A CERTIFIED UPPER BOUND FOR THE BEAT THE AVERAGE GAME

TEJASVI SINGH TOMAR

ABSTRACT. Let C be the supremum of P[X; + X2 + X3 < 2X4] over all probability measures
on [0,00), where X1,..., X, are independent with the given law. This is Problem 6.39 in
the list of Georgiev, Gémez-Serrano, Tao and Wagner. Bellec and Fritz proved 0.4006953 <
C < 673/1615 < 0.41672 and conjectured that the lower bound is the exact value. We prove
C < 4006983/10000000 = 0.4006983, which is within 3 - 1079 of the conjectured value. The
proof applies the flag algebra method of Razborov to samples of eight points. After sorting,
such a sample determines which of the 280 inequalities 2x4 > x4, + 2 + 2. among its coordinates
hold, and the probability in question is the expected fraction of these inequalities that hold.
Independence of the sample imposes positive semidefinite constraints on the distribution of these
sign patterns, and since they hold for every measure, no limit argument is needed. We combine
them in a semidefinite program, round its solution to an exact sum of squares, and evaluate the
bound in exact rational arithmetic on all 45,319,744 patterns of eight points whose restrictions
to seven points are realizable. Gordan certificates exclude the two of these patterns that exceed
the bound, and trees of Gordan certificates show that the list of realizable patterns of seven
points is complete. A checker that uses only the Python standard library verifies the certificate.

1. INTRODUCTION

For a probability measure p on [0,00) let X, Xo,... be independent random variables with
law p, and put
P(p) =P[X1 + Xo + X3 < 2X4], C =sup P(u).
m

Fritz asked for the value of C' on MathOverflow [4]. Determining C' is Problem 6.39 in the list
of Georgiev, Gémez-Serrano, Tao and Wagner [5], who call it the beat the average game. The
name comes from a game with three dice, in which the casino maximizes P[2X; < X5 + X3] [2,
Section 1]. Bellec and Fritz [2] proved

P2-p)  _ . 673

1.1 0.4006953... = _— —— < 0.41672.
(1.1) 0pl L +p+p2+pd = = 1615 ©

Their lower bound comes from measures with an atom of mass p at 0 and equal masses at
the points 1 — 27% for 1 < ¢ < N, and a scaling construction repeats this pattern at smaller
and smaller scales [2, Propositions 3.3 and 4.1]. The maximum in (1.1) is attained at the root
p* = 0.4743464 ... of p* — 4p® — 3p? — 2p+ 2 in (0, 1) [2, Remark 4.2]. Yu [11] pointed out that
this weight improves on p = 1/2. Bellec and Fritz conjectured that the lower bound in (1.1)
is the exact value of C' [2, Conjecture 5.1]. A computer search with the method of [8] found a
measure with P(u) > 0.389 [5].

The upper bound in (1.1) rests on a lemma that Bellec and Fritz attribute to a MathOverflow
answer of Lacker [2, Lemma 2.3]. For every m > 4, it bounds C by the largest fraction of the
4(11) inequalities z; + z; + 7 < 27; among m nonnegative reals that can hold simultaneously.
Bellec and Fritz computed this fraction for m = 20 by mixed-integer linear programming. For
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m = 25 their computation gives 20898/50600 < 0.41301, but they do not have a proof of this
bound [2, Section 4].

Theorem 1.1. For every probability measure pn on [0,00) we have P(u) < 4006983,/10000000.
Hence 0.4006953 < C' < 0.4006983.

