y) = 0 we obtain

(4.2) K3 AUy AViy =S (mod S°) on the sides, Z2U,K)=WV,K)=0 (mod S*).

The Laplacian. The rows Z° and W0 are linear in U and V, with coefficients from the sides.
Put s, = 4Ké3 and a = S19, b = 893, ¢ = S34, d = s41. Let L be the weighted Laplacian of the
cycle 1234, (Lx)r = >4 a side Sk1(Tk — 1), s0 that Z° = (I — £)U and W° = (I — £)V. In the
orthonormal basis

eo=13(1,1,1,1), e1 =3(1,-1,-1,1), ex=35(1,1,-1,-1), e3=3(1,-1,1,—1)

write x = >, X;e; and X = (X1,X9,X3). We write U;, V; for the coefficients of U, V in
this basis, and U = ((71,(72,(73), vV = (Vl,f/g,f/g). Then Leg = 0, the side differences are
1 —To=X1+ X3, 20 —x3 = X9 — X3, 23 — 24 = X3 — X1 and z4 — 1 = — X9 — X3, and on
ej the matrix of £ is
a—+c 0 a—c
M = 0 b+d d—b
a—c d—b a+b+c+d
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A~ ~

By (4.2), NU = NV = 0 (mod S*), where N = M — 1. At S = 0 we have s, = %, so
M(0) = diag(1,1,2), U(0) = (2,0,0) and V(0) = (0,2,0). Let e3 = (0,0,1) and n = Neg =
(a—c¢, d—b, a+b+c+d—1),so that n3(0) = 1. The matrix P = [U V &3] is invertible over
C[[S]], since det P(0) = 4. From NP = [0 0 n] we get N = nr', with »T the last row of P~1.

Since N is symmetric and nj3 is a unit, comparing the last rows shows that » = n/n3. Hence
nn' 4 ~ - 4

(4.3) N=—(mod S%), n-U=n-V =0 (modS?).
n3

The entries (1,1), (1,2) and (2,2) of (4.3) are
(R1) (a+c—D(a+b+c+d—1)=(a—c)? (R2) (a—c¢)(d—0b) =
R3) b+d—1)(a+b+c+d—1)=(d—b)>

Order S. For a series F' write F' =}, FU ST and let ko = K.(0), so that k2 = 1. At S =0,
AU12 = 2, AU34 = —2, A‘/Qg = 2, AVZH = —2, and A‘/lg = A‘/g4 = AU23 = AU41 = 0. The
order-S part of the side rows in (4.2) yields

o]}

1 1 1 1
AV = —, AV =———, AUl = —-, AUl =-——.
12 25%27 34 2/4/%47 23 2%%37 41 25%4
At order S, (R1) and (R3) give ¢ = —a® and () = —dM), and then n- U and n -V yield
0;1) (1) and V( ) 4d(1). Since AUsz + AUy = —203 and AVip + AVzy = 2‘73,
1) _ KTy — "533 1) _ KTy — ”%4
a’ = 2 2 dv’ = 2 2
16 k74K33 16 ki9K3y

(R2) at order S? gives 4adM = 0. Since k. = 1/(8x2), a") = 0 if and only if r14 = ka3, and
d(l) =0 if and only if K12 = K34.

The equality k12 = K34 forces K14 = ko3. Suppose that k1o = k34 = Kk and a® % (0. Then
dM =p™ = 0. Since a — ¢ = 241 S + O(S?) is S times a unit, (R2) gives d — b= 0 (mod S?).
From AVio = Vi + V3 and AVsy = Vi — V4 we get ‘71(1) = 1/(2xk?) and ‘73(1) = 0. At order 52,
n-V =0 reads ngl)f/l(l) + ‘73(2) = 0, since ng = O(S?), ngl) =0 and V;(0) = V3(0) = 173(1) = 0.
Hence ‘73(2) = —aM /K% At order S? the side rows 12 and 34 yield

1 1 1 1
avy Ky avy | K
452 K3 452 K3
We add the two, using AVio + AVsy = 2V3, AUjgs + AUszy = 2[73 and Uél) = —4a(1), and obtain
Kg) — Kéi) = 4raV). Hence the coefficient of S in a —c = 4(K3}, — K3,) is 12/12(Kg) - ngi)) =
48k3aM = 64, But it is 2aV) by the order-S step. Thus a(!) = 0, a contradiction.

Conclusion. The relabelling (24) followed by o, fixes case A and the conditions u; = v; =1,

and it exchanges k12 <> K14 and k34 <> ko3. Applied to its image, the previous step shows that

K14 = ko3 forces k19 = k34. By the order-S step one of the two equalities holds, so both hold.
Together with (4.1), yo is balanced. O

2 2
AVE AV —



12 TEJASVI SINGH TOMAR

4.1. The branches of the curves. For v = ((1,(2,¢1,€2), with cube roots of unity (1, (2 and
signs €1, €2, let Y, (¢) be the point with the coordinates

t—1 t—1 — (1t
U = (17 17 _7>a V= (1> 0, _17 _Q)a Q:ﬁ

t—|-17_ t+1 Cz—i—Clt’
1 G2
k12=k34=57 k14=k23=§7
€1 €29
q15 =435 = €1, q13 = ——( 5 (25 =445 = €29, (4 = ———,

2 2
which depends on t and on a further unknown g. Let ®(T,y) = (yu, T 2y», k, T4q): the point
with v = 3, v = T2y, pe = ke on the sides and p, = T'q. on the other pairs. It is the rotation
by T of the point with the coordinates T"ey,, so G(T,y) = 0 if and only if ®(T,y) € X4 . If
T? = hy(t) and g% = ha(t)/hi(t), then ®(T, Y, (t)) is the point of C'(¢1, (o) with 7 =t, D1 = Te;
and Dy = Teag, by Theorem 3.1(a), and so G(T,Y,(t)) = 0.

Since h1(0) = 0 and h}(0) = 1/(o, the equation S = hi(t) has a convergent inverse ¢(S) =
(S + 0(5’2) near 0. Since hg/h; = —1 at t = 0, there is a convergent branch g(S) of
Vha(t(S))/h1(t(S)) with g(0) = i. Let Y,(S) be Y,(t(S)) with this g. Then Y (T?) is a
convergent power series in 7" with G(T, Y- (TQ)) =0 and u; =v; = 1. Its value at T'= 0 is the
case A leading solution with k19 = k3q4 = C1/2 k14 = ko = (2/2, q13 = —¢1/2 and qo4 = —iea/2.
The map v — }77 (0) is therefore a bijection onto the 36 balanced leading solutions of case A.

Lemma 4.2. Let y be a branch for the type h(5;13|24) at A'. In case A, y(§) = ?7(§2L) for the
v with Y,(0) = y(0). In case B, y(&) is the image of such a series under o..

Proof. By Lemma 4.1, y(0) is balanced, so in case A it is }77(0) for a unique . Both y and

f/v (T?) are branches with this leading term, so they agree by Lemma 2.4. Case B follows by o,
which maps branches to branches and case B to case A. O

Corollary 4.3. Let C C Y4, A= (1,4,4,4,4), be an irreducible curve with a singular place of
diagram 3. Then C' is one of the 36 curves of C4. Conversely, each of the 36 curves has singular
places of diagram 3.

Proof. We transport C' to Y4 by the exchange of bodies 1 and 5, and, by the beginning of this
section and the relabellings (23) and (34), we may assume that the place P has type h(5;13]24).
Let y be a branch at P as in Lemma 2.3. The point of C' near P has u; = 1, so it is ®(£X, y(€)).
In case A, Lemma 4.2 and §4.1 show that this point lies in A((1,(2) over C((£)). In case B
the same holds, since 0. 0 ® = ® o g, on branches with u; = v; = 1 and o, maps A((1,(2)
onto itself (proof of Proposition 3.2(b)). Consequently the affine linear functions that define
A((1, ¢2) vanish on the expansion of the coordinates of C' at P. As the change of parameter is an
embedding of fields of Laurent series, they vanish near P, hence on C. Therefore C C C'((1, ().
By Theorem 3.1, C' is one of its components.

Conversely, on the curves of Theorem 3.1 the side values are constant, pi3, pis, pss are
multiples of D1, and poy4, p2s, pas are multiples of Do. At a place over 7 = 0 or 7 = o0, Dy
and Do vanish to the first order in a local parameter, by the orders of A1 and he. The vector
(—val pg)g<; is therefore —1 on the diagonals and the pairs k5 and 0 on the sides, a positive
multiple of h(5;13|24). It is not zero, so the place is singular [8, §2.4]. By Lemma 2.1(b) and
[8, Table 1], the only types without a positive coordinate are the points a1 (7), h(s; D1|D2) and
v(s; A|B) of diagrams 2, 3 and 6, and their zero coordinates form a triangle and a disjoint pair,
a cycle of four pairs, and two triangles. So the place has diagram 3. U
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At the places over 7 = —1 and 7 = —(3/(3, D1 has a simple pole and Dj is a unit, so the
triangle 135 collapses. Over 7 = 1 and 7 = (2/(; the triangle 245 collapses. The balancing
condition (2.1) holds on each curve as an identity among these three vectors.

