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Abstract. Albouy and Kaloshin observed that the polynomial system for planar central con-
figurations of five bodies has a continuum of solutions at the masses (4, 4, 4, 4, 1), obtained from
Roberts’ continuum at (4, 4, 4, 4,−1). At these masses, finiteness of the central configurations
cannot follow from the complexified equations alone. We study the complex solution sets at
three special mass vectors. At (1, 4, 4, 4, 4) the solution set modulo rotations is the union of 36
explicit, pairwise disjoint irreducible curves, 18 of genus 3 and 18 rational, and a finite set. The
curves contain the modified Roberts continuum, but none of their points is a positive central
configuration. At (1, 1, 4, 4, 4) the solution set modulo rotations is finite. At (9, 36, 36, 36, 4) the
potential vanishes identically on every curve in the solution set. These masses, their positive
multiples and their permutations therefore have finitely many central configurations, and we
prove this without counting them. Along a curve of solutions the valuations of the mutual
distances at the places at infinity sum to zero. Following Albouy and Kaloshin, we exclude such
curves with linear functionals on the possible valuation vectors. The new inputs concern their
limit diagrams, numbered as in Fig. 11 of their paper. An expansion at places of diagram 3
shows that a curve with such a place is one of the 36 curves. A second expansion excludes the
places of diagram 6 that the mass conditions allow on the rays through (1, 1, 4, 4, 4), and case
analyses treat diagram 5. We also show that at positive masses, places of diagrams 1 and 4
occur only for masses on finitely many explicit curves. Apart from a few exact polynomial
computations, which are in the supplementary material, our proofs are by hand, although some
of the results that we cite rest on computations.

1. Introduction

A configuration of n distinct points in the plane with positive masses is a central configuration
if the Newtonian force on each body points towards the centre of mass and is proportional to
its distance from it. Smale’s sixth problem asks whether, for every choice of positive masses,
there are finitely many central configurations up to similarity [7]. Hampton and Moeckel proved
this for four bodies [3], and Albouy and Kaloshin for five bodies in the plane when the masses
lie outside a closed algebraic subset of codimension two [1]. Finiteness for five bodies in the
plane at all positive masses is proved in [8]. Chen and Tong [2] state the same theorem and
give a different proof. Some of their statements on single diagrams overlap our results, and we
compare them in §3.1, at Corollary 4.3, Theorem 5.1 and Theorem 9.2. For diagrams 3 and 6
of [1, Fig. 11] their arguments use computations [2, Appendix A].

Albouy and Kaloshin consider the complexified equations. Infinitely many central configu-
rations give an algebraic curve of complex solutions. Along such a curve the valuations of the
mutual distances at the places at infinity sum to zero. At a singular place the bodies approach
one of the sixteen limit diagrams of [1, Fig. 11], and most diagrams force polynomial conditions
on the masses. However, part of their exceptional set cannot be avoided by an argument on
the complexified equations alone. Roberts found a continuum of central configurations for the
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masses (1, 1, 1, 1,−1
4) [6]. Albouy and Kaloshin observe that changing the signs of m5 and of

the four distances rk5 turns it into a continuum of solutions of their system with the masses
(4, 4, 4, 4, 1) [1, p. 543 and Remark 8], the modified Roberts continuum. These solutions are not
central configurations, since the distances rk5 are negative square roots. In [8] the masses on the
rays through (1, 4, 4, 4, 4), (1, 1, 4, 4, 4) and P1 = (9, 36, 36, 36, 4), and their permutations, are
treated by counting the real central configurations, following Moczurad and Zgliczyński [4, 5].

In this paper we study the complex solution sets at these masses. Let Ym be the slice of
[8, §2.2]. It is an affine variety whose points are the solutions of the system of [1] without the
condition y1 = y2, modulo the complex rotations, and each of its points corresponds to two
solutions of the system with this condition. Let U =

∑
k<l mkmlr

−1
kl be the potential, which is

constant on every irreducible curve in Ym [1, Lemma 2].

Theorem 1.1. Let m = (1, 4, 4, 4, 4). The slice Ym is the union of 36 pairwise disjoint irreducible
curves, 18 of genus 3 and 18 rational, and a finite set. Through the correspondence of [8,
Lemma 2.2(a)] between the points of Ym and the solutions of the system of [1], the curves contain
the modified Roberts continuum, carried to these masses by the exchange of bodies 1 and 5, and
no point of the curves corresponds to a positive normalized central configuration.

Theorem 1.2. Let m = (1, 1, 4, 4, 4). The slice Ym is finite.

Theorem 1.3. Let m be a positive multiple of a permutation of P1 = (9, 36, 36, 36, 4). Then
U ≡ 0 on every irreducible curve in Ym.

Corollary 1.4. Let m be a positive multiple of a permutation of (1, 4, 4, 4, 4), of (1, 1, 4, 4, 4) or
of P1. Then the planar five-body problem with masses m has finitely many central configurations
up to similarity.

Proof. By [8, Lemma 2.2(c)] the number of central configurations up to similarity does not
change under positive scaling and permutation of the masses. A central configuration gives two
positive normalized central configurations [8, Lemma 2.1]. At (1, 4, 4, 4, 4) these lie in the finite
set of Theorem 1.1. At (1, 1, 4, 4, 4) they lie in the finite set Ym. At P1, Theorem 1.3 says
that P1 is settled in the sense of [8, §2.3], and a settled mass vector has finitely many central
configurations [8, Corollary 2.5]. □

Corollary 1.4 is a case of the finiteness theorem of [8], and of the one stated in [2]. In [8]
it follows at these masses from the counts of [8, Theorems 10.1, 10.2 and 10.7], which give
the numbers of central configurations. Theorems 1.1–1.3 give finiteness without a count. By
Theorem 1.1, the curves at (1, 4, 4, 4, 4) have infinitely many real points, and only the signs of
the distances exclude them (§3.1).

We also prove a statement on places of diagrams 1 and 4 of [1, Fig. 11] at arbitrary positive
masses (Theorem 9.2). At such a place with triangle T , the torque identity of [1, §5.0] shows
that the leading potential between T and the other two bodies vanishes. Together with the
condition of [1] on the masses of T , this confines such places to finitely many explicit curves in
the projective space of masses, three up to relabelling of the bodies. Chen and Tong state the
stronger result that no such place exists at positive masses [2, Theorems 5.13 and 8.2].

The method. We follow [1] and [8]. Let C ⊆ Ym be an irreducible curve. At each singular
place P of C the exponents of the mutual distances form a vector x(P ) ∈ Q10, the type of P ,
and a positive combination of the types vanishes. For each diagram and each assignment of the
masses to its bodies, [8] determines the possible types. At the special masses we choose one or
two linear functionals that are nonnegative on all types that can occur, and positive on each
type at which the first one vanishes. Then no curve exists. The types at which the functionals
are negative must be excluded separately, in part by results of [8]. At (1, 4, 4, 4, 4) the places
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of diagram 3 cannot be excluded: they occur on the 36 curves. We show by an expansion at
the place that a curve with such a place is one of the 36 curves (Corollary 4.3). At (1, 1, 4, 4, 4)
we exclude the places of diagram 6 that the mass conditions allow, by an expansion to the
sixth order (Theorem 5.1). At all three mass points we treat diagram 5 by case analyses of
the exponents, and a lemma on triangles of equal masses excludes some places of diagram 7
(Lemma 6.2). The curves of Theorem 1.1 are explicit, and their real structure shows that none
of their points is a positive central configuration (Proposition 3.2).

Theorems 1.1 and 1.2 concern all irreducible curves in Ym, including those on which U ≡ 0.
Lemma 2.1 shows that the results of [8] on singular places that we apply to all curves remain
valid on them, apart from some ranges of the types and the exclusion of diagram 16, although
[8] states them for curves with U ̸≡ 0. The paper [8] cites Theorems 1.1–1.3 and 9.2 in its
Remarks 5.43, 10.8 and 10.9, but its proofs do not use them. Our proofs are by hand, except
for the exact polynomial computations of Lemma 9.1 (§10).

Organization. In §2 we recall the setting of [8], and in §3 we construct the 36 curves. Sections 4
and 5 contain the expansions at places of diagrams 3 and 6, and §6 proves two lemmas on
triangles. Sections 7 and 8 prove Theorems 1.1–1.3, with diagram 5 at (1, 1, 4, 4, 4) and at P1 in
Appendices A and B. Section 9 treats diagrams 1 and 4, and §10 describes the verification.

2. Setting

We use the notation and results of [8], cited by their numbers, which are the same in versions 1
and 2 of that paper. Throughout, m ∈ (R>0)

5.

2.1. The slice. A normalized central configuration is a solution (x, y, δ) of the system [8, (2.1)]
of [1, p. 540]. We write z = x + iy, w = x − iy, zkl = zk − zl, wkl = wk − wl, pkl = δkl and
rkl = p−1

kl , so that p2klzklwkl = 1. The slice is the affine variety Ym = Xm ∩ {u1 = 1}, where
Xm ⊂ C18 is the zero set of the eighteen rows

Dkl = p2kluklvkl − 1, Zk = Fk(u)− F5(u), Wk = Fk(v)− F5(v) (k ≤ 4)

of [8, (2.2)], in the unknowns u = (u1, . . . , u4), v = (v1, . . . , v4) and p = (pkl)k<l, with u5 = v5 =
0, uk = zk − z5, vk = wk −w5 and Fk(h) = hk −

∑
l ̸=k mlp

3
kl(hk − hl). The functions uk, vk, ukl,

vkl and pkl vanish nowhere on Xm. By [8, Lemma 2.2], Xm
∼= C∗ × Ym, the system [8, (2.1)]

has 2|Ym| solutions, and positive scaling of the masses and relabelling of the bodies with their
masses induce isomorphisms between the slices, which multiply U by nonzero constants. Let

U =
∑
k<l

mkmlpkl, I =
∑
k

mkukvk −
1

M

(∑
k

mkuk

)(∑
k

mkvk

)
, V = U + 1

2I,

withM =
∑

k mk. The points ofXm are critical points of V on {Dkl = 0} [8, Lemma 2.3]. Recall
from [8, Lemma 2.4] that U = I onXm, that U is constant on every irreducible component of Ym,
which is [1, Lemma 2], and that U > 0 at the point of Ym given by a real central configuration. A
real central configuration corresponds to exactly two positive normalized central configurations
[8, Lemma 2.1]. The mass vector m is settled if Ym contains no irreducible curve on which some
r2kl is non-constant and U ̸≡ 0. A settled mass vector has finitely many central configurations
up to similarity [8, Corollary 2.5].

The colour exchange. The substitution (z, w) 7→ (w, z) maps solutions of the first three equa-
tions of [8, (2.1)] to solutions. Followed by the rotation (u, v) 7→ (v−1

1 u, v1v) of [8, Lemma 2.2(a)],
it defines the involution

σc(u, v, p) = (v/v1, v1u, p)

of Ym. It fixes every pkl.
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2.2. Places and types. Let C ⊆ Ym be an irreducible curve. We use the places at infinity of
C, the singular places, the exponents e(f) and the expansions of [8, §§2.4, 3.1]. For a pair kl
put ζkl = e(zkl), ωkl = e(wkl) and xkl = e(rkl) =

1
2(ζkl + ωkl). The type of a singular place P is

x(P ) = (xkl)k<l ∈ Q10, with the pairs ordered 12, 13, . . . , 45. The type is a positive multiple of
(− valP pkl)k<l, and the types satisfy the balancing condition

(2.1)
∑

P singular

dP x(P ) = 0, dP > 0

[8, (3.1)]. A singular place has one of the sixteen diagrams of [1, Fig. 11], up to relabelling of
the bodies and exchange of the colours [8, §2.5]. We use the inputs from [1] listed in [8, §2.6].
We use directly Proposition 1 of [1] and the mass conditions (23), (29), (32), (36) and (40) of [1,
§8]. The others, among them the rules of [1, §3], Proposition 4 of [1] and the facts of [1, §§8.7
and 8.9], enter through the cited results of [8]. For a body j we put Qj = {1, . . . , 5} \ {j}, and
we use the following points of R10 defined in [8, §3.2]: a1(T ), the type of diagram 2; h(s;D1|D2),
the type of diagram 3 with centre s and diagonals D1, D2; v(s;A|B) and v7(a, b), the types
of diagrams 6 and 7 with centre s and wings A, B; uA(c), the type of diagram 10; uc(j) and
σk(j)(t), the types of diagram 14 with isolated body j; and bk(j), the type of diagram 15. The
colour exchange σc maps a singular place to a singular place with the same type, and exchanges
the colours of its diagram.

By Lemma 2.1(c) below, the exponents at every singular place satisfy the rules of [8,
Lemma 3.2], which we recall. The strokes, circles and zw-edges are those of the diagram [8,
§2.5]. For every pair kl:

(O1) ζkl, ωkl ≥ −2, ζkl + 3ωkl ≤ 4 and 3ζkl + ωkl ≤ 4. Hence ζkl, ωkl ≤ 2 and −2 ≤ xkl ≤ 1.
(O2) There is a z-stroke kl if and only if ζkl + 3ωkl = 4, and a w-stroke if and only if

3ζkl + ωkl = 4.
(O3) On a z-stroke, ζkl = 3xkl−2, ωkl = 2−xkl and 0 ≤ xkl ≤ 1. On a w-stroke, ωkl = 3xkl−2

and ζkl = 2− xkl.
(O4) xkl = 1 if and only if kl is a zw-edge. A z-stroke is maximal (its ends are not z-close,

[1, Def. 6]) if and only if xkl = 0.
(O5) In every triangle klm the minimum of ζkl, ζlm, ζmk is attained at least twice, and the

same holds for ω.
(O6) If k is z-circled and l is not, then ζkl = −2. If ζkl = 2, then ωkl = −2 and kl is a w-stroke.

The results of [8] on singular places that we cite are stated there for nontrivial curves, on which
U ̸≡ 0 and some r2kl is non-constant [8, §2.3]. The second condition holds for every irreducible
curve. Lemma 2.1 lists those that we apply to every irreducible curve. In their proofs the first
condition enters only through [8, Lemma 3.3], which says that at a singular place some xkl is
at most 0. We apply the other results of [8] on singular places only to curves with U ̸≡ 0, in §8
and Appendix B.

Lemma 2.1. Let C ⊆ Ym be an irreducible curve.

(a) Some r2kl is non-constant on C. A place at infinity at which some pkl has a zero or a
pole is singular. The balancing condition (2.1) holds, and C has a singular place.

(b) Let P be a singular place of C, with the bodies numbered as in [1, Fig. 11]. If the diagram
of P is not 5, then x(P ) is as in [8, Table 1], except for four diagrams. For diagram
7, x(P ) = v7(a, b) with 0 < a, b < 1. For diagram 10, x(P ) = uA(c) with 0 < c < 1.
For diagram 14, x(P ) = uc(5) with 0 ≤ c < 1, or σk(5)(t) with k ∈ Q5 and 0 < t < 1.
For diagram 16, xkl(P ) = 1 for all pairs. If the diagram is 5, with zw-triangle T , then
xkl(P ) = 1 on the pairs of T , and each of the other two bodies is in one of the modes of
[8, Lemma 3.4] relative to T .
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(c) The conclusions of [8, Lemmas 3.1, 3.2, 3.4, 3.6 and 3.7, Theorem 3.9, Corollary 5.19,
Theorem 5.37 and Proposition 7.1] hold at every singular place of C, and so do the
statements of the proof of [8, Theorem 3.9] in [8, Appendix C]. So does [8, Theorem 3.13],
with the point u0(j) of part (a) replaced by uc(j), 0 ≤ c < 1. In particular no singular
place of C has type bk(j), diagram 9 or diagram 2. At every singular place of C the
mass conditions of [1, §8] given in the proof of [8, Theorem 3.12] hold for its diagram
and labelling.