The upper bound exceeds the conjectured value 0.4006953. .. by less than 3 - 1076,

The method. We sample k points from g, sort them, and record which of the 4(2) inequalities
2yq > Ya + Y» + Yo among distinct sorted coordinates hold. Then P(u) is the expected fraction
of the inequalities that hold (Lemma 2.3), and Lacker’s lemma bounds this expectation by its
maximum over the sign patterns that occur. The distribution of the pattern, however, comes
from an independent sample. Fix t sample points and two disjoint groups of m — ¢ further
points. Given the fixed points, the two groups are independent and have the same law. Hence
the matrix of the probabilities that the first group forms one configuration with the fixed points
and the second group another is positive semidefinite. This is the positivity used in Razborov’s
flag algebras [9], and for independent samples it holds for every single measure (Lemma 3.1).
We combine these constraints in a semidefinite program (Theorem 3.3 and Section 5).

For the proof of Theorem 1.1 we take £k = 8. Its certificate consists of trees of Gordan
certificates, which generate the complete list of the 136,800 realizable sign patterns of 7 sorted
points, Gordan certificates for two patterns of 8 points, and positive semidefinite matrices given
as exact sums of squares (Sections 4 and 5). Our checker evaluates the bound in exact rational
arithmetic on every pattern of 8 points whose restrictions to 7 points are realizable, and a second,
independent implementation reproduces this computation. With seven points the same method
gives C' < 0.40076 from a certificate evaluated on all 136,800 realizable patterns, and with six
points it gives C' < 0.402546 (Table 1).

2. SIGN PATTERNS OF SAMPLES

We first express P(u) through the distribution of a finite combinatorial object. For k > 1
write [k] = {1,...,k} and

Ty = {(d;a,b,c): d€ k], a<b<c, {a,bc} C[k]\{d}}, L (x) =2xy — xq — xp — X,

for 7 = (d;a,b,c) € T, and x € R¥. Then |T}| = 4('2); in particular, T} is empty for k < 3. A
point = € R¥ is generic if its coordinates are positive and pairwise distinct and L, (z) # 0 for
all 7 € Ty. A k-pattern is a vector M € {0,1}7+. The pattern m(x) of a generic point = has
m(x); = 1if L;(y) > 0 and 7(x), = 0 otherwise, where y is the increasing rearrangement of .
A pattern is realizable if it is the pattern of a generic point, and R denotes the set of realizable
k-patterns. The density of a k-pattern with k > 4 is d(M) = |T}|~*>., M,. For a set U =
{ur < -+ <wupm} C [K] the restriction M|y is the m-pattern with (M) (.ap.c) = M(ugsua,upue)-
If x is generic with increasing rearrangement y, then 7(z)|y is the pattern of (yuy, .-, Yu,,)-

Lemma 2.1. C is the supremum of P(u) over the absolutely continuous probability measures p

with 11((0,00)) = 1.

Proof. Let u be a probability measure on [0,00) and € > 0. Let Uy, ..., Uy be uniform on [0, 1],

with X1,...,X4,Un,...,Us independent, and put Y; = X; + (1 + U;). The Y; are independent

with a common law g, which is absolutely continuous and satisfies p.([e, 00)) = 1. We have
Yi+Yo+Ys -2V =X1+Xo+ X3 —2Xy +e(1+ Uy +Us+ Uz — 2Uy),

and the last term is at most 4e. Hence P(u.) > P[X1+ X2+ X3 —2X4 < —4¢], and the right side
tends to P(u) as € — 0. So the supremum in the lemma is at least P(u). The reverse inequality
holds because the supremum runs over a subset of the measures in the definition of C. O



A CERTIFIED UPPER BOUND FOR THE BEAT THE AVERAGE GAME 3

Lemma 2.2. Let p have no atoms and satisfy u((0,00)) = 1. Then (X1,..., X)) is generic
almost surely.

Proof. For i # j we have P[X; = X;] = [ p({z}) du(z) = 0. For 7 = (d; a, b, ¢) the variable Xy is
independent of (X, Xp, X¢), so P[L.(X) = 0] = E u({(Xs + Xp + X¢)/2}) = 0. The coordinates
are positive almost surely because p((0,00)) = 1. O

For such p we write p,(M) = P[n(X1,...,X;) = M]. By Lemma 2.2, p, is a probability
vector supported on Ry.