Section 7 of [2] states counterparts of Lemmas 4.1 and 4.2 for germs: at positive masses a
germ of diagram 3 forces the masses (4,4,4,4,1) up to scaling [2, Theorem 7.13], and up to
symmetries every such germ is one of 36 explicit germs [2, Lemma 7.12 and p. 34]. These germs
correspond to the branches of §4.1, up to the colour exchange o.. For a curve with such a
germ, [2, Theorem 7.13] states the identities pi5 = pss = —2p13 and pas = pas = —2pa4, and
Corollary 4.3 identifies the curve itself.

5. PLACES OF DIAGRAM 6 ON THE RAYS THROUGH (1,1,4,4,4)

Theorem 5.1. Let m be a positive multiple of a permutation of (1,1,4,4,4). No singular place
of an irreducible curve C' C Yy, has diagram 6 with a heavy centre and the two light bodies in
one wing.

By scaling and relabelling (§2.1) we may take m = B’ = (4,4,1,1,4), with centre 5 and
wings {1,2,5} and {3,4,5}. After the colour exchange o. if necessary, 12, 15, 25 are z-edges
and 34, 35, 45 are w-edges. The type is v(5;125|345): = = 0 on the six edges and z = —2
on the four cross pairs 13, 14, 23, 24 [8, Table 1]. By (03) and (06), ({,w) is (—2,2) on the
z-edges, (2, —2) on the w-edges and (—2,—2) on the cross pairs. Hence the weights of §2.3 are
w(u) = (—-1,-1,1,1), w(v) = (1,1,—-1,—-1), w(pr) = 0 on the edges and w(py) = 1 on the
cross pairs. We take f = vz, with 6;3 = —2. We write uy, vg, pg; for the coordinates of y, with
up = v3 = 1, and gy for yp,, on the cross pairs.

5.1. The rows. We have G = G +T?°G? +T3G? +‘T4G4 + TGP, where T* occurs only in the
cross rows Dy;. We write X7 for the coefficient of 77 in a row X, and coefficients not listed are
0. The edge rows are

D1y = piy(1 —ug)(vy —v2) — 1, D5 =pisvr — 1, Das = p3susva — 1,
D3y = p34(uz —ug)(1 —vy) — 1, Dss =psus — 1, Dys = pisusvs — 1,
and the cross rows are

Dig = —qis — 1+ T?qis(us + v1) — T qisusvy,

D1y = —¢2yvs — 1+ T2¢, (ugvg +v1) — THq3 ugvy,
Doy = —gizus — 1+ T?¢35(ugva + ug) — T*g5zuzvs,
Doy = —g3yugva — 14 T3, (ugv + ugvs) — T g5,uvs.
The rows Z, are
Z7 =1 —4(1 — ug)pty — 8ps — dugpis, 7} = —(upls + uapjs),

7 = —(a¥s + iy),

0_ 3 3 3
Zy = ug + 4(1 — uz)pyy — 4pis — Suapss,
Z3 = —us(qs + gby),

5 3 3

Z7 = u3qis + uaqiy,
2 2

ZQ - Z17

5 3 3
Zz = U3Q3 T U4qay,

78 = Z3 = —A(pl5 + uapds),

Z?% =ug — (uz — u4)p§4 - 5U3p§5 - U4p25, Z?? = 4@%3 + u2q§3)a

ZZ =ug + (uz — U4)P§4 - U3P§5 - 5U4pi5a Zi = 4(q:12,4 + U2Q§4),

73 = —duz(qiy + 43s),
Zj = —4U4(qz1)’4 + Q§4),
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and the rows Wy, are
WO — WO — 3 3
1 2 (P35 + vapys),
WP = vy — 4(v1 — v2)ply — Buipls — dvapls, WP =qls +vaqty, WP = —vilgis + ¢iy),
W3 = vy + 4(v1 — v2)ply — 4v1pis — Buapls, W5 = @33+ vagsy, Wy = —v2(gds + ¢34),

WO =1— (1—vy)pd, — 5pds — vapls, W3 = —4(v1ps + vaphs),
W5 = —4(qi3 + ¢33), W3 = A(vigfs + v2a33),
Wy = vg + (1 — va)phy — P35 — Svaplls, Wi =Wws3,

Wi = —dva(qly + ¢4), Wi = 4(vigly + vagsy).

Expanding these expressions, we obtain the following identities.
(10) 29 = Z9 and W3 = W7.
(1) 29+ Z8 — 328 =1+ ug and W + W — 6W =1 + vy.
(I12) With A = ug — uq, Ko = Ap§4 — 4U4pi5, B =wv; —vg and K1 = 4Bp}, — 4vgp§5,
=77 - 72 = AW — W) — dug Wy + Ko(1 + vy),
U =W - W2 =B(Z - 7?) — 29 + Ki(1 + ug).

(I3) The rows Z,g, D12, D15, Dos involve only ug, v, v, p12, P15, P25 (wing 1), and the rows
W,?, D3y, D35, Dys only us, w4, Vs, P34, P35, pas (wing 2). The parts Z2, hence ®, involve
only the unknowns of wing 2, and the parts sz, hence V¥, only those of wing 1.

5.2. Leading solutions, rank and kernel. By (I0) and (I3), G° = 0 splits into three blocks.
In wing 1, (I1) gives ug = —1. Then Z3 = 0 forces pas = e1p15 with €} = 1, and we put g1 = p15.
The rows D15 and Dss determine v = gf2 and vy = —51gf2. With hy = p12/g1, the row Dig
yields h? = 1/(2(1 4+ &1)). Then Z9 =1 — ¢g(4 + 8h3), so g3(4 + 8h3) = 1, and Z§ = 0 follows
from (I1). In wing 2, in the same way, vy = —1, pgs = £292 With go = p35 and &3 = 1, uz = 952,
Uy = —€29y 2%, p3a = hags with h3 = 1/(2(1 + £2)), and g3(4 + 2h3) = 1. The cross rows force
a3 = g34 = —1 and ¢f4 = ¢33 = L.

If e = 1, then h = :l:%. If e # 1, then 1 +¢ = —%, h? = —¢/2 and h® = :|:2\i/§. So

44+8h3 € {441, 44+2V2i} and 4+ 2h3 € {4+ 1 4+ ﬁ} are nonzero, each wing has

4>
3-2-3 =18 solutions (e, h, g), and there are 18 - 18 - 16 = 5184 leading solutions.
Rank. In wing 1 we use the unknowns (z,e, X1, X9, h, g) with uy = x, p15 = g, p2s = eg,
p12 = hg, v1 = X1/g* and vy = X3/g?, and the functions

14z, 1+zed=20/(-4¢%), X1 —1= D5,
?xXy—1=Dy5, h*(1—2)(X1 - Xa2) —1=D1p, Zj.

At a leading solution their Jacobian matrix is lower triangular with the diagonal entries 1, —3e?,
1, —e% 2/h and —3/g, by 4h(1 +¢) = 2/h and —3g%*(4 + 8h3) = —3/g. These functions come
from (29, 29, Z9) by a row operation of determinant 1 and the unit factor —1/(4¢3). Wing 2 is
the same, with (v4, e, Us, Uy, h, g), us = Us/g?, uqs = Uys/g?, and the functions W5 + W9 — 6W},
W?/(=¢%), D35, Das, D3s, W5. The cross rows DYy, DY, DY, DY, involve the cross unknowns,
ug and vy only, with the diagonal entries —2q13, —2q14v4, —2q23u2, —2q24usvy. So, for the set R
of all rows except Z, and W, the matrix Jy[R)] is block lower triangular with invertible diagonal
blocks, and rank Jy = 16.
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Kernel. By (10), Jo[Z4] = Jo[Z3] and Jy[Wa| = Jo[W1], so the left kernel of Jp is spanned by
M = Zy— Zs and Ay = Wy — Wy Since Z3, W1 € R, nrpn = (A1 B A2+ Bn). As Z) — Z§ =0,
with Y =3, yT", © = Z3 — Z3 and == Z§ — Z3,

(5.1) M- B = [T @(Y) + TP O(Y) + [T E(Y),

and Ay - 3, is the same with ¥, Oy = W5 — W3 and =y = W3 — W7.

5.3. The obstruction. We show that at every leading solution some g ,, with n < 6 is nonzero,
so that by Lemma 2.4 no branch starts there. Let yg be a leading solution and y;,¥2,... as in
§2.3. Since G has no term in T, y; = 0. By (12), nr2 = (®(yo), ¥(y0)) = 0, as WP, W9, Z9, Z9,
1+ v4 and 1 4 w9 vanish at yq.

Multipliers. By (I1) and (I12), ® = aw, W? + aw, W + aw, W, as functions, with ay, =
A —4uy — 6Ky, aw, = —A+ K3 and aw, = K. At yo, using 1/g§ =g2(4+ Qh%),

aw, = 492(1 - 52)(1 — h%), aw, + aw, = 4g2(€2 - 1).
Likewise ¥ = bz, Z9 + bz, Z9 + bz, Z9, and at yo
ng = 4g1(1 — 81)(1 — h?), bZ1 + b22 = 4g1(51 — 1).
Since the W]Q vanish at yo and Wy, W3, Wy € R, VO -y, = —Zj aw, Bn[Wj], and likewise
VU -y, = =3 bz, BulZ;].