Proof. In [8] the condition U ̸≡ 0 is part of the standing assumption of [8, §§2.4 and 3] that C
is nontrivial, and a hypothesis of [8, Theorem 3.12, Corollary 5.19, Theorem 5.37 and Proposi-
tion 7.1]. We check where U enters the proofs.

(a) The fibres of the map (u, v, p) 7→ (r2kl)k<l on Ym have at most 213 points [8, proof of
Corollary 2.5], so some r2kl is non-constant on C. The rest is derived in [8, §2.4] from three facts:
the pkl are units on C, one of them is non-constant, and the bounds [8, (2.4)] hold on Ym. The
form (2.1) of the balancing condition follows, since x(P ) is a positive multiple of (− valP pkl)k<l

[8, §3.1]. These steps do not use U .
(b) In the derivation of [8, Table 1] in [8, §3.2 and Appendix A], the condition U ̸≡ 0 enters

only through [8, Lemma 3.3], whose proof uses that U = I is a nonzero constant on C. The
lemma is used only for a + b ≤ 4

3 in diagram 7, c ≤ 1
3 in diagram 10, c = 0 in diagram 14 and

the exclusion of diagram 16. Without it the derivations give the stated types. For diagram 14
this is [8, Lemma 3.7], case (A) with 0 ≤ c < 1 and case (B) with a = 1+ t < 2. The derivation
for diagram 9 uses that U is constant on C [8, Lemma 2.4(b)], which holds for every irreducible
curve. No other step of these derivations uses U . For diagram 5 we do not use the hulls of [8,
§3.3]. Their models use [8, Lemma 3.3] and, in the relations (I) and (V) of [8, §B.1], that U = I
is a nonzero constant on C. We use only (O4) on the zw-triangle and [8, Lemma 3.4], which
applies since the other two bodies have no strokes.

(c) None of these proofs uses [8, Lemma 3.3]. The proofs of [8, Lemmas 3.1, 3.2, 3.4, 3.6
and 3.7, Theorems 3.9 and 3.13 and Proposition 7.1], with [8, Appendices C and E], do not use
U , V or I. The rows of [8, Table 1] that they use, for diagrams 2 and 3, are covered by (b). In
the proof of [8, Theorem 3.12] the mass conditions follow from [8, Lemma 3.1] and the inputs of
[8, §2.6], without U . The proofs of [8, Corollary 5.19 and Theorem 5.37] expand V at the place
[8, Lemmas 5.3 and 5.39]. Through [8, Lemmas 5.1 and 5.38] they use two facts: the gradient of
V vanishes on Xm [8, Lemma 2.3], and V is constant on C [8, Lemma 2.4]. Both hold for every
irreducible curve. The identity [8, (5.1)] is used only for q = 3, 5 and 3 + α with 0 < α < 2,
where it does not involve the value of V on C. The proof of [8, Theorem 5.37] also uses the type
of diagram 9, which (b) covers. In the proof of [8, Theorem 3.13(a)], case (A) of [8, Lemma 3.7]
includes every c ∈ [0, 1). □

In particular, at a place of diagram 14 with isolated body j the leading coefficients of the
cluster Qj solve the system K14(mQj ) of [8, (3.2)]. By [8, Lemma 9.5], K14(1, 1, 1, ν) with ν > 0

has a solution for exactly six values of ν, none of them in {1, 14 ,
1
9}.

Lemma 2.2. Let C ⊆ Ym be an irreducible curve, and let f , g be linear forms on R10. It is
impossible that f(x(P )) ≥ 0 at every singular place P of C and g(x(P )) > 0 at every singular
place with f(x(P )) = 0.

Proof. By (2.1),
∑

P dP f(x(P )) = 0 is a sum of nonnegative terms, so f(x(P )) = 0 at every
singular place. Then

∑
P dP g(x(P )) > 0, since C has a singular place by Lemma 2.1(a). This

contradicts (2.1). □

2.3. Branches and their lifting. In §§4 and 5 we will expand the coordinates at places of
diagrams 3 and 6 in a weighted system. Let P be a singular place of an irreducible curve



6 TEJASVI SINGH TOMAR

C ⊆ Ym. After the rotation of [8, Lemma 3.1], each coordinate q ∈ {uk, vk, pkl} is ϑd e(q)yq(ϑ)

with yq(0) ̸= 0. Suppose that the weights wq = 1
2e(q) are integers, and put T = ϑ2d, so that

q = Twqyq. In each row substitute q = Twqyq for every coordinate and divide by the lowest
power of T . This yields

Gr(T, y) =
∑
i≥0

T iGr,i(y) (r = 1, . . . , 18),

with polynomials Gr,i. Put e′q = wq − wu1 , wq + wu1 or wq for q a uk, a vk or a pkl, and fix a
coordinate f with e′f = −2. A leading solution is a zero of G0 = (Gr,0)r with yu1 = yf = 1 and
all coordinates nonzero. We write J0 for the 18×16 Jacobian matrix of G0 at a leading solution
with respect to the sixteen coordinates other than yu1 and yf .

A branch is a vector y(ξ) of convergent power series in the eighteen coordinates such that
G(ξL, y(ξ)) ≡ 0 for an integer L ≥ 1, yu1 ≡ yf ≡ 1, and y(0) is a leading solution. We then

write T = ξL.

Lemma 2.3. After a rotation and a change of the local parameter, the coordinates near P are
q = Twqyq(ξ), where y is a branch.

Proof. This is the proof of [8, Lemma E.1], which treats diagram 2 with f = v1. A rotation by

y−1
u1

makes yu1 ≡ 1. Replacing T by T ′ϕL and rotating by ϕ−Lwu1 turns yq into ϕLe′qyq, and the

equation ϕ−2Lyf (ξϕ) = 1 has a convergent solution ϕ(ξ) with ϕ(0)2L = yf (0) by the implicit

function theorem. The rows vanish on Xm, so G(ξL, y(ξ)) ≡ 0, and setting ξ = 0 we obtain
G0(y(0)) = 0. □

Let y0 be a leading solution with rankJ0 = 16, and let R be a set of sixteen rows such that
J0[R] is invertible. Define y1, y2, · · · ∈ C16, vectors in the sixteen coordinates other than yu1 , yf ,
by

yn = −J0[R]−1βn[R], βn =
[
Tn

]
G
(
T, y0 +

∑
k<n

ykT
k
)
,

where [Tn] is the coefficient of Tn, and put ηR,n = J0[R
c] yn + βn[R

c] ∈ C2, where Rc is the set
of the two other rows.

Lemma 2.4. Let y be a branch with y(0) = y0. Then y is a power series in T , y = y0 +∑
n≥1 ynT

n, and ηR,n = 0 for every n ≥ 1. In particular y is determined by y0. Equivalently to
ηR,n = 0, λ · βn = 0 for every λ in the left kernel of J0.

Proof. Write y = y0 +
∑

q cqT
q over q ∈ 1

LZ>0. The coefficient of T q in G(T, y) is J0cq plus a

polynomial in the cq′ with q′ < q, each term of which has exponent i + q′1 + · · · + q′r = q with
i ∈ Z≥0. If some cq with q /∈ Z is nonzero, take the least such q. Then every nonzero cq′ with
q′ < q has q′ ∈ Z, so the polynomial vanishes, and J0cq = 0 implies cq = 0, since J0 is injective.
Hence y is a power series in T , and the coefficient of Tn is J0cn + βn, with βn evaluated at
c1, . . . , cn−1. By induction on n, the rows R yield cn = yn, and then the rows Rc yield ηR,n = 0.
For the last statement, J0yn + βn vanishes on R and equals ηR,n on Rc, so λ · βn = λ[Rc] · ηR,n

for λ in the left kernel. The map λ 7→ λ[Rc] is injective on the left kernel, since λ[R]J0[R] = 0
forces λ[R] = 0, and the left kernel has dimension 2. It is therefore bijective onto CRc

. □

3. The thirty-six curves

In this section and the next the masses are A′ = (4, 4, 4, 4, 1), the image of (1, 4, 4, 4, 4) under
the exchange of bodies 1 and 5, so that body 5 is light. For cube roots of unity ζ1, ζ2 let Λ(ζ1, ζ2)
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be the affine subspace of the coordinate space of YA′ defined by

p12 = p34 =
ζ1
2 , p14 = p23 =

ζ2
2 , p15 = p35 = −2p13, p25 = p45 = −2p24,

u3 = −1, u4 = −u2, v3 = −v1, v4 = −v2,

and put C′(ζ1, ζ2) = YA′ ∩ Λ(ζ1, ζ2). On Λ(ζ1, ζ2) we write D1 = p15 and D2 = p25. On YA′ the
function τ = (1 + u2)/(1− u2) is regular, since u12 ̸= 0. Let

h1(τ) =
τ

(τ + 1)(ζ1τ + ζ2)
, h2(τ) =

τ

(τ − 1)(ζ2 − ζ1τ)
.

Theorem 3.1. (a) C′(ζ1, ζ2) is the set of points of Λ(ζ1, ζ2) with

u2 =
τ − 1

τ + 1
, v1 =

(τ + 1)(ζ1τ + ζ2)

τ
, v2 =

(τ + 1)(ζ2 − ζ1τ)

τ
,

D2
1 = h1(τ), D2

2 = h2(τ)

and τ ∈ C\{0,±1,±ζ2/ζ1}. Thus (τ,D1, D2) identifies it with an unramified four-sheeted
cover of C \ {0,±1,±ζ2/ζ1}.

(b) If ζ1 ̸= ζ2, then C′(ζ1, ζ2) is an irreducible curve of genus 3. Its smooth completion has
twelve places at infinity, two over each of τ = 0,∞,±1,±ζ2/ζ1, each of ramification
index 2 over the τ -line.

(c) If ζ1 = ζ2 = ζ, then C′(ζ, ζ) is the disjoint union of two irreducible rational curves C±(ζ),
defined by D1D2 = ±iτ/(ζ(τ2 − 1)). Each is parametrized by s =

√
ζ (τ + 1)D1, which

satisfies s2 = τ , and has six places at infinity, s = 0,∞,±1,±i.
(d) These twelve curves and their images under the relabellings (23) and (34), which fix A′,

are 36 pairwise disjoint irreducible curves in YA′, 18 of genus 3 and 18 rational.

We write CA′ for the union of the 36 curves and CA ⊂ YA, A = (1, 4, 4, 4, 4), for its image
under the exchange of bodies 1 and 5 (§2.1).

Proof. (a) We first reduce the rows. On Λ(ζ1, ζ2) the positions are z = (1, u2,−1,−u2, 0) and
w = (v1, v2,−v1,−v2, 0), so

∑
k mkzk =

∑
k mkwk = 0. The ten rows Dkl reduce to four

equations, since p212 = ζ21/4 = 1/(4ζ1) and likewise on the other sides:

(1− u2)(v1 − v2) = 4ζ1 (12, 34), (1 + u2)(v1 + v2) = 4ζ2 (14, 23),

D2
1v1 = 1 (13, 15, 35), D2

2u2v2 = 1 (24, 25, 45).

The rows Zk and Wk vanish identically on Λ(ζ1, ζ2). Indeed, with p3kl =
1
8 on the four sides and

p13 = −D1/2, p24 = −D2/2,

F1(u) = 1− 1
2(1− u2)− 1

2(1 + u2)− 8p313 −D3
1 = 0,

F2(u) = u2 − 1
2(u2 − 1)− 1

2(u2 + 1)− u2(8p
3
24 +D3

2) = 0,

F5(u) = 4
(
D3

1(u1 + u3) +D3
2(u2 + u4)

)
= 0,

and F3(u) = F4(u) = 0 by the symmetry z 7→ −z, 1 ↔ 3, 2 ↔ 4 of Λ(ζ1, ζ2). The functions
Fk(v) vanish in the same way. Hence C′(ζ1, ζ2) is defined in Λ(ζ1, ζ2) by the four equations and
by the nonvanishing of the coordinates and their differences. With τ = (1+u2)/(1−u2) we have
1−u2 = 2/(τ+1) and 1+u2 = 2τ/(τ+1). Then v1−v2 = 2ζ1(τ+1) and v1+v2 = 2ζ2(τ+1)/τ ,
which give the stated v1 and v2, and D2

1 = 1/v1 = h1, D
2
2 = 1/(u2v2) = h2. Since u2 is finite

and u12 ̸= 0, the function τ takes neither the value −1 nor ∞. The values τ = 0, 1, −ζ2/ζ1 and
ζ2/ζ1 mean u23 = 0, u2 = 0, v1 = 0 and v2 = 0. For every other τ and every choice of D1, D2,
all coordinates and their differences are nonzero. Since τ , D1 and D2 are regular functions on
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YA′ , the map is an isomorphism onto its image. Neither h1 nor h2 has a zero or a pole over the
base, so the cover is unramified.

(b) If ζ1 ̸= ζ2, then ζ2/ζ1 is a primitive cube root of unity, and ±1, ±ζ2/ζ1 are four distinct
points. None of h1, h2, h1h2 is a square in C(τ): h1 has a simple pole at −1, h2 at 1, and h1h2
at ±1 and ±ζ2/ζ1. Hence C(τ)(

√
h1,

√
h2) has degree 4 over C(τ), and the curve is irreducible.

Over each of 0, ∞, ±1, ±ζ2/ζ1 at least one of h1, h2 has odd order: both have order 1 at 0 and
at ∞, h1 has a simple pole at −1 and at −ζ2/ζ1, where h2 is a unit, and the reverse holds at
1 and ζ2/ζ1. The inertia group therefore has order 2, and there are two places of index 2 over
each of these six points. By the Riemann–Hurwitz formula, 2g − 2 = 4 · (−2) + 6 · 2, so g = 3.

(c) If ζ1 = ζ2 = ζ, then h1 = τ/(ζ(τ+1)2), h2 = −τ/(ζ(τ−1)2) and h1h2 =
(
iτ/(ζ(τ2−1))

)2
.

Thus D1D2 = ±iτ/(ζ(τ2 − 1)) on C′(ζ, ζ), and the two signs define disjoint closed subsets. On
each of them D2 is determined by D1, and s =

√
ζ (τ + 1)D1 satisfies s2 = ζ(τ + 1)2h1 = τ .

Each of them is therefore isomorphic to C \ {0,±1,±i}.
(d) Distinct pairs (ζ1, ζ2) yield disjoint curves, since p12 or p14 differs, and C+(ζ)∩ C−(ζ) = ∅

by (c). The relabellings (23) and (34) fix bodies 1 and 5, so they act by uk 7→ uσ(k). The curves
above satisfy u3 = −1. Their images under (23) satisfy u2 = −1, and those under (34) satisfy
u4 = −1. Two of these conditions together force a collision of two heavy bodies. □

The diagonals of the curves of Theorem 3.1(a)–(c) are the pairs 13 and 24; we say that they
belong to the split 13|24. Their images under (23) and (34) belong to the splits 12|34 and 14|23.

3.1. The real points. Let σ be the composition of complex conjugation with the colour ex-
change σc of §2.1:

σ(u, v, p) = (v̄/v̄1, v̄1ū, p̄),

an antiholomorphic involution of YA′ . On configurations it is (z, w, p) 7→ (w̄, z̄, p̄).

Proposition 3.2. (a) The fixed points of σ are the points given by real configurations, with
real pkl = ±1/rkl. The positive normalized central configurations correspond to fixed
points with all pkl > 0.