Lemma 2.3. Let k > 4, and let p have no atoms and satisfy p((0,00)) = 1. Then P(u) =
2 v Pu(M) d(M).

Proof. Let x € R¥ be generic and let o be the permutation of [k] with Ty(1) <0 < To(k), SO that
Y = (To(1),--->To(k)) s the increasing rearrangement of z. For 7 = (d;a,b,c) let o(7) € T}, be
the tuple with first entry o(d) and remaining entries o(a),o(b),o(c) in increasing order. Then
7+ o(7) is a bijection of T}, and L;(y) = Ly() (7). Hence |T;|d(m(x)) is the number of 7 € T}
with L, (z) > 0. We apply this to X = (X1,...,Xy) and take expectations:

Tel Y pu(M)d(M) = ) P[L(X) > 0].
M ’TETk
For 7 = (d; a, b, c) the vector (X,, Xp, X¢, Xg) has the law of (X7, X2, X3, X4), so every term on
the right equals P(u). O

Since p, is supported on Ry, Lemmas 2.1 and 2.3 give C' < maxpyer, d(M). This is the
bound of Lacker’s lemma with m = k, because a point of [0,00)¥ can be perturbed to a generic
point without violating the strict inequalities that it satisfies.

Remark 2.4. Two features of sorted patterns matter below. First, a permutation of the sample
points permutes T}, so the fraction of the inequalities that hold, and the flag counts of Section 3,
depend on a sample only through its pattern (proofs of Lemmas 2.3 and 3.1). Second, realiz-
ability refers to points with positive coordinates, and this condition cannot be dropped. Indeed,
L is not invariant under translations. If Z1, ..., Z4 are independent and identically distributed,
then
P[(Zl - C) + (ZQ — C) + (Zg — C) < 2(Z4 - C)] = P[Zl + 2o+ 23— 274 < C],

which tends to 1 as ¢ — oco. For this reason the inequality z; > 0 appears in every system of
Section 4.

3. POSITIVITY FROM INDEPENDENCE

We now derive the constraints that independence imposes on p,. Fix integers 0 <t <m. A
flag of size m with ¢ marked points is a pair F' = (N, J) of an m-pattern N and a set J C [m]
with |J| = t. Its type is the t-pattern N|;. Let k > 2m — ¢ and let M be a k-pattern. For
disjoint sets J, A C [k] with |J| =¢ and |A| = m — ¢ put

ﬂ(M7 J? A) = (M|JUA7 J,)v
where J' C [m] is the set of positions of the elements of J in the increasing enumeration of JU A.
For flags F, G of size m with ¢t marked points let
1
(3.1) c(F,G;M) = 5#{(J, A,B): fi(M;J,A) =F, i(M;J,B) =G},

where (J, A, B) runs over the triples of pairwise disjoint subsets of [k] with |J| = ¢ and |A| =
|Bl = m —t, and D = (];)(k_t)(k_m) is the number of these triples. Since fl(M;J, A) and

m—t/ \m—t
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fi(M; J, B) both have type M|, we have ¢(F,G; M) = 0 unless F' and G have the same type.
Exchanging A and B shows that ¢(F,G; M) = ¢(G, F; M).

Lemma 3.1. Let p have no atoms and satisfy u((0,00)) = 1, and let k > 2m —t. Let F
be a finite set of flags of size m with t marked points, and let Q = (Qrc)rcer be a positive
semidefinite matriz. Then

> pu(M) Y Qrace(F,G;M) > 0.
M

F.GeF

Proof. For a point z with positive coordinates indexed by a finite set I, and for disjoint J, A C I
with |J| =t and |A| = m — t, we define g(z;J, A) as follows. If the values z; with i € JU A are
pairwise distinct and, listed in increasing order, form a generic point w € R, then g(z;J, A) =
(r(w),J"), where J' C [m] is the set of positions of the values z; with j € J in this list. Otherwise
g(z;J, A) = %, a symbol that is not a flag.