The vector Ba = G?(yo). Its entries are Bo[W1] = Bo[Wa] = —4g1(1 — e1)(1 — h3), Bo[W3] =

Bo[Wi] = —4g1(1 — €1), Ba[Z1] = Ba[Za] = —ga(1 — €2), B2[Z3] = 2]Z4] = —ga(1 — €2)(1 — h3),

Bo[D13] = —(us + v1), Ba[D14] = v1 — ug, B2[Dag] = us — va, fo[Day] = vo + uy, and 0 on the
edge rows.

Order 3. nrs = (©(y0), Ow (W) As ¢is = —q13, ¢34 = qu4, G35 = @23, @4 = —qoa and
U = vg4 = —1,

nr3 =¥ (4,1), Y =q3 + qua + @23 + q24.

Since q13, 24 € {£i} and qu4,qo3 € {£1}, X = 0 if and only if go3 = —q14 and g24 = —q13.
Order 4 (¥ =0). Here npa = (V® - y2, V¥ - 1) = ¢ (4,1) with

Cc = —49192(1 — 51)(1 — 62) [h? + hg — h?hg]

If €1,e9 # 1, then hg? = Sjﬁ with s; = &1, and the bracket is % + 522 #£ 0.
Order 5 (¥ = 0, exactly one ¢; = 1). Write a = ¢13 € {£i} and b = q14 € {£1}, so that
q23 = —b, g4 = —a and a £ b # 0.
o 33 = G3(yo) is (a — b)(1,1,—4, —4) on the rows Zj, —(a + b)(1,1, —4, —4) on the rows
Wi, and 0 on the rows Dy;.
e By (I1), you, = 92(1 —€2)(3h3 — 1), y2,0, = 891 (1 —€1)(3h} — 2), y3.u, = —14(a —b) and
Y3, = —14(a +b).
e VO .y3 = 4P with P = (a + b)ga(1 — &2)(5 — h3), and VU - y3 = 4Q with Q =
(a—B)g1(1 — 1)(5 — A1),
* At yo, VO = 12(€Q13 tequ t gy T+ eQQ4) + 4(a + b)ey, and VOw = 3(6¢J13 teq T
€gos + €goy) + (a — b)ey,, where e, is the unit vector of the coordinate g. Moreover
E(yo) = —4(a+b)U and Zyw (yo) = —(a —b)V, where U = ug +uy = (1 — €2)g2(4 + 2h3)
and V = vy + vy = (1 —e1)g1(4 + 8h3). Hence U — y2.u, = g2(1 — £2)(5 — h3) and
V — Y20, = 4g91(1 — 1) (5 — 4h3).
e The cross rows of R determine y25,,, = a(uz + v1)/2, y2p, = (Y20, + wa — v1)/2,
Y2,p0s = (U3 — V2 — Y2,4,)/2 and Y2 p,, = —a(Y2,uy + Y2,0, — V2 — ua)/2, whose sum is

S = GT—H)(U - y2,U2) + aT_b(V - y2,v4> = g + QQ'
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By (5.1), A B =Vo-ys+VO -y +E(y0) =4P+12859 —4(a+b)(U—y2,U2) = 1255, and in the
same way Az - O5 = 3S2. Thus nrs =352 (4,1). If 61 =1 # €9, then Q = 0 and nps = %P (4,1).
If eg = 1 # &1, it is 6Q (4,1). Both are nonzero, since a £b # 0, |h3| < 5 and [4h}| < 5.

Order 6 (X =0, &1 = e = 1). Now (3 vanishes on all wing rows, so the wing part of ys is 0,
and U =V = Sy = 0. By (I3), 54 also vanishes on the wing rows, so V® - y4 = V¥ - y4 = 0,
and the quadratic terms of ® and ¥ in y» vanish. The cross rows determine y3,,, = 0, Y3, =
byswy /2 = —Tab — T, Y3 pyy = —bysu,/2 = Tab — 7 and Y3 p,, = —a(Y3,us + Y3,04)/2 = —14, with
the sum S3 = —28. So

A Be=VO - y3 =1255 + 4((1 + b)y37u2 = —224, Ao - B = 355 + (CL _ b)y3,v4 = —56,
and nre = —56 (4,1).
Proof of Theorem 5.1. Every leading solution has g, # 0 for some n < 6: for n = 3 at the
3888 leading solutions with 3 # 0, for n = 4 at the 576 with ¥ =0 and €1,e2 # 1, for n =5 at
the 576 with ¥ = 0 and exactly one €; = 1, and for n = 6 at the remaining 144. By Lemma 2.4

no branch has such a leading solution, and by Lemma 2.3 a place of the stated kind would yield
one. 0

Theorem 5.1 is contained in the statement of Chen and Tong that at positive masses no curve
has a place of diagram 6 [2, Theorem 9.10].

6. TWO LEMMAS ON TRIANGLES

Lemma 6.1. Let P be a singular place of diagram 5 of an irreducible curve C C Y,,, with
zw-triangle T. Let z7, wy be the coefficients of the positions of the bodies t € T' at the exponent
1, defined up to a common translation. Then w;,, = bz, for some b # 0, the leading coefficients

of the py are pj, = sttrbfl/Q/zft, with signs Sy = —Syy, and for every t € T
my St/
(Ct) Z (ZO )2 = 0.
teT\t

If the masses of T are (1,4,4), the light body is the midpoint of the other two, in z° and in w°.
If the masses of T = {M,h, L} are (9,36,4), then 2§ — 25, = 3(2; — 23,), and likewise in w°.

Proof. The first assertion is proved as in [1, §5.3]. The pairs of T" are zw-edges, with ( =w =1,
so e(zy) = e(wy) =1 and e(Zy ) = e(Wy) = —2. No body is circled, and the only strokes are
those of T. In the equation z; = Zl# myZy of a body t € T, the left side and the terms with
[ ¢ T have exponents larger than —2. Comparing the coefficients of the exponent —2, we obtain
(¥2°); = 0, where (V&) = > e my (p5,)* (& — &v). In the same way Yw® = 0, and Uk = 0.
The matrix ¥ is not zero, so }¥, 2°, w® are linearly dependent in C3. Since wyy, # 0, it follows
that wp, = bz, with b # 0. The rows Dy become (pg,)?b(z5,)* = 1, which proves the formula
for p7,,, with antisymmetric signs since p; is symmetric and z;,, is antisymmetric. Substituting
it into Uz° = 0, we obtain (C).

For the masses (1,4,4) let [ be the light body and h, A’ the others, and normalize zj, = 1,
z5,, = p. Then (C;) reads p* = +1, and (C},) reads (p — 1)® = +4. Among p € {£1,+i} only

p = —1 satisfies the second condition, since (+£i — 1)? = F2i and p = 1 would give zp = 0.
So 2, = —zj,. For the masses (9,36,4) normalize zj, = 0, z, = 1, 27 = p. Then (Cy) reads
p? =+, and (Cy) reads (1 — p)? = i%. Among p € {+1,+1} only p = § satisfies the second
condition. In both cases the statement for w® follows from wy, = bz;,. O

Lemma 6.2. No singular place of an irreducible curve C C'Y,, has diagram 7 with a z-triangle
or a w-triangle of three equal masses.
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Proof. By the colour exchange 0. we may assume that the triangle of equal masses is the z-
triangle 125. By Lemma 2.1(b) the type is v7(a, b) with 0 < a,b < 1: x = a on 125, x = b on 345
and v = %(a—i—b) — 2 on the cross pairs, where ({,w) = (3a—2,3b—2) [8, Appendix A]. By (03),
(¢,w) = (3a—2,2—a) on the pairs of 125, so there e(Z) = —2 and e(W) = —3(3( +w) = 2—4a.
On the cross pairs e(Z) =4 — 3a — Jb and e(W) =4 — Ja — 3b, and

(6.1) 4-3a—-9b>-2, 4-3%a—3b>2—4a,

because a + 3b < 4. There are no circles. By (6.1), the coefficients of the exponent —2 in the
equations of bodies 1 and 2 therefore yield Z7y : Z35 : Zg, = ms : my : ma. We write the
leading coefficients of wia, was, ws1 as ka/ms, kB/m1, ky/ma. From pilzklwkl = 1 we have
2 = 1/(w}, Z%) and Wiy = 1/(23,w?, Zy;). We obtain three relations.
(L) w2 + was + ws1 = 0 gives a/ms + 5/mq + y/mg = 0.
(C) z12 + 295 + 251 = 0 becomes m5/a3 + ml/ﬁ?’ + m2/'y3 =0.
(Q) In wig = (my +ma)Wig +ms(Wis — Was) 4 (cross terms), the left side has the exponent
2 —a > 2 — 4a, and the cross terms have larger exponents than 2 — 4a by (6.1). Hence
(m1 + ma)a?* /ms = ms(B8*/m1 + 74 /m2).
Let the three masses be equal, and let ej, es, ez be the elementary symmetric functions of
«, B, v. Then (L) gives e; = 0. Multiplied by (a37)3, (C) reads (af)?® + (87)% + (ya)? =
e% — 3dereses + 36% = e% + 36% = 0. By Newton’s identities with e; = 0, o* + g4 + 4% = 26%,
so (Q) reads 3a* = 2¢€3. If eg = 0, then e3 = 0 and @ = 8 = v = 0, which is impossible.
Otherwise, since the relations are homogeneous, we may take es = —3. Then €3 = 9 and ot = 6.
From o® = 3a + e3 we get 302 + e3a = 6, and multiplying by o and using the cubic again,
esa® +3a+3e3 = 0. Eliminating o2, we obtain (9—e§)a+1563 =0, so e3 = 0, which contradicts
e% =9. ]

7. PROOFS OF THEOREMS 1.1 AND 1.2

In this section A = (1,4,4,4,4) and B = (1,1,4,4,4), up to positive scaling and permutation
of the bodies (§2.1). At A we write L for the body of mass 1 and h, A’ for heavy bodies. At B
we write [, I’ for the bodies of mass 1 and h, I/, h” for the heavy ones. We use the numbering of
the bodies of [1, Fig. 11] for each diagram, so that a labelling assigns the masses to the bodies
1,...,5 of the figure.