(b) The thirty of the 36 curves that lie in a set C′(ζ1, ζ2) with (ζ1, ζ2) ̸= (1, 1), or in its image
under (23) or (34), contain no fixed point of σ, and σ maps each of them onto another
of the 36 curves.

(c) The other six curves, C±(1) and their images, are mapped onto themselves. Their fixed
points are the points with |τ | = 1, τ ̸= ±1. At each of them p13 = −p15/2, in the labelling
of the split 13|24, so p13p15 < 0.

In particular no point of CA′, and no point of CA, corresponds to a positive normalized central
configuration.

Proof. (a) Let x = σ(x). Then p is real and v1 = v̄1ū1 = v̄1. The row D15 shows that v1 =
1/p215 > 0. With c =

√
v1 > 0, the rotated point z = cu, w = c−1v satisfies w = c−1v1ū = cū = z̄.

This is a real configuration, with real pkl = ±1/rkl. Conversely, a real configuration rotated to
u1 = 1 is fixed by σ.

(b) The colour exchange maps Λ(ζ1, ζ2) onto itself: (v/v1, v1u) has again the form
(1, ∗,−1,−∗), (∗, ∗,−∗,−∗), and p is unchanged. Hence σc maps C′(ζ1, ζ2) onto itself, by
τ 7→ ζ2/(ζ1τ) and keeping D1, D2. Conjugation maps it onto C′(ζ̄1, ζ̄2). If (ζ1, ζ2) ̸= (1, 1), then
p12 or p14 is not real, so the curve has no fixed point, and its image C′(ζ̄1, ζ̄2) is another curve.
For each split this accounts for the six curves of genus 3 and the four curves C±(ζ) with ζ ̸= 1.
The relabellings commute with σ.

(c) Let ζ1 = ζ2 = 1. The map σc acts by τ 7→ 1/τ and keeps D1D2, while iτ/(τ2 − 1) changes
sign. So σc exchanges C+(1) and C−(1). Conjugation exchanges them as well, so σ maps each
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of them onto itself and acts on τ by τ 7→ 1/τ̄ , and a fixed point has |τ | = 1. Write τ = eiθ with
θ /∈ πZ. Then

u =
(
1, i tan θ

2 , −1, −i tan θ
2

)
,

D2
1 =

1

4 cos2(θ/2)
, D2

2 =
1

4 sin2(θ/2)
, D1D2 = ± 1

2 sin θ
.

All pkl are real, and one checks directly that these points are fixed. On each of C±(1) they form
four arcs, one for each sign pattern of (D1, D2). At each of them p13 = −D1/2 = −p15/2. □

The fixed points of Proposition 3.2(c) are rhombi with the light body at the centre and sides
of length 2. On the arcs with D1, D2 < 0 the diagonal and side inverse distances are positive,
and pk5 < 0 for k ≤ 4. Changing (m5, pk5) into (−m5,−pk5) preserves the rows Dkl and the
terms m5p

3
k5(zk − z5) in the equations of bodies k ≤ 4. It changes the sign of the right side of

the equation of body 5, which vanishes on these rhombi by their symmetry. This change maps
these arcs onto Roberts’ continuum of central configurations with the masses (4, 4, 4, 4,−1) [6],
in the normalization of [8, (2.1)]. The arcs are the continuum of solutions of [8, (2.1)] with the
masses (4, 4, 4, 4, 1) that Albouy and Kaloshin obtained from Roberts’ continuum, the modified
Roberts continuum [1, p. 543 and Remark 8]. The fixed points of σ on CA′ form an infinite set.
Therefore the finiteness of the positive normalized central configurations at A′ does not follow
from the complex equations, even together with the real structure σ. It requires the signs of the
pkl, which enter here as p13p15 < 0.

Chen and Tong [2, Remark 7.14] write the modified Roberts continuum as an explicit curve
and state that, because of its real points, curves with real points cannot be excluded at places of
diagram 3. In their argument positivity enters through the identity p15 = −2p13 of the definition
of Λ(ζ1, ζ2), which they state on every curve with a place of diagram 3 [2, Theorem 7.13].

4. Places of diagram 3 at (4, 4, 4, 4, 1)

Let P be a singular place of an irreducible curve C ⊆ YA′ with type h(s;D1|D2). By [8,
Theorem 3.9] and Lemma 2.1(c), mimj = mkml for D1 = {i, j}, D2 = {k, l}. If s is heavy,
one diagonal contains the light body and this fails, since 4 ̸= 16. So s = 5, and the type is
h(5; 13|24), h(5; 12|34) or h(5; 14|23). The relabellings (23) and (34) fix A′ and map the second
and the third onto the first.

Let P have type h(5; 13|24). We call the pairs 12, 14, 23, 34 the sides and write k′ for the
body opposite to k ≤ 4: 1′ = 3, 2′ = 4. By [8, Appendix C] and Lemma 2.1(c) the exponents
after the rotation are e(uk) = e(vk) = −2, e(pkl) = 0 on the sides and e(pkl) = 2 on the six
other pairs. Thus §2.3 applies with f = v1, and e′v1 = −2. We write uk, vk for yuk

, yvk , with
u1 = v1 = 1, and ke, qe for ype on the sides and on the other pairs. At A′ the weighted rows are
as follows.

• Sides kl: k2kl(uk − ul)(vk − vl) − T 2. Diagonals 13, 24: q2kl(uk − ul)(vk − vl) − 1. Pairs
k5: q2k5ukvk − 1.

• Zk = Z0
k + T 3Z3

k with Z0
k = uk −

∑
l: kl a side 4k

3
kl(uk − ul) and Z3

k = −
(
4q3kk′(uk − uk′) +

q3k5uk + Γ
)
, where Γ = 4

∑
l≤4 q

3
l5ul.

• Wk: the same with v in place of u.

So G = G0 + T 2G2 + T 3G3, where G2 is −1 on the side rows and 0 on the other rows. By [8,
Appendix C] and Lemma 2.1(c) the leading solutions are as follows. In case A, u = (1,−1,−1, 1)
and v = (1, 1,−1,−1); in case B, u and v are exchanged. In both cases k3e = 1

8 on the four sides,

q213 =
1
4 , q

2
24 = −1

4 , q
2
15 = q235 = 1 and q225 = q245 = −1, and every choice of the roots occurs. There

are therefore 34 ·26 = 5184 leading solutions in each case. In both cases uk′ = −uk and vk′ = −vk.
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The matrix J0 has rank 16, and in case A its left kernel is spanned by λZ = −Z1−Z2+Z3+Z4

and λW = W1−W2−W3+W4, where a row stands for the corresponding unit vector. Moreover
λZ ·G3 = O/16 and λW ·G3 = −O/16 at the leading solution, where

O = 16 (4q13 + 4q24 + q15 + q25 + q35 + q45).

The relabelling (24) and the colour exchange σc map places of type h(5; 13|24) at A′ to places of
the same type. On branches they act by permuting coordinates: (24) by uk 7→ uσ(k), vk 7→ vσ(k),
pkl 7→ pσ(k)σ(l) with σ = (24), and σc by exchanging u and v (as u1 = v1 = 1). Both map
branches to branches. The colour exchange exchanges the two cases, and (24) followed by σc
maps case A to case A.

The following condition mirrors the relations among the pkl in the definition of Λ(ζ1, ζ2). A
leading solution is balanced if k12 = k34, k14 = k23, q15 = q35 = −2q13 and q25 = q45 = −2q24.
There are 36 balanced leading solutions in each case.

Lemma 4.1. Let y be a branch for the type h(5; 13|24) at A′. Then y(0) is balanced.

Proof. Since σc exchanges the cases and preserves balance, we may assume that y0 = y(0) is
in case A. We show that the obstruction at order 3 vanishes only if q15 = q35 = −2q13 and
q25 = q45 = −2q24, and that the even part of the expansion then forces k12 = k34 and k14 = k23
at y0. By Lemma 2.4, y =

∑
n ynT

n is a power series in T and λ · βn = 0 for all n and all λ in
the left kernel of J0.

Orders 1 to 3. Since G has no term in T , β1 = 0 and y1 = 0. Then β3 = G3(y0), because
G0(y0+y2T

2+ . . . ) and T 2G2 contribute only even powers up to T 3. Hence 0 = λZ ·β3 = O/16.
The numbers q13, q15, q35 are real and q24, q25, q45 are imaginary, with |4q13| = |q15|+ |q35| and
|4q24| = |q25|+ |q45|. Therefore O = 0 if and only if

(4.1) q15 = q35 = −2q13, q25 = q45 = −2q24.

Then Γ(y0) = 4
(
q315(u1+u3)+q325(u2+u4)

)
= 0 and Z3

k(y0) = −uk(8q
3
kk′ +q3k5) = 0, and likewise

W 3
k (y0) = 0. So β3 = 0 and y3 = 0.
Parity. Since y1 = y3 = 0, we can write y = Y (S)+T 5Ω(S) with S = T 2 and power series Y ,

Ω. We write U , V , K for the parts of Y in u, v and the sides, and ∆Ukl = Uk−Ul, ∆Vkl = Vk−Vl.
For a polynomial F , the even part of F (y) in T is F (Y ) +O(S5), and the even part of T 3Z3

k(y)
is O(S4). The side rows, Z0 and W 0 are polynomials in u, v, k and T 2. Taking even parts of
G(T, y) = 0 we obtain

(4.2) K2
kl ∆Ukl ∆Vkl ≡ S (mod S5) on the sides, Z0(U,K) ≡ W 0(V,K) ≡ 0 (mod S4).

The Laplacian. The rows Z0 and W 0 are linear in U and V , with coefficients from the sides.
Put se = 4K3

e and a = s12, b = s23, c = s34, d = s41. Let L be the weighted Laplacian of the
cycle 1234, (Lx)k =

∑
kl a side skl(xk − xl), so that Z0 = (I − L)U and W 0 = (I − L)V . In the

orthonormal basis

e0 =
1
2(1, 1, 1, 1), e1 =

1
2(1,−1,−1, 1), e2 =

1
2(1, 1,−1,−1), e3 =

1
2(1,−1, 1,−1)

write x =
∑

iXiei and X̄ = (X1, X2, X3). We write Ûi, V̂i for the coefficients of U , V in

this basis, and Û = (Û1, Û2, Û3), V̂ = (V̂1, V̂2, V̂3). Then Le0 = 0, the side differences are
x1 − x2 = X1 +X3, x2 − x3 = X2 −X3, x3 − x4 = X3 −X1 and x4 − x1 = −X2 −X3, and on
e⊥0 the matrix of L is

M =

a+ c 0 a− c
0 b+ d d− b

a− c d− b a+ b+ c+ d

 .
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By (4.2), NÛ ≡ NV̂ ≡ 0 (mod S4), where N = M − I. At S = 0 we have se = 1
2 , so

M(0) = diag(1, 1, 2), Û(0) = (2, 0, 0) and V̂ (0) = (0, 2, 0). Let ε3 = (0, 0, 1) and n = Nε3 =

(a− c, d− b, a+ b+ c+ d− 1), so that n3(0) = 1. The matrix P = [Û V̂ ε3] is invertible over
C[[S]], since detP (0) = 4. From NP ≡ [0 0 n] we get N ≡ n rT, with rT the last row of P−1.
Since N is symmetric and n3 is a unit, comparing the last rows shows that r ≡ n/n3. Hence

(4.3) N ≡ nnT

n3
(mod S4), n · Û ≡ n · V̂ ≡ 0 (mod S4).

The entries (1, 1), (1, 2) and (2, 2) of (4.3) are

(R1) (a+ c− 1)(a+ b+ c+ d− 1) ≡ (a− c)2, (R2) (a− c)(d− b) ≡ 0,

(R3) (b+ d− 1)(a+ b+ c+ d− 1) ≡ (d− b)2.

Order S. For a series F write F =
∑

j F
(j)Sj , and let κe = Ke(0), so that κ3e =

1
8 . At S = 0,

∆U12 = 2, ∆U34 = −2, ∆V23 = 2, ∆V41 = −2, and ∆V12 = ∆V34 = ∆U23 = ∆U41 = 0. The
order-S part of the side rows in (4.2) yields

∆V
(1)
12 =

1

2κ212
, ∆V

(1)
34 = − 1

2κ234
, ∆U

(1)
23 =

1

2κ223
, ∆U

(1)
41 = − 1

2κ214
.

At order S, (R1) and (R3) give c(1) = −a(1) and b(1) = −d(1), and then n · Û and n · V̂ yield

Û
(1)
3 = −4a(1) and V̂

(1)
3 = −4d(1). Since ∆U23 +∆U41 = −2Û3 and ∆V12 +∆V34 = 2V̂3,

a(1) =
κ214 − κ223
16κ214κ

2
23

, d(1) =
κ212 − κ234
16κ212κ

2
34

.

(R2) at order S2 gives 4a(1)d(1) = 0. Since κe = 1/(8κ2e), a
(1) = 0 if and only if κ14 = κ23, and

d(1) = 0 if and only if κ12 = κ34.
The equality κ12 = κ34 forces κ14 = κ23. Suppose that κ12 = κ34 = κ and a(1) ̸= 0. Then

d(1) = b(1) = 0. Since a− c = 2a(1)S +O(S2) is S times a unit, (R2) gives d− b ≡ 0 (mod S3).

From ∆V12 = V̂1 + V̂3 and ∆V34 = V̂3 − V̂1 we get V̂
(1)
1 = 1/(2κ2) and V̂

(1)
3 = 0. At order S2,

n · V̂ ≡ 0 reads n
(1)
1 V̂

(1)
1 + V̂

(2)
3 = 0, since n2 = O(S3), n

(1)
3 = 0 and V̂1(0) = V̂3(0) = V̂

(1)
3 = 0.

Hence V̂
(2)
3 = −a(1)/κ2. At order S2 the side rows 12 and 34 yield

∆V
(2)
12 = −∆U

(1)
12

4κ2
− K

(1)
12

κ3
, ∆V

(2)
34 = −∆U

(1)
34

4κ2
+

K
(1)
34

κ3
.

We add the two, using ∆V12 +∆V34 = 2V̂3, ∆U12 +∆U34 = 2Û3 and Û
(1)
3 = −4a(1), and obtain

K
(1)
12 −K

(1)
34 = 4κa(1). Hence the coefficient of S in a− c = 4(K3

12 −K3
34) is 12κ

2(K
(1)
12 −K

(1)
34 ) =

48κ3a(1) = 6a(1). But it is 2a(1) by the order-S step. Thus a(1) = 0, a contradiction.
Conclusion. The relabelling (24) followed by σc fixes case A and the conditions u1 = v1 = 1,

and it exchanges κ12 ↔ κ14 and κ34 ↔ κ23. Applied to its image, the previous step shows that
κ14 = κ23 forces κ12 = κ34. By the order-S step one of the two equalities holds, so both hold.
Together with (4.1), y0 is balanced. □
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4.1. The branches of the curves. For γ = (ζ1, ζ2, ε1, ε2), with cube roots of unity ζ1, ζ2 and
signs ε1, ε2, let Yγ(t) be the point with the coordinates

u =
(
1,

t− 1

t+ 1
, −1, − t− 1

t+ 1

)
, v = (1, ϱ, −1, −ϱ), ϱ =

ζ2 − ζ1t

ζ2 + ζ1t
,

k12 = k34 =
ζ1
2
, k14 = k23 =

ζ2
2
,

q15 = q35 = ε1, q13 = −ε1
2
, q25 = q45 = ε2g, q24 = −ε2g

2
,

which depends on t and on a further unknown g. Let Φ(T, y) = (yu, T−2yv, k, T q): the point
with u = yu, v = T−2yv, pe = ke on the sides and pe = Tqe on the other pairs. It is the rotation
by T of the point with the coordinates Twqyq, so G(T, y) = 0 if and only if Φ(T, y) ∈ XA′ . If
T 2 = h1(t) and g2 = h2(t)/h1(t), then Φ(T, Yγ(t)) is the point of C′(ζ1, ζ2) with τ = t, D1 = Tε1
and D2 = Tε2g, by Theorem 3.1(a), and so G(T, Yγ(t)) = 0.