Let € RF be generic and let o be the permutation of [k] with To1) < -0 < ZTgk)- Then
fi(n(z); J,A) = g(z;0(J),0(A)), since both sides are read off from the increasing list of the
values z,(; with i € JU A. As o permutes the triples (J, 4, B),

(32) o(F,G:n(e)) = #{(J A B) : gla; ] A)=F, gla:J,B) = G}.
Let X = (Xy,...,X%). By Lemma 2.2 and (3.2),

> pu(M) c(F,G; M) :% > Plg(X;J,A) =F, g(X;J,B)=G].
M (J,A,B)
Put Jo={1,...,t}, Ao ={t+1,...,m}and By = {m+1,...,2m—t}. For each triple (J, A, B)
there is a permutation p of [k] with p(Jo) = J, p(Ao) = A and p(By) = B. The vector X o p =
(Xp(1), - -+ s Xp(k)) has the same law as X, and g(X;J, A) = g(X o p; Jo, Ag) and g(X; J,B) =
g(X o p; Jo, By). Hence each term of the sum equals P[g(X; Jo, Ao) = F, g(X;Jo, Bo) = G].
The vectors W = (X1,...,Xy), Y = (Xig1,.. ., Xpm) and Y = (Xpnp1, ..., Xom—¢) are inde-
pendent, and Y and Y’ have the same law. For w € (0,00)! let o (w) = Plg((w,Y); Jo, Ag) = F].
The flag g(X; Jo, Ag) depends only on (W,Y), and ¢(X; Jy, By) is the same function of (W,Y”).
By Fubini’s theorem,

Plg(X;Jo, Ao) = F, 9(X; Jo, Bo) = G] =E[or(W) oc(W)].

Therefore the sum in the lemma equals E [ Faer QFc ©r(W)pa(W)], which is nonnegative
because @ is positive semidefinite. O

Remark 3.2. The flags in Lemma 3.1 need not be realizable or share a type. Up to normalization,
¢(F,G; M) is the coefficient of M in the averaged product of F' and G in Razborov’s flag algebra
[9], and Lemma 3.1 is the counterpart of the positivity of averaged squares. Razborov proves this
positivity for limits of sequences of finite structures. For independent samples it holds for each
measure separately, so we need neither limit objects nor de Finetti’s theorem. Our structures are
linearly ordered and have no nontrivial automorphisms, as in the flag algebras of permutations
[1, 10]. This is why a flag can be written as a pattern together with a set of positions.

Theorem 3.3. Let k > 4, and let P be a set of k-patterns with Ry C P. Forb=1,...,r let
Fp be a finite set of flags of size my with ty, marked points, where 2my —t, < k, and let Qp be a
positive semidefinite matrix indexed by Fp. For a k-pattern M put

(3.3) val(M) = d(M)+Y > (Q)rg c(F,G; M).

b=1 F,GEFp
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Then C < maxprep val(M).

Proof. Let ;1 be absolutely continuous with 1((0,00)) = 1. By Lemma 2.3 and by Lemma 3.1
for each b,

P() = 3 pu(M)d(M) < 3 p (M) val(M) < mmax val(M),
M M
where the last step holds because p, is a probability vector supported on Rj, € P. Lemma 2.1

completes the proof. N

Patterns in P \ Ry can only weaken the bound. Hence it suffices to know a superset of Ry,
and we construct one next.

4. COMPLETENESS OF THE LIST OF PATTERNS

We build sets P, 2 Ry, by adding one point at a time. Restricting a generic point to a subset
of its coordinates gives a generic point, so M|y € Ry, for all M € Ry, and U C [k]. In particular

each M € R extends the pattern M|[k,1] € Ryj_1 by its values on the 4(k51) tuples of Ty \ Tk—1,
the tuples that contain k.