7.1. The mass conditions. The conditions of [1, §8] that we use are (23) for diagrams 1, 4
and 5 on the triangle T' = {3,4, 5}, (29) for diagram 3, (32) for diagram 6, (36) for diagram 10
and (40) for diagrams 8, 12 and 13 [8, §2.6 and proof of Theorem 3.12] and Lemma 2.1(c). For
diagram 11, [1, §§8.10-8.13] derive both (36) and (40), but we use only that one of them holds.
They are evaluated directly from 17%/2 =1 and 471/2 = %

Lemma 7.1. (a) Condition (23), one of m;1/2,m21/2,mg1/2 being the sum of the other
two, holds if and only if the masses of T are 1,4,4: at A if and only if L € T', and at B
if and only if T = {l,h,h'}. Condition (36) is the same condition on {1,2,5}.

(b) Condition (29), mims = mamy for diagram 3 with centre 5 and diagonals 13, 24, holds
at A if and only if the centre is L, and at B if and only if the centre is heavy and the
diagonals are {l,h} and {U',h'}.

(¢) Condition (32), m1 = mg and ms = my for diagram 6 with centre 5 and wings {1,2,5},
{3,4,5}, holds at A if and only if the centre is L, and at B if and only if the centre is
heavy and the two light bodies lie in one wing.

(d) Condition (40), mZ(m1 +msa)* = m3m3, holds if and only if body 5 is light and bodies 1
and 2 are heavy.



18 TEJASVI SINGH TOMAR

Proof. (a) 3 = 1 + 1 fails, 1 = 1+ J holds, and 1 = 1+ 1 fails. (b) and (c) follow by
comparing the masses of the two diagonals or of the two wings. (d) The condition holds for
(ms;my1,ma) = (1;4,4), since 8 = 49 and fails for (4;4,4), (1;1,4), (4;1,4) and (4;1,1):
16 - 8% £ 45, 54 £ 43,16 - 5% # 43 and 16 - 2* # 1. O

7.2. Two functionals. The proofs of Theorems 1.1 and 1.2 apply Lemma 2.2 to the following
functionals. At A let si(x) be the sum of the coordinates x; over the four pairs that contain L
and s2(x) the sum over the six heavy pairs, and put

f = 381 — 282.

At B let ¢(x) be the sum over the six pairs of a light and a heavy body, w(x) the sum over the
three heavy pairs, and put
p=c—w-—2x.

With these coefficients, f is negative on the types of diagram 3 with centre L, zero on the type
of diagram 16 and positive on every other type that is not excluded, and ¢ is positive on every
type that is not excluded. The next proposition lists their values on the types of singular places.
It uses Lemma 2.1(b) for the types and [8, Lemma 3.6] for diagrams 1 and 4. In the table, a,
b, ¢ and t are the parameters of the types in Lemma 2.1(b), with 0 < a,b < 1,0 < ¢ < 1 for
diagram 10, 0 < ¢ < 1 for diagram 14, and 0 < ¢ < 1. For diagram 14, j is the isolated body,
and the three values are those of u.(j), of 0% (j)(t) with & = L, resp. k light, and of o (j)(t) with
k heavy.

Proposition 7.2. Let C' be an irreducible curve in Ya, resp. Yp, and P a singular place of
C with a diagram other than 5. Then the diagram and the labelling of P are among those of
Table 1, and f(x(P)), resp. (x(P)), is as listed. Diagrams 2, 9 and 15 do not occur.

Proof. By Lemma 2.1(c), Proposition 7.1, Theorem 5.37 and Corollary 5.19 of [8] exclude dia-
grams 2, 9 and 15. By Lemma 7.1 the labellings are those of the table, except for diagram 7,
for which we use no condition. At A the wing of a diagram 7 with a heavy centre that does
not contain L consists of three heavy bodies, and at B the wings of a diagram 7 with a heavy
centre either are {h,l,h'} and {h,!’, h”} or include a wing of three heavy bodies. We obtain the
values by evaluating f and ¢ on the types. For example, diagram 1 at A has the type x = a on
T ={L,h,)}, x = 0 on the other pair and x = %a — 2 on the six pairs between them, by [8,
Lemma 3.6]. So s; = 5a —4, so = Ta—8 and f = a + 4. At a place of diagram 14 with j = L
at A, or with j light at B, the cluster has the masses (4,4,4,4), resp. (1,4,4,4), so its leading
coefficients would solve K14(1,1,1,v) with v = 1, resp. v = 1, up to scaling and relabelling

4>
(§2.2). For diagram 3 at B, [8, Theorem 3.9] and Lemma 2.1(c) require that one of ml_?’/2 =1,
m,:3/2 = Land 7728_1]\4(581/2 = T}ﬁ be the sum of the other two, where s is the centre. None of
them is. O

7.3. Diagram 5. At a place of diagram 5 the bodies A, B outside the zw-triangle T" have no
strokes. So each of them is in one of the modes of Lemma 2.1(b) relative to T: F with parameter
¢, Z1 with parameter w, Zs;, with parameters s and i, and their mirrors W1 and Ws;,, where
c<l,w<],1<s<2,s+w<2,25+w< 3 and 2s + 3w < 5.

Lemma 7.3. At a place of diagram 5 at A, f(xz(P)) > 0.
Proof. By Lemma 7.1(a), T = {L, h,h'}, and the other two bodies a, b are heavy. Then

f=4+ga+ gp — 220, gx = 3Tx1 — 2xxn — 2T X}
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diagram and labelling value excluded by

at A, the value of f

1,4 LeT a+4;5

3: centre L —16 Corollary 4.3, unless C C Ca

6: centre L 16

7: centre L 16 — 8(a + b)

7: heavy centre Lemma 6.2

8: centre L 16 — 8a

10: L € {1,2}; centre L 3—3¢;8—8¢

11-13: L € {1,2} (diagram 11); centre L 3; 8

14: j heavy 3—3¢;3+3t;3+ 4

14: j=1L Lemma 2.1(c), [8, Lemma 9.5],
v=1

16 0, and Zk<zxkl =10

at B, the value of ¢

1;4: T={l,h,h'} 2-%; 3

3: heavy centre, diagonals {I,h}, {I',h'} Lemma 2.1(c), [8, Theorem 3.9]

6: heavy centre, both light bodies in one Theorem 5.1

wing

7: heavy centre, a wing of three heavy Lemma 6.2

bodies

7: heavy centre, wings {h,l,h'}, {h,l', "} 2 — atb

7: light centre aorbd

8: light centre

10: heavy centre, {1,2} = {I,h'}; light 241

centre

11-13: heavy centre, {1,2} = {I,h'} 31

(diagram 11); light centre

14: j heavy 1;1—!—%;1—%

14: j light Lemma 2.1(c), [8, Lemma 9.5],
v—1

16 1

TABLE 1. The values of f at A and of ¢ at B on the types of singular places, by
diagram and labelling. The last column names the result that excludes the place.

In the modes F, Z1, Zsy, and Zs,, gx equals —c, —H'T‘D, 35_51_@ and 1_225_@, and the mirror
modes give the same values. Each of these is larger than —1, by ¢ < 1, w < 1, s > 1 and

2s 4+ @ < 3. Since x4 < 1 by (01), f > 0. d
Lemma 7.4. At a place of diagram 5 at B, ¢(xz(P)) > 0.

The proof, a case analysis over the modes of the two outer bodies, is given in Appendix A.
7.4. The proofs.

Proof of Theorem 1.1. Let C' C Y4 be an irreducible curve that is not one of the 36 curves of
C4. By Corollary 4.3, no singular place of C' has diagram 3. By Proposition 7.2 and Lemma 7.3,
f(x(P)) > 0 at every singular place P, with equality only for diagram 16, where ), _; x5 = 10.
This contradicts Lemma 2.2, applied to (f,> ;). Hence every irreducible curve in Yy is
one of the 36 curves.