Since h1(0) = 0 and h′1(0) = 1/ζ2, the equation S = h1(t) has a convergent inverse t(S) =
ζ2S + O(S2) near 0. Since h2/h1 = −1 at t = 0, there is a convergent branch g(S) of√

h2(t(S))/h1(t(S)) with g(0) = i. Let Ỹγ(S) be Yγ(t(S)) with this g. Then Ỹγ(T
2) is a

convergent power series in T with G(T, Ỹγ(T
2)) ≡ 0 and u1 = v1 = 1. Its value at T = 0 is the

case A leading solution with k12 = k34 = ζ1/2, k14 = k23 = ζ2/2, q13 = −ε1/2 and q24 = −iε2/2.

The map γ 7→ Ỹγ(0) is therefore a bijection onto the 36 balanced leading solutions of case A.

Lemma 4.2. Let y be a branch for the type h(5; 13|24) at A′. In case A, y(ξ) = Ỹγ(ξ
2L) for the

γ with Ỹγ(0) = y(0). In case B, y(ξ) is the image of such a series under σc.

Proof. By Lemma 4.1, y(0) is balanced, so in case A it is Ỹγ(0) for a unique γ. Both y and

Ỹγ(T
2) are branches with this leading term, so they agree by Lemma 2.4. Case B follows by σc,

which maps branches to branches and case B to case A. □

Corollary 4.3. Let C ⊆ YA, A = (1, 4, 4, 4, 4), be an irreducible curve with a singular place of
diagram 3. Then C is one of the 36 curves of CA. Conversely, each of the 36 curves has singular
places of diagram 3.

Proof. We transport C to YA′ by the exchange of bodies 1 and 5, and, by the beginning of this
section and the relabellings (23) and (34), we may assume that the place P has type h(5; 13|24).
Let y be a branch at P as in Lemma 2.3. The point of C near P has u1 = 1, so it is Φ(ξL, y(ξ)).
In case A, Lemma 4.2 and §4.1 show that this point lies in Λ(ζ1, ζ2) over C((ξ)). In case B
the same holds, since σc ◦ Φ = Φ ◦ σc on branches with u1 = v1 = 1 and σc maps Λ(ζ1, ζ2)
onto itself (proof of Proposition 3.2(b)). Consequently the affine linear functions that define
Λ(ζ1, ζ2) vanish on the expansion of the coordinates of C at P . As the change of parameter is an
embedding of fields of Laurent series, they vanish near P , hence on C. Therefore C ⊆ C′(ζ1, ζ2).
By Theorem 3.1, C is one of its components.

Conversely, on the curves of Theorem 3.1 the side values are constant, p13, p15, p35 are
multiples of D1, and p24, p25, p45 are multiples of D2. At a place over τ = 0 or τ = ∞, D1

and D2 vanish to the first order in a local parameter, by the orders of h1 and h2. The vector
(− val pkl)k<l is therefore −1 on the diagonals and the pairs k5 and 0 on the sides, a positive
multiple of h(5; 13|24). It is not zero, so the place is singular [8, §2.4]. By Lemma 2.1(b) and
[8, Table 1], the only types without a positive coordinate are the points a1(T ), h(s;D1|D2) and
v(s;A|B) of diagrams 2, 3 and 6, and their zero coordinates form a triangle and a disjoint pair,
a cycle of four pairs, and two triangles. So the place has diagram 3. □
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At the places over τ = −1 and τ = −ζ2/ζ1, D1 has a simple pole and D2 is a unit, so the
triangle 135 collapses. Over τ = 1 and τ = ζ2/ζ1 the triangle 245 collapses. The balancing
condition (2.1) holds on each curve as an identity among these three vectors.

Section 7 of [2] states counterparts of Lemmas 4.1 and 4.2 for germs: at positive masses a
germ of diagram 3 forces the masses (4, 4, 4, 4, 1) up to scaling [2, Theorem 7.13], and up to
symmetries every such germ is one of 36 explicit germs [2, Lemma 7.12 and p. 34]. These germs
correspond to the branches of §4.1, up to the colour exchange σc. For a curve with such a
germ, [2, Theorem 7.13] states the identities p15 = p35 = −2p13 and p25 = p45 = −2p24, and
Corollary 4.3 identifies the curve itself.

5. Places of diagram 6 on the rays through (1, 1, 4, 4, 4)

Theorem 5.1. Let m be a positive multiple of a permutation of (1, 1, 4, 4, 4). No singular place
of an irreducible curve C ⊆ Ym has diagram 6 with a heavy centre and the two light bodies in
one wing.

By scaling and relabelling (§2.1) we may take m = B′ = (4, 4, 1, 1, 4), with centre 5 and
wings {1, 2, 5} and {3, 4, 5}. After the colour exchange σc if necessary, 12, 15, 25 are z-edges
and 34, 35, 45 are w-edges. The type is v(5; 125|345): x = 0 on the six edges and x = −2
on the four cross pairs 13, 14, 23, 24 [8, Table 1]. By (O3) and (O6), (ζ, ω) is (−2, 2) on the
z-edges, (2,−2) on the w-edges and (−2,−2) on the cross pairs. Hence the weights of §2.3 are
w(u) = (−1,−1, 1, 1), w(v) = (1, 1,−1,−1), w(pkl) = 0 on the edges and w(pkl) = 1 on the
cross pairs. We take f = v3, with e′v3 = −2. We write uk, vk, pkl for the coordinates of y, with
u1 = v3 = 1, and qkl for ypkl on the cross pairs.

5.1. The rows. We have G = G0 + T 2G2 + T 3G3 + T 4G4 + T 5G5, where T 4 occurs only in the
cross rows Dkl. We write Xj for the coefficient of T j in a row X, and coefficients not listed are
0. The edge rows are

D12 = p212(1− u2)(v1 − v2)− 1, D15 = p215v1 − 1, D25 = p225u2v2 − 1,

D34 = p234(u3 − u4)(1− v4)− 1, D35 = p235u3 − 1, D45 = p245u4v4 − 1,

and the cross rows are

D13 = −q213 − 1 + T 2q213(u3 + v1)− T 4q213u3v1,

D14 = −q214v4 − 1 + T 2q214(u4v4 + v1)− T 4q214u4v1,

D23 = −q223u2 − 1 + T 2q223(u2v2 + u3)− T 4q223u3v2,

D24 = −q224u2v4 − 1 + T 2q224(u2v2 + u4v4)− T 4q224u4v2.

The rows Zk are

Z0
1 = 1− 4(1− u2)p

3
12 − 8p315 − 4u2p

3
25, Z2

1 = −(u3p
3
35 + u4p

3
45),

Z3
1 = −(q313 + q314), Z5

1 = u3q
3
13 + u4q

3
14,

Z0
2 = u2 + 4(1− u2)p

3
12 − 4p315 − 8u2p

3
25, Z2

2 = Z2
1 ,

Z3
2 = −u2(q

3
23 + q324), Z5

2 = u3q
3
23 + u4q

3
24,

Z0
3 = Z0

4 = −4(p315 + u2p
3
25),

Z2
3 = u3 − (u3 − u4)p

3
34 − 5u3p

3
35 − u4p

3
45, Z3

3 = 4(q313 + u2q
3
23), Z5

3 = −4u3(q
3
13 + q323),

Z2
4 = u4 + (u3 − u4)p

3
34 − u3p

3
35 − 5u4p

3
45, Z3

4 = 4(q314 + u2q
3
24), Z5

4 = −4u4(q
3
14 + q324),
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and the rows Wk are

W 0
1 = W 0

2 = −(p335 + v4p
3
45),

W 2
1 = v1 − 4(v1 − v2)p

3
12 − 8v1p

3
15 − 4v2p

3
25, W 3

1 = q313 + v4q
3
14, W 5

1 = −v1(q
3
13 + q314),

W 2
2 = v2 + 4(v1 − v2)p

3
12 − 4v1p

3
15 − 8v2p

3
25, W 3

2 = q323 + v4q
3
24, W 5

2 = −v2(q
3
23 + q324),

W 0
3 = 1− (1− v4)p

3
34 − 5p335 − v4p

3
45, W 2

3 = −4(v1p
3
15 + v2p

3
25),

W 3
3 = −4(q313 + q323), W 5

3 = 4(v1q
3
13 + v2q

3
23),

W 0
4 = v4 + (1− v4)p

3
34 − p335 − 5v4p

3
45, W 2

4 = W 2
3 ,

W 3
4 = −4v4(q

3
14 + q324), W 5

4 = 4(v1q
3
14 + v2q

3
24).

Expanding these expressions, we obtain the following identities.

(I0) Z0
4 ≡ Z0

3 and W 0
2 ≡ W 0

1 .
(I1) Z0

1 + Z0
2 − 3Z0

3 = 1 + u2 and W 0
3 +W 0

4 − 6W 0
1 = 1 + v4.

(I2) With A = u3 − u4, K2 = Ap334 − 4u4p
3
45, B = v1 − v2 and K1 = 4Bp312 − 4v2p

3
25,

Φ := Z2
4 − Z2

3 = A(W 0
1 −W 0

3 )− 4u4W
0
1 +K2(1 + v4),

Ψ := W 2
2 −W 2

1 = B(Z0
3 − Z0

1 )− v2Z
0
3 +K1(1 + u2).

(I3) The rows Z0
k , D12, D15, D25 involve only u2, v1, v2, p12, p15, p25 (wing 1 ), and the rows

W 0
k , D34, D35, D45 only u3, u4, v4, p34, p35, p45 (wing 2 ). The parts Z2

k , hence Φ, involve
only the unknowns of wing 2, and the parts W 2

k , hence Ψ, only those of wing 1.

5.2. Leading solutions, rank and kernel. By (I0) and (I3), G0 = 0 splits into three blocks.
In wing 1, (I1) gives u2 = −1. Then Z0

3 = 0 forces p25 = ε1p15 with ε31 = 1, and we put g1 = p15.

The rows D15 and D25 determine v1 = g−2
1 and v2 = −ε1g

−2
1 . With h1 = p12/g1, the row D12

yields h21 = 1/(2(1 + ε1)). Then Z0
1 = 1 − g31(4 + 8h31), so g31(4 + 8h31) = 1, and Z0

2 = 0 follows

from (I1). In wing 2, in the same way, v4 = −1, p45 = ε2g2 with g2 = p35 and ε32 = 1, u3 = g−2
2 ,

u4 = −ε2g
−2
2 , p34 = h2g2 with h22 = 1/(2(1 + ε2)), and g32(4 + 2h32) = 1. The cross rows force

q213 = q224 = −1 and q214 = q223 = 1.
If ε = 1, then h = ±1

2 . If ε ̸= 1, then 1 + ε = −ε2, h2 = −ε/2 and h3 = ± i
2
√
2
. So

4 + 8h31 ∈ {4 ± 1, 4 ± 2
√
2 i} and 4 + 2h32 ∈ {4 ± 1

4 , 4 ± i√
2
} are nonzero, each wing has

3 · 2 · 3 = 18 solutions (ε, h, g), and there are 18 · 18 · 16 = 5184 leading solutions.
Rank. In wing 1 we use the unknowns (x, e,X1, X2, h, g) with u2 = x, p15 = g, p25 = eg,

p12 = hg, v1 = X1/g
2 and v2 = X2/g

2, and the functions

1 + x, 1 + xe3 = Z0
3/(−4g3), X1 − 1 = D15,

e2xX2 − 1 = D25, h2(1− x)(X1 −X2)− 1 = D12, Z0
1 .

At a leading solution their Jacobian matrix is lower triangular with the diagonal entries 1, −3e2,
1, −e2, 2/h and −3/g, by 4h(1 + ε) = 2/h and −3g2(4 + 8h3) = −3/g. These functions come
from (Z0

1 , Z
0
2 , Z

0
3 ) by a row operation of determinant 1 and the unit factor −1/(4g3). Wing 2 is

the same, with (v4, e, U3, U4, h, g), u3 = U3/g
2, u4 = U4/g

2, and the functions W 0
3 +W 0

4 − 6W 0
1 ,

W 0
1 /(−g3), D35, D45, D34, W

0
3 . The cross rows D0

13, D
0
14, D

0
23, D

0
24 involve the cross unknowns,

u2 and v4 only, with the diagonal entries −2q13, −2q14v4, −2q23u2, −2q24u2v4. So, for the set R
of all rows except Z4 and W2, the matrix J0[R] is block lower triangular with invertible diagonal
blocks, and rank J0 = 16.
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Kernel. By (I0), J0[Z4] = J0[Z3] and J0[W2] = J0[W1], so the left kernel of J0 is spanned by
λ1 = Z4 − Z3 and λ2 = W2 −W1. Since Z3,W1 ∈ R, ηR,n = (λ1 · βn, λ2 · βn). As Z0

4 − Z0
3 ≡ 0,

with Y =
∑

k<n ykT
k, Θ = Z3

4 − Z3
3 and Ξ = Z5

4 − Z5
3 ,

(5.1) λ1 · βn = [Tn−2] Φ(Y ) + [Tn−3] Θ(Y ) + [Tn−5] Ξ(Y ),

and λ2 · βn is the same with Ψ, ΘW = W 3
2 −W 3

1 and ΞW = W 5
2 −W 5

1 .

5.3. The obstruction. We show that at every leading solution some ηR,n with n ≤ 6 is nonzero,
so that by Lemma 2.4 no branch starts there. Let y0 be a leading solution and y1, y2, . . . as in
§2.3. Since G has no term in T , y1 = 0. By (I2), ηR,2 = (Φ(y0),Ψ(y0)) = 0, as W 0

1 , W
0
3 , Z

0
1 , Z

0
3 ,

1 + v4 and 1 + u2 vanish at y0.
Multipliers. By (I1) and (I2), Φ = aW1W

0
1 + aW3W

0
3 + aW4W

0
4 as functions, with aW1 =

A− 4u4 − 6K2, aW3 = −A+K2 and aW4 = K2. At y0, using 1/g22 = g2(4 + 2h32),

aW1 = 4g2(1− ε2)(1− h32), aW3 + aW4 = 4g2(ε2 − 1).

Likewise Ψ = bZ1Z
0
1 + bZ2Z

0
2 + bZ3Z

0
3 , and at y0

bZ3 = 4g1(1− ε1)(1− h31), bZ1 + bZ2 = 4g1(ε1 − 1).

Since the W 0
j vanish at y0 and W1,W3,W4 ∈ R, ∇Φ · yn = −

∑
j aWjβn[Wj ], and likewise

∇Ψ · yn = −
∑

j bZjβn[Zj ].

The vector β2 = G2(y0). Its entries are β2[W1] = β2[W2] = −4g1(1 − ε1)(1 − h31), β2[W3] =
β2[W4] = −4g1(1 − ε1), β2[Z1] = β2[Z2] = −g2(1 − ε2), β2[Z3] = β2[Z4] = −g2(1 − ε2)(1 − h32),
β2[D13] = −(u3 + v1), β2[D14] = v1 − u4, β2[D23] = u3 − v2, β2[D24] = v2 + u4, and 0 on the
edge rows.