Let P be a (k — 1)-pattern, let n = |T} \ Tx_1]|, and fix an enumeration 7y, ..., 7, of Ty \ Tx_1,
which may depend on P. For s € {0,1}* with 0 < i < n let Sp(s) be the system of strict
inequalities

x1 > 0, zjip1—x; >0 (1<5<k),
(2P, — 1)L (z) >0 (1 € Tk—1), (255 — l)LTj () >0 (1<j<9)

in 2 € R*. Bach inequality has the form r -2 > 0 with » € Z¥. A Gordan certificate for a
system of such inequalities consists of nonnegative integers y,., one for each inequality and not
all zero, with > y,r = 0. A system with a Gordan certificate has no solution, since a solution
x would give 0 =y, (r-x) > 0. Conversely, by Gordan’s theorem [6], every system of strict
homogeneous linear inequalities with rational coefficients and without a solution has a certificate
with rational entries, and hence one with integer entries.

An extension tree for P is a set T of sign vectors of lengths 0, ..., n that contains the empty
vector and all prefixes of its elements, such that for each s € T of length ¢ < n and each e € {0,1}
either (s,e) € T or Sp(s,e) has a Gordan certificate. A vector s € T of length n is a leaf, and
it defines the k-pattern that agrees with P on Tj_; and takes the value s; at 7;.

Proposition 4.1. Let Py_1 be a set of (k—1)-patterns with Ry_1 C Pr_1, and fix an extension
tree for each P € Pr_1. Then the set Py of the patterns defined by the leaves of these trees
satisfies Ry C Py.

Proof. Let M € Rg. Then M = nr(x) for a generic z with 0 < zq < -+ <y, and P = M|;_y) €
Ri—1 € Pr—1. Put s; = M;; in the enumeration of the tree for P. For each i, the point z
solves Sp(si,...,8;), so this system has no Gordan certificate. By induction on i, the vector
(s1,-..,si) belongs to the tree for all i < n. The leaf (s1,...,s,) defines M. O

Starting from the set P3 = Rj3 of the single empty pattern, Proposition 4.1 produces sets
P4, ..., Py that contain all realizable patterns. We computed the trees with the linear program-
ming solver HIGHS [7] in floating point. We drop a branch only with a Gordan certificate, which
we compute exactly from the support of a floating-point solution of the alternative system y > 0,
Yo.ourr =0, > yr = 1. We keep a leaf only together with an integer point that realizes its
pattern, and we check this point in integer arithmetic.

A second enumeration walks through the cells of the arrangement of the hyperplanes L, = 0
inside the cone 0 < x1 < --- < xp by changing one sign at a time. Since these hyperplanes are
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pairwise distinct and distinct from the walls of the cone, a generic segment between two cells
crosses them one at a time; hence the walk reaches every cell. It decides each step by an integer
point, by a Gordan certificate, or, for k = 7, by a restriction to 6 points that is not in the list
that the walk found for k£ = 6. It finds the same sets for & < 7, with an integer point for each
pattern. We check these points against the patterns rebuilt from the trees. Hence P = Ry for
k < 7, although the proof uses only Ry C Pk.

The maximal density is 1/2 on P4 and on Ps, and Table 1 gives it for larger k. As a check, the
value 7/15 for k = 6 agrees with the computation of Bellec and Fritz for m = 6 [2, Section 4].

Eight points. For £ = 8 we do not build extension trees. Let Jg be the set of 8-patterns M
with M|y € Py for every T-element set U C [8]. A tuple of Ty involves four points and hence
lies in a 7T-element set. Therefore M is determined by its restrictions to 7-element sets. For an
8-pattern M let S(M) be the system

x1 >0, zip1—x; >0 (1<5<8), (2M; —1)L-(z) >0 (1 € Tg).

Lemma 4.2. Let Ry C Pr, and let E be a set of 8-patterns M such that S(M) has a Gordan
certificate. Then Pg = Js \ E satisfies Rg C Ps.