Let Z be an irreducible component of Y4 of dimension at least 2. The 36 curves meet Z
in a proper closed subset. Through a point of Z outside them there is an irreducible curve in
Z, which is not one of the 36, a contradiction. Therefore every irreducible component of Yy is
one of the 36 curves or a point, and Y4 = C4 U F with F finite. By Theorem 3.1 the curves
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are pairwise disjoint, 18 of genus 3 and 18 rational. By §3.1 they contain the modified Roberts
continuum, and by Proposition 3.2 no point of them corresponds to a positive normalized central
configuration. ([l

Proof of Theorem 1.2. Let C' C Yp be an irreducible curve. By Proposition 7.2 and Lemma 7.4,
o(x(P)) > 0 at every singular place P of C. This contradicts Lemma 2.2. Hence Yp contains
no irreducible curve, and it is finite. [l

8. THE MASS POINT P

In this section m = P; = (9,36, 36, 36,4), which is enough by scaling and relabelling (§2.1).
We write M for the body of mass 9, h, h’, h” for the bodies of mass 36, and L for the body of
mass 4. Let C CY,, be an irreducible curve on which U # 0. Then all results of [8] apply to
C, in particular [8, Lemma 3.3], the types of [8, Table 1] with the ranges given there, and [8,
Theorem 3.12] with [8, Table 2] for diagram 7. We show that no such curve exists. We use the
labels of [8, §3.4] for the conditions of [1, §8]: E(T") is condition (23) on a triangle T, H(D1|D2)
is the product condition (29) for the diagonals D;, D2, D6(ablcd) is condition (32), mq = my,
and m. = mq, and R(ab; s) is the condition m?2(mq + myp)* = m3m3 of (40).

a

1.
7‘TL:§-

o=

Lemma 8.1. With x; = mi_l/Q, that is xp = %, Tp =
(a) E(T) holds if and only if M € T;

(b) H(D1|D2) holds for no centre and no diagonals, and D6(ablcd) for no disjoint pairs;

(¢) R(ab;s) holds if and only if s = M and a, b are heavy.
a)

Proof. (a) + =t + %t on {M,h,W} and L = 1+ L on {M,h,L}. On {h, I/ K"}, § # L, and
on {h,h',L}, 1 # L and ¢ # 2. (b) For the centre L the products of the pairs are 9 - 36 and
362, for the centre M they are 36 - 4 and 362, and for a heavy centre 9 -36 and 36 -4, or 9 - 4
and 362. Only the heavy bodies have equal masses, and they do not form two disjoint pairs. (c)
R(hh'; M) holds, since 81 - 72* = 36%. Up to permutations of the heavy bodies the other labels
are R(hh'; L), R(Mh; L), R(MHK;h), R(W'R";h), R(W'L;h), R(M L; h) and R(hL; M), and they
fail: 16 - 72* # 365, 16 - 45* # 93 - 363, 362 - 45 #£ 93 . 363, 362 - 72% #£ 369, 362 - 40* £ 363 - 43,
362 -13% £ 93 . 43 and 81 - 40* # 363 - 43. O

As in §7, we apply Lemma 2.2, now to the functionals

3
fi=smH — sumn, 9= 5TML — SHH,

where sprg is the sum of the coordinates xy; over the three pairs Mh and sy the sum over the
three pairs of heavy bodies.

Proposition 8.2. Let P be a singular place of C with a diagram other than 5. Then fi(x(P)) >
0, with equality only at places of diagram 10 or 11 whose zw-triangle is {h, M, L}, with centre
h. At these places g(x(P)) = 3 — 3¢ > 3 for diagram 10 and g(z(P)) = 3 for diagram 11.

Proof. Diagrams 2, 9 and 15 do not occur by [8, Proposition 7.1, Theorem 5.37 and Corol-
lary 5.19], and diagram 16 does not occur by [8, Lemma 3.3]. By Lemma 8.1(b) and [1, §8],
diagrams 3 and 6 do not occur. A place of diagram 14 with isolated body M, resp. L, would give
a solution of K14 at the cluster masses (36, 36, 36, 4), resp. (9, 36, 36, 36), that is, of K14(1,1,1,v)
with v = %, resp. v = i, up to scaling and relabelling [8, Theorem 3.13]. By [8, Lemma 9.5]
neither exists. For diagram 7 with centre h and wings {h, M, L}, {h, ', h"}, Lemma 6.2 applies.
On the remaining types, f1 takes the following values, by Lemma 8.1, [8, Table 1, Lemma 3.6
and Table 2] and the conditions of §7.1. We write a/, b’ for the parameters of diagram 7, LA for
the line 4a’ + 3V’ = 4 and LB for 3a’ + 40’ = 4.
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e Diagram 1: f; = 4%“ for T ={M,h,h'} and f; =a for T = {M,h,L}, with 0 < a < 1.
Diagram 4: f; = %, resp. 1.

e Diagram 7 with centre M and wings {M,h,h'}, {M,h", L}, where we write A for the
z-wing and B for the w-wing: the labels E(A), E(B) hold, and R holds on the wing of
three bodies M, h, b’ only. By [8, Table 2] the type lies on or above LA, resp. LB, if that
wing is the z-wing, resp. the w-wing, and f1 =4 — 2(a’ + V') > %, asa +b < %.

e Diagram 7 with centre L and wings {L, M, h}, {L,h',h"}, or with centre h and wings
{h,M,h'}, {h,h"”,L}: only the label E of the wing that contains M holds. If it is the
z-wing, the type lies on LB strictly above LA, so a’ > % and fi =d — b =%d' —1>0.
If it is the w-wing, the mirror statement shows that f; = b —a’ > 0.

e Diagram 8: by (40) the centre is M and bodies 1 and 2 are heavy, and f; =4 — 2a > 0.

e Diagrams 10 and 11: by (36), resp. (36) or (40), the zw-triangle {1,2,5} contains M.
With 0 < ¢ < %, and ¢ = 0 for diagram 11, f; is 0 if the zw-triangle is {h, M, L} with
centre h, 1 — ¢ if the centre is L or the zw-triangle is { M, h, h'} with a heavy centre, and
2 — 2c if the centre is M. In the first case zp;r, =1 and syg = 3¢, so g = % — 3c.

e Diagrams 12 and 13: by (40) the centre is M and bodies 1 and 2 are heavy, and f; = 2.

e Diagram 14 with a heavy isolated body: f; > 1 on ug(h) and on every oy (h)(t).

These values are nonnegative, and zero only in the stated case. ]
Lemma 8.3. At a place of diagram 5 of C, fi(x(P)) > 0.

The proof is a case analysis over the modes of the two outer bodies, like that of Lemma 7.4,
and we give it in Appendix B.

Proof of Theorem 1.3. By scaling and relabelling we may take m = P;. Suppose that C C Y,
is an irreducible curve with U # 0. By Proposition 8.2 and Lemma 8.3, fi(xz(P)) > 0 at every
singular place P of C, and g(z(P)) > 0 where fi(x(P)) = 0. This contradicts Lemma 2.2.
Hence U = 0 on every irreducible curve in Y,,. g

Theorem 1.3 says that P; is settled. The points of Y;,, with U # 0 form a finite set: every
irreducible component of Y,, of positive dimension is a union of irreducible curves, on each of
which U = 0. The positive normalized central configurations lie in this finite set, since U > 0
there.

9. PLACES OF DIAGRAMS 1 AND 4

In this section m € (Rsg)® is arbitrary and C' C Y,, is an irreducible curve. At a place of
diagram 1 or 4 with triangle 7', condition (23) of [1] is E(T’), a hypersurface in the masses. The
torque identity of [1, §5.0] yields a second relation, which also involves the masses of the other
two bodies.

We use the polynomials

Ay =5%(s+2)(1—s)(1+5)", Ap=(2s+1)(1 —5)(1 + )", A, =s%(s +2)(25 + 1),
2

and Py = A, — A, — Ap and Pog = (Ap — Ay — Ac)® — 4A, Ac, which lie in Z[s] and have degrees

14 and 28. Let
28

2%
(X)=> canX?,  cse_on = can,
k=0

[1]
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with

(co, 2, ..., c8) = (1, 40, —926, —23224, 512795),
(c10,C12, - - ., c18) = (—2049680, —31884, 8113392, —28533847, —13730312),
(c20, C22, - - ., Cag) = (36197566, 13354904, 15851835, —139882848, —47991080).

Lemma 9.1. 1

(a) In (0,1) the polynomial P14 has exactly one root sy, Peg has exactly two roots sa < ss,
and A, — Ay — A. has none. The roots lie in the intervals

s1 € [0.976893651953910, 0.976893651953911],
s9 € [0.837339342761276, 0.837339342761277],
s3 € [0.988353917708555, 0.988353917708556].

(b) Res, (Pua, Ap(X? —1)2 —4X?A,) = —81E, and E is irreducible over Q.

(c) Let yr = Aq(s1)/Ap(s1) = s8(s1+2)/(2s1 +1) and & = \/y1 + VI +yi. Then & is the
only root of Z in (1,00), and & € [2.3055544026389899254, 2.3055544026389899255]. In
particular, & is algebraic of degree 56.

Proof. (c) Since 1/& = T+ uy1 — /y1, we have (& — 1/&)? = 4y1, so Ap(s1)(X? — 1)* —
4X?A,(s1) vanishes at X = &. As Pyy is monic, the resultant of (b) is the product of the
polynomials Ay(co)(X? —1)2 — 4X2A, (o) over the roots o of Pyy. Hence Z(£1) =0, and & > 1.
The other statements are exact computations over Q: the resultant and the factorization of =
over Q; the numbers of roots of Py, Pog and A, — Ay — A, in (0, 1%) and in (1%, 1), and of Z in
(1,00), counted by Sturm sequences; and the signs at the ends of the stated intervals. (I
Theorem 9.2. Let P be a singular place of C of diagram 1 or 4, with triangle T', and let {d, e}
be the complement of T.