Order 3. ηR,3 = (Θ(y0),ΘW (y0)). As q313 = −q13, q
3
14 = q14, q

3
23 = q23, q

3
24 = −q24 and

u2 = v4 = −1,
ηR,3 = Σ(4, 1), Σ = q13 + q14 + q23 + q24.

Since q13, q24 ∈ {±i} and q14, q23 ∈ {±1}, Σ = 0 if and only if q23 = −q14 and q24 = −q13.
Order 4 (Σ = 0). Here ηR,4 = (∇Φ · y2,∇Ψ · y2) = c (4, 1) with

c = −4g1g2(1− ε1)(1− ε2)
[
h31 + h32 − h31h

3
2

]
.

If ε1, ε2 ̸= 1, then h3j = sj
i

2
√
2
with sj = ±1, and the bracket is i(s1+s2)

2
√
2

+ s1s2
8 ̸= 0.

Order 5 (Σ = 0, exactly one εj = 1). Write a = q13 ∈ {±i} and b = q14 ∈ {±1}, so that
q23 = −b, q24 = −a and a± b ̸= 0.

• β3 = G3(y0) is (a − b)(1, 1,−4,−4) on the rows Zk, −(a + b)(1, 1,−4,−4) on the rows
Wk, and 0 on the rows Dkl.

• By (I1), y2,u2 = g2(1− ε2)(3h
3
2 − 1), y2,v4 = 8g1(1− ε1)(3h

3
1 − 2), y3,u2 = −14(a− b) and

y3,v4 = −14(a+ b).
• ∇Φ · y3 = 4P with P = (a + b)g2(1 − ε2)(5 − h32), and ∇Ψ · y3 = 4Q with Q =
(a− b)g1(1− ε1)(5− 4h31).

• At y0, ∇Θ = 12(eq13 + eq14 + eq23 + eq24) + 4(a + b)eu2 and ∇ΘW = 3(eq13 + eq14 +
eq23 + eq24) + (a − b)ev4 , where eq is the unit vector of the coordinate q. Moreover
Ξ(y0) = −4(a+ b)U and ΞW (y0) = −(a− b)V , where U = u3 + u4 = (1− ε2)g2(4 + 2h32)
and V = v1 + v2 = (1 − ε1)g1(4 + 8h31). Hence U − y2,u2 = g2(1 − ε2)(5 − h32) and
V − y2,v4 = 4g1(1− ε1)(5− 4h31).

• The cross rows of R determine y2,p13 = a(u3 + v1)/2, y2,p14 = b(y2,v4 + u4 − v1)/2,
y2,p23 = b(u3 − v2 − y2,u2)/2 and y2,p24 = −a(y2,u2 + y2,v4 − v2 − u4)/2, whose sum is

S2 =
a+b
2 (U − y2,u2) +

a−b
2 (V − y2,v4) =

P
2 + 2Q.
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By (5.1), λ1 ·β5 = ∇Φ ·y3+∇Θ ·y2+Ξ(y0) = 4P +12S2−4(a+ b)(U −y2,u2) = 12S2, and in the
same way λ2 ·β5 = 3S2. Thus ηR,5 = 3S2 (4, 1). If ε1 = 1 ̸= ε2, then Q = 0 and ηR,5 =

3
2P (4, 1).

If ε2 = 1 ̸= ε1, it is 6Q (4, 1). Both are nonzero, since a± b ̸= 0, |h32| < 5 and |4h31| < 5.
Order 6 (Σ = 0, ε1 = ε2 = 1). Now β2 vanishes on all wing rows, so the wing part of y2 is 0,

and U = V = S2 = 0. By (I3), β4 also vanishes on the wing rows, so ∇Φ · y4 = ∇Ψ · y4 = 0,
and the quadratic terms of Φ and Ψ in y2 vanish. The cross rows determine y3,p13 = 0, y3,p14 =
by3,v4/2 = −7ab− 7, y3,p23 = −by3,u2/2 = 7ab− 7 and y3,p24 = −a(y3,u2 + y3,v4)/2 = −14, with
the sum S3 = −28. So

λ1 · β6 = ∇Θ · y3 = 12S3 + 4(a+ b)y3,u2 = −224, λ2 · β6 = 3S3 + (a− b)y3,v4 = −56,

and ηR,6 = −56 (4, 1).

Proof of Theorem 5.1. Every leading solution has ηR,n ̸= 0 for some n ≤ 6: for n = 3 at the
3888 leading solutions with Σ ̸= 0, for n = 4 at the 576 with Σ = 0 and ε1, ε2 ̸= 1, for n = 5 at
the 576 with Σ = 0 and exactly one εj = 1, and for n = 6 at the remaining 144. By Lemma 2.4
no branch has such a leading solution, and by Lemma 2.3 a place of the stated kind would yield
one. □

Theorem 5.1 is contained in the statement of Chen and Tong that at positive masses no curve
has a place of diagram 6 [2, Theorem 9.10].

6. Two lemmas on triangles

Lemma 6.1. Let P be a singular place of diagram 5 of an irreducible curve C ⊆ Ym, with
zw-triangle T . Let z◦t , w

◦
t be the coefficients of the positions of the bodies t ∈ T at the exponent

1, defined up to a common translation. Then w◦
tt′ = b z◦tt′ for some b ̸= 0, the leading coefficients

of the ptt′ are p◦tt′ = stt′b
−1/2/z◦tt′ with signs stt′ = −st′t, and for every t ∈ T

(Ct)
∑

t′∈T\t

mt′stt′

(z◦tt′)
2
= 0.

If the masses of T are (1, 4, 4), the light body is the midpoint of the other two, in z◦ and in w◦.
If the masses of T = {M,h,L} are (9, 36, 4), then z◦L − z◦M = 1

3(z
◦
h − z◦M ), and likewise in w◦.

Proof. The first assertion is proved as in [1, §5.3]. The pairs of T are zw-edges, with ζ = ω = 1,
so e(ztt′) = e(wtt′) = 1 and e(Ztt′) = e(Wtt′) = −2. No body is circled, and the only strokes are
those of T . In the equation zt =

∑
l ̸=tmlZtl of a body t ∈ T , the left side and the terms with

l /∈ T have exponents larger than −2. Comparing the coefficients of the exponent −2, we obtain
(Ψz◦)t = 0, where (Ψξ)t =

∑
t′∈T mt′(p

◦
tt′)

3(ξt − ξt′). In the same way Ψw◦ = 0, and Ψ⊮ = 0.

The matrix Ψ is not zero, so ⊮, z◦, w◦ are linearly dependent in C3. Since w◦
tt′ ̸= 0, it follows

that w◦
tt′ = b z◦tt′ with b ̸= 0. The rows Dtt′ become (p◦tt′)

2b (z◦tt′)
2 = 1, which proves the formula

for p◦tt′ , with antisymmetric signs since ptt′ is symmetric and z◦tt′ is antisymmetric. Substituting
it into Ψz◦ = 0, we obtain (Ct).

For the masses (1, 4, 4) let l be the light body and h, h′ the others, and normalize z◦lh = 1,
z◦lh′ = ρ. Then (Cl) reads ρ2 = ±1, and (Ch) reads (ρ − 1)2 = ±4. Among ρ ∈ {±1,±i} only
ρ = −1 satisfies the second condition, since (±i − 1)2 = ∓2i and ρ = 1 would give z◦hh′ = 0.
So z◦lh = −z◦lh′ . For the masses (9, 36, 4) normalize z◦M = 0, z◦h = 1, z◦L = ρ. Then (CM ) reads

ρ2 = ±1
9 , and (Ch) reads (1 − ρ)2 = ±4

9 . Among ρ ∈ {±1
3 ,±

i
3} only ρ = 1

3 satisfies the second
condition. In both cases the statement for w◦ follows from w◦

tt′ = b z◦tt′ . □

Lemma 6.2. No singular place of an irreducible curve C ⊆ Ym has diagram 7 with a z-triangle
or a w-triangle of three equal masses.
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Proof. By the colour exchange σc we may assume that the triangle of equal masses is the z-
triangle 125. By Lemma 2.1(b) the type is v7(a, b) with 0 < a, b < 1: x = a on 125, x = b on 345
and x = 3

2(a+ b)−2 on the cross pairs, where (ζ, ω) = (3a−2, 3b−2) [8, Appendix A]. By (O3),

(ζ, ω) = (3a−2, 2−a) on the pairs of 125, so there e(Z) = −2 and e(W ) = −1
2(3ζ+ω) = 2−4a.

On the cross pairs e(Z) = 4− 3
2a− 9

2b and e(W ) = 4− 9
2a− 3

2b, and

(6.1) 4− 3
2a− 9

2b > −2, 4− 9
2a− 3

2b > 2− 4a,

because a + 3b < 4. There are no circles. By (6.1), the coefficients of the exponent −2 in the
equations of bodies 1 and 2 therefore yield Z◦

12 : Z◦
25 : Z◦

51 = m5 : m1 : m2. We write the
leading coefficients of w12, w25, w51 as κα/m5, κβ/m1, κγ/m2. From p2klzklwkl = 1 we have
zkl = 1/(w3

klZ
2
kl) and Wkl = 1/(z2klw

2
klZkl). We obtain three relations.

(L) w12 + w25 + w51 = 0 gives α/m5 + β/m1 + γ/m2 = 0.
(C) z12 + z25 + z51 = 0 becomes m5/α

3 +m1/β
3 +m2/γ

3 = 0.
(Q) In w12 = (m1+m2)W12+m5(W15−W25)+ (cross terms), the left side has the exponent

2− a > 2− 4a, and the cross terms have larger exponents than 2− 4a by (6.1). Hence
(m1 +m2)α

4/m5 = m5(β
4/m1 + γ4/m2).

Let the three masses be equal, and let e1, e2, e3 be the elementary symmetric functions of
α, β, γ. Then (L) gives e1 = 0. Multiplied by (αβγ)3, (C) reads (αβ)3 + (βγ)3 + (γα)3 =
e32 − 3e1e2e3 + 3e23 = e32 + 3e23 = 0. By Newton’s identities with e1 = 0, α4 + β4 + γ4 = 2e22,
so (Q) reads 3α4 = 2e22. If e2 = 0, then e3 = 0 and α = β = γ = 0, which is impossible.
Otherwise, since the relations are homogeneous, we may take e2 = −3. Then e23 = 9 and α4 = 6.
From α3 = 3α + e3 we get 3α2 + e3α = 6, and multiplying by α and using the cubic again,
e3α

2+3α+3e3 = 0. Eliminating α2, we obtain (9−e23)α+15e3 = 0, so e3 = 0, which contradicts
e23 = 9. □

7. Proofs of Theorems 1.1 and 1.2

In this section A = (1, 4, 4, 4, 4) and B = (1, 1, 4, 4, 4), up to positive scaling and permutation
of the bodies (§2.1). At A we write L for the body of mass 1 and h, h′ for heavy bodies. At B
we write l, l′ for the bodies of mass 1 and h, h′, h′′ for the heavy ones. We use the numbering of
the bodies of [1, Fig. 11] for each diagram, so that a labelling assigns the masses to the bodies
1, . . . , 5 of the figure.

7.1. The mass conditions. The conditions of [1, §8] that we use are (23) for diagrams 1, 4
and 5 on the triangle T = {3, 4, 5}, (29) for diagram 3, (32) for diagram 6, (36) for diagram 10
and (40) for diagrams 8, 12 and 13 [8, §2.6 and proof of Theorem 3.12] and Lemma 2.1(c). For
diagram 11, [1, §§8.10–8.13] derive both (36) and (40), but we use only that one of them holds.

They are evaluated directly from 1−1/2 = 1 and 4−1/2 = 1
2 .

Lemma 7.1. (a) Condition (23), one of m
−1/2
3 ,m

−1/2
4 ,m

−1/2
5 being the sum of the other

two, holds if and only if the masses of T are 1, 4, 4: at A if and only if L ∈ T , and at B
if and only if T = {l, h, h′}. Condition (36) is the same condition on {1, 2, 5}.

(b) Condition (29), m1m3 = m2m4 for diagram 3 with centre 5 and diagonals 13, 24, holds
at A if and only if the centre is L, and at B if and only if the centre is heavy and the
diagonals are {l, h} and {l′, h′}.

(c) Condition (32), m1 = m2 and m3 = m4 for diagram 6 with centre 5 and wings {1, 2, 5},
{3, 4, 5}, holds at A if and only if the centre is L, and at B if and only if the centre is
heavy and the two light bodies lie in one wing.

(d) Condition (40), m2
5(m1 +m2)

4 = m3
1m

3
2, holds if and only if body 5 is light and bodies 1

and 2 are heavy.
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Proof. (a) 1
2 = 1

2 + 1
2 fails, 1 = 1

2 + 1
2 holds, and 1 = 1 + 1

2 fails. (b) and (c) follow by
comparing the masses of the two diagonals or of the two wings. (d) The condition holds for
(m5;m1,m2) = (1; 4, 4), since 84 = 46, and fails for (4; 4, 4), (1; 1, 4), (4; 1, 4) and (4; 1, 1):
16 · 84 ̸= 46, 54 ̸= 43, 16 · 54 ̸= 43 and 16 · 24 ̸= 1. □

7.2. Two functionals. The proofs of Theorems 1.1 and 1.2 apply Lemma 2.2 to the following
functionals. At A let s1(x) be the sum of the coordinates xkl over the four pairs that contain L
and s2(x) the sum over the six heavy pairs, and put

f = 3s1 − 2s2.

At B let c(x) be the sum over the six pairs of a light and a heavy body, w(x) the sum over the
three heavy pairs, and put

φ = c− w − 2xll′ .

With these coefficients, f is negative on the types of diagram 3 with centre L, zero on the type
of diagram 16 and positive on every other type that is not excluded, and φ is positive on every
type that is not excluded. The next proposition lists their values on the types of singular places.
It uses Lemma 2.1(b) for the types and [8, Lemma 3.6] for diagrams 1 and 4. In the table, a,
b, c and t are the parameters of the types in Lemma 2.1(b), with 0 < a, b < 1, 0 < c < 1 for
diagram 10, 0 ≤ c < 1 for diagram 14, and 0 < t < 1. For diagram 14, j is the isolated body,
and the three values are those of uc(j), of σk(j)(t) with k = L, resp. k light, and of σk(j)(t) with
k heavy.

Proposition 7.2. Let C be an irreducible curve in YA, resp. YB, and P a singular place of
C with a diagram other than 5. Then the diagram and the labelling of P are among those of
Table 1, and f(x(P )), resp. φ(x(P )), is as listed. Diagrams 2, 9 and 15 do not occur.

Proof. By Lemma 2.1(c), Proposition 7.1, Theorem 5.37 and Corollary 5.19 of [8] exclude dia-
grams 2, 9 and 15. By Lemma 7.1 the labellings are those of the table, except for diagram 7,
for which we use no condition. At A the wing of a diagram 7 with a heavy centre that does
not contain L consists of three heavy bodies, and at B the wings of a diagram 7 with a heavy
centre either are {h, l, h′} and {h, l′, h′′} or include a wing of three heavy bodies. We obtain the
values by evaluating f and φ on the types. For example, diagram 1 at A has the type x = a on
T = {L, h, h′}, x = 0 on the other pair and x = 3

2a − 2 on the six pairs between them, by [8,
Lemma 3.6]. So s1 = 5a − 4, s2 = 7a − 8 and f = a + 4. At a place of diagram 14 with j = L
at A, or with j light at B, the cluster has the masses (4, 4, 4, 4), resp. (1, 4, 4, 4), so its leading
coefficients would solve K14(1, 1, 1, ν) with ν = 1, resp. ν = 1

4 , up to scaling and relabelling

(§2.2). For diagram 3 at B, [8, Theorem 3.9] and Lemma 2.1(c) require that one of m
−3/2
l = 1,

m
−3/2
h = 1

8 and m−1
s M

−1/2
Qs

= 1
4
√
10

be the sum of the other two, where s is the centre. None of

them is. □

7.3. Diagram 5. At a place of diagram 5 the bodies A, B outside the zw-triangle T have no
strokes. So each of them is in one of the modes of Lemma 2.1(b) relative to T : F with parameter
c, Z1 with parameter ω̄, Zst0 with parameters s and ω̄, and their mirrors W1 and Wst0 , where
c < 1, ω̄ < 1, 1 < s < 2, s+ ω̄ < 2, 2s+ ω̄ < 3 and 2s+ 3ω̄ < 5.