Proof. Let M € Rg, realized by a generic point z with 0 < 21 < --- < xg. Then M|y € R7 C Py
for every T-element set U, so M € [J3. The point x solves S(M), so M ¢ E. O

We obtain Jg by joining P7 with itself. The restriction P = M7 runs over P7. For i € [7] the
restriction M ’[8}\{1‘} lies in the set of patterns N € P; whose restriction to [6], which corresponds
to the points [7]\ {7}, equals P|7\ (3. For 1 <7 < j <7 the restrictions of M|\ (53 and Mg\ 153
to the points [8] \ {7, j} must agree. Conversely, a family of restrictions with these properties
comes from exactly one 8-pattern. Indeed, a tuple 7 € Ty lies in the restrictions to [8] \ {u} for
the four points u ¢ 7, and the conditions make the four values of 7 agree. There are 45,319,744
such patterns.

5. THE CERTIFICATE

5.1. The semidefinite program. For fixed k, P and flag sets Fy, the best bound that Theo-
rem 3.3 gives is the value of the semidefinite program

minimize A subject to A >val(M) (M € P), Qp =0 (b=1,...,7).

Since ¢(F, G; M) vanishes for flags of different types, we lose nothing by giving each type its own
block. For k = 8 we start from all flags (IV, J) with N realizable and with (¢,m) equal to (1,4),
(2,4), (4,5), (5,6) or (6,7). These pairs satisfy 2m — ¢t < 8. There is one t-pattern for ¢ < 3,
and there are 3, 30 and 1,290 realizable patterns of 4, 5 and 6 points, which give the blocks.
The other pairs with m >4, t < m and 2m —t < 8 are (0,4), (3,4), (2,5), (3,5) and (4,6). We
do not use them; the last three would add 300, 300 and 19,350 flags.

The solver and the cutting planes below need not be trusted, because only the rounded
matrices of Section 5.2 enter the proof. We solve the program numerically with the interior-
point solver CSDP [3] and add the constraints as cutting planes. We solve it for a subset of
Js, add patterns that violate their constraints by more than 10~7, and repeat while some of the
most violated patterns are realizable. A pattern enters the subset only after a linear program
finds a point that realizes it. We round this point to an integer point and check it in integer
arithmetic, so the subsets lie in Rg. Each round drops the flags that occur in no pattern of the
current subset (Table 1 counts the remaining ones). This leaves 596 of the 1,290 blocks of the
pair (6,7), so the certificate has 631 blocks. A bound ), tr@Q, < 200 keeps the intermediate
programs bounded.
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The certificates for £k = 6 and k = 7 come from the same program over Pg and Pz, with the
pairs of Table 1. For m < 3 all m-patterns are empty. Hence ¢(F, G; M) does not depend on M,
and the pair (1,3) in the certificate for k¥ = 6 only adds a nonnegative constant to every value.

5.2. Rounding. Let Q be a numerical block. We compute an eigendecomposition Q =
> aiuiu;r in floating point and discard the eigenvalues at most 10713 max (1, max; a;). For each
remaining ¢ we round 240y, to an integer vector v; and «; to a positive multiple w; of 2750 For
k = 6 the vectors use 230 in place of 2%°. The block of the certificate is the rational matrix

Q= Z w; (27%%;) (27%)T,

which is positive semidefinite by construction. Rounding changes the values val(M) slightly. We
do not estimate this change but evaluate val(M) exactly for the rounded matrices. For these
matrices exactly two patterns of Jg have val(M) > 4006983/10000000. Both are unrealizable.
The certificate contains a Gordan certificate for each of them, and we apply Lemma 4.2 with
E consisting of these two patterns. The claimed bound A = 4006983/10000000 is the exact
maximum of val over Pg = Jg \ E, rounded up to seven decimal places.

5.3. The exact check. For k = 8 the checker evaluates val through patterns of seven points,
by the following identities.

Lemma 5.1. Let k > 5 and let M be a k-pattern. Let U run over the (k — 1)-element subsets
of [k], and read M|y as a (k — 1)-pattern.