(a) The leading coefficients of the py; satisfy Zké{d,e} > e MEMg Pt = 0.

b) E(T) holds. Write T = {a,b,c} with x. = x,+ xp, where xy = m_l/z, and mg < my, and
( i
put s = xp/xq. Then s < 1, and either s = s1 and me/mq € {53/3, 1_2/3}, ors € {s2,s3}

and mg = Me.

In terms of the masses, the conditions of (b) say that (mg, mp, me, mg, me) is a positive
multiple of

A As™2 A1 +8)72 1,8, A>0, (s,0) € {(51,67%), (51,6 ), (s2,1), (s3,1)},

where f? /3 = 1.745220274547 . . .. Thus at positive masses the places of diagrams 1 and 4 occur

only for masses on finitely many curves in the projective space of masses, three up to relabelling
of the bodies, while E(T") defines a hypersurface. In particular, no such place exists if two
masses of T are equal. This is the case at (1,4,4,4,4) and (1,1,4,4,4), where E(T) holds only
for triangles with the masses 1, 4, 4.

Proof. We write o’ for the parameter a of the type of a place of diagram 1 [8, Table 1], to keep
a for a body, and put a’ = 1 for diagram 4. Let y = 3a’ — 2, so that u < 1. After an exchange of
the colours if necessary, de is a z-edge with z-circles d and e, and T is a w-triangle (diagram 1)
or a zw-triangle (diagram 4) without circles. By Lemma 2.1(b), [8, Lemma 3.6] and (03), (O6),
(Ckiywr) is (2 — @/, 1) on the pairs of T, (—2, 1) on the six pairs kt with k € {d,e} and t € T,
and (—2,2) on de. Since d and e are z-circled and no body of T is, e(zq) = e(ze) = —2 < e(z)
for t € T'[8, Lemma 3.1]. As in the proof of [8, Lemma 3.6], Proposition 1 of [1] with the colours
exchanged shows that e(wy), e(we) > 2, since wge = 2 > 1 = wye and (ge = (e = —2. Hence
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e(wy) = p and Wy = —wg # 0 for t € T, the leading coefficients of zx; and wy; are Z; and —uy
for k € {d, e}, and the rows Dy, become
(9.1) P iy =—1  (ke{de}, teT).

(a) We multiply the equations zp = El;ﬁk myps 2k and wy, = Z#k mps;wi of [8, (2.1)] by
mrwy and by myzg, subtract, and sum over k € {d,e}. The terms with [ € {d, e} cancel in
pairs, and we obtain the torque identity of [1, §5.0],

Zke{d,e} D ter mkmtp%t (zxw — wizt) = 0.

The terms pj,z;w; have the exponent %(2 — ) +p—2=1-5and, by (9.1), the leading
coefficients —pg;. The terms p,?;twkzt have larger exponents, as e(wgzy) > 0 > p— 2 = e(zpwy).
Comparing the coefficients of the exponent 1 — %, we obtain (a).

(b) Let ¢t € T. In the equations z; = Zl# myZy and w; = Zl# myWy, where Z; = p?lztl and
Wy = pg’lwtl, the terms with [ € T have the exponents 2 — 4a’ and —2, and those with [ € {d, e}
the larger exponents 4 — 3a’ and 4 — 3a’. Also e(w;) = p > —2 and e(z;) > 2 — 4a’. For the
latter, let 27 be the centre of mass of T'. Then My (2 — 27) = Yy cqp My 2z has an exponent at
least 2—a/, and Mrzr =Y ycp Zke{d,e} mymy Zyy, has an exponent at least 4— Ja’. Comparing

the coefficients of the exponents 2 — 4a’ and —2, we obtain

Sver\yn M Zw =D per\ gy Mo Wi =0,
which are the relations (21) and (22) of [1]. We conclude as in [1, §5.3]. Writing 7" = {a, b, ¢},
these relations say that Zab/mc = Zbc/ma = 2ca/mb, and the same for W. As Ztt//th/ =
Zy [y, there is p # 0 with Wy = pZy on the three pairs. Then th, = ﬁ?t,,éft, = ,0*32;,4, so the
numbers mtuéft,, with ¢’ the third body, agree up to sign. Hence Zp. = Aeqq, 2ca = Aepxp and
Zab = A€cxe with A # 0 and e? =1, and e,z4 + €xp + €cx. = 0. If € /e, = £i, the imaginary
part of this relation, divided by ¢4, forces e./€e, = Fi and xp = ., and its real part gives z, = 0.
Hence €, /¢, and likewise €./¢, are 1, and one of z,, =y, z. is the sum of the other two. This

is E(T).
We now name the bodies of T as in (b). Since z. = x4+ xp, the relation €, + €25+ €cxe = 0
forces €, = €, = —e.. After replacing A by Aeq, 2 = A2 — z?,) with 20 = —zp, 22 = 0 and

zp = x4. The centre of mass gives Y. myy = 0, as e(wgq), e(we) > p. Hence w; = pAry with
ry = z? — Zt/eT mt/z?, /Mp, and 1, # 0 as w; # 0. The relations below are homogeneous in
(24, p), and we take z, = 1 and xp = s, so that mg = 1, mp = 72, me = (1 +5)~2 and

25 +1 s (s +2) (s —1)(s+ 1)
T T s+ T ers+1 T T s2ts+1
So s # 1, that is, s < 1, and then rq,r. < 0 < 73.
The centre of mass also gives mgyZq + meZe = 0, as e(z;) > —2, so 23 = me¢ and 2, = —myé

with é # 0. For real  # 0 we write r—/2 for |r|~%/2 if » > 0 and for i|r|~'/? if » < 0. Let K

-1/2 —-1/2
/2,711

be a square root of —1/(¢pA). By (9.1), par = €qeKme and Per = eethgl/z(—rt)*l/Q

with signs ex; = +1, and (a), divided by Kmgm. 1 2, becomes
~1/2 _
ZtGT my (fdt Ty / +& 6et<_rt) 1/2) =0, §= (me/md)g/Q'
With g; = my|r;|~'/?, its real and imaginary parts are
€dpgy + g(eeaga + 6ecgc) = 07 €da9a + €dcYe + éeebgb =0.

Their product gives (€449a + €dcge)(€cala + €ecge) = abgg, where 0; = egieer. If 04 = 0c, the left
side is 04(ga £ gc)?, 80 0y = 04 and gy = |ga £ ge|, and the second equation implies & = 1. If
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04 = —0¢, the left side is 04(g2 — g2), so g2 = g + g2 or g> = g2 + g7, and in the second case
the second equation gives & = (g. & ga)/9b-

Finally, the formulas for m; and r; yield g7 = (s? + s + 1) A4(s)/D(s) with D = s%(1 — s)(1 +
5)%(2s+1)(s+2) > 0. The three cases are therefore: Pyg(s) = 0and & = 1; A, (s)—Ap(s)—A(s) =
0; and Pig(s) = 0 and £ = (VA + VA,) /A, = \/§+ /T +y with y = A,(s)/Ap(s). By
Lemma 9.1, the first case leads to s € {s2,s3} and mg = me, the second does not occur, and
the third leads to s = s; and £+ = &;. O

The statement of [2, Theorems 5.13 and 8.2] recalled in §1 contains Theorem 9.2. For dia-
gram 4, part (a) appears in their argument as the condition f; = f of [2, Lemma 8.9(a)]. In
their notation the bodies d, e are 1, 2, and the leading coefficient p;, corresponds to D;i. With
Si = > per Mk Dix and [2, Lemma 8.7(a)], the condition fi = fa reads m1S1 +maS2 = 0, which
is (a).

10. VERIFICATION

Only the proof of the statement marked §, Lemma 9.1, includes computations. The computa-
tions on which some of the cited results of [8] rest are described and checked in [8, §12]. Table 2
lists the computations of this paper, the software on which they depend, and the computer
checks of the hand proofs. The software is SymPy 1.14.0, FLINT through python-flint 0.9.0 and
mpmath 1.3.0, under Python 3.14. NumPy and SciPy are used only in floating-point steps that
propose certificates or approximate values, which are then checked in exact arithmetic. The
programs, their outputs and the checksums of all files are in the supplementary material.

APPENDIX A. DIAGRAM 5 AT (1,1,4,4,4)

We prove Lemma 7.4. By Lemma 7.1(a) the zw-triangle is T' = {l, h, k} with h, k heavy, and
the outer bodies are A =I’, of mass 1, and B = h”, of mass 4. Then

¢=1+ga+gp+zas, gA = ZTah +TAk — 2z 4, 9B = TBI — TBh — TBk-
The bodies A and B have no strokes. Each is in one of the modes of Lemma 2.1(b) relative to
T, and subscripts A, B mark the parameters ¢ and s of each body. In a mode in which a body is
near T in z, we write &, resp. [3, for its far w-exponent. The values of g4 and g} are as follows;
the mode Zsy gives the values of Zsj, and the modes W1, Ws; give those of Z1, Zs;:

mode gx g5

F 0 —CB B
Z1 0 48
ZSl 1-— SA 783_22_:6

The colour exchange o, preserves ¢ and exchanges the modes Z and W. It therefore suffices to
treat the classes F/F, ¥/Z, Z/F, Z/Z and Z/W, where we write the mode of A first and Z stands
for Z1 or Zs.