Lemma 7.3. At a place of diagram 5 at A, f(x(P )) > 0.

Proof. By Lemma 7.1(a), T = {L, h, h′}, and the other two bodies a, b are heavy. Then

f = 4 + ga + gb − 2xab, gX = 3xXL − 2xXh − 2xXh′ .



COMPLEX SOLUTION SETS AT SPECIAL MASSES 19

diagram and labelling value excluded by

at A, the value of f
1; 4: L ∈ T a+ 4; 5
3: centre L −16 Corollary 4.3, unless C ⊆ CA

6: centre L 16
7: centre L 16− 8(a+ b)
7: heavy centre Lemma 6.2
8: centre L 16− 8a
10: L ∈ {1, 2}; centre L 3− 3c; 8− 8c
11–13: L ∈ {1, 2} (diagram 11); centre L 3; 8
14: j heavy 3− 3c; 3 + 3t; 3 + t

2

14: j = L Lemma 2.1(c), [8, Lemma 9.5],
ν = 1

16 0, and
∑

k<l xkl = 10

at B, the value of φ
1; 4: T = {l, h, h′} 2− a

2
; 3

2

3: heavy centre, diagonals {l, h}, {l′, h′} Lemma 2.1(c), [8, Theorem 3.9]
6: heavy centre, both light bodies in one
wing

Theorem 5.1

7: heavy centre, a wing of three heavy
bodies

Lemma 6.2

7: heavy centre, wings {h, l, h′}, {h, l′, h′′} 2− a+b
2

7: light centre a or b
8: light centre a
10: heavy centre, {1, 2} = {l, h′}; light
centre

3
2
− c

2
; 1

11–13: heavy centre, {1, 2} = {l, h′}
(diagram 11); light centre

3
2
; 1

14: j heavy 1; 1 + t
2
; 1− t

2

14: j light Lemma 2.1(c), [8, Lemma 9.5],
ν = 1

4

16 1

Table 1. The values of f at A and of φ at B on the types of singular places, by
diagram and labelling. The last column names the result that excludes the place.

In the modes F, Z1, ZsL and Zsh, gX equals −c, −1+ω̄
2 , 3s−4−ω̄

2 and 1−2s−ω̄
2 , and the mirror

modes give the same values. Each of these is larger than −1, by c < 1, ω̄ < 1, s > 1 and
2s+ ω̄ < 3. Since xab ≤ 1 by (O1), f > 0. □

Lemma 7.4. At a place of diagram 5 at B, φ(x(P )) > 0.

The proof, a case analysis over the modes of the two outer bodies, is given in Appendix A.

7.4. The proofs.

Proof of Theorem 1.1. Let C ⊆ YA be an irreducible curve that is not one of the 36 curves of
CA. By Corollary 4.3, no singular place of C has diagram 3. By Proposition 7.2 and Lemma 7.3,
f(x(P )) ≥ 0 at every singular place P , with equality only for diagram 16, where

∑
k<l xkl = 10.

This contradicts Lemma 2.2, applied to (f,
∑

k<l xkl). Hence every irreducible curve in YA is
one of the 36 curves.

Let Z be an irreducible component of YA of dimension at least 2. The 36 curves meet Z
in a proper closed subset. Through a point of Z outside them there is an irreducible curve in
Z, which is not one of the 36, a contradiction. Therefore every irreducible component of YA is
one of the 36 curves or a point, and YA = CA ∪ F with F finite. By Theorem 3.1 the curves
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are pairwise disjoint, 18 of genus 3 and 18 rational. By §3.1 they contain the modified Roberts
continuum, and by Proposition 3.2 no point of them corresponds to a positive normalized central
configuration. □

Proof of Theorem 1.2. Let C ⊆ YB be an irreducible curve. By Proposition 7.2 and Lemma 7.4,
φ(x(P )) > 0 at every singular place P of C. This contradicts Lemma 2.2. Hence YB contains
no irreducible curve, and it is finite. □

8. The mass point P1

In this section m = P1 = (9, 36, 36, 36, 4), which is enough by scaling and relabelling (§2.1).
We write M for the body of mass 9, h, h′, h′′ for the bodies of mass 36, and L for the body of
mass 4. Let C ⊆ Ym be an irreducible curve on which U ̸≡ 0. Then all results of [8] apply to
C, in particular [8, Lemma 3.3], the types of [8, Table 1] with the ranges given there, and [8,
Theorem 3.12] with [8, Table 2] for diagram 7. We show that no such curve exists. We use the
labels of [8, §3.4] for the conditions of [1, §8]: E(T ) is condition (23) on a triangle T , H(D1|D2)
is the product condition (29) for the diagonals D1, D2, D6(ab|cd) is condition (32), ma = mb

and mc = md, and R(ab; s) is the condition m2
s(ma +mb)

4 = m3
am

3
b of (40).

Lemma 8.1. With xi = m
−1/2
i , that is xM = 1

3 , xh = 1
6 , xL = 1

2 :

(a) E(T ) holds if and only if M ∈ T ;
(b) H(D1|D2) holds for no centre and no diagonals, and D6(ab|cd) for no disjoint pairs;
(c) R(ab; s) holds if and only if s = M and a, b are heavy.

Proof. (a) 1
3 = 1

6 + 1
6 on {M,h, h′} and 1

2 = 1
3 + 1

6 on {M,h,L}. On {h, h′, h′′}, 1
6 ̸= 1

3 , and

on {h, h′, L}, 1
2 ̸= 1

3 and 1
6 ̸= 2

3 . (b) For the centre L the products of the pairs are 9 · 36 and

362, for the centre M they are 36 · 4 and 362, and for a heavy centre 9 · 36 and 36 · 4, or 9 · 4
and 362. Only the heavy bodies have equal masses, and they do not form two disjoint pairs. (c)
R(hh′;M) holds, since 81 · 724 = 366. Up to permutations of the heavy bodies the other labels
are R(hh′;L), R(Mh;L), R(Mh′;h), R(h′h′′;h), R(h′L;h), R(ML;h) and R(hL;M), and they
fail: 16 · 724 ̸= 366, 16 · 454 ̸= 93 · 363, 362 · 454 ̸= 93 · 363, 362 · 724 ̸= 366, 362 · 404 ̸= 363 · 43,
362 · 134 ̸= 93 · 43 and 81 · 404 ̸= 363 · 43. □

As in §7, we apply Lemma 2.2, now to the functionals

f1 = sMH − sHH , g = 3
2xML − sHH ,

where sMH is the sum of the coordinates xkl over the three pairs Mh and sHH the sum over the
three pairs of heavy bodies.

Proposition 8.2. Let P be a singular place of C with a diagram other than 5. Then f1(x(P )) ≥
0, with equality only at places of diagram 10 or 11 whose zw-triangle is {h,M,L}, with centre
h. At these places g(x(P )) = 3

2 − 3c ≥ 1
2 for diagram 10 and g(x(P )) = 3

2 for diagram 11.

Proof. Diagrams 2, 9 and 15 do not occur by [8, Proposition 7.1, Theorem 5.37 and Corol-
lary 5.19], and diagram 16 does not occur by [8, Lemma 3.3]. By Lemma 8.1(b) and [1, §8],
diagrams 3 and 6 do not occur. A place of diagram 14 with isolated body M , resp. L, would give
a solution of K14 at the cluster masses (36, 36, 36, 4), resp. (9, 36, 36, 36), that is, of K14(1, 1, 1, ν)
with ν = 1

9 , resp. ν = 1
4 , up to scaling and relabelling [8, Theorem 3.13]. By [8, Lemma 9.5]

neither exists. For diagram 7 with centre h and wings {h,M,L}, {h, h′, h′′}, Lemma 6.2 applies.
On the remaining types, f1 takes the following values, by Lemma 8.1, [8, Table 1, Lemma 3.6
and Table 2] and the conditions of §7.1. We write a′, b′ for the parameters of diagram 7, LA for
the line 4a′ + 3b′ = 4 and LB for 3a′ + 4b′ = 4.
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• Diagram 1: f1 = 4−a
2 for T = {M,h, h′} and f1 = a for T = {M,h,L}, with 0 < a < 1.

Diagram 4: f1 =
3
2 , resp. 1.

• Diagram 7 with centre M and wings {M,h, h′}, {M,h′′, L}, where we write A for the
z-wing and B for the w-wing: the labels E(A), E(B) hold, and R holds on the wing of
three bodies M,h, h′ only. By [8, Table 2] the type lies on or above LA, resp. LB, if that
wing is the z-wing, resp. the w-wing, and f1 = 4− 2(a′ + b′) ≥ 4

3 , as a
′ + b′ ≤ 4

3 .
• Diagram 7 with centre L and wings {L,M, h}, {L, h′, h′′}, or with centre h and wings
{h,M, h′}, {h, h′′, L}: only the label E of the wing that contains M holds. If it is the
z-wing, the type lies on LB strictly above LA, so a′ > 4

7 and f1 = a′ − b′ = 7
4a

′ − 1 > 0.
If it is the w-wing, the mirror statement shows that f1 = b′ − a′ > 0.

• Diagram 8: by (40) the centre is M and bodies 1 and 2 are heavy, and f1 = 4− 2a > 0.
• Diagrams 10 and 11: by (36), resp. (36) or (40), the zw-triangle {1, 2, 5} contains M .
With 0 ≤ c ≤ 1

3 , and c = 0 for diagram 11, f1 is 0 if the zw-triangle is {h,M,L} with
centre h, 1− c if the centre is L or the zw-triangle is {M,h, h′} with a heavy centre, and
2− 2c if the centre is M . In the first case xML = 1 and sHH = 3c, so g = 3

2 − 3c.
• Diagrams 12 and 13: by (40) the centre is M and bodies 1 and 2 are heavy, and f1 = 2.
• Diagram 14 with a heavy isolated body: f1 ≥ 1 on u0(h) and on every σk(h)(t).

These values are nonnegative, and zero only in the stated case. □

Lemma 8.3. At a place of diagram 5 of C, f1(x(P )) > 0.

The proof is a case analysis over the modes of the two outer bodies, like that of Lemma 7.4,
and we give it in Appendix B.

Proof of Theorem 1.3. By scaling and relabelling we may take m = P1. Suppose that C ⊆ Ym
is an irreducible curve with U ̸≡ 0. By Proposition 8.2 and Lemma 8.3, f1(x(P )) ≥ 0 at every
singular place P of C, and g(x(P )) > 0 where f1(x(P )) = 0. This contradicts Lemma 2.2.
Hence U ≡ 0 on every irreducible curve in Ym. □

Theorem 1.3 says that P1 is settled. The points of Ym with U ̸= 0 form a finite set: every
irreducible component of Ym of positive dimension is a union of irreducible curves, on each of
which U ≡ 0. The positive normalized central configurations lie in this finite set, since U > 0
there.

9. Places of diagrams 1 and 4

In this section m ∈ (R>0)
5 is arbitrary and C ⊆ Ym is an irreducible curve. At a place of

diagram 1 or 4 with triangle T , condition (23) of [1] is E(T ), a hypersurface in the masses. The
torque identity of [1, §5.0] yields a second relation, which also involves the masses of the other
two bodies.

We use the polynomials

Aa = s6(s+ 2)(1− s)(1 + s)6, Ab = (2s+ 1)(1− s)(1 + s)6, Ac = s6(s+ 2)(2s+ 1),

and P14 = Ac −Aa −Ab and P28 = (Ab −Aa −Ac)
2 − 4AaAc, which lie in Z[s] and have degrees

14 and 28. Let

Ξ(X) =
28∑
k=0

c2kX
2k, c56−2k = c2k,
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with

(c0, c2, . . . , c8) = (1, 40, −926, −23224, 512795),

(c10, c12, . . . , c18) = (−2049680, −31884, 8113392, −28533847, −13730312),

(c20, c22, . . . , c28) = (36197566, 13354904, 15851835, −139882848, −47991080).

Lemma 9.1. †

(a) In (0, 1) the polynomial P14 has exactly one root s1, P28 has exactly two roots s2 < s3,
and Aa −Ab −Ac has none. The roots lie in the intervals

s1 ∈ [0.976893651953910, 0.976893651953911],

s2 ∈ [0.837339342761276, 0.837339342761277],

s3 ∈ [0.988353917708555, 0.988353917708556].

(b) Ress
(
P14, Ab(X

2 − 1)2 − 4X2Aa

)
= −81Ξ, and Ξ is irreducible over Q.

(c) Let y1 = Aa(s1)/Ab(s1) = s61(s1 + 2)/(2s1 + 1) and ξ1 =
√
y1 +

√
1 + y1. Then ξ1 is the

only root of Ξ in (1,∞), and ξ1 ∈ [2.3055544026389899254, 2.3055544026389899255]. In
particular, ξ1 is algebraic of degree 56.

Proof. (c) Since 1/ξ1 =
√
1 + y1 − √

y1, we have (ξ1 − 1/ξ1)
2 = 4y1, so Ab(s1)(X

2 − 1)2 −
4X2Aa(s1) vanishes at X = ξ1. As P14 is monic, the resultant of (b) is the product of the
polynomials Ab(σ)(X

2 − 1)2 − 4X2Aa(σ) over the roots σ of P14. Hence Ξ(ξ1) = 0, and ξ1 > 1.
The other statements are exact computations over Q: the resultant and the factorization of Ξ
over Q; the numbers of roots of P14, P28 and Aa −Ab −Ac in (0, 9

10) and in ( 9
10 , 1), and of Ξ in

(1,∞), counted by Sturm sequences; and the signs at the ends of the stated intervals. □

Theorem 9.2. Let P be a singular place of C of diagram 1 or 4, with triangle T , and let {d, e}
be the complement of T .

(a) The leading coefficients of the pkt satisfy
∑

k∈{d,e}
∑

t∈T mkmt p̂kt = 0.

(b) E(T ) holds. Write T = {a, b, c} with xc = xa+xb, where xt = m
−1/2
t , and ma ≤ mb, and

put s = xb/xa. Then s < 1, and either s = s1 and me/md ∈ {ξ2/31 , ξ
−2/3
1 }, or s ∈ {s2, s3}

and md = me.

In terms of the masses, the conditions of (b) say that (ma,mb,mc,md,me) is a positive
multiple of

(λ, λs−2, λ(1 + s)−2, 1, θ), λ > 0, (s, θ) ∈
{
(s1, ξ

2/3
1 ), (s1, ξ

−2/3
1 ), (s2, 1), (s3, 1)

}
,

where ξ
2/3
1 = 1.745220274547 . . . . Thus at positive masses the places of diagrams 1 and 4 occur

only for masses on finitely many curves in the projective space of masses, three up to relabelling
of the bodies, while E(T ) defines a hypersurface. In particular, no such place exists if two
masses of T are equal. This is the case at (1, 4, 4, 4, 4) and (1, 1, 4, 4, 4), where E(T ) holds only
for triangles with the masses 1, 4, 4.