(a) d(M) = Xy d(M]y).

(b) If2m —t < k — 1, then ¢(F,G; M) = + >, ¢(F,G; M|y) for flags F,G of size m with t
marked points.

(c) If (t,m) = (k—2,k—1), then c¢(F,G; M) is ﬁ times the number of ordered pairs (a,b)
of distinct elements of [k] with F = fi(M;[k]\ {a,b},{a}) and G = A(M; [k]\ {a, b}, {b}).

Proof. A triple (J, A, B) covers s = 2m — t points and lies in exactly k — s of the sets U, and
fi(M; J, A) is the same flag whether read in M or in M|y, with the elements of U numbered
increasingly. Since (k) (k_t) (k_m) = (k_l) (k_l_t) (k_l_m), this gives (b). Part (a) follows

t/ \m—t/ \m—t t m—t m—t
in the same way, since a tuple of T}, covers four points and |Tj| = ﬁ|Tk_1|. Part (c) is (3.1)
with J = [k] \ {a,b}, A= {a}, B={b} and D = k(k —1). O

The checker check639_k8.py has 278 lines and uses only the Python standard library and
the checker check639.py of 286 lines for k < 7. They share with the search programs only the
conventions for indexing T}, and the file formats. They perform four steps.

(i) They rebuild Py,...,P; from the trees. For every absent branch they build the rows
of Sp(s,e) from their definitions and check that the stored row indices are valid, that
the stored multipliers are positive integers, and that the combination of the rows with
these multipliers is zero. They also check that the trees are given for all patterns of the
previous level, that each path decides every tuple of T} \ Tj—; exactly once, and that
every certificate uses only rows of Sp(s,e).

(ii) They form each Qp as an exact rational matrix from the terms (w;, v;). They check that
all stored numbers are integers, that w; > 0, and that 2m; —t, < 8, with (¢, mp) = (6,7)
whenever 2my — t, = 8.

(iii) For each N € Pz they compute f7(N), the sum of d(/N) and of the contributions of the
blocks with 2my —t; < 7, from (3.1) with k£ = 7, enumerating all triples (J, A, B). They
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then form Jg by the join of Section 4 and compute, for each M € Jg,
1 1 . .
val(M) = 2 > (M) + %5 . aFiy, F),  Fy =AM 8]\ {5, 5}, {i}),

U|=7 1<i<j<8
where ¢(F, Q) is the sum of (Qp)r¢c over the blocks b with (t3, mp) = (6,7) that contain
both F' and G. This is Lemma 5.1 together with the symmetry of the matrices Q.
(iv) They check that every M € Jg with val(M) > X comes with a Gordan certificate for
S(M), built from its definition, and that val(M) < A for all other M € J3.

Proof of Theorem 1.1. The checker accepts the certificate. By step (i), Proposition 4.1 and
step (iv), Lemma 4.2 applies to the set F of the two excluded patterns, so Rg C Ps = Js \ E.
By step (ii) the matrices @} are positive semidefinite and satisfy the hypothesis 2my, — ¢, < 8 of
Theorem 3.3. Steps (iii) and (iv) give maxrep, val(M) = 0.4006982904 . .. < 4006983 /10000000,
and Theorem 3.3 gives C' < 4006983/10000000. The lower bound is (1.1). O