Coordinates. Let z. be the centre of mass of T, a = z4 — z. and b = zp — 2., with o = e(a)
and 8 = e(b), and let @, b, @, 8 be the analogues in w. In a mode near in z, @ is the far
w-exponent, in agreement with the notation above. By Lemma 6.1, [ is the midpoint of h and
k at the leading order, so e(z; — z.) > 1, while z;, — 2. and 2 — 2. have the coefficients hy and
—h1 at the exponent 1. Let a; be the coeflicient of a at the exponent 1. In terms of z, the mode
F means a < 1, Z1 means ay ¢ {0,+hq}, Zs; means a; = 0, and Zsy, means a1 = hq.

Tools. A function that vanishes identically on C' has the exponent +oo; the relations below
hold with this convention.
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statement

computation and trusted software

checks

Lemma 9.17

Theorem 3.1

Lemma 4.1

§4.1, Lemma 4.2

Theorem 5.1

Propositions 7.2
and 8.2

Lemma 8.3

resultant (SymPy); factorization over
Q (FLINT); root counts by Sturm
sequences and signs at the ends of the
intervals in exact rational arithmetic
(SymPy)

hand proof

hand proof

hand proof

hand proof

hand proof

hand proof

the root counts again by Descartes’ rule of
signs with bisection, in a separate
implementation; an enclosure of &; in ball
arithmetic from the interval of s; meets the
interval of the root of =; the displayed
coefficients of = are compared with the
computed ones

the twenty equations of the system of [1]
vanish on the nine sets C’ ({1, (2) of §3 and
their images under (23) and (34), 27 sets in
all, carried to (1,4,4,4,4) by the exchange of
bodies 1 and 5 (SymPy)

the weighted rows recomputed from the
equations; the identities of the proof checked
in SymPy; all 10368 leading solutions lifted in
exact arithmetic over Q({12) to order 7: the
first nonzero obstruction is at order 3 at 9720
of them, at order 4 at 288 and at order 6 at
288, and the remaining 72 are the balanced
ones

the 18 weighted rows vanish identically on the
36 branches; v — Y, (0) is the stated bijection
(SymPy, exact in Q(¢12))

the weighted rows recomputed from the
equations by two programs; the identities
(I0)—(I3) and the rank in exact arithmetic
(SymPy); the leading solutions and the
obstructions of orders 3 to 6 at all 5184
leading solutions, computed modulo a prime
that splits completely in their field of
definition, where a nonzero value proves that
the obstruction does not vanish, and
compared with the closed forms

the values of f, ¢ and fi1, g on the types, for
every labelling that satisfies the conditions
used, in exact rational arithmetic, with the
minima over the closures of the parameter
ranges

a branching over the alternatives of the
relations of the place, in which every closed
node carries a dual certificate verified in exact
rational arithmetic

TABLE 2. The computation used in the proofs, and the checks of the hand proofs.

(R) The equations of A and B: z4 = T,a +4Zap, wa = Tya + 4Wap, 2z = T.p — ZaB,
wp = Ty — Wap, where T,4 = ZteT m¢Z A+, and likewise for the others. In each
equation the least exponent of the three terms is attained at least twice.

(TS) In the modes Zs one term dominates, so e(T,4) = —% and e(Ty4) = —?’S*“%. In
the mode F the three terms have the same leading coefficient up to sign and the factor
my, and £1 £4 +4 £ 0, so the exponents of T, 4, T, 4 are again those of their terms. In
Z1 only the lower bounds e(T.4) > —13% and e(Ty4) > —252 hold. The same holds

for B.
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(CM) 14z, = —(a +4b), 1424 = 13a — 4b and 14z = —a + 10b, and the same in w.

(OE) The six forms a, b, a—b, a+4b, 13a —4b and —a+ 10b are pairwise linearly independent.
Hence at most one of them has an exponent larger than min(a, 3).

(LF) If a < 3, then e(z4) = e(zB) = e(z.) = Cap = @, by (CM) and (OE).

(FC) If a < min(1, 8), then a > —max, w4y, the maximum over y € T'U {B}. Indeed, by
(LF) and the far mode, (4, = « for all y, so every term of the equation of z4 has an
exponent at least —%(oe + 3maxy, way), and so has z4.

Class F/F. Here ¢ =1 — cp + x4p, with cg = %(ﬁ + B).

° IfaZﬂand&Z@,then(ABZﬁandeBZB,sogoZI.

e If < B and & > 3, then (4p = a by (LF). If wyp < &, then (FC) shows that a > —a,
and ¢ > 1 — O‘TJ“B > 0. If wap > @, then & = 3 by (05), and (FC) gives a > —wap, so
xABZOand<p21—_cB>0.

o If o < f and @ < f, then (LF) and (FC) in both colours give zap = ca4 > 0, so
p>1—cp>0. ~

e The case a > 8, & < f is the mirror of the second.

Class F/Z. The body B is near in z, so f > 1 > «, and {45 = a by (LF).

o If & < 3, then z4p > 0 by (FC), so ¢ > 1+ gj5 > 0. )

o Ifa>f,thenwap=05. InZ1, p = HTO‘, and a > —a > —1 by (FC). In Zs, e(wp) =
by (LF) in w, and e(Typ) = —w < e(Wag), so (R) for wp forces 3 = —sp. Then
(R) for zp shows that e(zp) = e(T.p) = sp # «, contradicting (LF).

Class Z/F. Here (ap = 8 and ¢ = 1 + g + “48=5,
o Ifa>f, then p>1+gy >2—54 >0, with s4 =1 in Z1.

o If @ < f3, then wap = & = e(wa). In Z1, if @ < —1, then e(Tpa) > —25% > @ and

e(Wap) = —?’B% > &, contradicting (R). So @ > —1 and ¢ > 112 > 0. In Zs, (R) for
w4 forces @ = —sy, and then (R) for z4 yields e(z4) = s4 # 3, a contradiction.
Class Z/Z. Put ( = (ap. Then ¢ =1+ % + ong’ where W = 2g4 + 2¢%s + ¢ + B is
A/B T A/B U
1 71/71 (-1 6 Zsi/Zsn 3—2s4—sp
2 7Z1)Zs; sp—1 T Zsp/Z1  sa—1
3 Zl/ZSh 1—sp 8 ZSh/ZSl SA+sp—2
4 ZsiJ71 2 —2s, 9 Zsp/Zsp, sa—1—sp+¢
5 Zs;/Zs; sp—2sa+( 10 Zsp/Zsi sa—sp

In the combinations in which A and B are near different bodies, or exactly one of them is in Z1,
the coefficients a; # by give ¢ = 1. In the combinations 5 and 9, ( > min(s4, sp), with equality
if s4 # sp, by (O5).

(a) @ > 3. Then wap > B, and ¥ > —2 in every combination except 6, so ¢ > 0. In
combination 6, e(z4) = e(zp) = 1 by (OE). If @ > j3, then (R) for wp forces 8 = —sp as in class
F/Z, and then e(T.p) = sp and e(Zap) = % are both larger than e(zp) = 1, contradicting
(R). Let @ = B = v and u = e(Z4p).

e If uw > 1, then (R) for z4 and zp forces e(T,4) = e(T.p) =1, 50 s4 = sp = s and v =

—285 Then e(Tya) = — 271 < v <e(wa), so in (R) for wa we have e(Wap) = e(Tya),
that is, wap = 85511, and u = 5 — 4s < 1, a contradiction.
e If u =1and wap = v, then v = —1, and T}, 4, with the exponent —35’37_1 < —1, is the

only term of least exponent in (R) for w4, a contradiction.
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o If u =1and wap > v, then wap = —1, and (OE) in w gives e(ws) = e(wp) = v. By
(R) for z4 and zp, v < —H% < —land v < —H%. Then (R) for wy and wp forces
v=—5p=—8pg,and p =2 —s5 >0 with s =s4 = sp.

o If u < 1, then (R) for z4 and zp yields u = e(T,4) = e(T.p), so s4 = sp = s and
wap = v+ 2L > v. By (OE) in w, e(wa) = v. If v > —s, then e(T,4) < v, and (R)
for w4 forces e(TwA) = e(Wag), Wthh means s = 1. If v < —s, then (R) for wy gives
e(Wap) = v, which means v = —1 — 551 > —s. If v = —s, then u = s > 1. Each case is
a contradiction.

(b) @ < B. Then wap = @ = e(w4), and (R) for wy gives @ > — max(s4,(), with s4 = 1 in
71, and with equality in Zs if s4 # (. The combinations give:

e land7: ¢ > %’,
B2_/3.