Proof. We write a′ for the parameter a of the type of a place of diagram 1 [8, Table 1], to keep
a for a body, and put a′ = 1 for diagram 4. Let µ = 3a′− 2, so that µ ≤ 1. After an exchange of
the colours if necessary, de is a z-edge with z-circles d and e, and T is a w-triangle (diagram 1)
or a zw-triangle (diagram 4) without circles. By Lemma 2.1(b), [8, Lemma 3.6] and (O3), (O6),
(ζkl, ωkl) is (2 − a′, µ) on the pairs of T , (−2, µ) on the six pairs kt with k ∈ {d, e} and t ∈ T ,
and (−2, 2) on de. Since d and e are z-circled and no body of T is, e(zd) = e(ze) = −2 < e(zt)
for t ∈ T [8, Lemma 3.1]. As in the proof of [8, Lemma 3.6], Proposition 1 of [1] with the colours
exchanged shows that e(wd), e(we) ≥ 2, since ωde = 2 > µ = ωte and ζde = ζte = −2. Hence
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e(wt) = µ and ŵt = −ŵdt ̸= 0 for t ∈ T , the leading coefficients of zkt and wkt are ẑk and −ŵt

for k ∈ {d, e}, and the rows Dkt become

(9.1) p̂2kt ẑk ŵt = −1 (k ∈ {d, e}, t ∈ T ).

(a) We multiply the equations zk =
∑

l ̸=k mlp
3
klzkl and wk =

∑
l ̸=k mlp

3
klwkl of [8, (2.1)] by

mkwk and by mkzk, subtract, and sum over k ∈ {d, e}. The terms with l ∈ {d, e} cancel in
pairs, and we obtain the torque identity of [1, §5.0],∑

k∈{d,e}
∑

t∈T mkmtp
3
kt (zkwt − wkzt) = 0.

The terms p3ktzkwt have the exponent 3
2(2 − µ) + µ − 2 = 1 − µ

2 and, by (9.1), the leading

coefficients −p̂kt. The terms p3ktwkzt have larger exponents, as e(wkzt) > 0 > µ − 2 = e(zkwt).
Comparing the coefficients of the exponent 1− µ

2 , we obtain (a).

(b) Let t ∈ T . In the equations zt =
∑

l ̸=tmlZtl and wt =
∑

l ̸=tmlWtl, where Ztl = p3tlztl and

Wtl = p3tlwtl, the terms with l ∈ T have the exponents 2− 4a′ and −2, and those with l ∈ {d, e}
the larger exponents 4 − 9

2a
′ and 4 − 3

2a
′. Also e(wt) = µ > −2 and e(zt) > 2 − 4a′. For the

latter, let zT be the centre of mass of T . Then MT (zt − zT ) =
∑

t′∈T mt′ztt′ has an exponent at

least 2−a′, and MT zT =
∑

t′∈T
∑

k∈{d,e}mt′mkZt′k has an exponent at least 4− 9
2a

′. Comparing

the coefficients of the exponents 2− 4a′ and −2, we obtain∑
t′∈T\{t}mt′Ẑtt′ =

∑
t′∈T\{t}mt′Ŵtt′ = 0,

which are the relations (21) and (22) of [1]. We conclude as in [1, §5.3]. Writing T = {a, b, c},
these relations say that Ẑab/mc = Ẑbc/ma = Ẑca/mb, and the same for Ŵ . As Ẑtt′/Ŵtt′ =

ẑtt′/ŵtt′ , there is ρ ̸= 0 with ŵtt′ = ρẑtt′ on the three pairs. Then Ẑ2
tt′ = p̂6tt′ ẑ

2
tt′ = ρ−3ẑ−4

tt′ , so the

numbers mt′′ ẑ
2
tt′ , with t′′ the third body, agree up to sign. Hence ẑbc = λϵaxa, ẑca = λϵbxb and

ẑab = λϵcxc with λ ̸= 0 and ϵ4t = 1, and ϵaxa + ϵbxb + ϵcxc = 0. If ϵb/ϵa = ±i, the imaginary
part of this relation, divided by ϵa, forces ϵc/ϵa = ∓i and xb = xc, and its real part gives xa = 0.
Hence ϵb/ϵa and likewise ϵc/ϵa are ±1, and one of xa, xb, xc is the sum of the other two. This
is E(T ).

We now name the bodies of T as in (b). Since xc = xa+xb, the relation ϵaxa+ ϵbxb+ ϵcxc = 0
forces ϵa = ϵb = −ϵc. After replacing λ by λϵa, ẑtt′ = λ(z0t − z0t′) with z0a = −xb, z

0
c = 0 and

z0b = xa. The centre of mass gives
∑

t∈T mtŵt = 0, as e(wd), e(we) > µ. Hence ŵt = ρλrt with

rt = z0t −
∑

t′∈T mt′z
0
t′/MT , and rt ̸= 0 as ŵt ̸= 0. The relations below are homogeneous in

(xa, xb), and we take xa = 1 and xb = s, so that ma = 1, mb = s−2, mc = (1 + s)−2 and

ra = − 2s+ 1

s2 + s+ 1
, rb =

s2(s+ 2)

s2 + s+ 1
, rc =

(s− 1)(s+ 1)2

s2 + s+ 1
.

So s ̸= 1, that is, s < 1, and then ra, rc < 0 < rb.
The centre of mass also gives mdẑd +meẑe = 0, as e(zt) > −2, so ẑd = meĉ and ẑe = −mdĉ

with ĉ ̸= 0. For real r ̸= 0 we write r−1/2 for |r|−1/2 if r > 0 and for i|r|−1/2 if r < 0. Let K

be a square root of −1/(ĉρλ). By (9.1), p̂dt = ϵdtKm
−1/2
e r

−1/2
t and p̂et = ϵetKm

−1/2
d (−rt)

−1/2

with signs ϵkt = ±1, and (a), divided by Kmdm
−1/2
e , becomes∑

t∈T mt

(
ϵdt r

−1/2
t + ξ ϵet(−rt)

−1/2
)
= 0, ξ = (me/md)

3/2.

With gt = mt|rt|−1/2, its real and imaginary parts are

ϵdbgb + ξ(ϵeaga + ϵecgc) = 0, ϵdaga + ϵdcgc + ξϵebgb = 0.

Their product gives (ϵdaga + ϵdcgc)(ϵeaga + ϵecgc) = σbg
2
b , where σt = ϵdtϵet. If σa = σc, the left

side is σa(ga ± gc)
2, so σb = σa and gb = |ga ± gc|, and the second equation implies ξ = 1. If



24 TEJASVI SINGH TOMAR

σa = −σc, the left side is σa(g
2
a − g2c ), so g2a = g2b + g2c or g2c = g2a + g2b , and in the second case

the second equation gives ξ = (gc ± ga)/gb.
Finally, the formulas for mt and rt yield g2t = (s2 + s+ 1)At(s)/D(s) with D = s6(1− s)(1 +

s)6(2s+1)(s+2) > 0. The three cases are therefore: P28(s) = 0 and ξ = 1; Aa(s)−Ab(s)−Ac(s) =
0; and P14(s) = 0 and ξ±1 = (

√
Ac +

√
Aa)/

√
Ab =

√
y +

√
1 + y with y = Aa(s)/Ab(s). By

Lemma 9.1, the first case leads to s ∈ {s2, s3} and md = me, the second does not occur, and
the third leads to s = s1 and ξ±1 = ξ1. □

The statement of [2, Theorems 5.13 and 8.2] recalled in §1 contains Theorem 9.2. For dia-
gram 4, part (a) appears in their argument as the condition f1 = f2 of [2, Lemma 8.9(a)]. In
their notation the bodies d, e are 1, 2, and the leading coefficient p̂ik corresponds to Dik. With
Si =

∑
k∈T mkDik and [2, Lemma 8.7(a)], the condition f1 = f2 reads m1S1 +m2S2 = 0, which

is (a).

10. Verification

Only the proof of the statement marked †, Lemma 9.1, includes computations. The computa-
tions on which some of the cited results of [8] rest are described and checked in [8, §12]. Table 2
lists the computations of this paper, the software on which they depend, and the computer
checks of the hand proofs. The software is SymPy 1.14.0, FLINT through python-flint 0.9.0 and
mpmath 1.3.0, under Python 3.14. NumPy and SciPy are used only in floating-point steps that
propose certificates or approximate values, which are then checked in exact arithmetic. The
programs, their outputs and the checksums of all files are in the supplementary material.

Appendix A. Diagram 5 at (1, 1, 4, 4, 4)

We prove Lemma 7.4. By Lemma 7.1(a) the zw-triangle is T = {l, h, k} with h, k heavy, and
the outer bodies are A = l′, of mass 1, and B = h′′, of mass 4. Then

φ = 1 + gA + g′B + xAB, gA = xAh + xAk − 2xAl, g′B = xBl − xBh − xBk.

The bodies A and B have no strokes. Each is in one of the modes of Lemma 2.1(b) relative to
T , and subscripts A, B mark the parameters c and s of each body. In a mode in which a body is
near T in z, we write ᾱ, resp. β̄, for its far w-exponent. The values of gA and g′B are as follows;
the mode Zsk gives the values of Zsh, and the modes W1, Wst give those of Z1, Zst:

mode gA g′B

F 0 −cB
Z1 0 − 1+β̄

2

Zsl 1− sA
sB−2−β̄

2

Zsh
sA−1

2 − sB+β̄
2

The colour exchange σc preserves φ and exchanges the modes Z and W. It therefore suffices to
treat the classes F/F, F/Z, Z/F, Z/Z and Z/W, where we write the mode of A first and Z stands
for Z1 or Zs.

Coordinates. Let zc be the centre of mass of T , a = zA − zc and b = zB − zc, with α = e(a)
and β = e(b), and let ā, b̄, ᾱ, β̄ be the analogues in w. In a mode near in z, ᾱ is the far
w-exponent, in agreement with the notation above. By Lemma 6.1, l is the midpoint of h and
k at the leading order, so e(zl − zc) > 1, while zh − zc and zk − zc have the coefficients h1 and
−h1 at the exponent 1. Let a1 be the coefficient of a at the exponent 1. In terms of z, the mode
F means α < 1, Z1 means a1 /∈ {0,±h1}, Zsl means a1 = 0, and Zsh means a1 = h1.

Tools. A function that vanishes identically on C has the exponent +∞; the relations below
hold with this convention.
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statement computation and trusted software checks

Lemma 9.1† resultant (SymPy); factorization over
Q (FLINT); root counts by Sturm
sequences and signs at the ends of the
intervals in exact rational arithmetic
(SymPy)

the root counts again by Descartes’ rule of
signs with bisection, in a separate
implementation; an enclosure of ξ1 in ball
arithmetic from the interval of s1 meets the
interval of the root of Ξ; the displayed
coefficients of Ξ are compared with the
computed ones

Theorem 3.1 hand proof the twenty equations of the system of [1]
vanish on the nine sets C′(ζ1, ζ2) of §3 and
their images under (23) and (34), 27 sets in
all, carried to (1, 4, 4, 4, 4) by the exchange of
bodies 1 and 5 (SymPy)

Lemma 4.1 hand proof the weighted rows recomputed from the
equations; the identities of the proof checked
in SymPy; all 10368 leading solutions lifted in
exact arithmetic over Q(ζ12) to order 7: the
first nonzero obstruction is at order 3 at 9720
of them, at order 4 at 288 and at order 6 at
288, and the remaining 72 are the balanced
ones

§4.1, Lemma 4.2 hand proof the 18 weighted rows vanish identically on the
36 branches; γ 7→ Ỹγ(0) is the stated bijection
(SymPy, exact in Q(ζ12))

Theorem 5.1 hand proof the weighted rows recomputed from the
equations by two programs; the identities
(I0)–(I3) and the rank in exact arithmetic
(SymPy); the leading solutions and the
obstructions of orders 3 to 6 at all 5184
leading solutions, computed modulo a prime
that splits completely in their field of
definition, where a nonzero value proves that
the obstruction does not vanish, and
compared with the closed forms

Propositions 7.2
and 8.2

hand proof the values of f , φ and f1, g on the types, for
every labelling that satisfies the conditions
used, in exact rational arithmetic, with the
minima over the closures of the parameter
ranges

Lemma 8.3 hand proof a branching over the alternatives of the
relations of the place, in which every closed
node carries a dual certificate verified in exact
rational arithmetic

Table 2. The computation used in the proofs, and the checks of the hand proofs.

(R) The equations of A and B: zA = TzA + 4ZAB, wA = TwA + 4WAB, zB = TzB − ZAB,
wB = TwB − WAB, where TzA =

∑
t∈T mtZAt, and likewise for the others. In each

equation the least exponent of the three terms is attained at least twice.
(TS) In the modes Zs one term dominates, so e(TzA) = − sA+3ᾱ

2 and e(TwA) = −3sA+ᾱ
2 . In

the mode F the three terms have the same leading coefficient up to sign and the factor
mt, and ±1± 4± 4 ̸= 0, so the exponents of TzA, TwA are again those of their terms. In
Z1 only the lower bounds e(TzA) ≥ −1+3ᾱ

2 and e(TwA) ≥ −3+ᾱ
2 hold. The same holds

for B.
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(CM) 14zc = −(a+ 4b), 14zA = 13a− 4b and 14zB = −a+ 10b, and the same in w.
(OE) The six forms a, b, a−b, a+4b, 13a−4b and −a+10b are pairwise linearly independent.

Hence at most one of them has an exponent larger than min(α, β).
(LF) If α < β, then e(zA) = e(zB) = e(zc) = ζAB = α, by (CM) and (OE).
(FC) If α < min(1, β), then α ≥ −maxy ωAy, the maximum over y ∈ T ∪ {B}. Indeed, by

(LF) and the far mode, ζAy = α for all y, so every term of the equation of zA has an

exponent at least −1
2(α+ 3maxy ωAy), and so has zA.

Class F/F. Here φ = 1− cB + xAB, with cB = 1
2(β + β̄).

• If α ≥ β and ᾱ ≥ β̄, then ζAB ≥ β and ωAB ≥ β̄, so φ ≥ 1.
• If α < β and ᾱ ≥ β̄, then ζAB = α by (LF). If ωAB ≤ ᾱ, then (FC) shows that α ≥ −ᾱ,

and φ ≥ 1− ᾱ+β
2 > 0. If ωAB > ᾱ, then ᾱ = β̄ by (O5), and (FC) gives α ≥ −ωAB, so

xAB ≥ 0 and φ ≥ 1− cB > 0.
• If α < β and ᾱ < β̄, then (LF) and (FC) in both colours give xAB = cA ≥ 0, so
φ ≥ 1− cB > 0.

• The case α ≥ β, ᾱ < β̄ is the mirror of the second.

Class F/Z. The body B is near in z, so β ≥ 1 > α, and ζAB = α by (LF).

• If ᾱ ≤ β̄, then xAB ≥ 0 by (FC), so φ ≥ 1 + g′B > 0.

• If ᾱ > β̄, then ωAB = β̄. In Z1, φ = 1+α
2 , and α ≥ −ᾱ > −1 by (FC). In Zs, e(wB) = β̄

by (LF) in w, and e(TwB) = −3sB+β̄
2 < e(WAB), so (R) for wB forces β̄ = −sB. Then

(R) for zB shows that e(zB) = e(TzB) = sB ̸= α, contradicting (LF).

Class Z/F. Here ζAB = β and φ = 1 + gA + ωAB−β̄
2 .