For k = 6 and k = 7, check639.py alone performs step (i) for the levels 4 to k and the
checks of step (ii) with the condition 2my, — ¢, < k, and it evaluates val(M) from the definitions
for every M € Px. A second implementation, written independently of check639.py and
check639_k8.py, reads only the flags, the matrices and the claimed bound from a certificate,
and for £ = 8 also the excluded patterns. It takes the sets of patterns from the cell walk of
Section 4, computes densities and flags from the integer points that realize the patterns instead
of from their bits, and enumerates pairs of m-sets Uy, Us C [k] with |U; N Us| = t instead of
triples (J, A, B). It obtains the same value val(M) for every pattern, for the certificates with
k=06 and kK = 7 in Table 1. For k = 8 it evaluates the blocks with 2m; — t;, < 7 in the same
way on its own list of 7-patterns, forms the join of Section 4 from the bits of these patterns, and
evaluates the candidates by Lemma 5.1. It finds 45,319,744 candidates, the same maximum and
the same two patterns above A, and it verifies their Gordan certificates with rows that it builds
itself. It also evaluates val(M) directly from the definition (3.1), without Lemma 5.1, for the
200 largest values below A, for a sample of 30,021 further candidates and for the two patterns
of F/, and it obtains the same values.

TABLE 1. The certificates of Theorem 1.1 (k = 8) and of the bounds C' <
0.402546 (k = 6) and C < 0.40076 (k = 7). Sizes are in bytes. The trees cover
the levels 4 to min(k, 7). The check times are wall-clock times on a shared server,
followed by the number of processes. For k = 8 the set Pg is Jg without the two
patterns of E.

Sample points k 6 7 8

Bound A 201273/500000 10019/25000 4006983,/10000000
maxrep, val(M) 0.4025451283 .. .. 0.4007589336 . . . 0.4006982904 . . .

|Tk|; maxprep, d(M) 60; 7/15 140; 16/35 280; 25/56

Patterns evaluated |Re| = 1,290 |R~| = 136,800 |Js| = 45,319,744
Gordan certificates 4,597 967,177 967,177 + 2

Pairs (¢, m) (1,3),(2,4),(3,4),(4,5) (1,4),(2,4),(4,5),(5,6) asfor k=7, and (6,7)
Flags used 3,18,12,150 12,18, 150, 3,924 12,18, 150, 3,576, 17,206
Realizable flags 3,18,12,150 12,18, 150, 7,740 12,18, 150, 7,740, 957,600
Blocks; flags (= terms) 6; 183 35; 4,104 631; 20,962
Denominators of v;; of w;  239; 25° 210, 950 210, 950

Certificate file 93,872 8,949,389 40,068,357

Trees (JSON) 197,892 54,847,476 54,847,476

Check 1s, 4 51s, 24 4.6 min, 24

Second implementation agrees agrees agrees
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6. THE DUAL SOLUTION

The dual of the semidefinite program of Section 5 asks for a probability vector y on P
that maximizes ) ,, y(M)d(M) subject to >, y(M)cpy(M) = 0 for each b, where ¢,(M) =
(c¢(F,G; M))rcer,- By Lemmas 2.3 and 3.1, the vector p, is feasible for every measure p with-
out atoms that satisfies 1((0,00)) = 1, with objective value P(u). So the dual is a relaxation of
the problem of maximizing P(u). Numerically, the dual solution of the last program for k =7,
on 4,146 patterns and with the trace bound ignored (its multiplier is 5 - 107!), gives weight
above 1076 to 27 patterns. More than 99.97% of its mass lies on the 162 patterns observed
in 300,000 samples of 7 points from the construction of Bellec and Fritz [2, Propositions 3.3
and 4.1] with p = 0.474346 and N = 50 in [2, (4.4)], truncated after nine scales, with a uniform
variable at the finest scale and a ratio between consecutive scales small enough not to affect the
patterns. Conversely, more than 92% of the samples fall on the 27 patterns with weight above
1075, The relaxation and the lower bound construction thus favor the same patterns, which is
consistent with Conjecture 5.1 of [2].

DATA AVAILABILITY

The certificates, the checkers, the second implementation and the search programs are archived
at doi:10.5281/zenodo.23506055. The programs and the certificates for k = 6 and k = 7 are also
available at https://github.com/tejasvi/beat-the-average-bound.

USsE oF AI ToOLS

Generative Al tools were used to find and prove the results, to write the programs, and to
draft the text. The author reviewed the arguments and the programs and takes responsibility
for the content.
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