I

3 and 10: p > 1 — B8
4 and 6: (OE) gives e(z4) = 1, while @ = —s4 and (R) for z4 give e(z4) = sa, a
contradiction; )
5 with ( = s4 < sp: then @ > —sy, and in (R) for wp, e(Typ) = —353;5 < —38“‘2+5‘ =
e(Wap) < & = e(wp), a contradiction;
5 with sy =sp=s<(: thena=—,and p=1— > 0;
5 with ¢ < sa: then ( = sp < s4 and @ = —s4. The equations (R) give e(z4) = sa,
B =254 —3sp and e(zp) = 4sp — 354. With e(z4 — z5) = sp these are three distinct
exponents among the forms of (OE), a contradiction;
e 9 p> 1+5A583_ﬁ > SA2_1 if ( > s4, and otherwise ( = sg, @ = —s4 and ¢ =
All these values are positive, by f < 1, s+ 8 < 2 and s > 1.
Class Z/W. Here B <1 < aand a <1< 3,50 (ap = e(z4) = B and wap = e(wa) = &
by (LF) in both colours. If A is in Zs, then (R) for w4 gives & = —sy4, and (R) for z4 gives
e(za) = sa # B. If B is in Ws, then in the same way (R) for zp gives § = —sp, and (R) for
wp gives e(wp) = sp # @. In Z1/W1, ¢ = 2 and (R) for z4 gives a > —B or a > —% S0
a > —# > —1.
Thus ¢ > 0 in every class, which proves Lemma 7.4.

s+B
2

1—

5
s¥}

APPENDIX B. DIAGRAM 5 AT P

We prove Lemma 8.3. Let P be a place of diagram 5 of a curve C' C Yp, with U # 0. By
Lemma 8.1(a) the zw-triangle T' contains M.

The triangle T = {M, h, h'}, with the outer bodies h” and L. Then f1 = 14 xprpy — xprp —
. In the modes F, Z1, Zsys and Zsy, of h” thisis 1 —c, 5‘*’, sgw and 2= 5 @ and the mirror
modes give the same values. All are positive, by ¢, < 1, s > 1 and s + @ < 2.

The triangle T = {M, h, L}, with the outer bodies A = b’ and B = h”, both of mass 36. Then

fi=1+9ga+9s—zaB, gX = TXM — TXh-
The value of gx is 0 in the modes F, Z1, W1, Zsy, and Wsy, SX2_1 in Zsp; and Wsyy, and —%
in Zsp and Wsy,. Since x4p < 1, fi > 0 unless an outer body is near h. By the symmetry

A + B and the colour exchange we may take B in Zs,. Then f1 =14 g4 — 332_1 —xAB. We
7383-}—6 SB+3B
2

write op = e(Typ) = and 75 = e(ng)
Tools. We use the notation a, b, o, 3, @, b, &, and z. of Appendix A, now with the masses
of Pl.
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e By Lemma 6.1 the bodies M, L, h are collinear at the leading order, with z; — 2. = Ay,
(A, AL, An) = 2—11(—16, —9,5) and ag # 0, and the same in w. A body X near tg in z
has e(zx — z.) = 1, with the coefficient A\;,ap at the exponent 1.

e R):24=T,4+36Z4p, 2B =T.5 —36Z4p, and 492, = —36(T,4 + T.B), and the same
in w. In each of these equations the least exponent is attained at least twice.

e (TS): the exponents of T, x and Ty, x are those of their dominant terms in the modes Zs
and Ws, and in F, since £9 £ 36 £ 4 # 0. In Z1 and W1 they are bounded below by
8w gnq 31w

e (CM), (OE): 121z, = —36(a +b), 12124 = 85a — 36b and 121z = —36a + 85b. The six
forms a, b, a—b, a+b, 85a —36b and —36a + 85b are pairwise linearly independent, so all
but at most one of them have the exponent min(«, 8). In particular, (LF): if o < 3, then
e(za) = e(zp) = e(z.) = Cap = . For two bodies near the same ¢ in the same colour,
e(a —b) > 1 and the other five forms have the exponent 1. For bodies near ¢y # ¢, all
six have the exponent 1, since Ay, # Ai;, Ay + Ay # 0 and 85X, # 36X, .

e (O1), (O5), the absence of strokes at A and B, and [8, Lemma 3.3].

Ain F (a,a <1, ga=0, x4 = ca). By (LF), (ap = .
e & < f3: then xap = c4. By [8, Lemma 3.3], c4 < 0 or 8 < —1, and the latter also gives
ca < 0. Hence f; > 3_% > 0.

o a>f: thenmAB:#<¥,sofl>w>0.

e a=f=v:if wap = v, the previous bound holds. If wap > v, then e(wy) = e(wp) = v
by (OE) in w. If v > —sp, then op < v, so (R) for wp gives e(Wap) = op, and (R) for
w4 needs e(Ty4) = 30‘% = op, that is, « = sg > 1, which is impossible. If v < —sp,
then (R) for wp gives e(Wap) = v, that is, wap = —2v — 3a, and in (R) for z4 the
term Zap, of exponent 4o + 3v < a < e(T,4), is the only one of least exponent, a
contradiction. If v = —sp, then 75 = sp > «, so (R) for zp gives e(Zap) = «, that is,
wap=—aand z2 =0, and f| = 3_% > 0.

A in W1 (<1< a). (LF) in both colours gives xap = M so f1 = w > 0.

A in Z1, Zsyy or Zsg, (ga > 0). The coefficients of a and b at the exponent 1 differ, so
Cap=1and f1 > 283# If wap = min(a, 8), then f; > 0. Otherwise @ = 8 = v < wap
and e(wy) = e(wp) = v.

e v > —sp: (R) for wp gives e(Wap) = op. In Z1 this is impossible, since e(Ty4) >

3*” > op. In Zs, (R) for wy forces s4 = sp = s and wap = 3s + v — 3. Then in (R)
for za, e(ZaB) — e(TZA) =4(1—s) <0 forces e(Zap) =1, that is, v =2 — 35 < —s, a
contradiction.

e v < —sp: (R) for wp yields wap = —2v — 3, so e(Zap) = 4+ 3v < 1, and (R) for z4
forces e(T,4) = 4+ 3v. In Z1 this is impossible, since e(T,4) > —1£3 needs v > —1. In
Zs it gives v = —8+95A and zap = SAg_l, so f1 >1-— % — % > 0.

e v=—sp: then e(Wyp) > v, that is, wap < 2sp—3. In Z1, (R) for z4 forces e(Zap) > 1,
s0 wap < —1 and f; > 3_285’. In Zs, either e(Z4p) > 1, with the same bound, or
e(Zap) =e(T,a) = %BT*SA, which gives f1 = % +g9a— % >0.

A in Wsy,. (LF) in both colours gives (ap = @ and wap = 3. In (R) for zp, 75 < e(Zap),
so a =7p. In (R) for 24, e(Zap) > a, so a = e(Tsa) = —24F% that is, & = —s4, and then
35 = 2s4 — sp. Hence

fi=35+ga—F 4% >2-2a8m 50



COMPLEX SOLUTION SETS AT SPECIAL MASSES 29
A in Zsp, (both outer bodies near h in z). Here ( = (ap > 1, e(z4) = e(2B) = e(2.) = 1, and
4—sa—sp—(C—waB

fi = :

By (O5) on {A, B, h}, ¢ > min(sa, sg), with equality if s4 # sp.

e a < B, after exchanging A and B if necessary. Then wap = @ = e(wa). The least
exponent in (R) for z4 is attained by T,4 and Z4p, which gives ( = s4, or by z4 and
T, o, which gives & = —H% and ¢ < s4, or by z4 and Zp, which gives a = — +C
¢ = sa.

— (= sa: by (0O5), sp > s4, 80 78 < e(Zap) < 1 and T,p is the only term of least
exponent in (R) for zp, a contradiction.

- a= 2+5A , ¢ < sy: if the least exponent in (R) for zp is attained by Z4p, then
e(Zap) < 1 so ( > sa, hence ( = s4, and the previous case applies. Otherwise
8 =1, 50 f = 2+SB, and a@ < B gives sp < s4, so ( = sp by (O5). Since
Q> —Syp,04 = 35A+0‘ <a=-e(wya), and e(Wyp) = 3SB+°‘
the only term of least exponent in (R) for wy, a contradlctlon

—a= —ﬂ, ¢ >sa: (R) for zg needs 73 > 1,50 B < — 2+SB. With & < [ this gives

and

> o 4. Hence T4 is

sp < (, hence sy = sp =5 < ( by (05) Then f; = % —s — 2. Since AB is not a
stroke, 3¢ + a < 4, so<<4andf1>f—fg‘>0

ea=p=uv If sy <sp, then ( = s4, and the centre equation in z gives e(T.g) = 1,

that is, v = —2+3$B. Then (R) for z4 forces e(Zap) = 1, that is, wap = —QJF% > v, S0

e(wa) = e(wp) = v by (OE). Then (R) for wy gives e(Wap) = v, and (R) for wp needs
op > v, that is, v < —spg, so sg < 1, which is impossible. The case sp < s4 is the same.
If s4 = sp = s, the centre equation in z gives —% <1

— If wap = v, then (R) for z4 forces ¢ = s, and f; =
a w-stroke, so 3s + v < 4.

— If wap > v, then e(ws) = e(wp) = e(w.) = v by (OE), and { > s. Therefore
e(Wag) < o, where 0 = e(Tyya) = e(Typ) = —25%. In (R) for wy the least
exponent is then attained by w4 and Wyp, so v = e(Wap) < o, that is, v < —s.
The centre equation in w, with the exponents v, o, g, gives ¢ < v, that is, v > —s,
a contradiction.

w > 0, because Ah is not

Thus f; > 0 at every place of diagram 5, which proves Lemma 8.3.

DATA AVAILABILITY

The supplementary material, with the programs, their outputs and the checksums of all
files, is available at https://doi.org/10.5281/zenodo.23444951. This paper is available at
https://doi.org/10.5281/zenodo.23444949.

USsE oF AI TOOLS

Generative Al tools were used to find and prove the results, to write the programs, and to
draft the text.
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