• If ᾱ ≥ β̄, then φ ≥ 1 + gA ≥ 2− sA > 0, with sA = 1 in Z1.
• If ᾱ < β̄, then ωAB = ᾱ = e(wA). In Z1, if ᾱ < −1, then e(TwA) ≥ −3+ᾱ

2 > ᾱ and

e(WAB) = −3β+ᾱ
2 > ᾱ, contradicting (R). So ᾱ ≥ −1 and φ > 1+ᾱ

2 ≥ 0. In Zs, (R) for
wA forces ᾱ = −sA, and then (R) for zA yields e(zA) = sA ̸= β, a contradiction.

Class Z/Z. Put ζ = ζAB. Then φ = 1 + Ψ
2 + ωAB−β̄

2 , where Ψ = 2gA + 2g′B + ζ + β̄ is

A/B Ψ A/B Ψ

1 Z1/Z1 ζ − 1 6 Zsl/Zsh 3− 2sA − sB
2 Z1/Zsl sB − 1 7 Zsh/Z1 sA − 1
3 Z1/Zsh 1− sB 8 Zsh/Zsl sA + sB − 2
4 Zsl/Z1 2− 2sA 9 Zsh/Zsh sA − 1− sB + ζ
5 Zsl/Zsl sB − 2sA + ζ 10 Zsh/Zsk sA − sB

In the combinations in which A and B are near different bodies, or exactly one of them is in Z1,
the coefficients a1 ̸= b1 give ζ = 1. In the combinations 5 and 9, ζ ≥ min(sA, sB), with equality
if sA ̸= sB, by (O5).

(a) ᾱ ≥ β̄. Then ωAB ≥ β̄, and Ψ > −2 in every combination except 6, so φ > 0. In
combination 6, e(zA) = e(zB) = 1 by (OE). If ᾱ > β̄, then (R) for wB forces β̄ = −sB as in class
F/Z, and then e(TzB) = sB and e(ZAB) =

3sB−1
2 are both larger than e(zB) = 1, contradicting

(R). Let ᾱ = β̄ = ν and u = e(ZAB).

• If u > 1, then (R) for zA and zB forces e(TzA) = e(TzB) = 1, so sA = sB = s and ν =
−2+s

3 . Then e(TwA) = −4s−1
3 < ν ≤ e(wA), so in (R) for wA we have e(WAB) = e(TwA),

that is, ωAB = 8s−11
3 , and u = 5− 4s < 1, a contradiction.

• If u = 1 and ωAB = ν, then ν = −1, and TwA, with the exponent −3sA−1
2 < −1, is the

only term of least exponent in (R) for wA, a contradiction.
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• If u = 1 and ωAB > ν, then ωAB = −1, and (OE) in w gives e(wA) = e(wB) = ν. By
(R) for zA and zB, ν ≤ −2+sA

3 < −1 and ν ≤ −2+sB
3 . Then (R) for wA and wB forces

ν = −sA = −sB, and φ = 2− s > 0 with s = sA = sB.
• If u < 1, then (R) for zA and zB yields u = e(TzA) = e(TzB), so sA = sB = s and
ωAB = ν + s−1

3 > ν. By (OE) in w, e(wA) = ν. If ν > −s, then e(TwA) < ν, and (R)
for wA forces e(TwA) = e(WAB), which means s = 1. If ν < −s, then (R) for wA gives
e(WAB) = ν, which means ν = −1− s−1

9 > −s. If ν = −s, then u = s > 1. Each case is
a contradiction.

(b) ᾱ < β̄. Then ωAB = ᾱ = e(wA), and (R) for wA gives ᾱ ≥ −max(sA, ζ), with sA = 1 in
Z1, and with equality in Zs if sA ̸= ζ. The combinations give:

• 1 and 7: φ ≥ 1−β̄
2 ;

• 2 and 8: φ ≥ sB−β̄
2 ;

• 3 and 10: φ ≥ 1− sB+β̄
2 ;

• 4 and 6: (OE) gives e(zA) = 1, while ᾱ = −sA and (R) for zA give e(zA) = sA, a
contradiction;

• 5 with ζ = sA ≤ sB: then ᾱ ≥ −sA, and in (R) for wB, e(TwB) = −3sB+β̄
2 < −3sA+ᾱ

2 =
e(WAB) ≤ ᾱ = e(wB), a contradiction;

• 5 with sA = sB = s < ζ: then ᾱ = −ζ, and φ = 1− s+β̄
2 > 0;

• 5 with ζ < sA: then ζ = sB < sA and ᾱ = −sA. The equations (R) give e(zA) = sA,
β̄ = 2sA − 3sB and e(zB) = 4sB − 3sA. With e(zA − zB) = sB these are three distinct
exponents among the forms of (OE), a contradiction;

• 9: φ ≥ 1+sA−sB−β̄
2 > sA−1

2 if ζ ≥ sA, and otherwise ζ = sB, ᾱ = −sA and φ = 1−β̄
2 .

All these values are positive, by β̄ < 1, sB + β̄ < 2 and s > 1.
Class Z/W. Here β < 1 ≤ α and ᾱ < 1 ≤ β̄, so ζAB = e(zA) = β and ωAB = e(wA) = ᾱ

by (LF) in both colours. If A is in Zs, then (R) for wA gives ᾱ = −sA, and (R) for zA gives
e(zA) = sA ̸= β. If B is in Ws, then in the same way (R) for zB gives β = −sB, and (R) for

wB gives e(wB) = sB ̸= ᾱ. In Z1/W1, φ = 1+ᾱ
2 , and (R) for zA gives ᾱ ≥ −β or ᾱ ≥ −1+2β

3 , so

ᾱ ≥ −1+2β
3 > −1.

Thus φ > 0 in every class, which proves Lemma 7.4.

Appendix B. Diagram 5 at P1

We prove Lemma 8.3. Let P be a place of diagram 5 of a curve C ⊆ YP1 with U ̸≡ 0. By
Lemma 8.1(a) the zw-triangle T contains M .

The triangle T = {M,h, h′}, with the outer bodies h′′ and L. Then f1 = 1 + xh′′M − xh′′h −
xh′′h′ . In the modes F, Z1, ZsM and Zsh of h′′ this is 1− c, 1−ω̄

2 , s−ω̄
2 and 2−s−ω̄

2 , and the mirror
modes give the same values. All are positive, by c, ω̄ < 1, s > 1 and s+ ω̄ < 2.

The triangle T = {M,h,L}, with the outer bodies A = h′ and B = h′′, both of mass 36. Then

f1 = 1 + gA + gB − xAB, gX = xXM − xXh.

The value of gX is 0 in the modes F, Z1, W1, ZsL and WsL,
sX−1

2 in ZsM and WsM , and − sX−1
2

in Zsh and Wsh. Since xAB < 1, f1 > 0 unless an outer body is near h. By the symmetry
A ↔ B and the colour exchange we may take B in Zsh. Then f1 = 1 + gA − sB−1

2 − xAB. We

write σB = e(TwB) = −3sB+β̄
2 and τB = e(TzB) = − sB+3β̄

2 .

Tools. We use the notation a, b, α, β, ā, b̄, ᾱ, β̄ and zc of Appendix A, now with the masses
of P1.
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• By Lemma 6.1 the bodies M , L, h are collinear at the leading order, with z◦t −z◦c = λtα0,
(λM , λL, λh) =

1
21(−16,−9, 5) and α0 ̸= 0, and the same in w. A body X near t0 in z

has e(zX − zc) = 1, with the coefficient λt0α0 at the exponent 1.
• (R): zA = TzA + 36ZAB, zB = TzB − 36ZAB, and 49zc = −36(TzA + TzB), and the same
in w. In each of these equations the least exponent is attained at least twice.

• (TS): the exponents of TzX and TwX are those of their dominant terms in the modes Zs
and Ws, and in F, since ±9 ± 36 ± 4 ̸= 0. In Z1 and W1 they are bounded below by
−1+3ω̄

2 and −3+ω̄
2 .

• (CM), (OE): 121zc = −36(a+ b), 121zA = 85a− 36b and 121zB = −36a+ 85b. The six
forms a, b, a−b, a+b, 85a−36b and −36a+85b are pairwise linearly independent, so all
but at most one of them have the exponent min(α, β). In particular, (LF): if α < β, then
e(zA) = e(zB) = e(zc) = ζAB = α. For two bodies near the same t0 in the same colour,
e(a − b) > 1 and the other five forms have the exponent 1. For bodies near t0 ̸= t1, all
six have the exponent 1, since λt0 ̸= λt1 , λt0 + λt1 ̸= 0 and 85λt0 ̸= 36λt1 .

• (O1), (O5), the absence of strokes at A and B, and [8, Lemma 3.3].

A in F (α, ᾱ < 1, gA = 0, xAt = cA). By (LF), ζAB = α.

• ᾱ < β̄: then xAB = cA. By [8, Lemma 3.3], cA ≤ 0 or β̄ ≤ −1, and the latter also gives
cA < 0. Hence f1 ≥ 3−sB

2 > 0.

• ᾱ > β̄: then xAB = α+β̄
2 < 1+β̄

2 , so f1 >
2−sB−β̄

2 > 0.

• ᾱ = β̄ = ν: if ωAB = ν, the previous bound holds. If ωAB > ν, then e(wA) = e(wB) = ν
by (OE) in w. If ν > −sB, then σB < ν, so (R) for wB gives e(WAB) = σB, and (R) for
wA needs e(TwA) = −3α+ν

2 = σB, that is, α = sB > 1, which is impossible. If ν < −sB,
then (R) for wB gives e(WAB) = ν, that is, ωAB = −2ν − 3α, and in (R) for zA the
term ZAB, of exponent 4α + 3ν < α < e(TzA), is the only one of least exponent, a
contradiction. If ν = −sB, then τB = sB > α, so (R) for zB gives e(ZAB) = α, that is,
ωAB = −α and xAB = 0, and f1 =

3−sB
2 > 0.

A in W1 (α < 1 ≤ ᾱ). (LF) in both colours gives xAB = α+β̄
2 , so f1 =

3−sB−α−β̄
2 > 0.

A in Z1, ZsM or ZsL (gA ≥ 0). The coefficients of a and b at the exponent 1 differ, so
ζAB = 1 and f1 ≥ 2−sB−ωAB

2 . If ωAB = min(ᾱ, β̄), then f1 > 0. Otherwise ᾱ = β̄ = ν < ωAB

and e(wA) = e(wB) = ν.

• ν > −sB: (R) for wB gives e(WAB) = σB. In Z1 this is impossible, since e(TwA) ≥
−3+ν

2 > σB. In Zs, (R) for wA forces sA = sB = s and ωAB = 3s+ ν − 3. Then in (R)
for zA, e(ZAB) − e(TzA) = 4(1 − s) < 0 forces e(ZAB) = 1, that is, ν = 2 − 3s < −s, a
contradiction.

• ν < −sB: (R) for wB yields ωAB = −2ν − 3, so e(ZAB) = 4 + 3ν < 1, and (R) for zA
forces e(TzA) = 4+3ν. In Z1 this is impossible, since e(TzA) ≥ −1+3ν

2 needs ν ≥ −1. In

Zs it gives ν = −8+sA
9 and xAB = sA−1

9 , so f1 > 1− 1
2 − 1

9 > 0.
• ν = −sB: then e(WAB) ≥ ν, that is, ωAB ≤ 2sB−3. In Z1, (R) for zA forces e(ZAB) ≥ 1,
so ωAB ≤ −1 and f1 ≥ 3−sB

2 . In Zs, either e(ZAB) ≥ 1, with the same bound, or

e(ZAB) = e(TzA) =
3sB−sA

2 , which gives f1 =
7
6 + gA − sA

6 > 0.

A in Wst0. (LF) in both colours gives ζAB = α and ωAB = β̄. In (R) for zB, τB < e(ZAB),
so α = τB. In (R) for zA, e(ZAB) > α, so α = e(TzA) = −3sA+α

2 , that is, α = −sA, and then

3β̄ = 2sA − sB. Hence
f1 =

3
2 + gA − sB

3 + sA
6 ≥ 2− sA+sB

3 > 0.
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A in Zsh (both outer bodies near h in z). Here ζ = ζAB > 1, e(zA) = e(zB) = e(zc) = 1, and

f1 =
4− sA − sB − ζ − ωAB

2
.

By (O5) on {A,B, h}, ζ ≥ min(sA, sB), with equality if sA ̸= sB.

• ᾱ < β̄, after exchanging A and B if necessary. Then ωAB = ᾱ = e(wA). The least
exponent in (R) for zA is attained by TzA and ZAB, which gives ζ = sA, or by zA and

TzA, which gives ᾱ = −2+sA
3 and ζ ≤ sA, or by zA and ZAB, which gives ᾱ = −2+ζ

3 and
ζ ≥ sA.

– ζ = sA: by (O5), sB ≥ sA, so τB < e(ZAB) ≤ 1 and TzB is the only term of least
exponent in (R) for zB, a contradiction.

– ᾱ = −2+sA
3 , ζ ≤ sA: if the least exponent in (R) for zB is attained by ZAB, then

e(ZAB) ≤ 1, so ζ ≥ sA, hence ζ = sA, and the previous case applies. Otherwise
τB = 1, so β̄ = −2+sB

3 , and ᾱ < β̄ gives sB < sA, so ζ = sB by (O5). Since

ᾱ > −sA, σA = −3sA+ᾱ
2 < ᾱ = e(wA), and e(WAB) = −3sB+ᾱ

2 > σA. Hence TwA is
the only term of least exponent in (R) for wA, a contradiction.

– ᾱ = −2+ζ
3 , ζ ≥ sA: (R) for zB needs τB ≥ 1, so β̄ ≤ −2+sB

3 . With ᾱ < β̄ this gives

sB < ζ, hence sA = sB = s < ζ by (O5). Then f1 = 7
3 − s− ζ

3 . Since AB is not a

stroke, 3ζ + ᾱ < 4, so ζ < 7
4 and f1 >

7
3 − 4

3ζ > 0.

• ᾱ = β̄ = ν. If sA < sB, then ζ = sA, and the centre equation in z gives e(TzB) = 1,
that is, ν = −2+sB

3 . Then (R) for zA forces e(ZAB) = 1, that is, ωAB = −2+sA
3 > ν, so

e(wA) = e(wB) = ν by (OE). Then (R) for wA gives e(WAB) = ν, and (R) for wB needs
σB ≥ ν, that is, ν ≤ −sB, so sB ≤ 1, which is impossible. The case sB < sA is the same.
If sA = sB = s, the centre equation in z gives − s+3ν

2 ≤ 1.

– If ωAB = ν, then (R) for zA forces ζ = s, and f1 = 4−3s−ν
2 > 0, because Ah is not

a w-stroke, so 3s+ ν < 4.
– If ωAB > ν, then e(wA) = e(wB) = e(wc) = ν by (OE), and ζ ≥ s. Therefore
e(WAB) < σ, where σ = e(TwA) = e(TwB) = −3s+ν

2 . In (R) for wA the least
exponent is then attained by wA and WAB, so ν = e(WAB) < σ, that is, ν < −s.
The centre equation in w, with the exponents ν, σ, σ, gives σ ≤ ν, that is, ν ≥ −s,
a contradiction.

Thus f1 > 0 at every place of diagram 5, which proves Lemma 8.3.

Data availability

The supplementary material, with the programs, their outputs and the checksums of all
files, is available at https://doi.org/10.5281/zenodo.23444951. This paper is available at
https://doi.org/10.5281/zenodo.23444949.

Use of AI tools

Generative AI tools were used to find and prove the results, to write the programs, and to
draft the text.
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